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THE ISING MODEL IN DIMENSION 1

Consider the graph Vy :={1,2..., N} C Z, on which live the random variables o; € {—1,+1},i € Vi
denoted “spins”. We write o := (0;)icv,y -

e

Let 8 € R be the inverse temperature, and h € R be the magnetic field. The energy (called
“Hamiltonian”) of the system is:

N

Hnpgn(o):=—p Z o0 — hZO'Z'

i,jEVN i=1
inj

We introduce the following probability measure on Qy = {—1, +1}'~:

Py gn(o): exp (—Hn g n(0))

~ Zngn

where Zn gn = D 5cq, eXP(—Hn,p,n(0)) is the normalizing constant called “partition function”. The
following limit, if it exists, is called the “free energy”

. . 1
fo(h) = lim frg(h):= lim —logZngn
QUESTION 1. Show that for all 8 > 0 and all A € R,

1. the free energy exists and equals:

f3(h) = log (6B cosh(h) + \/@25 cosh?(h) — 2sinh(2ﬁ)> :

Hint :
e Calculate the partition function ZNyg’h and then the free energy fg(h) for the graph Vi where we
add an edge between 1 and N (periodic boundary condition): show that Zy g, can be rewritten as

. N Bth  o—Bth
Zngn=Tr(T") where T = o—B—h  oB—h is called “transfert matriz”.

N
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o Show that fs(h) = fs(h) by upper-bounding |Hn sn — Hn pn

2. fa(h) is a convex function of h.

Hint : Show that log Zn g1, is convex in h for all N and use the following theorem:

Let (gn)n>1 be a sequence of convex functions from an open interval T C R into R converging
pointwise towards a function g, then g is also convex.

QUESTION 2. Show that, for h = 0, the average magnetization of a system of size N concentrates
exponentially (in N) on 0, i.e. show that for all 8 € (0,00) and for all € > 0, there exists ¢(3,¢) > 0
such that for all NV :

N
1
Pn.so [N E 0; € (—5,5)] > 1 — 2¢ BN
i=1

in particular % Zf\il 0; — 0 in probability. The first bound implies also the almost sure convergence.
This hence prove a strong law of large numbers for the (non independant) random variables o;.

Hint :
o Use the Chebychev inequality to show that Pn g0 [% Efil 0 > 5} <ehNEy 5 [eh it m} . Yh > 0.

e Show that supy,>o{he — Ag(h)} > 0 by writing Ag(h) in terms of fs(h) and using Question 1.

QUESTION 3. On the graph Vy with periodic boundary condition, calculate the finite volume
magnetization, i.e. ~
m(,@,h) = lim EN,B,h[O'l]‘
N—o0

Draw the graph of m(f3, h) as a function of h for two values of 3.

Hint : Show that Ex g plo1] = En g n[+ SN o] = 2 fn,p(h), and use the following theorem:

Let (gn)n>1 be a sequence of convex functions from an open interval T C R into R converging
pointwise towards a function g. If g is differentiable at x, then

. + 1 - !
Jm, 07 on(a) = Jiz 07 gu(e) = 4'(@)

QUESTION 4. Show that for k < N,

Covn golorok] = Engoloiox] = th(8)F!

i.e., when h = 0, the covariance of two spins decays exponentially in the distance between the spins.

Hint :

e Rewrite the Hamiltonien Hn go(o) = —p SN

izll Jioioi01 with J; =1 for all i, and show that

E [ ] 1 6’“—1ZN7370
10| = .
N.8,0171%% kalZN,ﬁ70 8J1 . 8Jk,1 Ji=1Vi

o Calculate Zy g, in terms of Zn_1.5,0 to show that Zn g o = Hf\[:l 2¢ch(BJ;) and conclude.



