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3. Applications to inverse problems and shape optimization
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1. Changing the BC of an elliptic equation on a small subset

We consider a reference elliptic (conduction) equation :

—div(yVug)
dug
Ton
uo

and are interested in perturbations
FD or FN

[

= f inQ 5
= 0 on FN
= 0 onlp

in the type of BC’s on a small subset w, of either

Can one write an asymptotic expansion of us — ug at some point = away from the

perturbations ?



1.1. What is the relevant measure of smallness of w. ?

e In the case of the perturbation of a Neumann BC

We define for a set w C R?

cap(w) = inf{HvHiIl(Rd), v(z) =1 a.e. in an open neighborhood of w}

If w a Lipschitz subset of the boundary of a smooth domain Q2 C R", and if
u € H'(R?) satisfies

v = 1 onw (asa function of H'/?(w))

then cap(w)

IA

2
HuHHl(Rd>

In particular :

If we is a segment of length ¢ in 2D, then cap(we) = O(m)

If we is a flat disc of radius € in 3D, then cap(w:) = O(e)



o In the case of the perturbation of a Dirichlet BC :

When w has a single connected component, e(w) is the energy of the unique
z € H'(RY%) \ w such that

{ —Az+2z =0 inR¥\w

Onz = 1 on w

When w C R is a finite collection of disjoint Lipschitz hypersurfaces,

let € C°(RY) such that k(z) = £1, =z € w. Solve for z

{ —Az+2z =0 inR¥\w

Onz = Kk on w

and define

all such v’s

e(w) = max /Rd |Vz|?2 + 22 = Neumann capacity of w



1.2. Perturbation of a Neumann BC 2

*al

Main assumptions : —div(yVue) = f

NN

- Qs smooth, Q c R? or R3
- the conductivity + is elliptic and smooth
- f is smooth

- we is a finite number of connected, open Lipschitz subdomains of 952, the
closures of which do not intersect

- we C 'y and dist(we, I'p) > dimin > 0 for the perturbation of a Neumann BC
(and the other way around for the perturbation of a Dirichlet BC)

Elliptic regularity theory implies that ug is smooth in { except possibly at the points
where I'p, I'y and w: meet and

[luollez < Cllfllam @)



Key estimates

Consider the auxiliary function x. € H'() such that A e
—Axe =0 inQ
Xe =1 on we

Xe =0 onI'p
anXEZO OnFN\Fs

Lemma : There exists constants 0 < ¢ < C' independent of we such that

ccap(we)"/? < lxellp1 () < Ccaplwe)'/?

lIxellL2(a) < C cap(we)®/*

v



It follows from these estimates, that for any function ¢ € C1(99)
(continuously extended inside )

{ /G‘Q XaanXsd)dU(y)l = | /Q V(xe9) - Vxe dy! < Ccap(we) ||¢HC1(8SZ)
Invoking the Banach-Alaoglu Theorem, we may assume that there exists a bounded
linear functional p on C*(9) such that (for a subsequence)

1
/ 7X5(‘971,X5¢d0'(y) - <pp>
Joga cap(we)



Consider the difference

re = us —ug  solution to
—div(yVr:) =0 inQ o5
re = —uQ on we
re =0 onI'p
NG, Ve
YOnre =0 on 'y \ we A

Since ug is smooth on we (as these sets are uniformly embedded in ') the Lemma

shows that

lIrell iy = Of(cap(w:)'/?)
= O(cap(wg)3/4)

[IrellL2 )



We obtain a representation formula, using the Neumann function N of the reference
configuration

re(@) = /Q (= div(y(®) Vy N (2, 9)))re (y) dy

/ ’ﬂ ¥(®)nre(y) N(z,y) do(y)

/ Y(Y)Onre(y) N(z,y)xe(y) n(y) do(y)
o0

= | XeBuxs [ruoN (e, w)n] dow) + Ofcap(we)®/*)
o0

1
= —caper) [ (et [ruoN ] dot) + Ofeap(we)®/)
Joq \cap(we)

—cap(we) < p,yuoN(z,)n > +o(cap(we))

(where 7 is any smooth cut-off function supported on I'y)



Thm :
Let uc solve the Perturbed-NBC problem and assume that lim._,¢ cap(we) = 0

There exists a subsequence of the u.'s and a Radon measure p supported in 052, such
that for all x € Q

us(z) = wo(z)— cap(we) < p,yuoN(z, ) > + o(cap(we))

Remarks

- The first order term represents the field induced by a collection of monopoles
distributed on the limiting location of the vanishing subsets we

- p is in fact a non-trivial Radon measure

- Truly an argument of compensated compactness [Murat-Tartar,
Capdeboscq-Vogelius]



1.3. Perturbation of a Dirichlet BC

fa
We can analyse this case using the same ideas : instead of X, we consider the H' ()
solution to
—A¢ =0 inQ
(=0 onI'p \ we

OnCe =1 onwe

8nC€ =0 on FN

Lemma : There exists constants 0 < ¢ < C independent of w, such that

ce(we)/? < el () < Ce(we)'/?

l1Gellz2 @) < Ce(we)®/*



Thm
Let uc solve the Perturbed-DBC problem and assume that lim:_,¢ e(we) =0

There exists a subsequence of the u:'s and a Radon measure p supported in 952 such
that for all z € Q

usle) = un(e) - e(wr) < p(y) P I

> + ofe(w:))

In this case, the first order term represents the field induced by a collection of dipoles
distributed on the limiting location of the vanishing subsets w,



1.4. Explicit examples

Assume that the sets w. are arc of length € in 2D, or surfacic balls of radius € in 3D
and concentrate at the point 0 € 992

In this situation, p = constant X dp(x)

Assume that z € Q \ [(I‘D NCy)U {0}]

Expansion for the perturbed Neumann BC

™ 1
us(x) = wo(z) — m'y([])uo(O)N(x,O) + o(m) when d = 2
us(z) = wo(z) — 4ey(0)u(0)N(z,0) + o) whend =3
Expansion for the perturbed Dirichlet BC
we@) = uole) + agety(0) PO ONEY) o)

on ony
with d = 2,3, ag = 7/2 and a3 = 1/3



2. Changing for a Robin BC

As a model problem, we consider the same mixed boundary value problem as a
reference configuration

—div(yVug) = f inQ
'yaa% = 0 only <5
uQ = 0 onlp

L

but now change for a Robin boundary condition with impedance k- > 0 on we

o
ue-i—kgug = 0 onwe

Fyan

where w. CCI'y or we CCTp



2.1. Changing for a Robin condition on w: C 'y

Given g € C*°(R?), consider the auxiliary function

—div(yVed) = 0 inQ
~Onp? = on 'y \ we
o2 = 0 onI'p

909
¥ aff + ke keg on we

When g = 1, formally, we expect ¢! to converge to 0 when as k. — 0

As ke — o0, <p; should converge to the auxiliary function introduced when perturbing
'y with a Dirichlet condition on we

We define a Robin-Neumann capacity by

o 1
capRop (we, ke) = / 2 (;i: do = ks/ (1—l)do



Key estimates

Lemma : For any sequence we CC I'y, and any sequence k. of positive numbers

(a) min (0, infyn g) < (x) < C max (07 Supgo g) ae. €N

(b) H! estimate :

/Q AV < Cllgller caplp (we, ke)

(c) L2 estimate :

2
[ (#2)" = Cllalles capfi e, )2

for some C independent of



Using again the Neumann function for the reference configuration yields a
representation formula for re = us — ug

re(z) = ue(x) — uo(z)

- / ke 7o (y) N (2, y) do(y) — ke / uo(y) N(z,y) do(y)

Jwe

[ (2w +he ) re NG dot) — ke [ o) N dote)

on .

As in part 1, using the fact that both . and ¢, are solutions to a PDE, and applying
the key estimates to control remainders, yields existence of a Radon measure p on 0X2
such that

we(@) = uo(@) + capop(weke) /a o) N ) diy)

+ o (Capgob (we, k:s))



2.2. Relationship between capy | (w:,k:) and the Dirichlet capacity
Prop :

(a) There exists a constant C' > 0 independent of the we's and k.'s, such that

Capgob(ws’ks) < Ccap(we)

(b) If the k<'s are bounded, we have the better estimate

capgob(wg,ks) < Ckelwel



2.3. Changing for a Robin condition on I'p
Introduce a Robin Dirichlet capacity

capfp(nke) = [ AVGP 4k [ Cdo = [ s
Q wWe

We

where (. solves

—div(yV¢) = 0 inQ
78n<5 = 0 on FN
(e = 0 onTp\we
YOnle + keCe = 1 onwe
One can show the asymptotic expansion
dug ON
we@) = @) + capfop(weke) [ 1) 5@V (o) duly)

50 n Ony

+ o (capgob (we, kg))

and the following estimate (with C' independent of w. and k)
capgob(wa, ke) < Ce(we) and capgob(we,k:g) < Clke |wel



3. Applications
3.1. Inverse problems

o Numerical implementation of a music-like strategy to detect defects on the
inaccessible part of the boundary of a domain (with Axel Osses)

See also [Ammari-Kang-Kim-Louati-Vogelius]



3.2. Shape optimization on the boundary

Let @ € R and u = u(T'p) solution to

—div(yVu) = f inQ
YOnu = 0 only
u = g onlp

Given a junction 5 : R — R, we seek to optimize

J(Tp) = /Qj(u(x))dac + Marea(I'p) + pperimeterl'p

The subset of the boundary of the design space is a design variable



We consider 2 mechanisms for the evolution of a given 'design’ I'p
- the deformation of I'p according to the Hadamard shape derivative of J

- the nucleation of a small piece of surface to be added to I'p
via the computation of a topological derivative



Concerning the shape derivative wrt deformations of I'p

The shape derivatives are now computed by considering deformations 6 such that

0 : 00 — 0N

The solution u to the PDE has a singularity near the boundaries of I'p and I' v which
makes the computation of the shape derivative of J difficult

We approximate the value of the shape derivative by that of J(ugs) where us is the
solution to
{ —div(yVus)

’yanu(; —+ hgu us

0 in Q

h%ug on 0f2

where we regularize the transition between zones of Dirichlet and Neumann BC on
o0

1, dP ()
) _ D
hy, = 5 h( — )

using the geodesic signed distance to I'p on 902

[Dapogny-Lebbe-Oudet, 2020]



Concerning the nucleation of small surfacic subsets of I'p

We compute the topological derivative corresponding to the addition of a surface disk
B(Cto,a) CI'ytol'p

J(I'p U B(xg,e)) — J(I'p) = /c:m 3" (uo(2)) (ue (z) — uo(x)) de + o(ue — up)

where u. is the solution to the perturbed PDE

—div(yVues) = f inQ
YOn e = 0 onTy\ B(zo,¢)
Ue = g onl'pUB(zg,¢)

To estimate u., we use the asymptotic expansions derived previously



3.3. Numerical example

Outflow
Cathode Zn

Model problem :

design of an electro-osmotic mixer

Inflow

Anode

2 fluids injected into a channel that leads to a ring-shaped mixing chamber
- Anodes and cathodes are placed on the boundary of the chamber

- The Coulomb force sets the charged particles and ions in motion: the fluids get
mixed and leaves the chamber through an exit channel

- Optimal design problem : how to best distribute the anode and the cathode on
the boundary of the mixing chamber



Here the design variables are the sets I' 4 and I'¢c occupied by the anode and the
cathode

- Q is the mixing chamber MN=TAUTcUTN

- Given a design (I'4, '), the voltage potential u satisfies

—div(yVu) = 0 in Q2
u = 0 on '
u = ujp >0 only
Onu = 0 onI
- We seek I' 4, I'c which minimize
J(Ta,Te) = /j(u,m) dr + lparea(l'y) + lcarea(l'¢)
Q

+ AaContour(I'4) + AcContour(I'¢)



During the optimization, the sets I' 4, I'¢
are represented by a level set function, that lives
on the hypersurface 92

An initial configuration evolves according
to the 2 mechanisms we described

- the deformation of I' 4, ', Inflow
according to the Hadamard shape derivative of J

- the nucleation of a small surfacic disc
of anode or cathode, via the computation of a
topological derivative from the asymptotics of us — ug

Outflow

Flow region

Fixed anode region

Fixed cathode region

Insulated region



Numerical results




4. Conclusion

- We derived a general representation formula for the solution to an elliptic PDE
when the type of BC is changed over a small subset w. of the boundary

- We obtained an explicit characterization of the first order term when w; is a
surfacic ball in 3D / arc in 2D (see also [Ammari-Imeri-Wu], [Bonnet],
[Cheviakov et al],...)

- Our asymptotics generalize those derived for small internal inhomogeneities, and
the general representation formula shows a similar structure

- The general goal is to understand what is a ‘small’ perturbation of an elliptic
equation

- In the case of Robin BC's, we would like to understand whether the expansions
hold uniformly with respect to the impedance parameter (see
[Auvray-Vial],[Perussel-Poignard],...)



- The asymptotics can be generalized to the system of elasticity, to the case of the
Helmholtz equation, to Robin boundary conditions
shape optimization problems

- They can be used to obtain the form of topological derivatives in the context of
- More numerical examples in Carlos’ thesis




