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Picard group of the unipotent algebraic groups on any field
Michel Brion

Let k be any field. We study the Picard group of the (smooth connected) unipotent
k-algebraic groups.

As every unipotent algebraic group is an iterated extension of forms of the additive
group G, we study the Picard group of the forms of G, . In fact we study the
Picard group of forms of G, and the affine line A} simultaneously using a geometric
method. We obtain an explicit upper bound on the torsion of the Picard group of the
forms of A} and their regular completion, and a sufficient condition for the Picard
group of a form of A} to be nontrivial. We also give examples of nontrivial forms of
A,{; with trivial Picard groups.

In general, a unipotent k-algebraic group is a form of the affine n-space A}. In order
to study the Picard group of a form X of A} with a geometric method, we define a
“restricted” Picard functor; we show that if X admits a regular completion then the
“restricted” Picard functor is representable by a unipotent k-algebraic group (smooth,
not necessarly connected). With this “restricted” Picard functor and geometric
arguments we show that the Picard group of a unirational form of A} is finite.
Moreover we generalise a result of B. Totaro: if k is separably closed and if the Picard
group of a unipotent k-algebraic group is nontrivial then it admit a nontrivial extension
by the multiplicative group.
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