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OQP�R-S%T-UVT�RXW
Y;Z8[]\_^
D = {z ∈ C, |z| < 1} ` ^ c ∈ D a
bQcLd [1e ` fc(z) = z−c

1−cz afg[ c ^ih ` hkjml `onqpsr [ c2t ^i\<[ c fc ` ei^vu/wyx c \ `z` ^Q{2[ n []|}[]h d { ` u p%c e D ~ jml `ot1��` ei^Ql c2`� \ � `�t ^i\<[ c u ` D
e�l/h

D ` ^ t�p%n<t l n<` h>e�[ c \ c-��` h�e `v�/��c u?\ t�p ^i\<[ c�����p%n<t l n<` h 1−|f(z)|2 � aOQP�R-S%T-UVT�R��GY bQc \ c ^ih�[8u?l/\_^ n<` e;[ d w�h p ^ ` l/h�e ∂f = 1
2(∂f

∂x − i∂f
∂y ) ` ^ ∂f = 1

2 (∂f
∂x +

i∂f
∂y ) a
� \ � fg[ c ^ih ` hvj-l `kn<` ei�8e�^���| ` u `o��p l t {-�m�3�;\ ` | p%c/c e � w t hi\_^ ∂f = 0 a
� \_\ � f.[ c ^ih ` h@jml � l c2`�r [ c2t ^i\<[ c {2[ n []|}[]h d { ` u ` |}[8u?l n<`�t [ c e�^ p%c ^@u p%c e�l c []l ��` hi^
t [ c/c2`y�/`Qd
p h p h t e�u ` R

2 ` ei^ `�n_n<` |}��| `vt [ c ei^ p%c ^ `1~/`�c w t hi\ �]p%c ^ f(z) = C/f(z) a
OQP�R-S%T-UVT�Rg�!Y
\ � Z8[]\ `�c ^ f ` ^ g

{2[ n []|}[]h d { ` esu p%c ezl c []l ��` hi^su ` C a>bQc h p%d/dG`�n_n<` jml `}n<` l/h�eu/w�hi\ � w ` e f ′ ` ^ g′
e�[ c ^;{2[ n []|}[]h d { ` e `�n_n<` e�� p l2e�ei\ a2� ^ p � n \_h nqp h `�nqp ^i\<[ c

∂ ◦ ∂(fg) = f ′g′.

\_\ � Z8[]\ `�c ^ f1, . . . , fn
{2[ n []|}[]h d { ` e}u p%c e�l c []l ��` hi^ t [ c/c2`y�?`�d
p h p h t e ~ ^ `�n_n<` ejml ` ∑ |fj |2

e�[]\_^ t [ c ei^ p%c ^ a f.[ c ^ih ` hQjml `�t { p jml `kr [ c2t ^i\<[ c fj ` ei^ t [ c ei^ p%c ^ `1a
OQP�R-S%T-UVT�R4��Y� �[]l/h

a, b ∈ R
e�[]\_^

γ : [0, 2π] → C
u/wyx c \ d
p h γ(t) = a cos t +

ib sin t a
��p%n<t l n<` h ∫
γ |z|2dz a

OQP�R-S%T-UVT�R�¡GY
\ � Z8[]\ `�c ^ a, b

u ` l �0c []| � h ` e�ei^ihi\ t ^ ` | `�c ^ d [1ei\_^i\ r e ~ γ1 n<` e `�¢ | `�c ^£u ��`y� ^ih�w�|s\_^�w�e
(a, 0) ` ^ (a, b) ~ γ2 t�`�n l/\�u ��`y� ^ih�w�|s\_^�w�e (−a, b) ` ^ (−a, 0) a f.[ c ^ih ` h;j-l `vn<` e�\ c ^�wy�
¢ h p%n<` e ∫

γ1
e−z2/2dz ` ^ ∫

γ2
e−z2/2dz

^ `�c u `�c ^ ��` h�e 0 n []h�e�jml ` a → ∞ a\_\ � fg[ c ^ih ` hvj-l `knqp�r [ c2t ^i\<[ c e−z2/2 ` ei^6{2[ n []|}[]h d { ` e�l/h C a\_\_\ � Z8[]\_^ P n<` h `�t ^ p%c/¢1n<` u ` e�[]|s| ` ^�e (a, 0) ~ (a, b) ~ (−a, b) ~ (−a, 0) ~ γ n<` � []h�u[]hi\ `�c ^�wou `   a¥¤ l `k�1p l/^ n#� \ c ^�w ¢ h p%n<` ∫
γ e−z2/2dz ¦o�3c u?\ t�p ^i\<[ c9�
� []h�[ n_nqp \_h `�§1a©¨?a©¨?a\ � �«ª w�u?l/\_h ` u `£t�` jml/\ d h�w t ��u `£nqp¬r []hi|ol n<`

∫ +∞

−∞
e−iuxe−x2/2dx =

√
2πe−u2/2

§



OQP�R-S%T-UVT�R��!Y;Z8[]\_^
f(z)

l c2`kr [ c2t ^i\<[ c {2[ n []|}[]h d { ` eil/h C a\ � ��c l/^i\ n \<e p%c ^ nqp¬r []hi|¬l n<` u `o��p l t {-� ~¥t�p%n<t l n<` h

I(R) =

∫
γ

f(z)

(z − a)(z − b)
dz,

[�� |a| ≤ |b| < R ~ a 6= b ` ^ γ =: {z ∈ C, |z| = R} a\_\ � bQc e�l d/d [1e ` j-l ` f ` ei^ � []h c w ` eil/h C a fg[ c ^ih ` h�j-l ` limR→∞ I(R) = 0 a��$cu/w�u?l/\_h ` jml ` f ` ei^ t [ c ei^ p%c ^ `1a���� �
	��������������������������� �!��"$#%���!��&'���)(*�+,� �.-��.��/���/��10�2 3�2�054
���)(�($�6"�($�879"��:�����������)(�	��:�;79�����)( 2\_\_\ �
< n#�©p \<u ` u?l0^i{2w�[]h���| ` u `1= \<[]l � \ n_n<`1~ u/w�|}[ c ^ih ` h n<` ^i{2w�[]h���| ` u ` u � < n<` | � ` hi^
��§1a >2a_§%? � a
OQP�R-S%T-UVT�RA@�Y
\ ��BDCFEHG�I)JLKNMPORQ OTS8C�KVUHW XZY[JF\]M^Y:_HK`O1M5a WbG�M,G�JcG�I;\'W Y�OZ8[]\_^

f
l c2`kr [ c2t ^i\<[ c0t [ c ^i\ c l ` eil/h n<` u?\<e�jml `vr ` hi|}w D̄(z0, r) ⊂ C ` ^6^ `�n_n<` j-l � [ c

p \_^ ~2d []l/h6^�[]l/^ z
u p%c e n<` u?\<e�jml ` []l ��` hi^ ~

f(z) =
1

2iπ

∫
γ

f(w)

w − z
dw

`�c�c []^ p%c ^ γ n<`�t�` h t�n<` []hi\ `�c ^�w}u `st�`�c ^ih ` z0 ` ^�u ` h p ��[ c r a f.[ c ^ih ` h£j-l ` f ` ei^{2[ n []|}[]h d { ` u p%c e n<` u?\<e�jml ` []l ��` hi^ a
��c u?\ t�p ^i\<[ cX� u/w�hi\ ��` hve�[]l2e n#� \ c ^�w ¢ h p%n<`1a\_\ �dU9G�e`f$O)I:g O)ehU9OiKbe`Y EHGjI�JZOlk�KbI1m�G�KVm+UnG�JF\VC U*mZ8[]\_^
(fn)

l c2` e�l/\_^ ` u `Dr [ c2t ^i\<[ c e�{2[ n []|}[]h d { ` e�u p%c e}l c []l ��` hi^ Ω ⊂ C a�bQce�l d/d [1e ` jml ` (fn) t [ cm��` h ¢�` l c \ r []hi|}w�| `�c ^�eil/hz^�[]l/^ t []| d
p]t ^}u ` Ω ��` h�ezl c2`
r [ c2t ^i\<[ c f a fg[ c ^ih ` h�jml ` f ` ei^6{2[ n []|}[]h d { ` u p%c e Ω a
��c u?\ t�p ^i\<[ c��   p e�e ` h�o nqp�n \_|s\_^ ` u p%c e nqpkr []hi|ol n<` \ c ^�w ¢ h p%n<` u `v��p l t {-� ~ ^i{2w�[]h���| `
§1a >2a_§1a\_\_\ � ¤ l ��`�c.` ei^��#\ n�d []l/h n<` e�eil/\_^ ` evu `kr [ c2t ^i\<[ c eQu/w�hi\ �1p � n<` evu p%c e�l c []l ��` hi^Qu ` R[]l�u ` R

2 ¦
OQP�R-S%T-UVT�R�p!Yrq I�Y[e]UHY!\sOtQ�KuJcC%vjYwJLKbJxQ�KuJcG%Q�KbMPOZ8[]\_^

f r [ c2t ^i\<[ c {2[ n []|}[]h d { ` eil/h�l c []l ��` hi^ Ω ⊂ C a$bQc e�l d/d [1e ` jml ` Ω
t [ c ^i\ `�c ^ n<` u?\<e�jml `vr ` hi|}w£u `�t�`�c ^ih ` z0 ` ^;u ` h p ��[ c r
� \ � fg[ c ^ih ` hvj-l ` f � w�hi\ x `�nqpzd h�[ d hi\<w�^�w¬u `�nqp |}[�� `�c/c2`

f(z0) =
1

2π

∫ 2π

0
f(z0 + reiθ)dθ.

� \_\ � fg[ c ^ih ` hLj-l ` ei\ |f | p u?| ` ^ l c | p�� \_|ol/| n [ t�p%nv`�c z0 ∈ Ω ~�p%n []h�e f ` ei^
t [ c e�^ p%c ^ ` u p%c e�l c¬� []\<ei\ c
p%¢�` u ` z0 � \ c u?\ t�p ^i\<[ cL� w�^il2u?\ ` h n<` ei\ ¢1c2` u ` ∫ 2π

0 (|f(z0+
reiθ)| − |f(z0)|)dθ ` ^ `�c u/w�u?l/\_h ` jml ` |f | ` ei^ t [ c ei^ p%c ^ p l � []\<ei\ c
p%¢�` u ` z0

� a
� \_\_\ � Zm\ Ω ` ei^ t [ c/c2`y�/`£d
p h p h t e ~2`�c u/w�u?l/\_h ` jml ` f ` ei^ `�cLr#p \_^ t [ c ei^ p%c ^ ` e�l/h Ω^�[]l/^ `�c ^i\ ` h a

y



OQP�R-S%T-UVT�R��!Y;Z8[]\_^
f
l c2`;r [ c2t ^i\<[ c o �1p%n<` l/h�e t []| d/n<`y�?` e ~8t [ c ^i\ c l ` eil/h n<` u?\<e�jml `

r ` hi|}w D = D(z0, r) ` ^v{2[ n []|}[]h d { ` u p%c e n<` u?\<e�j-l ` []l ��` hi^ D(z0, r) a fg[ c ^ih ` hjml ` maxz∈D |f(z)| ` ei^ p ^i^ ` \ c ^Qeil/h n<` � []h�uLu ` D a
OQP�R-S%T-UVT�RLW��!Y BDO)JLJZOFQ O��hU)W�� C�I	��
 a Z8[]\_^ f

l c2`«r [ c2t ^i\<[ c {2[ n []|}[]h d { ` eil/h D =
D(0, 1) a Zml d/d [1e�[ c e0j-l ` f(0) = 0 ` ^�j-l ` |f(z)| ≤ 1 d []l/h z ∈ D a < n []h�e
|f(z)| ≤ |z| d []l/h@^�[]l/^ z ∈ D a8bQc�p%d/d/n \<j-l ` h p¬n<`Qd hi\ c2t \ d¥` u?lD| p�� \_|¬l/| o f(z)

z a
OQP�R-S%T-UVT�R4W
W�Y S8C�I5C U*m�)I)YwkHCjm�Y:G�eAQ O�k��)Y �%O5U*m�Y:G�esk��)Y���WbGjM G�JcG�I;\'WVO)ktQ�K Q�YwkH_*KsOLQ Cjesk
M KbY��.J��HJcO��'KNehO�C�\ \]M Y:UnCjm�Y:G�eTQ�K1B�O)JLJcO�Q O�� U)W�� C�I	� a1bQc e `�d h�[ d [1e ` u ` |}[ c ^ih ` hjml ` ^�[]l/^ ` � \ � `�t ^i\<[ c f

u ` D = D(0, 1)
u p%c e D

{2[ n []|}[]h d { `�p \ c ei\�jml ` e�[ c \ c-��` h�e `
` e�^ n#� l c2` u ` e r [ c2t ^i\<[ c ek{2[]|}[ ¢ h p%d {/\<jml ` e f(z) = f−c(λz) = λz+c

1+cλz ~ [�� c ∈ D
` ^ |λ| = 1 a\ � bQc eil d/d [1e ` ^�[]l/^�u �©p � []h�u0j-l ` f(0) = 0 afg[ c ^ih ` h£jml ` |f ′(0)| = 1 ~G`�c l/^i\ n \<e p%c ^ n<`R=�` |s| ` u ` Z t {�� p h�� ` ^ nqp � \ � `�t ^i\ � \_^�wu ` f afg[ c ^ih ` h `�c eil/\_^ `}`�c l/^i\ n \<e p%c ^ n<`sd hi\ c2t \ d¥` u?l | p�� \_|ol/| jml ` f(z) = λz ~�p���`�t
|λ| = 1 a\_\ � Zm\ f(0) 6= 0 ~ e ` h p | `�c2` h p l t�p e d h�w t w�u `�c ^ ~�`�c l/^i\ n \<e p%c ^ n<` e r [ c2t ^i\<[ c e fc\ c ^ih�[mu?l/\_^ ` eQu p%c e n#��`y�/` h t \ t�`}§1a

=�` e+u ` l ��`y�?` h t \ t�` e�j-l/\�e�l/\ ��`�c ^+e�[ c ^+u ` e p%d/d/n \ t�p ^i\<[ c e�u `$nqp@r []hi|ol n<` \ c ^�w ¢ h p%n<`
d []l/h n<` e;u/w�hi\ � w ` e ~+� ^i{2w�[]h���| ` §1a >2a©¨ �
OQP�R-S%T-UVT�R)W/�GY;Z8[]\ `�c ^ a, b ∈ C ~ |a| < 1 < |b| ~¥` ^ m,n

u ` l �g`�c ^i\ ` h�e d [1e�\_^i\ r e a
��p%n<t l n<` h ∫

|z|=1

dz

(z − a)m(z − b)n
·

OQP�R-S%T-UVT�RXW8�!Y
\ � Z8[]\_^ f

l c2`;r [ c2t ^i\<[ c�t [ c ^i\ c l ` e�l/h D(a, r) ` ^@{2[ n []|}[]h d { ` u p%c e D(a, r) am� ^ p �� n \_h ~2d []l/h6^�[]l/^ n ~?nqp | p �i[]h p ^i\<[ c
|f (n)(a)|

n!
≤ sup |f |

rn
·

\_\ � f.[ c ^ih ` hoj-l ` e�\�l c2` eil/\_^ ` (fk)
u `�r [ c2t ^i\<[ c e£{2[ n []|}[]h d { ` e¬u p%c eol c []l ��` hi^

Ω ⊂ C t [ c-��` h ¢�` l c \ r []hi|}w�| `�c ^6eil/h n<` e t []| d
p]t ^�e ��` h�e@l c2`;r [ c2t ^i\<[ c f ~mp%n []h�e nqpe�l/\_^ ` u ` e�u/w�hi\ � w ` e f ′
k t [ cm��` h ¢�`o��` h�e f ′ l c \ r []hi|}w�| `�c ^Qe�l/h n<` e t []| d
p]t ^�eQu ` Ω a

OQP�R-S%T-UVT�R.Wm�+Y bQc u?\_^@jml � l c2`;r [ c2t ^i\<[ c f
u/wyx c \ ` eil/h�l c []l ��` hi^«u ` R

n ` e�^�{ p h��|}[ c \<jml ` e�\ `�n_n<`�` e�^@u `�t�nqp e�e ` C2 ` ^@ei\ ∆f = 0 ~-`�c c []^ p%c ^ ∆ = ∂2

∂x2

1

+ . . .+ ∂2

∂x2
n
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n#� [ d w�h p ^ ` l/h p%d/dG`�n w B C)\]M C UHY:OHe a�bQc eil d/d [1e ` n = 2 a\ � fg[ c ^ih ` hvj-l ` ∆f = 4∂ ◦ ∂f = 4∂ ◦ ∂f d []l/h6^�[]l/^ `�r [ c2t ^i\<[ c f
u `£t�nqp e�e ` C2 a

��c u/w�u?l/\_h ` j-l ` ^�[]l/^ `�r [ c2t ^i\<[ c {2[ n []|}[]h d { `�` ei^�{ p hi|}[ c \<jml `k`�c ^ p%c ^�jml `6r [ c2t �^i\<[ c u ` u ` l � �]p hi\ p � n<` e�h�w `�n_n<` e ~6p \ c ei\�jml ` e ` e d
p hi^i\ ` eLh�w `�n_n<` e ` ^�\_| p%¢ \ c
p \_h ` e
��� � 7������
	 !��/��������^79� ���r0�2 3�2 �%&����)"������ ��($/
������(��$����)���������$����	�� ����/�!7�	:	:� C2 �.� �	�����D����/�!7�	:	:�
C∞ � a\_\ � bQc eil d/d [1e ` jml ` Ω ` ei^Ql c l c []l ��` hi^vw�^�[]\ n w p l/^�[]l/hku ` 0 a¥bQc.��` l/^�|}[ c ^ih ` hjml `1~ h�w t \ d h�[8j-l ` | `�c ^ ~ ^�[]l/^ `�r [ c2t ^i\<[ c { p hi|}[ c \<j-l ` P (x, y)

o �1p%n<` l/h�e}h�w `�n_n<` eu/wyx c \ ` eil/h Ω ` e�^ nqp�d
p hi^i\ ` h�w `�n_n<` u � l c2`Lr [ c2t ^i\<[ c {2[ n []|}[]h d { `1ak� ��� ��	�����($/
�����
#%�;79��	:� Ω ��	���"$( �)"$#)�
�:�r	:���	�$�������(*��/���($(��
-�� � a Z8[]\_^ (x, y)

l cMd []\ c ^Du ` Ω ` ^ γ n<`e `�¢ | `�c ^}�i[]\ ¢1c
p%c ^ (0, 0)
o

(x, y) avbQc u�
$x c \_^ nqp9r []hi| ` u?\�!w�h `�c ^i\ `�n_n<` ω d
p h
ω = −∂P/∂ydx+∂P/∂xdy a�bQc�d [1e ` Q(x, y) =

∫
γ ω a fg[ c ^ih ` h�jml `�nqp�r [ c2t ^i\<[ c

f(x + iy) = P (x, y) + iQ(x, y) ` ei^6{2[ n []|}[]h d { ` eil/h Ω ` ^ t [ c2t�n l/h `1a
OQP�R-S%T-UVT�RXW?¡GYrq I5G�\]I)Y��*m�LQ O1M CZJcG�X O)e`ehOtOHm \]I�Y[e]UHY!\sOtQ�KuJcC%vjYwJLKbJ\ � Z8[]\_^ Ω

l c []l ��` hi^ t [ c ^ `�c
p%c ^ n<` u?\<e�j-l `vr ` hi|}w£u `�t�`�c ^ih ` z0 ` ^;u ` h p ��[ c r afg[ c ^ih ` h�jml ` ^�[]l/^ `Lr [ c2t ^i\<[ c { p hi|}[ c \<j-l ` u : Ω → R p�nqp�d h�[ d hi\<w�^�wgu `�nqp|}[ � `�c/c2`
u(z0) =

1

2π

∫ 2π

0
u(z0 + reiθ)dθ.

\_\_\ � Z8[]\_^ u : Ω → R
l c2`zr [ c2t ^i\<[ c t [ c ^i\ c l ` eil/hkl c []l ��` hi^£u ` C a Ω ⊂ C. bQce�l d/d [1e ` jml ` u p}nqp�d h�[ d hi\<w�^�wsu `¬nqp |}[ � `�c/c2`s` ^ p ^i^ ` \ c ^£e�[ c | p�� \_|ol/| `�c l c

d []\ c ^ z0
u ` Ω afg[ c ^ih ` h}jml ` u ` e�^ t [ c e�^ p%c ^ ` u p%c ez^�[]l/^su?\<e�j-l ` r ` hi|}w�u ` t�`�c ^ih ` z0 t [ c ^ `�c lu p%c e Ω a

��c u/w�u?l/\_h ` jml ` ei\ Ω ` ei^ t [ c/c2`y�?`�d
p h p h t e nqpLr [ c2t ^i\<[ c u ` ei^ t [ c ei^ p%c ^ ` u p%c e
Ω a!bQcgd []l/hih p�p u?| ` ^i^ih `zn<` h�w�e�l n ^ p ^ke�l/\ �]p%c ^ � Z8[]\_^ z ∈ Ω a���n�`y� \<ei^ ` l c2` e�l/\_^ `x c \ ` u ` u?\<e�jml ` e r ` hi|}w�e D(zj , r) ~ 0 ≤ j ≤ n ~�p���`�t zn = z ~ jml/\�e�[]\ `�c ^o^�[]l2e
t [ c ^ `�c l2evu p%c e Ω ~2` ^�^ `�n e�jml ` zj ∈ D(zj−1, r) a��j�h�
^7 	:���������)(*�:���6�
(d��(%�:���%��"$��	�7�(*�
"$(�/;�$�
���!( γ /���(%���
(�"��$79($	 Ω 7��!7�(*����� z0
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