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1. Introduction

We are interested in monitoring defects in a waveguide

- A source generates a wave field over a range of frequencies k ∈ K ⊂ R+

- Measurements of the fields uk(x, y) are made on a section Σ of the waveguide

- From which we try to reconstruct 3 types of defects : a variation in the optical
index of the waveguide, a bump or a bent in its geometry

- Applications include monitoring of pipelines or railtracks using torsionnal waves,
monitoring of Si wafers, detection of corrosion,...



There is a large body of work concerning the detection of defects in waveguides, e.g.

- Reconstructions based on linear sampling at a fixed frequency.

[Dediu-McLaughlin, Bourgeois-Fliss, Bourgeois-Lunéville, Monk-Selgas-Yang]

- Asymptotic studies of the fields when the defects are small
[Ammari-Iakovleva-Kang]

- Inverse problems using multi-frequency measurements [Bao-Triki, Isakov-Lu,
Sini-Thành]

Our approach uses multifrequency measurements of the field on a section of the
waveguide, or on a part of the boundary



2. The scalar forward problem

The Helmholtz equation in a (perfect) straight waveguide Ω = R× (0, 1)
∆u+ k2u = s in Ω
∂νu = b1 on R× {y = 1}
∂νu = b0 on R× {y = 0}
u is outgoing

has a unique H2
loc outgoing solution, provided that the source terms are sufficiently

smooth

u can be represented with a modal expansion

u(x, y) =
∑
n≥0

uk,n(x)ϕn(y)

uk,n(x) =
i

2kn

∫
R

[
sn(x′) + b1(x′)ϕn(1) + b0(x′)ϕn(0)

]
eikn|x−x

′|dx′



where (ϕn)n≥1 is the basis of L2(0, 1) defined by

ϕ0(y) = 1 and ϕn(y) =
√

2 cos(nπy), n ≥ 1

The expansion holds provided th frequency is non resonant, i.e.

∀ n ≥ 0, k2
n := k2 − n2π2 6= 0

and expressing the radiation condition in the form

∀ n ≥ 0,
∣∣∣ d
dx

(< uk, ϕn >)
x

|x|
− ikn < uk, ϕn >

∣∣∣ → 0 as |x| → ∞

Further, assuming that the data is compactly supported in Ωr = (−r, r)× (0, 1), the
solution operator is continuous

||uk||H2(Ωr) ≤ Csol

(
||s||L2(Ωr) + ||b1||H̃1/2(−r,r) + ||b0||H̃1/2(−r,r)

)
where Csol depends on r and on dist(k, nπ), n ≥ 0



2.1. Coping with smooth perturbations (case of a boundary perturbation)

We consider smoothly perturbed waveguides of the form

Ω̃ = {φ0(x) < y < φ1(x), x ∈ R}

where φ0 and φ1 − 1 have compact support, in which the field satisfies the
Helmholtz equation 

∆ũ+ k2ũ = s̃ in Ω̃

∂ν ũ = b̃1 on {y = φ1(x)}

∂ν ũ = b̃0 on {y = φ0(x)}

ũ is outgoing

and straighten the waveguide by a change of variable φ : Ω̃ −→ Ω

The transformed field u = ũ ◦ φ satisfies

∆u+ k2u = −|det(∇φ)|s − ∇ · (M∇u)− k2µu in Ω

∂νu = |∇φ1|b1−M∇u · ν on {y = 1}

∂νu = |∇φ0|b0−M∇u · ν on {y = 0}

u is outgoing

where M = ∇φ−1(∇φ−1)T − I and µ = |det(∇φ)| − 1



We define the Born approximation v of u to be the solution to

∆v + k2v = −|det(∇φ)|s in Ω

∂νv = |∇φ1|b1 on {y = 1}

∂νv = |∇φ0|b0 on {y = 0}

v is outgoing

If the mapping φ is C2(Ωr) there is a constant CBorn = C(φ,Csol) > 0 such that

||u− v||H2(Ωr) ≤ CBorn

(
||det(∇φ)s||L2(Ωr) + || |∇φ1|b1||H̃1/2(−r,r)

+ || |∇φ0|b0||H̃1/2(−r,r)

)

The Born approximation has a modal representation, which explicitely involves the
RHS, and which contains terms that depend on the perturbations



2.2. A reconstruction procedure

Assume that the top and bottom bumps are described by g, h ∈ C2(−r, r) and that
1 + h > g

The distorded waveguide is straightenend with the mapping

φ(x, y) =
(
x, (1 + h(x)− g(x))y + g(x)

)

Impose a source sk = −2ikδ0(x) at x = 0, so that uinc = eik|x|

Given some maximal frequency kmax, we assume that one can measure the
propagative modes vk,n of the response

for n = 0, and 0 < k < kmax

for n = 1, and π < k < kmax



which correspond to measuring

vk,0(0) =
i

2k

∫
R

[
h′(x′)− g′(x′)

]
ike2ikx

′
dx′

vk,1(0) =
i

√
2 k1

∫
R

[
h′(x′) + g′(x′)

]
ikei(k+k1)x′ dx′

Problem of Fourier synthesis : reconstruct a function f from the values of its Fourier

transform f̂(ω), ω ∈ [ω0, ω1] [Isaev-Novikov]

Our setting is somewhat non-standard as low frequency information may be missing

The assumption that f has compact support ensures that f̂ is analytic, which also
helps recovering the low frequency part



Thm : Assume that f, g ∈ H1(−r, r) and that ||f ||H1(−r,r), ||g||H1(−r,r) ≤M

For any 0 < ε < 1, there exists ξ = ξ(r, ω0, ω1,M, ε) such that

||f − g||2
L2(−r,r) ≤

(8πM2)ε

π
ξ2 ||F(f)−F(g)||2−2ε

L2(ω0,ω1)

+
1

π
||F(f)−F(g)||2

L2(ω0,ω1)
+

8M2

ω2
1

Remarks

- The estimate involves estimates on the condition number of the Hilbert matrix

- When ω0 → 0 and ω1 → +∞, ξ → 0 and
8M2

ω2
1

→ 0

we obtain a controled reconstruction of f if an apriori bound on M is known and
the range of measurement frequencies is large enough



2.3. Numerical illustration

Reconstruction of localized bumps : we seek a piecewise linear approximation of g′

and h′ using a least-square algorithm

vk,0(0) =
i

2k

∫ +∞

0

[
h′(x′)− g′(x′)

]
ike2ikx

′
dx′

∼
ih

2k

N∑
j=1

[
h′(xj)− g′(xj)

]
ike2ikxj

Synthetic data is generated via a finite element resolution of the PDE using perfectly
matched layer on each side of the relevant portion of the waveguide

300 frequencies used in the range [0.02, 70] \
(
∪n≥0 [nπ − 0.02, nπ + 0.02]

)



Reconstruction of a bend

Reconstructions with 100 frequencies in the range [0.01, 40]

2 single bends with different angles, 1 double bend



Reconstruction of an elliptical inhomogeneity

200 frequencies in [0.01, 150], 3000 points for the spatial discretization, 20 modes



3. Using resonant frequencies in a scalar waveguide

We consider a waveguide with variable thickness h, which is a perturbation of a
straight wavewguide, under the smallness assumption that

∀ x ∈ R, 0 < hmin ≤ h(x) ≤ hmax <∞

||h′||∞ < η ||h′′||∞ < η2 support(h′) ⊂ (−R/η,R/η)

and to simplify the analysis, we assume that the bottom of the waveguide is flat and
that h is increasing from hmin to hmax



The Helmholtz equation in Ω̃ = {x ∈ R, 0 < x < h(x)}

∆ũ+ k2ũ = f̃ in Ω

∂ν ũ = b̃1 on R× {y = h(x)}

∂ν ũ = b̃0 on R× {y = 0}

ũ is outgoing

(1)

can be mapped to a PDE on a straight waveguide using the change of variable
(x, y)→ (x, y/h(x)) 

∆hu+ k2u = f in Ω

∂νu−Dhu = b1 on R× {y = 1}

∂νu−Dhu = b0 on R× {y = 0}

u is outgoing

(2)

∆h, Dh are differential operators that involve h and its derivatives



Under the smallness assumption, we may neglect the terms in ∆h, Dh that are small
and consider approaching the previous system by the simpler

∂xxv +
1

h(x)2
∂yyv + k2v = f in Ω

∂νv = b1 on R× {y = 1}

∂νv = b0 on R× {y = 0}

u is outgoing

(3)

for which wee seek a solution in the form of a series

v(x, y) =
∑
n≥0

vn(x)ϕn(y)

where the vn’s are outgoing and solve the 1D equation

v′′n(x) + kn(x)2vn(x) = fn(x)− ϕn(1)b1(x)− ϕn(0)b0(x), x ∈ R

Here the ‘local wavenumber’ is kn(x)2 = k2 −
n2π2

h(x)2



We assume that δ = inf
(∣∣∣k2 − n2π2

hmax
2

∣∣∣1/2, ∣∣∣k2 − n2π2

hmin
2

∣∣∣1/2) > 0

and that the N − th mode is resonant at a (single) point x∗

kN (x∗) = 0 while kn(x) 6= 0 if n 6= N

To build a fundamental solution for solving the modal equation, we solve{
v′′n(x) + kn(x)2vn(x) = 0 for x < s and for x > s

un outgoing

and connect the two pieces at x = s



For propagative modes, n < N :

We use results of F. Olver for the Schrödinger equation to show that

un(x) =


A√
kn(x)

exp
(
− i
∫ X

s
kn(t) dt

)
(1 + ε(x)) x < s

B√
kn(x)

exp
(
i

∫ X

s
kn(t) dt

)
(1 + ε(x)) x > s

where

|ε(x)|, |
ε′(x)

kn
| ≤ C(eF/2 − 1)

and

|F | ≤ η

∫
R

∣∣∣ 1√
kn(t/η)

∂tt(kn(t)−1/2)
∣∣∣ dt

≤ η

∫ R

−R

∣∣∣n2π2(h′′h− 3(h′)2

2h4k3
n

+
5(h′)2n4π4

4h6k5
n

∣∣∣ t
η2

dt

≤ ηC
( (N − 1)2π2

δ3
+

(N − 1)4n4π4

δ5

)
= ηCN



For evanescent modes, n > N :

un takes a similar form as in the propagative term, with a remainder controled by
eF/2 − 1 with

|F | ≤ η

∫ R

−R

∣∣∣n2π2(h′′h− 3(h′)2

2h4k3
n

+
5(h′)2n4π4

4h6k5
n

∣∣∣ t
η2

dt

≤ ηC
( (N − 1)2π2

δ3
+

(N − 1)4n4π4

δ5

)
= ηCN

so that again the remainder can be estimated uniformly wrt n



For the locally resonant mode n = N :

Then x∗ is the only root of kN (x∗) = 0 and as we assumed that h is increasing

The change of variable

ξ(x) =


(
− 3i/2

∫ x∗

x
kN (s) ds

)2/3
if x < x∗

−
(

3/2

∫ x

x∗
kN (s) ds

)2/3
if x > x∗

shows that wN (ξ) = −(
√
kN ξ(x)−1/4)vN (x) solves the Airy equation

∂ξξwN − ξwN = ζ(ξ)wN , with ||ζ||∞ = O(η)

and wN can be expressed as a combination

of Airy functions Ai,Bi plus an error term



Theorem :

Let f ∈ L2(Ω), b1, b0 ∈ H1/2(R) with compact support in |x| < r

Assume that there is a single locally resonant mode N at the point x∗

Then for 0 < η < η0 = η0(hmin, hmax, R, r, δ) the red Helmholtz equation (2) in the
straight waveguide {

∆hu+ k2u = f in Ω

+BC(Dh) + outgoing

has a unique solution u ∈ H2
loc(Ω)

Moreover u can be approximated by

uapp(x, y) =
∑
n≥0

(∫
R
Gapp(x, s)

(
− fn(s) + ϕn(1)b1(s) + ϕn(0)b0(s) ds

)
ϕn(y)

and there is a constant C = C(hmin, hmax, R, r, δ) such that

||u− uapp||H1(Ωr) ≤ η C
(
||f ||L2(Ω) + ||b||H1/2

)



where the approximate fundamental solution takes the form

Gapp(x, s) =



i

2
√
kn(s)kn(x)

exp
(
i
∣∣∣ ∫ x

s
kn

∣∣∣) n < N

i

2
√
|kn|(s)|kn|(x)

exp
(
−
∣∣∣ ∫ x

s
|kn|

∣∣∣) n > N

π
(
ξ(s)ξ(x)

)1/4

√
kn(s)kn(x)

(iA+ B)(ξ(s))A(ξ(x)) if x < s

π
(
ξ(s)ξ(x)

)1/4

√
kn(s)kn(x)

(iA+ B)(ξ(x))A(ξ(s)) if x > s

n = N



Idea of the proof:

We want to compare the solutions to

∂xxu+
1

h2
∂yyu+ k2u = f +

h′′h− 2(h′)2

h3
y∂yu−

(h′)2

h4
y4∂yyu+ 2

h′

h
y∂xyu in Ω

∂νu = b1 +
h′

h
∂xu on R× {y = 1}

∂νu = b0 on R× {y = 0}

u is outgoing
(4)

and to 

∂xxv +
1

h(x)2
∂yyv + k2v = f in Ω

∂νv = b1 on R× {y = 1}

∂νv = b0 on R× {y = 0}

u is outgoing

(5)

The solution to the latter system is amenable to modal decomposition, where the
terms are obtained by convolution with the fundamental solution



The solution operator for the blue PDE is bounded :{
Π : L2(Ωr)× H̃−1/2(−r, r) → H2(Ωr)

(f, b) → v

while the solution to the red PDE satisfies

u = Π−1(f + S(u), b+ T (u))

where S : H2(Ωr)→ L2(Ωr) and T : H2(Ωr)→ H̃−1/2(−r, r) are bounded by
O(η)

The function u can thus be expressed as a Neumann series



Finally, one can infer existence of a solution to the original Helmholtz equation under
the assumption of smallness of h and define an approximate solution

ũapp(x, y) = uapp(x,
y

h(x)
)

Remarks :

- This construction is again a Born approximation

- The assumptions imply that mode coupling is weak, inspite of the x-dependance
of h

- The construction can be extended to a non-increasing profile h which is the
union of a finite number of sections where h is strictly monotonous

(one has to assume that there are no trapped modes)



Comparisons between FEM approximation of u and uapp

Red : Gapp
n (x, 0) ∼ uapp when f ∼ δ0(x)

Blue : ũ(x, 0) computed via a FEM approximation, using PML’s

Relative L2 error between 5 and 10%



Representation of the wavefield for a monochromatic source

evanescent mode

locally resonant modes

propagative mode



3.2. Reconstruction of the profile of the waveguide

We use a monochromatic source f(x, y) = fN (x)ϕN (y) where n is a locally
resonant frequency

The measurements are

u(x, 0) ' uapp
N (x)ϕN (0) '

∫
R
Gapp
N (x, s)f(s) ds

where Gapp
N (x, s) = q(s)

−ξ(x)1/4√
kn(x)

A
(
ξ(x)

)
One can show that

data(x) = u(x, 0) = zA
(
α(x∗ − x)

)
+ error term

z =
(2N2π2h′(x∗)

h(x∗)3

)−1/6
∫ ∞
x∗+R

q(s)fN (s) ds α =
(2N2π2h′(x∗)

h(x∗)3

)1/3



Setting F (z, α, β) = zA(β −αx), the parameters z, α, β are estimated from the data
points by a least square fit

And one obtains an estimate for x∗ = β/α

On the other hand, if the frequency k is locally resonant at x∗

k2
N = 0 ⇒ k =

Nπ

h(x∗)

In this way, one can infer both x∗ and h(x∗) from the data and recover the profile of
the waveguide



Reconstruction method

1. Find an approximation of the support of h′ and a range of frequencies
[kmin, kmax] that contain locally resonant frequencies

2. Choose a discrete set of frequencies K ⊂ [kmin, kmax], choose source terms
f, b1. Measure the wavefield u(x, 0) for each chosen frequency

3. Filter the data, eliminating components corresponding to propagative frequencies
in the Fourier transform of the responses

4. Find the point xmax where the response |u(x, 0)| is maximal and choose points
in an interval [xmax − L, xmax + L]. The data is then

data(i) = u(xi, 0)

5. For every frequency k in K, compute h(x∗(k)) = Nπ/k. Minimize∑
i

|u(xi, 0)− F (z, α, β)(xi)|2

to obtain an estimate of x∗(k)



Examples of reconstruction

1



4. The modal approximation for elastic waveguides or plates

In a 2D elastic waveguide Ω = R× (−h, h), we seek a solution u = (u, v) to
div(σ(u)) + ω2u = f in Ω

σ(u)ν = b1 on y = h

σ(u)ν = b0 on y = −h

where f, b0, b1 are given loads and σ(u) = λdiv(u) + 2µe(u) =

(
s t
t r

)
One can separate variables : X = (u, t),Y = (−s, v) solve

∂x

(
X
Y

)
= L

(
X
Y

)
+ F

where L(X,Y) = (F (Y), G(X)) only involves derivatives with respect to the vertical
variable y

F =
1

λ+ 2µ

(
−1 −λ∂y
λ∂y −4µ(λ+ µ)∂2

yy − ω2(λ+ 2µ)

)
G =

(
ω2 ∂y
−∂y µ−1

)



A Lamb mode (k,X,Y) ∈ C×H2(−h, h)2 ×H2(−h, h)2 is a nontrivial solution to

L(X,Y) = ik(X,Y) (+ homogeneous BC’s)

One can show that there is a countable set of Lamb wavenumbers kn ∈ C : Set

p2 =
ω2

λ+ 2µ
− k2 q2 =

ω2

µ
− k2

then symmetric Lamb modes are given by the dispersion equation

(q2 − k2)2 = −4k2pq
tan(ph)

tan(qh)

and antisymmetric modes satisfy

(q2 − k2)2 = −4k2pq
tan(qh)

tan(ph)
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Lamb modes form a complete family provided the frequency ω is not critical, i.e.
provided there is no wavenumber k which satisfies k = 0 or which satisfies the
dispersion relation together with ∂kω(k) = 0
[Kirrmann 94, Akian 21]

If ω is not critical, the eigenmodes satisfy the bi-orthogonality relations

(Xn,Ym) =

{
iω2knΓA/S(kn) if n = m

0 otherwise

where ΓA/S is proportionnal to ∂kω(kn)

We further define an outgoing wavefield as u for which (X,Y) satisfy, as |x| → ∞∣∣∣ d
dx

(< Y,Xn >)
x

|x|
− ikn < Y,Xn > (x)

∣∣∣ → 0∣∣∣ d
dx

(< X,Yn >)
x

|x|
− ikn < X,Yn > (x)

∣∣∣ → 0



Thm : Assume that ω is non critical.

Given f ∈ H1(Ωr), b0, b1 ∈ H̃3/2(−r, r)2, then the system
div(σ(u)) + ω2u = f in Ω

σ(u)ν = b0,1 on h = h,−h

u outgoing

has a unique solution u ∈ H3
loc(Ω) that satisfies

u(x, y) =
∑
n≥1

an(x)un(y) v(x, y) =
∑
n≥1

bn(x)un(y)

where un = Xn,1 and an, bn are solutions to the decoupled Helmholtz systems{
a′′n + k2

nan = iknFn1 − (Fn2 )′

b′′n + k2
nan = (Fn1 )′ − iknFn2

where the Fni ’s are given as moments of the loads against the Lamb eigenfunctions

In addition, for some C = C(h, ω, r) > 0,

||u||H3(Ωr) ≤ C
(
||f ||H1(Ωr) + ||b0,1||H3/2(−r,r)

)



Application to the detection of bumps

Using the modal expansion in Lamb waves, we can implement the strategy described
for the scalar equation

- Changing variables, the perturbations appear as source terms in the equations for
the straightened waveguide

- In this configuration, the system can be simplified to define a Born
approximation, which can be represented as a sum of Lamb modes

- Assuming that the perturbation has small amplitude, and that the incident wave
is the first symmetric Lamb mode, we can consider that the measurements
correspond to knowledge of

F(c1ng
′ + c2nh

′)(ξ)

where the coefficients cni are explicit, and where ξ ∈ (0, ξmax)

- Letting ω vary in (0, ωmax) and using the information associated to the first
symmetric and the first antisymmetric Lamb modes, we can reconstruct the
profiles g, h



5. Conclusion

- We studied the propagation of waves in waveguides with a slowly and smoothly
varying profile (bumps or bends) or with localized smooth changes in the
material parameters

- Using a modal decomposition, we consider a Born approximation to reconstruct
the characteristics of the perturbations

- We analyzed the wavefield for locally resonant frequency : under our smallness
assumption mode mixing does induce significant changes in the structure of the
solution

- We also considered the case of the elasticity operator, where the Lamb modes
may provide a modal basis. However, they only form a bi-orthogonal family



Many questions remain open :

- Can one relax the smoothness assumptions on the geometry ? In particular, what
about kinks ?

- Can one find a method to show existence of solutions in perturbed waveguides
that does not rely on a modal expansion ?

- We were inspired by experiments performed by
Claire Prada (ESPCI), who uses ZGV modes
(wavenumbers k 6= 0 for which ∂ωk = 0)
to monitor the thickness of plates
what is the geometrical information contained in
the asymptotic structure of these modes ? 02468
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