
i5



ii a



iiiRemerciements
Je remercie mon Directeur de th�ese, le Professeur Chris Peters, qui m'aaid�e et �eclair�e de ses conseils pendant ces quatre ans, avec une constantedisponibilit�e.Je remercie �egalement les Professeurs O. Debarre, J.P. Demailly, S. Kosarew,U. Persson d'avoir bien voulu me faire l'honneur de participer au jury.Parmi tous ceux qui m'ont aid�e d'une fa�con ou d'une autre, je souhaitesurtout remercier le Professeur A. Silva, qui m'a fait d�ecouvrir la recherchemath�ematique et m'a sugg�er�e de faire une th�ese �a l'Institut Fourier, ainsique mes parents qui m'ont soutenu et encourag�e.



iv



Contents
Introduction (en fran�cais). vii0:1: Le rôle des vari�et�es Grassmanniennes et des vari�et�es de Fano. vii0:2: G�en�eralisation des r�esultats aux espaces projectifs tordus. . . viii0:3: Les �etapes essentielles dans les preuves des r�esultats de [ELV]. x0:4: La structure de la th�ese. . . . . . . . . . . . . . . . . . . . . xiiiIntroduction. xv0:1: The role of Grassmannian and Fano varieties. . . . . . . . . xv0:2: Generalizing the results to the weighted projective spaces. . xvi0:3: Sketch of the proof of the results of [ELV] . . . . . . . . . . . xvii0:4: The structure of the thesis. . . . . . . . . . . . . . . . . . . . xxi1 Preliminaries 11.1 Weighted projective spaces . . . . . . . . . . . . . . . . . . 11.2 Chow groups . . . . . . . . . . . . . . . . . . . . . . . . . . 92 Chow groups of weighted hyp. of small degree. 152.1 The map �Q. . . . . . . . . . . . . . . . . . . . . . . . . . . 152.2 The Main result. . . . . . . . . . . . . . . . . . . . . . . . . 162.3 Comparison between the bounds for P(Q) and Pn. . . . . . 203 Geometric approach to weighted linear spaces and Fanovarieties. 333.1 Non-weighted case. . . . . . . . . . . . . . . . . . . . . . . . 333.2 The \naive" de�nition and some properties. . . . . . . . . . 353.3 Fano varieties . . . . . . . . . . . . . . . . . . . . . . . . . . 373.4 Weighted hypersurfaces of small degree . . . . . . . . . . . . 403.5 Complete intersections of small degree . . . . . . . . . . . . 453.6 Weighted case using �Q. . . . . . . . . . . . . . . . . . . . . 473.7 The case Q = (1; : : : ; 1; q) . . . . . . . . . . . . . . . . . . . 50v



vi 3.8 Fano varieties in P(1; : : : ; 1; q) . . . . . . . . . . . . . . . . . 563.9 Another proof of main result for Q = (1(r); qr; : : : ; qn). . . . 614 Miscellaneous results. 654.1 The general case . . . . . . . . . . . . . . . . . . . . . . . . 654.2 Fano varieties in the general case. . . . . . . . . . . . . . . . 694.3 T (s;Q) is not a Grassmannian . . . . . . . . . . . . . . . . 714.4 The planes Kp. . . . . . . . . . . . . . . . . . . . . . . . . . 744.5 Relation with �Q in the caseQ = (1; : : : ; 1; q). . . . . . . . . . . . . . . . . . . . . . . . . 79References. 83



Le rôle des vari�et�es Grassmanniennes et des vari�et�es de Fano viiINTRODUCTION (en fran�cais).0:1: Le rôle des vari�et�es Grassmanniennes et desvari�et�es de Fano.L �etude d'une vari�et�e peut se faire moyennant ses sousvari�et�es. Par exemple,une hypersurface de degr�e 2 dans un espace projectif peut être etudi�ee parla famille des droites qu'elle contient. On peut proc�eder �a une utilisationsyst�ematique des espaces lin�eaires de dimension s dans une vari�et�e X d'unespace projectif donn�e Pn en introduisant la Grassmannienne Gr(s;Pn)des s-plans dans Pn et la vari�et�e de Fano associ�ee:F (s;X) := f� 2 Gr(s;Pn)j� � XgOn sait par exemple que pour une hypersurface g�en�erique X de degr�e d(avec d � 3) on a:'(s; n; d) := dimF (s;X) = (s+ 1)(n� s)�� s+ ds �Cela veut dire que si X est une hypersurface g�en�erique de degr�e d telle que'(s; n; d) < 0, alors elle ne contient pas de s-plans; et que si par contre'(s; n; d) � 0, la vari�et�e de Fano n'est pas vide et a la dimension '(s; n; d).Donc, grosso modo, plus d est petit, et plus il y aura de vari�et�es lin�eairesdans une hypersurface de degr�e d.Une question plus �ne se pose alors: �a l'�equivalence rationnelle pr�es,peut-on dire que tout s-cycle est une combinaison lin�eaire de s-plans? Celaimplique une �etude des groupes de Chow CHs(X) des s-cycles modulol'�equivalence rationnelle (plus de d�etails en Ch. 1.2). En e�et, Roitman a�etudi�e les 0-cycles sur des vari�et�es X � Pn donn�ees par des �equations depetit degr�e. La vari�et�e X n'a pas besoin d' être lisse ni d' être une inter-section compl�ete. Le r�esultat est le suivant:Th�eor�eme 0.1.1.[RO]Soit X une vari�et�e projective irr�eductible de dimen-sion n� r, d�e�nie par r �equations de degr�e d1; : : : ; dr, tels que Pi di � n.Alors: CH0(X) = Z 2On verra plus bas une id�ee de la d�emonstration pour CH0(X)
Q et pourune hypersurface X de degr�e d.



viii IntroductionInspir�e par cette d�emonstration g�eom�etrique, [ELV] �etend ce r�esultataux groupes de Chow de degr�es sup�erieurs. Les vari�et�es de Fano jouent iciun rôle essentiel. Voici le r�esultat:Th�eor�eme 0.1.2. [ELV] Soit X une vari�et�e projective irr�eductible dedimension (n � r), d�e�nie par r �equations de degr�e d1; : : : ; dr tels qued1 � d2 � : : : � dr � 2. Soit:l = maxk2N (kj rXi=1 � k + dik + 1 � � n)Soit d1 � 3 ou r � l + 1. Alors:CHs(X)
Q = Q 8s � l 2Donc CHs(X)
Q est engendr�e par n'importe quel s-plan contenu dans X ,mais en fait la d�emonstration utilise des propriet�es de la vari�et�e de FanoF (s;X).On trouvera plus bas l'id�ee de la d�emonstration dans le cas d'une hy-persurface et pour l = 1, ce qui est le premier cas dans le prolongement dutravail de Roitman.0:2: G�en�eralisation des r�esultats aux espacesprojectifs tordus.Il est naturel de se demander s'il est possible de g�en�eraliser les r�esultats de[ELV] au cas des espaces projectifs tordus et des vari�et�es d�e�nies par despolynômes Q-homog�enes de bas degr�es. C'est ce que nous faisons dans leChapitre 2 pour des hypersurfaces de degr�e d dans P(q0; : : : ; qn). Voici ler�esultat principal:Th�eor�eme 0.2.1. Pour une hypersurface ponder�ee X = X 0=� � P(Q)de Q-degr�e d, d � 3, quotient d'une hypersurface lisse X 0 sous l'action dugroupe produit des groupes des racines des poids qj , on a:CHs(X)
Q = Q 8s tel que � s+ ds+ 1 � � nXi=0 qi � 1 2Le th�eor�eme est r�eduit au th�eor�eme de [ELV] pour une hypersurface dedegr�e d dans PN , o�u N :=Pni=0 qi � 1, ce qui explique la borne.



G�en�eralisation des r�esultats aux espaces tordus ixL'id�ee est de dominer l'hypersurface par une hypersurface de PN , bienchoisie, et du même degr�e. En fait, on a une application:�Q : ~X ! Xqui, sous des conditions assez g�en�erales, ici satisfaites, induit une applica-tion surjective: �Q� : CH�( ~X)
Q! CH�(X)
Qpermettant de conclure.Cette d�emonstration ne dit pourtant rien sur les espaces \lin�eaires" quiseraient contenus dans X . En fait, on devrait d'abord bien d�e�nir ce quel'on entend par \espace lin�eaire" dans P(Q). Pour cela, on peut utiliserl'application quotiente: Pn pQ�! P(Q) = Pn=�o�u � = �q0 � : : : � �qn agit sur la coordonn�ee xj par produit avec une qj-racine de l'unit�e. On d�e�nit alors un s-plan deP(Q) comme le quotient d'uns-plan de Pn. Cela conduit �a une \petite" Grassmannienne qui pourtantest ais�ement comprise, ainsi qu'�a une g�en�eralisation des r�esultats de [ELV],mais l'am�elioration de la borne est perdue.Dans le dernier paragraphe du Chapitre 2, nous avons fait une com-paraison entre ces deux r�esultats et avons montr�e que le remplacement den par N est une r�eelle am�elioration: les degr�es admis sont plus grands siN � n est assez grand.On obtient une d�e�nition plus naturelle du plan dans P(Q) en con-sid�erant l'action de C� sur Cn+1 � f0g. Si p0; : : : ; ps sont s + 1 pointsind�ependants dans Cn+1, on d�e�nit un s-plan par:xj = sXk=0 pj � �jIci, la notation \�"signi�e que l'on utilise l'action de C�.Malheuresement, il est di�cile de savoir quel genre de variet�e nousobtenons ainsi. A l'exception de quelques cas particuliers, nous ne con-naissons même pas sa dimension.



x Introduction0:3: Les �etapes essentielles dans les preuves desr�esultats de [ELV].L'argument de Roitman:Lemme 0.3.1.[RO] Soit X une hypersurface de degr�e d dans Pn et soitx 2 X. Si d � n, il existe une droite l � Pn telle que x 2 l et:(�) soit X \ l = fxg; soit l � X:D�emonstration:On choisit des coordonn�ees x0; : : : ; xn telles que x = [1 : 0 : : : : : 0].Une droite passant par l'origine est param�etris�ee par [�1 : : : : : �n] 2 Pn�1puisqu' on a: l = fxj = �jtjt 2 CgDans les coordonn�ees a�nes X sera d�e�nie par:fd(x1; : : : ; xn) + fd�1(x1; : : : ; xn) + : : :+ f1(x1; : : : ; xn) = 0o�u fa(x1; : : : ; xn) est homog�ene de degr�e a. Dans le Pn�1 des droitesqui passent par x, la condition (�) �equivaut �a fa(�1; : : : ; �n) = 0 8a =1; : : : ; d� 1. En fait, X \ l est d�e�nie par:0 = dXa=1 fa(�1t; : : : ; �nt) = dXa=1 tafa(�1; : : : ; �n)Certes, l � X signi�e fa(�1; : : : ; �n) = 0 8a = 1; : : : ; d; par contre, X \ l =f0g signi�e que la seule solution doit être t = 0, et celle-l�a doit avoirmultiplicit�e d. Donc fa(�1; : : : ; �n) = 0 8a = 1; : : : ; d� 1.On a donc d equations, donc si d � n on a des solutions non banales.QEDCorollaire 0.3.1.[RO] Si d � n, CH0(X)
Q = Q.D�emonstration:Dans le lemme pr�ec�edent, si l 6� X , on a l � X = dx dans CH0(l \ X)(on utilise ici la th�eorie de l'intersection re�nie, voir [FU]). Si, au contraire,l � X , puisque CH0(l \X)
Q = CH0(l)
Q est engendr�e par x (en e�etCH0(P1) 
Q = Q), on a l � X = ax dans CH0(l) avec a 2 Q, et commedeg(l �X) = d, on en d�eduit que d = a. Pour toute autre droite l0, commeCH1(Pn) 
Q = Q, on a l0 = al et donc adx = al �X = l0 �X = dx0 dansCH0(X)
Q, pour tout autre x0 2 X . Donc CH0(X)
Q = Q.



Les �etapes essentielles dans les preuves des r�esultats de [ELV] xiQEDL'argument de [ELV]:Passons �a la g�en�eralisation de [ELV]. D'abord, on dit qu'une vari�et�e Yest engendr�ee par s-plans s'il existe une vari�et�e Z � Gr(s;Pn) telle quedimZ = dimY � s et que la projection:�Z(s) := f(�; x) 2 Z �Pnjx 2 �g ! Pnest surjective sur Y . �Z(s) joue le rôle des droites l dans l'argument deRoitman, o�u l'on consid�erait seulement les droites l qui passaient par x.(Ici, c'est Y qui remplace x). Le lemme devient:Lemme 0.3.2. Soit:H(s;X) := f(�;�0) 2 Z �Gr(s+ 1;Pn)j� � �0 � X ou � = �0 \Xget soit � la projection vers Z. Alors si:� s+ ds+ 1 � � n� sit � est surjective. 2La d�emonstration est une g�en�eralisation imm�ediate de celle de Roitman.Bien sûr, H(0; X) est l'ensemble des droites l telles que x 2 l et ou bienl � X , ou bien l \ X = fxg. On peut aussi g�en�eraliser le corollaire deRoitman:Corollaire 0.3.2. Sous les hypoth�eses prec�edentes, si:� l + dl + 1 � � n� lon a CHl(X)
Q = Q. 2Nous donnons la strat�egie de la d�emonstration pour l = 1.Soit Y � X une courbe irr�eductible, supposons d'abord qu'il ne s'agitpas d'une droite, donc Y n'est pas engendr�ee par 1-plans (droites) tandisque, �evidemment, elle est engendr�ee par 0-plans, (toute sous-variet�e estengendr�ee par ses points). Il y a Z � Gr(0;Pn) = Pn, dimZ = 1, telleque: �Z(0) = f(y; x) 2 Z �Pnjx = yg ! Y



xii Introductionest surjective; donc Z = Y . Puisque:� d+ 12 � � n� 1) d � non d�eduit du lemme pr�ec�edent que l'application:H(0; X) := f(x;�) 2 Y �Gr(1;Pn)jx 2 � � X ou x = � \Xg ! Yest surjective. En fait, il s'agit tout simplement du r�esultat de Roitman:8y 2 Y 9� 2 Gr(1;Pn) telle que y 2 � et soit � � X soit x = � \X .Soit � une courbe deH(0; X) qui se projette sur Y de fa�con g�en�eriquement�nie et soit � : ~�! � une desingularisation. Posons:�0~� := f(x;�; z) 2 ~��Pnjz 2 �g Pr! PnPr(�0~�) est la surface rul�ee de Pn obtenue en prenant, 8x 2 Y , \la" droiteL dans Pn telle que (x; L) 2 ~� et x 2 L. (Certes, ~� � H(0; X) impliquesoit L � X , soit x = L\X). Par construction on en deduit Y = X\Pr(�0~�)et donc, comme classes rationnelles:aY = X � Pr(�0~�) pour quelque a 2 QRemarquons que Pr(�0~�) 6= 0 parce que Prj�0� est g�en�eriquement �nie surl'image.Or, Pr(�0~�) 2 CH2(Pn)
Q ' Q, donc aY = bX pour quelque b 2 Q.C�a veut dire que toute curbe irr�eductible est rationnellement �equivalenteau cycle X et donc elles sont toutes rationnellement �equivalentes entre elles,sauf peut-être les droites.On consid�ere alors le cas d'une droite. Soit Y = L une droite; certeselle est engendr�ee par 1-plans: disons Z � Gr(1;Pn), dimZ = 0, unesous-variet�e pour qui l'application:�Z(1) := f(�; x) 2 Z �Pnjx 2 �g ! L = Yest surjective. Z est un ensemble �ni de droites et la condition pr�ec�edentenous permet de choisir Z = fLg. Comme:� d+ 12 � � n� 1le lemme pr�ec�edent donne la surjectivit�e de l'application:H(1; X) := f(�;�0) 2 Z�Gr(2;Pn)j� � �0 � X or � = �0\Xg ! Z = fLg



La structure de la th�ese xiiiRemarquons que (�;�0) 2 H(1; X)) � = L. Soit � � H(1; X) un couple(L;L0) qui se projette sur Z, on peut choisir L0 \X = L. Posons:�0� := f(L;L0; x) 2 ��Pnjx 2 L0g � f(L;L0; L0)g Pr! L0 � PnPuisque L0 \ X = L, il doit y avoir un rationnel a pour qui L0 � X = aLcomme cycles rationnels; on utilise alors le même argument pour en d�eduireque toute droite est rationnellement �equivalente au cycle X et donc �a toutcycle prov�enant d'une courbe irr�eductible: donc CH1(X)
Q = Q.En ce qui concerne la d�emonstration que CH0(X)
Q = Q, il su�t devoir que d � n et appliquer le r�esultat de Roitman. 2Pour que la borne soit amelior�ee �a n, on utilise ce r�esultat, toujours dû �a[ELV]:Lemme 0.3.3. Soit l, d, n des naturels tels que:� l + dl + 1 � � nOn suppose que d � 3. Alors, pour tout s < l:� s+ ds+ 1 � < n� s 2Dans le th�eor�eme 4:6 de [ELV], on d�emontre que pour l comme avant on aencore CHl(X)
Q = Q.0:4: La structure de la th�ese.Dans le premier chapitre, nous rappellons des notions g�en�erales surles espaces tordus (la r�ef�erence principale est alors [DO]) et sur les groupesde Chow (r�ef�erence principale: [FU]).Dans le deuxi�eme chapitre, nous prouvons le r�esultat principal. Bienque implicite en [KO], l'application �Q apparâ�t pour la premi�ere fois et,en e�et, tout le chapitre est nouveau. Le dernier paragraphe est consacr�e�a l'�etude de l'am�elioration de la borne.Dans le chapitre 3, nous voulons �etudier la g�eom�etrie des \plans" dansl'espace projectif tordu. La d�e�nition la plus intuitive semble satisfaisante



xiv Introductionpour l'aspect g�eom�etrique, et on prouve (avec des toutes petites modi�ca-tions) que les r�esultats de [ELV] sont encore valables; mais la borne n'estpas amelior�ee. Pour concilier le point de vue g�eom�etrique et la nouvelleborne, nous avons essay�e de d�e�nir la Grassmannienne dans P(Q) avecl'application �Q. Le cas o�u Q = (1(r); qr; : : : ; qn) et s � r � 1 est trait�eavec soin (le cas Q = (1; : : : ; 1; q) est un sous-cas). Dans ce cas, on peutprouver la nouvelle borne en donnant une d�emonstration qui suit celle de[ELV]. Mais nous ne savons pas si cette \Grassmannienne" est une vari�et�eprojective ou non. Nous pouvons seulement d�emontrer qu'il existe un sous-ensemble dense, qui est obtenu comme quotient d'un ouvert de Zariski dela grande Grassmannienne Gr(s;PN ) par un groupe �ni.Dans le chapitre 4 sont regroup�es des r�esultats de moindre impor-tance de même que des probl�emes ouverts. La tentative de d�e�nir uneGrassmannienne dans l'espace projectif tordu par l'application �Q aboutit�a un probl�eme de taille: dans le cas g�en�eral, on ne connait pas la di-mension de la �bre sur un \s-plan" g�en�erique. Sous un point de vuestrictement g�eom�etrique, cette d�e�nition n'est pas satisfaisante: par ex-emple, quand il est possible de plonger l'espace projectif tordue dans unespace projectif plus grand par une application de Veronese, les \plans"ainsi d�e�nis n'apparaissent pas comme l'intersection d'un plan usuel avecl'espace plong�e. En outre, s+ 1 points ind�ependents ne d�e�nissent pas unseul \s-plan". Pour ces raisons nous avons introduit une nouvelle d�e�nitiondu plan qui prend en consid�eration l'action de C (ces plans, nous les appel-lonsKp). H�elas, cela ne r�esoud pas le probl�eme: les propri�et�es g�eom�etriquespr�ec�edentes ne sont toujours pas atteintes et, ce qui est pire, nous ne con-naissons pas la dimension de cet espace, essentiellement parce que l'onn'a pas la lin�earit�e. N�eanmoins, cette de�nition ne donne pas la même quel'autre, le seul cas o�u il y a une relation entre les deux �etant le cas des droites:les droites Kp sont des droites particuli�eres �Q(L), pour L 2 Gr(1;PN ) siQ = (1; : : : ; 1; q).



The role of Grassmann and Fano varieties xvINTRODUCTION.0:1: The role of Grassmannian and Fano varieties.One way to understand a variety is by means of the special subvarietieslying on it. For instance, a quadric hypersurface in projective space canbe studied by means of the family of lines on it. A systematic use of thelinear spaces of dimension s on a subvariety X of a given projective spacePn can be done using the Grassmannian Gr(s;Pn) of s-planes in Pn andthe associated Fano variety:F (s;X) := f� 2 Gr(s;Pn)j� � XgOne knows classically, for instance, that for a degree d (with d � 3) generichypersurface X , one has:'(s; n; d) := dimF (s;X) = (s+ 1)(n� s)�� s+ dd �This has to be interpreted as follows: a generic X of degree d such that'(s; n; d) < 0 contains no s-planes; if '(s; n; d) � 0, the Fano variety isactually non-empty and has dimension '(s; n; d).Therefore, loosely speaking, the smaller d, the more linear subvarietiesa degree d hypersurface contains.A coarser question is wether all s-dimensional cycles on X are linearcombinations of s-planes, at least up to rational equivalence. This leads tothe study of the Chow groups CHs(X) of s-cycles modulo rational equiv-alence (see Ch. 1.2 for more details). In fact Roitman studied 0-cycles onvarieties X � Pn given by equations of small degree. The variety X needsnot to be smooth, nor a complete intersection. The upshot is:Theorem 0.1.1.[RO] Let X be an irreducible projective variety of dimen-sion n� r, de�ned by r equations of degree d1; : : : ; dr such that Pi di � n.Then: CH0(X) = Z 2Below we sketch a proof of this for CH0(X)
Q and for a hypersurface Xof degree d. This captures the essential idea of the proof.Based on this geometric proof, [ELV] extends this to higher Chowgroups. Here Fano varieties form an essential argument. The result is:



xvi IntroductionTheorem 0.1.2.[ELV] Let X be an irreducible (n � r)-dimensional pro-jective variety de�ned by r equations of degree d1; : : : ; dr with d1 � d2 �: : : dr � 2. Let: l := maxk2N (kj rXi=1 � k + dik + 1 � � n)If either d1 � 3 or r � l + 1, then:CHs(X)
Q = Q 8s � l 2It follows that CHs(X)
Q is generated by any s-plane lying on X , but infact the proof heavily uses properties of the Fano varieties F (s;X).Below we give a sketch of the proof of this theorem in the case of ahypersurface and l = 1, the �rst case beyond Roitman. This also capturesthe essential idea of the proof.0:2: Generalizing the results to the weightedprojective spaces.It is natural to ask for the generalization of the results of [ELV] to the caseof weighted projective spaces and varieties given by weighted homogeneouspolynomials of small degree. We do this in chapter 2 for hypersurfaces ofdegree d in P(q0; : : : ; qn). The main result here is:Theorem 0.2.1. For a weighted hypersurface X := X 0=� � P(Q) of Q-degree d, d � 3, given as the quotient of a smooth hypersurface X 0 underthe action of the product of the groups of unity roots of the weights, wehave: CHs(X)
Q = Q 8s such that � s+ ds+ 1 � � nXi=0 qi � 1 2This theorem is reduced to the theorem of [ELV] for a hypersurface ofdegree d in PN , N := Pni=0 qi � 1, explaining the bound. The idea is ofdominating the hypersurface by a carefully chosen hypersurface in PN ofthe same degree. Say we have a map:�Q : ~X ! X



Sketch of the proof of the results of [ELV] xviiUnder fairly general conditions which are satis�ed here, the induced map:�Q� : CH�( ~X)
Q! CH�(X)
Qis surjective and the result follows.This proof, however, says nothing about the \linear" spaces containedin X . In fact, one should �rst properly de�ne what one means by this ina weighted projective space. One way of de�ning these is to look at thequotient map: Pn pQ�! P(Q) = Pn=�Here � = �q0 � : : :��qn acts coordinate-wise by multiplication of qj-roothof unity on Pn. One then simply de�nes an s-plane on P(Q) as the quotientof an s-plane in Pn. This leads to a \small" Grassmannian which howeveris easily understood. It leads also to a second, more geometric proof of themain result but with N replaced by n.In the last section of chapter 2 we have made a comparison betweenthese two results, showing that replacing n by N indeed gives many moredegrees when N � n gets bigger and bigger.A more natural way to de�ne an s-plane is by using the weighted C�-action on Cn+1�f0g. Any s+1 independent points in Cn+1, say p0; : : : ; ps,de�ne an s-plane by: xj = sXk=0 pj � �jwhere the dot means that we're using the weighted C�-action.It is however hard to see in general what sort of variety this leads to.We are not able to determine its dimension, except in special cases.0:3: Sketch of the proof of the results of [ELV]Roitman argument:Lemma 0.3.1.[RO] Let X be a degree d hypersurface of Pn. Let x 2 X.If d � n, there exists a line l � Pn such that x 2 l and:(�) either X \ l = fxg or l � X:Proof:Choose coordinates x0; : : : ; xn centered at x. A line l throughx = [1 : 0 : : : : 0] is parametrized by [�1 : : : : : �n] 2 Pn�1 such that:l = fxj = �jtjt 2 Cg



xviii IntroductionWrite the equation for X in a�ne coordinates as:fd(x1; : : : ; xn) + fd�1(x1; : : : ; xn) + : : :+ f1(x1; : : : ; xn) = 0where fa(x1; : : : ; xn) is homogeneous of degree a. Inside the Pn�1 of thelines through x, the condition (�) is equivalent to fa(�1; : : : ; �n) = 0 8a =1; : : : ; d� 1. Indeed, X \ l is de�ned by:0 = dXa=1 fa(�1t; : : : ; �nt) = dXa=1 tafa(�1; : : : ; �n)Certainly, l � X means fa(�1; : : : ; �n) = 0 8a = 1; : : : ; d; while X \ l = f0gimplies that the only solution must be t = 0, with multeplicity d. Sofa(�1; : : : ; �n) = 0 8a = 1; : : : ; d� 1.One has d equations, so if d � n, we have non-trivial solutions. QEDCorollary 0.3.1.[RO] If d � n, CH0(X)
Q = Q.Proof:In the previous lemma, if l 6� X , clearly l�X = dx inside CH0(X\l) (thisis the re�ned intersection theory of [FU]). If l � X , since CH0(l\X)
Q =CH0(l)
Q is generated by x (recall that CH0(P1)
Q = Q), we also havel �X = ax in CH0(l) for some a, and since deg l �X = d, we deduce d = a.But al �X = l0 �X in CH0(X) for any other line section l0, because l � l0inside Pn. So d � x = adx0 for any x0 2 X . Therefore CH0(X)
Q = Q.QED[ELV] argument:As for the generalization by [ELV], one �rst de�nes Y as spanned by s-planes if there is a variety Z � Gr(s;Pn) such that dimZ = dim Y � s andthe projection: �Z(s) := f(�; x) 2 Z �Pnjx 2 �g ! Pnis onto Y . This �Z(s) plays the role of the set of all l in Roitman's case,because there we only considered lines such that x 2 l. (Y here replacesx). Then the lemma becomes:Lemma 0.3.2. Let:H(s;X) := f(�;�0) 2 Z �Gr(s+ 1;Pn)j� � �0 � X or � = �0 \Xg



Sketch of the proof of the results of [ELV] xixThe projection � into Z is onto whenever� s+ ds+ 1 � � n� sThe proof of this lemma is an immediate generalization of Roitman's prooffor the case s = 0. ObviouslyH(0; X) is the set of lines such that x 2 l andeither l � X or l \X = fxg. Roitman's corollary can also be generalized:Corollary 0.3.2. In the previous hypothesis, let:� l + dl + 1 � � n� lThen CHl(X)
Q = Q.Here is the outline of the proof for l = 1.If Y � X is an irreducible curve, we may �rst suppose that it is not aline, so it is not spanned by 1-planes (lines) while of course it is spannedby 0-planes, (trivially, any subvariety is spanned by its points). In otherwords, there is Z � Gr(0;Pn) = Pn, dimZ = 1, such that:�Z(0) = f(y; x) 2 Z �Pnjx = yg ! Yis onto; so Z = Y itself. Since:� d+ 12 � � n� 1) d � nfrom the previous lemma we deduce that the map:H(0; X) := f(x;�) 2 Y �Gr(1;Pn)jx 2 � � X or x = � \Xg ! Yis onto. Indeed, this is just Roitman result: 8y 2 Y 9� 2 Gr(1;Pn) withy 2 � and either � � X or x = � \X .Say � a curve in H(0; X) projecting onto Y in a generically �nite wayand let � : ~�! � be a desingularization. Set:�0~� := f(x;�; z) 2 ~��Pnjz 2 �g Pr! PnNow Pr(�0~�) is the ruled surface of Pn obtained by taking, 8x 2 Y , \the"line L in Pn such that (x; L) 2 ~� and x 2 L. (Of course, the fact that~� � H(0; X) means that L � X or x = L \X). By construction itself wededuce Y = X \ Pr(�0~�) and therefore, as rational classes:aY � X � Pr(�0~�) for some a 2 Q



xx IntroductionRemark that Pr(�0~�) 6= 0 because Prj�0� is generically �nite on it.Now Pr(�0~�) 2 CH2(Pn) 
 Q ' Q, so aY = bX for some b 2 Q.Therefore, all the irreducible curves are rationally equivalent cycles, withthe only exception (for the moment) of lines, because they're all rationallyequivalent to the cycle X .It su�ces now to consider the case of a line. Let Y = L a line, which istherefore trivially spanned by 1-planes: say Z � Gr(1;Pn), dimZ = 0, forwhich: �Z(1) := f(�; x) 2 Z �Pnjx 2 �g ! L = Yis onto. Z is a �nite set of lines and the previous condition means that wecan choose Z = fLg. Since � d+ 12 � � n� 1the previous lemma asserts that the map:H(1; X) := f(�;�0) 2 Z�Gr(2;Pn)j� � �0 � X or � = �0\Xg ! Z = fLgis onto. Remark that (�;�0) 2 H(1; X) ) � = L. Let � � H(1; X) be acouple (L;L0) projecting onto Z, we may assume L0 \X = L. Set:�0� := f(L;L0; x) 2 ��Pnjx 2 L0g � f(L;L0; L0)g Pr! L0 � PnSince L0\X = L, as rational cycles there must be a rational a for which L0 �X = aL; then the same argument as before works; all the lines are rationallyequivalent to X and hence to all the cycles issuing from irreducible curves:therefore CH1(X)
Q = Q.As for the fact that CH0(X)
Q = Q, this is true because of Roitmansince d � n. 2In order to improve the bound to n, [ELV] proves this lemma:Lemma 0.3.3. Let l, d, n be natural numbers such that:� l + dl + 1 � � nSuppose d � 3. Then, for every s < l:� s+ ds+ 1 � < n� s



The structure of the thesis xxi2In the theorem 4:6 of [ELV], one shows that for l as before, one still hasCHl(X)
Q = Q.0:4: The structure of the thesis.The thesis is structured as follows.In the �rst chapter we recall some generalities about weighted projectivespaces (the basic reference being [DO])and Chow groups (the basic referencebeing [FU]).In the second chapter we prove the main result. Even if implicit in[KO], the map �Q appears for the �rst time and indeed all the chapter isnew. We conclude the chapter with a section dedicated to the study of theimprovement of the bound.In chapter 3 we want to study the geometry of \planes" in the weightedprojective space. The most naive de�nition appears to be satisfactory forsuch a geometrical insight, and it's easy to prove (with minor modi�ca-tions) the results of [ELV] for such a Grassmannian; but the bound is notimproved. To couple the geometrical point of view and the new bound, wehave tried to de�ne the Grassmannian in P(Q) by means of the map �Q.In this chapter, the easier case Q = (1(r); qr; : : : ; qn) is treated in detail fors-planes such that s � r � 1 (the case Q = (1; : : : ; 1; q) being a subcase).One can prove the new bound by giving a proof along the lines of [ELV],getting even rid of the smoothness assumptions. But as for the structureof such a Grassmannian, we don't know if it is a projective variety or not.We are only able to prove that a dense subset of it is obtained as the quo-tient by a �nite group of a Zariski-open subset of the big GrassmannianGr(s;PN ).In chapter 4, various minor results and open questions are described.The tentative of de�ning a Grassmannian in the weighted projective spaceby means of the map �Q reveals, in the general case, a major problem:this time we don't even know the dimension of the �bre over a generic\weighted" plane. As a matter of fact, such a de�nition of Grassmannian isnot very satisfactory under the geometrical point of view: for example, whenit is possible to embed the weighted projective space in a bigger projectivespace by a Veronese type map, the planes don't come as intersection ofthe imbedded space with some usual plane. The usual property of s + 1linearly independent points of uniquely de�ning a plane is also lost. Forthese reasons we introduced a new, parametric de�nition of plane basedon the weighted actions (the planes that we call Kp.) But things don't go



xxiibetter: the two previous geometric reasonable requests are still not attainedand, what's more, we don't know the dimension of the set of all such planes,essentially because of the lack of linearity. Nonetheless, one can see thatthis new de�nition doesn't agree with the �Q-one, the two being in generalquite di�erent 'the only case in which there is a relation is for lines: thenlines Kp are particular lines �Q(L) for L 2 Gr(1;PN ).



Chapter 1PreliminariesDans ce chapitre, nous rappelons les notions fondamentales que nous allons utiliser parla suite. Le premier paragraphe est donc consacr�e �a la d�e�nition et aux propri�et�es del'espace projectif tordu. Nous donnons aussi des exemples o�u cet espace peut se r�ealisercomme un cône dans un espace projectif classique par une application de type Veronese.Dans le deuxi�eme paragraphe, nous rappelons les r�esultats fondamentaux concernant lesgroupes de Chow, en particulier la formule de projection, qui sera n�ecessaire dans lad�emonstration du r�esultat principal de cette th�ese, au chapitre suivant.1.1 Weighted projective spacesWe start with an (n+1)-tuple of positive integersQ := (q0; : : : ; qn) 2 Nn+1,the so called set of weights.Let K be a �eld and consider the ring of polynomials in n+1 variablesin K: S(Q) := K[t0; : : : ; tn]graded by the conditions deg(tj) := qj 8j = 0; : : : ; n.De�nition 1.1.1A polynomial f 2 S(Q) isweighted homogeneous of degree d i� f(lt) =ldf(t) 8l 2 K. 2Explicitly, a homogeneous polynomial of degree d is of the form:f(t) = Xd2Nn+1d (Q) ad0:::dn nYj=0 tdjj1



2 Preliminarieswhere for each d 2 N:Nn+1d (Q) := fd = (d0; : : : ; dn)j nXj=0 djqj = dgHence a weighted homogeneous polynomial of degree d is the sum of mono-mials which in turn are weighted homogeneous of degree d. The subringof weighted d-homogeneous polynomials will be denoted by Sd(Q). Suchpolynomials are parametrized by an a�ne space and the correspondingprojective space parametrizes the corresponding hypersurfaces.De�nition 1.1.2The weighted projective space of type Q is the scheme:P(Q) := Proj(S(Q)) 2One should immediately remark that P(1; : : : ; 1) is the usual projectivespace Pn, and also that:Lemma 1.1.1 Let Q := (q0; : : : ; qn) and Q0 := (q00; : : : ; q0n) be two sets ofweights, and suppose that q0k = aqk 8k = 0; : : : ; n. Then P(Q) ' P(Q0).Proof:One has a canonical isomorphism (see [GD], 2.4.7.):Proj(A) ' Proj(A(a))where A is a ring and A(a) is the shift of degree a of A. Now observethat Sm(Q0) = Sam(Q) and deduce from the previous isomorphism that:P(Q) = Proj(S(Q)) ' Proj(S(Q)(a)) = P(Q0) QEDIt is interesting to remark that even if we assume that the weights arerelatively prime, that is if (q0; : : : ; qn) = 1, the spaces P(Q) and P(Q0) canstill be isomorphic:Lemma 1.1.2 Let Q := (q0; : : : ; qn) with (q0; : : : ; qn) = 1, and set:di := (q0; : : : ; qi�1; qi+1; : : : ; qn)ai := l:c:m:(d0; : : : ; di�1; di+1; : : : ; dn)a := l:c:m:(d0; : : : ; dn)Let Q0 := ( q0a0 ; : : : ; qnan ). Then there is a natural isomorphism:P(Q) ' P(Q0):



Weighted projective spaces 3Proof:First, remark that aijqi: because dj is the maximum common divisorof all the weights except the one labelled by j, there are naturals mj suchthat qi = mjdj 8j 6= i. So the usual property of the least common divisorimplies that ai also divides qi, since this last one is divided by each dj : j 6= i.Moreover, (ai; di) = 1: suppose sjdi, then by the de�nition of di this meansthat sjqj8j 6= i; and if sjai also, by de�nition there is a j 6= i such thatsjdj . This means that sjqi also, so that (q0; : : : ; qn) = s = 1 by hypothesis.Finally, this obviously implies that aidi = a. For the proof of the lemma,de�ne S0 := �1k=0Sak(Q) so that S0 is a subring of S(Q) isomorphic toK[X0; : : : ; Xn] where the variable Xi := tdii has degree diqi = aqiai . ThenS(Q0) = S0(a) so that:Proj(S(Q0)) = Proj(S0) ' Proj(S(Q)(a)) = Proj(S(Q)): QEDCorollary 1.1.1 Let d0i := (q00; : : : q0i�1; q0i+1; : : : ; q0n) = 1, 8i = 0; : : : ; n,with q0j = qjaj . Then P(Q) ' P(Q0):Proof:One has a0i = a0 8i, so qk = q0ka0k = q0ka0 QEDCorollary 1.1.2 Assume qi = ai 8i = 0; : : : ; n. Then P(Q) ' Pn.Proof:q0i = qiai = 1: QEDCorollary 1.1.3 P(q0; q1) ' P1.Proof:Certainly qi = ai so it su�ces to apply the previous corollary. QEDThere are two possible concrete constructions of the weighted projectivespace.First Construction:Consider the action K� � (Kn+1 � 0)! (Kn+1 � 0)



4 Preliminariesde�ned by: (l; t0; : : : ; tn) 7! (lq0 t0; : : : ; lqntn):Then one sets: P(Q) = (Kn+1 � 0)=K�the space of the orbits. This construction is certainly consistent with theprevious general de�nition of weighted projective space, since it is clearthat the variable tj has degree qj .We shall denote by [x]Q the class of x 2 Kn+1� in P(Q): Also,�Q : Kn+1� ! P(Q)will be the natural projection.Second Construction:For every q 2 N, let �q := f� 2 K : �q = 1g be the �nite group of theq-roots of unity. Then put:� := �q0 � : : :� �qnand consider the action: ��PnK ! PnKde�ned by: (�0; : : : ; �n; t0; : : : ; tn)! (�0t0; : : : ; �ntn)One has the space of the orbits and the projection map:pQ : PnK ! PnK=�The class of [t] 2 PnK will be denoted by [t]�.Consider the morphism:'Q : [t0 : : : : : tn]� 7! [tq00 ; : : : ; tqnn ]QOne easily veri�es that 'Q establishes an isomorphismPnK=� ' P(Q)and in the sequel we use this isomorphism to switch between the two de-scriptions.Remark 1.1.1 In the following, we shall always assume (q0; : : : ; qn) = 1and qj � qk8j < k.De�nition 1.1.3



Weighted projective spaces 5A V -variety is a variety which is locally the quotient of a smooth varietyby a �nite group acting on it.Lemma 1.1.3 P(Q) is a V -variety.Proof:One has P(Q) = [nk=0Uk where Uk := fx 2 P(Q) : xk 6= 0g. Since8[a0; : : : ; an]Q 2 Uk we have:[a0; : : : ; an]Q = [ a0bq0k ; : : : ; ak�1bqk�1k ; 1; ak+1bqk+1k ; : : : ; anbqnk ]where bqkk = ak is de�ned up to an element �k 2 �qk , setting:Vk := fx 2 Kn+1 � f0g : xk = 1gwe get: Uk = Vk=Gk with Gk � AutKn+1 such that:Gk :=8>>>>>><>>>>>>:
0BBBBBB@ �q0k 0. . . 1 . . .0 �qnk

1CCCCCCA : �k 2 �qk9>>>>>>=>>>>>>; QEDExample 1.1.1 ([HA], pag. 128).One can see P(1(n); q) := P(1; : : : ; 1; q) (1 appears n times) as a cone overthe Veronese embedded Pn�1 of degree q in Pn(q), where:n(q) := � n+ q � 1n� 1 �is the number of monomials of degree q in the variables t0; : : : ; tn�1.Indeed, for a multindex I = (i0; : : : ; in�1) having jI j := Pn�1j=0 ij = qone writes: tI := nYj=0 tijjThen the classical Veronese map is:�n�1;q : Kn ! Kn(q)



6 Preliminaries�n�1;q(t0; : : : ; tn�1) := (: : : ; tI ; : : :)Clearly: �n�1;d(t) = ��n�1;d(r), t = �rwith�d = �Therefore one has an immersion:�n�1;q : Pn�1 ,! Pn(q)�1Now let: 	n;q : Pn ! Pn(q)de�ned by: 	n;q([t0 : : : : : tn]) := [�n�1;q(t) : tqn]This map is well de�ned and becomes an immersion after replacing Pn withthe weighted projective space P(1; : : : ; 1; q), because the last coordinateis only characterized up to a q-root of unity. Therefore it descends to amorphism: �n;q : P(1; : : : ; 1; q)! Pn(q)which identi�es P(1; : : : ; 1; q) to a cone over �n�1;q(Pn) and where thevertex is [0 : : : : : 0 : 1]. 2Example 1.1.2In the same spirit, consider Q = (1; 1; q(n�1)) := (1; 1; q; : : : ; q), where thereare exactly n�1 weights equal to q. We can consider again a Veronese typemap: 	n;q : P(Q)! Pn+q�1de�ned by:	n;q([t0 : : : : : tn]�) := [tq0 : tq�10 t1 : : : : : t0tq�11 : tq1 : tq2 : : : : : tqn] == [�1;q(t0; t1) : tq2 : : : : : tqn]Then the same diagram as before works. So P(Q) is now a subvariety ofdegree q in Pn+q�1. 2Example 1.1.3



Weighted projective spaces 7Here is an example in which two nonequal weights are di�erent from 1. Letn = 3 and Q = (1; 1; q; aq). Then we have a Veronese type map:	3;a;q : P(Q)! P�aqwhere �aq := (a+ 1)(aq2 + 1) 2 N, de�ned by:	3;a;q([t0 : : : : : t3]�) == [�1;aq(t0; t1) : �1;(a�1)q(t0; t1)tq2 : : : : : �1;q(t0; t1)t(a�1)q2 : taq2 : taq3 ]Remark that for a = 1 one has Q = (1; 1; q; q) and so one has to embedP(Q) into Pq+2, since the number of monomials in t0 and t1 of degree q isq + 1 and one also has tq2 and tq3, as in Example 1.1.2. And indeed, fromthe previous formula: �aq ja=1 = q + 2.Remark also that it is necessary to work with at least two weights equalto 1 in order to get a new example; indeed, by Lemma 1.1.2 one hasP(1; q; aq) ' P(1; 1; a). 2The map 'QpQ : Pn ! P(Q) = Kn+1 � f0g=K� establishes a one-to-one correspondence between hypersurfaces X = ff = 0g of P(Q), wheref 2 S(Q)d and those of Pn that are de�ned by homogeneous polynomialsof the form: f̂(t0 : : : : : tn) := f([tq00 ; : : : ; tqnn ]Q)so that X 0 := ('QpQ)�1(X) = ff̂ = 0g.In general this de�nes singular hypersurfaces, but if f̂ is smooth, thesingularities are modest: the cone CX := ��1Q (X) de�ned by f = 0 insidethe a�ne space Kn+1 has its only singularity at 0. The correspondinghypersurface in P(Q) is then said quasi-smooth. Indeed, observe that:@f̂@tj (t) = @f@xj ('QpQ(t))qjtqj�1jso that rf̂(t) 6= 0 ) rf('QpQ(t)) 6= 0, and since CX is de�ned by f = 0in Kn+1, then the only singularity of CX can be the origin.If X is a quasismooth subvariety of P(Q), the quasicone CX � Kn+1 �f0g is smooth, but one cannot conclude that X 0 is smooth:@f̂@tj (t) = @f@xj ('QpQ(t))qjtqj�1j



8 Preliminariesso that 'QpQ(Sing(X 0)) is the set of x 2 P(Q) such that:@f@xj (x) = 0 8j such that qj = 1and: @f@xj (x)xj = 0 8j such that qj > 1which may be nonempty. For example, let Q = (1; : : : ; 1; q), then for aquasismooth X = ff = 0g � P(Q) we have:'QpQ(Sing(X 0)) = fx 2 P(Q)j @f@xj (x) = 0 8j = 1; : : : ; n�1; xn = 0g\XDi�erentiating the identity tdf(x0; : : : ; xn) = f(tq0x0; : : : ; tqnxn) with re-spect to t and then putting t = 1 yelds the Euler's formula:d f(x) = nXj=0 qjxj @f@xj (x)So in our situation a point x 2 X such that @f@xj (x) = 0 8j = 0; : : : ; n� 1,even if @f@xn (x) 6= 0 and so is nonsingular, automatically satis�es xn = 0and hence comes from a singular point of X 0.Lemma 1.1.4 [LA] A quasismooth hypersurface of P(Q) is a V -variety.Proof:Let X = ff = 0g with f 2 S(Q)d and let Ui := fxi 6= 0g the standardcover of P(Q) and Vi := fx 2 Kn+1 : xi = 1g. Set Wi := CX \ Vi. [LA]proves that Wi is a smooth hypersurface of Vi ' Kn. Indeed, its jacobianis: Jac(Wi) = � @f@x0 ; : : : ; @f@xi�1 ; @f@xi+1 ; : : : ; @f@xn�A point x such that this vector is zero would give @f@xi = 0 also by usingf = 0 in the Euler's formula. But then this point would let the jacobian ofX be zero, which is against the hypothesis of X quasismooth.Now let �Qi : Wi ! P(Q) be the restriction of �Q to Wi; its image isUi \X . So, as in the proof of the fact that P(Q) is a V -variety, X \ Ui isthe quotient of a smooth variety Wi by a �nite group. QED



Chow groups 9The following lemma is useful to give conditions about quasismoothness ofweighted hypersurfaces.Lemma 1.1.5 [LA] Let X � P(Q) be a quasismooth weighted hypersurfaceof Q-degree d > max qi = qn. Then, 8qi 2 Q, either d = riqi for someri 2 N or there exists qki 2 Q � fqig such that d = riqi + qki . Moreover,qki is uniquely determined.Conversely, if d satis�es the previous condition, then the generic weightedhypersurface of P(Q) is quasismooth.Proof:Suppose X is quasismooth but there is i such that qi doesn't satisfy thecondition. Then f must have the form:f(x) = xaxbf1(x0; : : : ; xn) + f2(x0; : : : ; xi�1; xi+1; : : : ; xn)where a; b 6= i. Then (1; 0; : : : ; 0) is a singular point di�erent from thevertex. To prove the unicity, suppose q0 appears both as qk1 and qk2 , thatis d = q1r1 + q0 = r2q2 + q0. Then:f(x) = x0(a1xr11 + a2xr22 ) + xaxbf1(x) + f2(x0; x3; : : : ; xn)where a; b > 2. Let (s1; s2) be a nonzero solution of (a1xr11 + a2xr22 ) = 0.Then f and all its partial derivatives vanish at (0; s1; s2; 0; : : : ; 0).The converse statement follows from the same considerations. QED1.2 Chow groupsDe�nition of Chow groups.A k-cycle on an algebraic scheme X is a �nite formal sum:Xi niViof subvarieties Vi � X with integral coe�cients ni 2 N. The free abeliangroup generated by k cycles is denoted by Zk(X).Let W be a (k+1) dimensional subvariety of X and let f 2 K(W )� bea nonzero rational function on W . One de�nes the cycle:(f) :=XV ordV (f)V



10 Preliminarieswhere the sum is taken over subvarieties Vi of codimension 1 in W . Asfor the order, recall that for K = C, one starts by de�ning the order of aholomorphic function f 2 O(W ); in this case one observes that, near a pointx 2 W , V = fgV = 0g; then f = gaV h for some a 2 N, and ordV x(f) := a;this doesn't depend on x. When f 2 M(W ) is meromorphic, f = p=q andordV (f) := ordV (p)� ordV (q).For example, if f : X ! P1 is a dominant map, that is f 2 K(X),and if k := dimX , Y0 := f�1(0) and Y1 := f�1(1) are subschemes ofdimension k � 1 and one has (f) = Y0 � Y1.One says that a 2 Zk(X) is rationally equivalent to 0 and writes a � 0,if there is a �nite number of subvarieties Wi � X of dimension k + 1 andfi 2 K(Wi)� such that: a =Xi (fi)The subset RZk(X) := fa 2 Zk(X) : a � 0g is a subgroup of Zk(X).De�nition 1.2.1The Chow group of order k in X is de�ned to be:CHk(X) := Zk(X)=RZk(X)One also sets: CH(X) := �dimXk=0 CHk(X) 2Remark 1.2.1� If X = [ti=1Xi with Xi \Xj = ; 8i 6= j, one hasCHk(X) = �ti=1CHk(Xi)� If X1; X2 � X are closed subschemes, the following sequence is exact:CHk(X1 \X2) l! CHk(X1)� CHk(X2) m! CHk(X1 [X2)with l(�) = (�; �) and m(�; �) = �� �. 2



Chow groups 11The push-forward and the pull-back.Let f : X ! Y be a proper morphism and let V � X be a subvarietyof dimension k. Then f(V ) is a closed subvariety of Y and one sets:deg(V; f(V )) := � [K(V ) : K(f(V ))] if dim(f(V )) = dimV0 if dim(f(V )) < dimVDe�ne: f�[V ] := deg(V; f(V ))[f(V )]for [V ] 2 CHk(X). This gives a morphism:f� : CHk(X)! CHk(Y )which is called push-forward by f .When K = C, for example, the degree is just the degree of the coveringf , that is its number of sheets.If f is at, and if W � Y is a dimension k subvariety, one de�nes:f�([W ]) := [f�1(W )]Supposing dimX = a+ dim Y , one has dim f�1(W ) = dimW + a = k + aand this gives: f� : CHk(Y )! CHk+a(X)The map f� is called pull-back by f .Lemma 1.2.1 Consider a �bre square:X �Y Y 0 g0! Xf 0 # # fY 0 g! Yin which f is proper and g is at. Then f 0 is proper, g0 is at and:f 0�g0� = g�f� : CH�(X)! CH�(Y 0) 2One can also de�ne a pull-back whenf : X ! Yis a morphism between smooth projective varieties (see [FU], chapter 8).



12 PreliminariesThe action of a �nite group.Let G be a �nite group acting on a variety X and de�ne an action of Gon CH�(X) by: g � [V ] := [g � V ]for every subvariety V � X . Here of course g � V := fg � x : x 2 V g. Letf 2 K(X) be a rational function on X . Then fg(x) := f(g �x) 8x 2 V and8g 2 G. One easily sees that g � (f) = (fg) and hence:g : CH�(X)! CH�(X)Let: CH�(X)G := f� 2 CH�(X) : g � � = �8g 2 GgLemma 1.2.2 CH�(X=G)
Q = CH�(X)G 
QProof:Let � : X ! X=G be the projection. For every V � X , set:IV := fg 2 G : g � x = x8x 2 V gdegi(V; �(V )) := degree of inseparability ofK(V ) overK(�(V ))Then one has a morphism:�� : Z�(X=G)
Q! Z�(X)G 
Qby de�ning, 8W � X=G:��([W ]) := XV irr:comp:���1(W ) jIV jdegi(V; �V )VIt is clear that g � ��(W ) = ��(W ) so the map is well de�ned. Indeed,�� is an isomorphism. If V 2 CH�(X)G 
Q, one has ��(�(V )) = jGjV ,because IV = G. This isomorphism descends to the quotient by rationalequivalence, so that:CH�(X)G 
Q ��' CH�(X=G)
Q QEDA ring structure and the projection formula.One can give CHl(Y ) a ring structure, where Y is a smooth projectivevariety. One denotes the ring operation with a dot. This construction canbe found in [FU], Ch. 6 and 8.



Chow groups 13Lemma 1.2.3 (Projection formula.) Let f : X ! Y be a morphism be-tween smooth projective varieties. Let � 2 CH�(X) and � 2 CH�(Y ).Then: f�(� � f��) = � � f��The proof of this projection formula can be found in [FU], prop. 8.3(c).Let now Z be smooth projective and Z=G be its quotient by a �nitegroup. One can de�ne a ring structure in CH�(Z=G)
Q by setting:a � b := �����a � ��bjGj �The ring structure a priori depends on the choice of the presentation ofY = Z=G as a quotient variety. That this is NOT the case is shown in[FU], ex. 16.1.13. Here it is in fact shown that for such varieties a pull-back ring homomorphism is de�ned such that the projection formula holdsafter tensoring with Q:Lemma 1.2.4 Let X and Y be varieties which are quotients of smoothprojective varieties by �nite groups. If:f : X ! Yis a morphism, there is a ring homomorphism:f� : CH�(Y )
Q! CH�(X)
Qsuch that the projection formula holds. 2Mumford has shown that there is a ring structure on CH�(X)
Q for anyorbifold X . See [MU]. In particular, this lemma is then valid for quasi-smooth projective hypersurfaces.
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Chapter 2Chow groups of weightedhypersurfaces of smalldegree.Dans le premier paragraphe, nous d�e�nissons une application rationnelle �Q : PN !P(Q) que nous allons utiliser pour d�emontrer le th�eor�eme principal dans le seconde.Dans le troisi�eme paragraphe nous �etudions l'am�elioration, par rapport au cas Pn, de laborne qu'on obtient dans le r�esultat principal.2.1 The map �Q.Let Q = (q0; : : : ; qn) 2 Nn+1. Let:N := ( nXj=0 qj)� 1Nr := � 0 r = �1Prj=0 qj 8r = 0; : : : ; nRemark in particular that Nn = N + 1, and that Nr � Nr�1 = qr 8r =0; : : : ; n. De�ne a rational map:�Q : PN ! P(Q)by: (�Q([t0 : : : : : tN ])r := Nr�1Yj=Nr�1 tj 8r = 0; : : : ; n:15



16 Chow groups of weighted hypersurfaces of small degreeSet:JQ := f(j0; : : : ; jn) 2 Nn+1 : Nr�1 � jr � Nr � 18r = 0; : : : ; ngand consider 8J 2 JQ, the subvarieties:ZJ := �t 2 PN : tj0 = : : : = tjn = 0	ZQ := [J2JQZJIt is clear that �Q is only de�ned on PN � ZQ., because 8z 2 ZQ everycoordinate of �Q(z) is zero, so such a point is not de�ned in P(Q). Thismap is well-de�ned on PN � ZQ: indeed, if one considers ltj instead of tjfor a nonzero l, one has: Nr�1Yj=Nr�1 ltj = lqr Nr�1Yj=Nr�1 tjso that modulo the weighted action of C� these two quantities coincide.Also, �Q is onto, since if x 2 P(Q) and (x0; : : : ; xn) is a representativein Cn+1� , one may choose, 8r = 0; : : : ; n, some qr � 1 variables freely andthe last one such that xr =QNr�1j=Nr�1 tj . So:8x 2 P(Q); dim(��1Q (x)) = nXr=0(qr � 1) = N � n2.2 The Main result.Let X � P(Q) be a weighted homogeneous hypersurface of Q-degree d � 3.If X is de�ned by the weighted homogeneous polynomial f = f(x0; : : : ; xn),we de�ne ~X in PN by the polynomial ~f = ~f(t0 : : : : : tN ), of the samedegree, obtained by replacing xk by QNk�1j=Nk�1 tj . The map �Q induces arational map: �Q : ~X ! X:Remark 2.2.1Recall that a weighted homogeneous hypersurface X � P(Q) de�ned by aweighted polynomial f = f(x0; : : : ; xn), lifts back to homogeneousX 0 � Pnde�ned by f̂ = f([zq00 : : : : : zqnn ]Q). Since:@f̂@zj (z) = @f@xj (x)qjzqj�1j



The main result 17this implies that for any point x 2 X coming from a z 2 Sing(X 0) we have:@f@xj (x) = 0 if qj = 1; @f@xj (x)xj = 0 if qj � 2But we have, if a 2 [Nr�1; Nr � 1]:@ ~f@ta = @f@xr tNr�1 : : : t̂a : : : tNr�1In particular, @ ~f@tj = @f@xj if qj = 1. To see this, remember that ~f = f � �Q,so that r ~f = rfr�Q. Now:r�Q = 0BBB@ � : : : � 0 : : : 0 : : : 0 : : : 00 : : : 0 � : : : � : : : 0 : : : 0... ... ... ...0 : : : 0 0 : : : 0 : : : � : : : � 1CCCA 2Mn+1;N+1and the assertion follows. Since xr = QNr�1j=Nr�1 tj , it follows that if t 2~X \ Sing ~X and t =2 ZQ (where the map �Q is not de�ned), then:0 = @ ~f@ta (t) = ( @f@xr qr = 1@f@xr xr qr � 2Then x = �Q(t) comes from a z 2 Sing(X 0). Therefore:�Q(Sing( ~X � ~X \ ZQ)) � pQ(Sing(X 0))or, equivalently: X 0 smooth ) Sing( ~X) � ZQ: 2Theorem 2.2.1 For a smooth irreducible weighted hypersurface X 0 of de-gree d � 3 in Pn and 8l 2 N such that:� d+ l1 + l � � N := nXj=0 qj � 1one has: CHl(X)
Q = Qwhere X = X 0=�.



18 Chow groups of weighted hypersurfaces of small degreeProof:Let R be the plane in PN de�ned by the equations:tNr�1 = : : : = tNr�1 8r = 0; : : : ; nThe number of equations which de�ne it is:nXr=0(Nr � 1�Nr�1) = nXr=0 qr � (n+ 1) = N � nLet S := R \ ~X. Then this linear space has dimension n and has thefundamental property that S \ ZQ = ;, by construction itself:8t 2 ZQ;8rj0 � r � n; 9i such that Nr�1 � i � Nr � 1 for which ti = 0But then in S, tNr�1 = 0 also and all the other tj with j in the rth stringare also zero. This for every r.Let u : BlZQ( ~X)! ~Xbe the blow-up along ZQ turning �Q into a morphism:BlZQ( ~X) �̂Q! X# u jj~X �Q! XHere, in contrast with �Q, �̂Q is a morphism. Let:l0 := maxl2N �� l + dl + 1 � � N� \ fl 2 Njl � ngWe know from [ELV], Lemma 1.1, that if s < l0, then:� s+ ds+ 1 � � N � sand so, de�ning:H(s; ~X) := f(�;�0) 2 Gr(s; ~X)�Gr(s+1;PN )j� � �0 � ~X or � = �0\ ~Xgthe map: H(s; ~X) �! Gr(s; ~X)is onto. So let's take  2 CHs(X)
Q where s < l0. Set ~ := ��1(), being� := �QjS



The main result 19Certainly ~ is an s-cycle on ~X which is supported on S. By [ELV], Prop2.2, since: � s+ ds+ 1 � � N � sone has CHs( ~X) 
 Q = Q. Therefore there is some a 2 Q and a � 2Gr(s; ~X) such that: ~ � ~X a�By the surjectivity of �, there is �0 2 Gr(s+ 1;PN ) such that:� = �0 \ ~Xand therefore we have: ~ � ~X b�0 � ~Xfor some b 2 Q. Since CHs(PN ) 
Q = Q, one can eventually replace �0by another (s + 1)-plane which is transversal to ZQ. Therefore we mayassume that the proper transform of �0 under the blow-up along ZQ, whichI note by �̂0, is isomorphic to �0 itself. Certainly ~̂ ' ~ because ~\ZQ = ;.Therefore we deduce: ~̂ �BlZQ ( ~X) b�̂0 � BlZQ( ~X)Since X 0 is smooth, and since � is a �nite group, by [FU], Ex 11.4.7., wehave a \moving lemma" on X = X 0=�. Therefore we can move  inside Xin such a way that that it is not in the rami�cation locus of �̂Q. Hence �̂Qis �nite of a certain nonzero degree, say e. 1So we deduce: �̂Q� ~̂ = ewhile: �̂Q�(�̂0 � BlZQ( ~X)) = eHs+1 � eXbeing Hs+1 the generator of CHs+1(P(Q))
Q = Q.Therefore  �X be2Hs+1�X = tHs, withHs generator of P(Q)
Q = Q.This shows CHs(X)
Q = Q 8s < l0. We are left with the case s = l0.In this case, one knows by [ELV], Prop. 4.4, that all l0-planes are equiv-alent in ~X . Take therefore �0 2 Gr(l0 + 1;PN ) such that �0 is transversalto ZQ. The intersection �0 \ ~X is a l0-cycle contained in ~X and therefore1Indeed:��1(x0; : : : ; xn) = f[t0 : : : : : t0 : : : : : tn : : : : : tn] 2 PN jtqjj = xj 8jgso � is �nite.



20 Chow groups of weighted hypersurfaces of small degreeis here equivalent to ~, because by the Main Theorem of[ELV] one hasCHl0( ~X)
Q = Q.Now one can repeat ad litteram the previous reasoning for �0 and con-clude that:  �X ~̂�Q�~ �X �̂Q��̂0 � �̂Q�(BlZQ( ~X)) = e2Hs+1 �X QED2.3 Comparison between the bounds for Pnand for P(Q)Suppose we want to compare the degrees d of a hypersurface in Pn withthat in P(Q) for which the Chow groups up to a given rank s are small.For every (s; n) 2 N2 : s � n� 1, and 8q 2 N we introduce:�(s; n+ q � 1) = �(s; n; q) := supd2N = �� s+ ds+ 1 � � n+ q � 1�Remark that N = Pni=0 qi � 1 = n +Pni=0(qi � 1), so the de�nition of�(s; n; q) is valid in any weighted projective spaceP(Q) such thatPni=0(qi�1) = q � 1. We denote �(s; n) := �(s; n; 1).Lemma 2.3.1 The following properties are valid:� 1) Fix s 2 N. Let � 2 N : � � 2. Then there is an n 2 N such that� = �(s; n) and s � n� 1.� 2) Let q; � 2 N. Then there exists a couple of integers (s0; n0) suchthat s0 � n0 � 1 and � = �(s0; n0; q).� 3) �(s; n) � �(s; n; q) 8s; n; q.� 4) �(0; n) = n and �(0; n; q) = n+ q � 1� 5) Suppose �(s; n) < �(s; n+ 1). Then �(s; n+ 1) = �(s; n) + 1 and:� s+ �(s; n) + 1s+ 1 � = n+ 1� 6) Suppose �(s; n; q) < �(s; n+1; q). Then �(s; n+1; q) = �(s; n; q)+1and: � s+ 1 + �(s; n; q)s+ 1 � = n+ q



Comparison between the bounds for Pn and for P(Q) 21� 7) Let � 2 N� such that, for some (s; n) 2 N2 satisfying s � n� 1:� s+ � + 1s+ 1 � = n+ 1Then � = �(s; n) and �(s; n+ 1) = � + 1.� 8) Let � 2 N� such that, for some (s; n) 2 N2 with s � n� 1:� s+ � + 1s+ 1 � = n+ qThen � = �(s; n; q) and �(s; n+ 1; q) = � + 1.Proof:1) Let: n0 := � s+ �s+ 1 �Then of course � � �(s; n0) and:� s+ � + 1s+ 1 � > n0So � = �(s; n) by de�nition. Recalling that:� a+ b+ 1a+ 1 � = � a+ ba+ 1 �+� a+ ba �and since � � 2, one gets:� s+ �s+ 1 � � � s+ 2s+ 1 � = s+ 2so that s � n0 � 2 < n0 � 1.2) De�ne: s0 := infs2N�� s+ �s+ 1 �� q + 1 > 0�So, if � � q, then s0 = 0. In this case taken0 := � � q + 1Then � = �(0; � + q � 1; q).If � � q � 1, then s0 satis�es:� s0 + �s0 + 1 � = q + l for some l � 0



22 Chow groups of weighted hypersurfaces of small degreeTake now n0 := s0 + 1 + l. Certainly s0 < n0 and:� s0 + �s0 + 1 � = q + l � s0 + q + l = n0 + q � 1So � � �(s0; n0; q) and it su�ces to see that:� s0 + � + 1s0 + 1 � � n0 + q = s0 + q + 1 + lIndeed, if not:(s0 + � + 1)(q + l)� = �s0 + � + 1� �� s0 + �s0 + 1 � = � s0 + � + 1s0 + 1 � � s0+q+lwhich happens if and only if:s0(q + l � �) + q + l � 0which cannot be the case because � � q � 1. So � = �(s0; s0 + 1 + l; q).3) Suppose �Q := �(s; n; q) = �(s; n) + k =: � + k. Then:n � � s+ �s+ 1 � = � s+ �Q + ks+ 1 � > � s+ �Qs+ 1 � > n+ 1 + q � 1 = n+ qwhich is absurd.4) � s+ �s+ 1 �s=0 = d5) Let � := �(s; n) and �(s; n+ 1) = � + k. By the de�nition of �:� s+ �s+ 1 � � n ; � s+ � + 1s+ 1 � > n:So: n < � s+ � + 1s+ 1 � � � s+ � + ks+ 1 � � n+ 1because: � s+ � + ks+ 1 � = � s+ �(s; n+ 1)s+ 1 � � n+ 1Therefore2 k = 1 and: � s+ � + 1s+ 1 � = n+ 12Here one uses that � ab � 2 N8a; b 2 N and that, 8b > 0, � ab � < � a+ 1b �



Comparison between the bounds for Pn and for P(Q) 236) As for the previous one.7) Since: � s+ � + 1s+ 1 � = n+ 1the second assertion is clear: if one takes � + 2 instead than � + 1, thebinomial coe�cient will be grater than n + 1, so � + 2 will be larger than�(s; n+ 1). Moreover, since n+ 1 > n, �(s; n) < � + 1. But of course:� s+ �s+ 1 � � � s+ � + 1s+ 1 �� 1 � n+ 1� 1 = n8) As for the previous point. QEDCorollary 2.3.1 Let s; n; q 2 N such that s � n � 1 and q � 2. Suppose� = �(s; n). Then:� = �(s; n+ 1) = �(s; n; q) = �(s; n+ 1; q)� 1, � s+ � + 1s+ 1 � = n+ qProof:): Apply the point 6) in the previous lemma.(: Certainly � + 1 = �(s; n+ 1; q). Moreover, � + 1 > �(s; n; q), other-wise: � s+ � + 1s+ 1 � � n+ q � 1So by the point 6) we have � = �(s; n + 1; q)� 1 = �(s; n; q). Since q � 2,� + 1 � �(s; n+ 1), but � = �(s; n) by hypothesis, so �(s; n+ 1) = � also.QEDRemark 2.3.1The usefulness of this lemma is in the fact that if we know, for some �xeds; n; q, that �(s; n) = �(s; n; q), then passing to n+1 there is an ameliorationof � in the weighted projective space i� the binomial coe�cient satis�es aprecise equation. Remark that it cannot happen that � progresses at thesame time for both the nonweighted and the weighted case, for otherwisethe binomial coe�cient should be equal to both n + 1 and n + q, whichcannot happen if q � 2. 2



24 Chow groups of weighted hypersurfaces of small degreeRemark 2.3.2 Let � = �(s; n) and �Q = �(s; n; q) for �xed s; n; q.� If � = �Q, then: � s+ �s � � q� If q = 2, then either � = �Q or �Q = � + 1.To see this, remark that:� s+ � + 1s+ 1 � � n+ 1; � s+ �s+ 1 � � nwhile: � s+ �Q + 1s+ 1 � � n+ q; � s+ �Qs+ 1 � � n+ q � 1So, setting �Q = � + �:0 � � s+ � + �s+ 1 ��� s+ � + 1s+ 1 � � n+ q � 1� (n� 1) = q � 2So if q = 2 we have � = 1. As for the second point:� s+ �s � = � s+ � + 1s+ 1 ��� s+ �s+ 1 � � n+ q � n = q 2Here's the table for the nonweighted case; the �rst row represents s,while the �rst column is n. In the crossing, the value of �(s; n).# n; s! 0 1 2 3 4 5 6 75 5 2 2 2 1 1 1 16 6 3 2 2 2 1 1 17 7 3 2 2 2 2 1 18 8 3 2 2 2 2 2 19 9 3 2 2 2 2 2 210 10 4 3 2 2 2 2 212 12 4 3 2 2 2 2 215 15 4 3 3 2 2 2 218 18 4 3 3 2 2 2 220 20 4 4 3 2 2 2 225 25 5 4 3 3 2 2 230 30 5 4 3 3 3 2 250 50 9 5 4 3 3 3 3100 100 13 7 5 4 4 3 3



Comparison between the bounds for Pn and for P(Q) 25The following table is for q = 2:# n; s! 0 1 2 3 4 5 6 75 6 3 2 2 2 1 1 16 7 3 2 2 2 2 1 17 8 3 2 2 2 2 2 18 9 3 2 2 2 2 2 29 10 4 3 2 2 2 2 210 11 4 3 2 2 2 2 212 13 4 3 2 2 2 2 215 16 5 3 3 3 2 2 218 19 5 3 3 3 2 2 220 21 6 4 3 3 2 2 225 26 6 4 3 3 2 2 230 31 7 4 3 3 3 2 250 51 9 5 4 3 3 3 3100 101 13 7 5 4 4 3 3This other one for q = 10:# n; s! 0 1 2 3 4 5 6 75 14 4 3 2 2 2 2 26 15 5 3 3 2 2 2 27 16 5 3 3 2 2 2 28 17 5 3 3 2 2 2 29 18 5 3 3 2 2 2 210 19 5 3 3 2 2 2 212 21 6 4 3 3 2 2 215 24 6 4 3 3 2 2 218 27 6 4 3 3 2 2 220 29 7 4 3 3 3 2 225 34 7 4 3 3 3 2 230 39 8 5 4 3 3 3 250 59 10 6 4 4 3 3 3100 109 14 7 5 4 4 3 3



26 Chow groups of weighted hypersurfaces of small degreeFor q = 21 one gets:# n; s! 0 1 2 3 4 5 6 75 25 6 4 3 3 2 2 26 26 6 4 3 3 2 2 27 27 6 4 3 3 2 2 28 28 7 4 3 3 3 2 29 29 7 4 3 3 3 2 210 30 7 4 3 3 3 2 212 32 7 4 3 3 3 2 215 35 7 5 4 3 3 2 218 38 8 5 4 3 3 3 220 40 8 5 4 3 3 3 225 45 9 5 4 3 3 3 330 50 9 5 4 3 3 3 350 70 11 6 5 4 3 3 3100 120 15 8 5 4 4 4 3We denote the di�erence from the weighted and the non-weighted caseas follows: ��(s; n; q) := �(s; n; q)� �(s; n)Then we get the following three tables:
��(s; n; 2) :

# n; s! 0 1 2 3 4 5 6 75 1 1 0 0 1 0 0 06 1 0 0 0 0 1 0 07 1 0 0 0 0 0 1 08 1 0 0 0 0 0 0 19 1 1 1 0 0 0 0 010 1 0 0 0 0 0 0 012 1 0 0 0 0 0 0 015 1 1 0 0 1 0 0 018 1 1 0 0 1 0 0 020 1 2 0 0 1 0 0 025 1 1 0 0 0 0 0 030 1 2 0 0 0 0 0 050 1 0 0 0 0 0 0 0100 1 0 0 0 0 0 0 0



Comparison between the bounds for Pn and for P(Q) 27
��(s; n; 10) :

# n; s! 0 1 2 3 4 5 6 75 9 2 1 0 1 1 1 16 9 2 1 1 0 1 1 17 9 2 1 1 0 0 1 18 9 2 1 1 0 0 0 19 9 2 1 1 0 0 0 010 9 1 0 1 0 0 0 012 9 2 1 1 1 0 0 015 9 2 1 1 1 0 0 018 9 2 1 1 1 0 0 020 9 3 0 1 1 1 0 025 9 2 0 0 1 1 0 030 9 3 1 1 0 0 1 050 9 1 1 0 1 0 0 0100 9 1 1 0 0 0 0 0
��(s; n; 21) :

# n; s! 0 1 2 3 4 5 6 75 20 4 2 1 2 1 1 16 20 3 2 1 1 1 1 17 20 3 2 1 1 0 1 18 20 4 2 1 1 1 0 19 20 4 2 1 1 1 0 010 20 3 1 1 1 1 0 012 20 3 1 1 1 1 0 015 20 3 2 1 1 1 0 018 20 4 2 1 1 1 1 020 20 4 1 1 1 1 1 025 20 4 1 1 0 1 1 130 20 4 1 1 0 0 1 150 20 2 1 1 1 0 0 0100 20 2 1 0 0 0 0 0Another comparison problem arises when we �x the degree and thedimension and look at the range of small Chow groups. So now d � 2,q; n 2 N� are �xed. We de�ne:�(d; n+ q � 1) = �(d; n; q) := sups�n�1�� s+ ds+ 1 � � n+ q � 1�The following hypothesis will be necessary:d � n+ q � 1



28 Chow groups of weighted hypersurfaces of small degreeIf not, 8s � 0: n+ q � d = � d1 � � � d+ s1 + s �so that �(d; n; q) 62 N.The following properties are obvious (for the �rst one, recall that itmust be � � n� 1):Lemma 2.3.2 One has:� �(2; n; q) = � n� 1 8q � 2n� 2 q = 1� �(d; n; q) � �(d; n; q0) 8q < q0.� �(d; n; q) � �(d; n0; q) 8n < n0.I write �(d; n) := �(d; n; 1).Lemma 2.3.3 Let � 2 N�. Then there exists (d; n) 2 N2 with 2 � d � nsuch that � = �(d; n).Proof:Fix d � 2. De�ne: n0 := � � + d� + 1 � > dSince: � � + 1 + d� + 2 � > n0� = �(d; n0), unless � = n0 + k for some k � 0. But then, since d � 2:� = � � + d� + 1 �+ k > � QEDLemma 2.3.4 Let � := �(d; n; q) < �(d; n + 1; q), where q � 1 is �xed.Then �(d; n + 1; q) = �(d; n; q) + 1 and:� d+ � + 1� + 2 � = n+ qViceversa, suppose the previous equation holds for some � 2 N and somen; q 2 N such that 2 � d � n+ q � 1 and � � n� 1. Then�(d; n; q) = � = �(d; n+ 1; q)� 1



Comparison between the bounds for Pn and for P(Q) 29Proof:Let �(d; n+1; q) := �+�. Then, since � is the largest integer satisfyingthe given bound: � d+ � + 1� + 2 � � n+ qBut 8� � 1: � d+ � + 1� + 2 � � � d+ � + �� + �+ 1 � � n+ qso we deduce � = 1 and the given equation for the binomial coe�cient.On the contrary, if such an equation holds, then necessarily �(d; n; q) �� + 1. Since: � d+ �1 + � � � � d+ � + 1� + 2 �� 1 � n+ q � 1and since by hypothesis � � n� 1, we deduce � = �(d; n; q). That �(d; n+1; q) = � + 1 is obvious. QEDCorollary 2.3.2 Let � := �(d; n) and d � 2.� If �(d; n; q) = � while �(d; n + 1) < �(d; n + 1; q) then �(d; n + 1) =� = �(d; n+ 1; q)� 1 and:� d+ � + 12 + � � = n+ q� If: � d+ � + 12 + � � = n+ qthen: � = �(d; n; q) = �(d; n+ 1) = �(d; n+ 1; q)� 1Proof:The �rst part immediately follows from the previous lemma. For thesecond, it is clear that:� d+ � + 12 + � � = n+ q � n+ 1so that � � �(d; n + 1) < � + 1. The other two assertions also followimmediately from the lemma. The fact that d � 2 assures us that � � n�2,because: � + 2 = � � + 2� + 1 � � � � + d� + 1 � � n



30 Chow groups of weighted hypersurfaces of small degreeQEDHere are the tables for q respectevely equal to 1, 10 and 21.
q = 1 # n; d! 3 4 5 66 2 0 0 �7 2 0 0 08 2 0 0 09 2 0 0 010 2 1 0 015 3 1 1 020 3 2 1 050 7 3 2 1100 11 5 3 2 q = 10 # n; d! 3 4 5 66 3 1 1 07 3 1 1 08 3 1 1 09 3 1 1 010 3 1 1 015 4 2 1 120 5 2 1 150 8 3 2 2100 12 5 3 2

q = 21 # n; d! 3 4 5 66 4 2 1 17 4 2 1 18 5 2 1 19 5 2 2 110 5 2 2 115 6 3 2 120 6 3 2 150 9 4 3 2100 13 6 3 2We introduce the di�erence:��(d; n; q) := �(d; n; q)� �(d; n)Then we get the following tables:
��(d; n; 10) # n; d! 3 4 5 66 1 1 1 �7 1 1 1 08 1 1 1 09 1 1 1 010 1 0 1 015 1 1 0 120 2 0 0 150 1 0 0 1100 1 0 0 0 ��(d; n; 21) # n; d! 3 4 5 66 2 2 1 �7 2 2 1 18 3 2 1 19 3 2 2 110 3 1 2 115 3 2 1 120 3 1 1 150 2 1 1 1100 2 1 0 0



Comparison between the bounds for Pn and for P(Q) 31Suppose � = �(d; n; q) for some q � 1, 2 � d � n+ q � 1. The question is:for which q0 > q do we have �(d; n; q0) > �? Here is a way to �nd it.Corollary 2.3.3 Let � = �(d; n; q). For q0 to be such that �(d; n; q0) =�(d; n; q)+1 while 8q00 satisfying q < q00 < q0, �(d; n; q00) = � it is su�cientand necessary that: � � + d+ 1� + 2 � = n+ q0 � 1Proof:If q0 > q+1, then �(d; n; q+1) = � so we can apply lemma 2.3.4. with�(d; n+1; q) = �(d; n; q+1) and putting q+1 in the place of q. One goes onthis way until the equation is solved for some q0 which will be the requestedone. QED



32 Chow groups of weighted hypersurfaces of small degree



Chapter 3Geometric approach toweighted linear spaces andFano varieties.Apr�es avoir rappel�e la notion de Grassmannienne dans l'espace Pn (paragraphe 1), nousd�e�nissons une Grassmannienne \naive"(paragraphe 2) et prouvons dans les paragraphes3,4 et 5 qu' �a peu pr�es tous les r�esultats de [ELV] restent valables; mais la borne n'est pasam�elior�ee et pour cette raison nous cherchons �a d�e�nir la Grassmannienne en utilisantl'application �Q, introduite au chapitre pr�ec�edent et n�ec�essaire pour la d�emonstrationdu r�esultat principal. Nous d�emontrons que dans le cas Q = (1(r); qr; : : : ; qn) avec s < r,il y a un ouvert de Zariski UQ� (s;PN ) � Gr(s;PN ) tel que son quotient par le group �niS := Sqr � : : : � Sqn est en bijection avec son image. On peut d�e�nir T (s;Q) commeGr(s;PN )= � o�u L � L0 , �Q(L) = �Q(L0): on obtient un �espace topologique. Dansles deux derniers paragraphes, nous prouvons le r�esultat principal avec la m�ethode de[ELV] dans ce cas particulier.3.1 Non-weighted case.Let V be a K-vector space of dimension n+ 1. Recall that Gr(s+ 1; V ) isthe set of (s + 1)-planes in V and it coincides with the set Gr(s;P(V )) ofs-planes in P(V ) by the usual K�-action on V � f0g.Any (s+ 1)-plane � can be represented by (s+ 1) linearly independent33



34 Geometric approach to weighted linear spaces and Fano varietiesvectors p0; : : : ; ps 2 V and so by a (n+ 1)� (s+ 1) matrix:p = 0BB@ ... ...p0 : : : ps... ... 1CCA = 0B@ p00 : : : p0s... : : : ...pn0 : : : pns 1CAand p, p0 represent the same (s + 1)-plane if and only if there is a matrixG 2 GL(s+ 1;K) such that p = p0G. Hence I have:Gr(s+ 1; n+ 1) =Mn+1;s+1=Aut(Ks+1)where Mn+1;s+1 represents the Zariski open subset of Mn+1;s+1(K) con-sisting of matrices of maximal rank . The dimension of the Grassmannianis therefore (s+ 1)(n+ 1)� (s+ 1)2 = (n� s)(s+ 1).Recall that an s-plane in Pn is the image of an (s + 1)-plane in Kn+1by the projection map. In other words, letting:� : Kn+1 � f0g ! Pn := Kn+1 � f0gK�then any s-plane H in Pn is given by:H := �(�� f0g)where � is an (s+ 1)-plane in Kn+1.One can see the Grassmannian as an union of charts:Gr(s;Pn) = [IUIwhere I = (k0; : : : ; ks) is a multiindex of length s+ 1 and by de�nition:UI := �[u] 2Mn+1;s+1(K)=Aut(Ks+1) : det(ujk)� j 2 Ik = 0; : : : ; s 	 6= 0�After acting with Aut(Ks+1), one may assume that the minor of maximalrank is just the unit matrix 1s+1. This representation explicitly gives thedimension of u 2 UI : the entries in the left n + 1 � (s + 1) columns arefree; each column having s + 1 elements, the dimension of UI must be(n� s)(s+1). See [HA], 193-211 for more informations on Grassmannians.Remark also that the complement of a chart is a Zariski closed subsetof the Grassmannian: namely, the complement to the chart UI is de�nedby the equation: det(ujk)� j 2 Ik = 0; : : : ; s 	 = 0:



the \naive de�nition and some properties 353.2 The \naive" de�nition and some proper-ties.Here is the most naive de�nition of an s-plane in a weighted projectivespace: consider the representationP(Q) = Pn=�where � := �q0 � : : : � �qn , with �qj := fz 2 K : zqj = 1g the group ofqj-roots of unity, a group isomorphic to Zqj . Then one may set:De�nition 3.2.1 An s-plane in P(Q) is the image by the projection map1of an s-plane in Pn.GrQ(s; n) := fH = pQ(�) : � 2 Gr(s;Pn)g = Gr(s;Pn)=� 2Here the action of � on Gr(s;Pn) is de�ned as follows: let � be de�ned bythe equations Pnk=0 ajktk = 0 8j = s + 1; : : : ; n and let � = (�0; : : : ; �n).Then � � � is de�ned by Pnk=0 ajk��1k � tk = 0 8j = s+ 1; : : : ; n.In particular we have:dimGrQ(s; n) = dimGr(s;Pn) = dimGr(s+ 1; n+ 1) = (s+ 1)(n� s):Example 3.2.1Let Q = (1(n); q). Then we have a diagram:Pn �Q�! Pn=� 'Q�! P(1(n); q)# �n;qPn(q)where n(q) := � n+ q � 1n� 1 �.1Using the other representation of P(Q), this de�nition would even give the wrongdimension: if � 2 Gr(s+1;Kn+1) is not stable under the action of K�, then H = �=K�has the wrong dimension s+1. As an example, take Q = (1; 1; 2; 2) and � := fx0 = x2g;then on x0 6= 0:�=K� =([x0; x1; x0; x3]Q = �1; x1x0 ; 1x0 ; x3x20 �Q)(x0;x1;x3)2K3�f0g



36 Geometric approach to weighted linear spaces and Fano varietiesLet: L := ( nXk=0 aktk = 0) 2 Gr(n� 1;Pn)and denote by H its class (of course this exists topologically, but the equa-tions coming from upstairs are not stable by the action, so they don'tdescribe H). 'Q carries H onto:'Q(H) = f[t0; : : : ; tn�1; tqn]jt 2 Lg = ((�an)qxn = (n�1Xk=0 akxk)q) � P(Q)Now: (n�1Xk=0 akxk)q = XPn�1k=0 �k=q a�0:::�n�1 n�1Yk=0 x�kkand since: �n;q : [x0; : : : ; xn]Q 7! [: : : : n�1Yk=0 x�kk : : : : : xn]one has:�n;q('Q(H)) = 8><>:[z0 : : : : : zn(q)]jzn(q) = XPn�1k=0 �k=q a�0:::�n�1zu(�0:::�n�1)9>=>;where u(�0 : : : �n�1) is the index such that:zu = n�1Yk=0 x�kkIn particular, when n = 2, one has:( 1Xk=0 akxk)q = qX�=0� q� � aq��0 a�1xq��0 x�1The Veronese map, in this case, carries [x0; x1; x2]Q to [z0 : : : : : zq+1] 2Pq+1 where zk = xq�k0 xk1 8k � q and zq+1 = x2. Therefore:�n;q('Q(H)) = (zq+1 = qXk=0� qk � aq�k0 ak1zk) 2 Gr(q;Pq+1).



Fano varieties 373.3 Fano varietiesLet Y be a subvariety of Pn invariant by �. De�ne:GrQ(s; Y ) := fH 2 GrQ(s; n) such that H � Y=�gOne has:Lemma 3.3.1 H 2 GrQ(s; Y ), 8� 2 Gr(s;Pn) such that pQ(�) = H;[�2� � � � � Y:Proof:It is clear that if � is a representative ofH , then any other representativeis � � �, so it su�ces to see the lemma for just one representative. Indeed,H � Y=� implies that there is an �1 2 � such that �1 � � � Y , and then8� 2 �, saying �2 2 � the element for which � = �1�2, we get � � � =�2 � (�1 � �) � �2Y = Y . In particular, of course, � � Y . Viceversa, let� � Y , so that � � � � Y 8� 2 �, and hence the union is also contained inY . Then H = pQ(�) � Y=�. QEDRemark in particular that if Y is a hypersurface or a complete intersectionof Pn: GrQ(s; Y ) = Gr(s; Y )=�Let's now consider H 2 GrQ(s; n) and H 0 2 GrQ(s + 1; n). When isH � H 0? The answer is easily given:Lemma 3.3.2 Say � and �0 two representatives of H and of H 0 respec-tively. Then H � H 0 , 9� 2 � such that � � � � �0.Proof:() : H = pQ(�) � pQ(� � �0) = pQ(�0) = H 0.)) : obvious. QEDRemark 3.3.11. Note that there may very well be �1 2 � such that � 6� �1 � �0. Forexample, consider Q = (1; 1; 1; 2) and let � = ft0 = 0; t2 = t3g, �0 = ft2 =�t3g. Certainly � 6� �0, for example the point [0 : 0 : 1 : 1] is in � but notin �0, nontheless taking � = (1; 1; 1;�1) 2 � = f1g� f1g� f1g� f�1g onehas � � �0 = ft2 = t3g and it contains �.2. If �01 = �1 � �0 and �2 = �2 � � are two other representatives, then�2 = �2 � � � �2� � (��11 � �01) = (�2���11 ) � �01.



38 Geometric approach to weighted linear spaces and Fano varieties2De�nition 3.3.1Let Y be a subvariety of Pn invariant under the action of � and set:FQ(s; Y ) := �(H;H 0) 2 GrQ(s; Y )�GrQ(s+ 1; n) such that H � H 0	�Q(s) := �(H; [t]�) 2 GrQ(s; n)�Pn=� such that [t]� 2 H	�Q(s; Y ) := �(H; [t]�) 2 �Q such that H � Y=�	KQ(s; Y ) := �(H;H 0) 2 GrQ(s; Y )�GrQ(s+ 1; n) such that H � H 0 � Y 	HQ(s; Y ) := �(H;H 0) 2 GrQ(s; Y )�GrQ(s+ 1; n)jH = H 0 \ Y 	 [KQI will call ~�Q and �Q the projections of KQ resp. of HQ to the �rstfactor GrQ(s; Y ), de�ned by (H;H 0) 7! H . 2Let us determine the �bre ~��1Q (H). Let � be a representative of H .Then ~��1Q (H) is the set of all the elements pQ(�0) such that:� 1: �0 2 Gr(s+ 1; n+ 1)� 2: 9� 2 � such that � � � � �0� 3: � � �0 � Y 8� 2 �Since Y is invariant under the action of �, the previous conditions mayimmediately be reduced to the following one:9� 2 � : � � � � �0 � Ywhere pQ(�) = H and pQ(�0) = H 0. Hence:~��1Q (H) = pQ �[�2�(~��1(� � �))�where I have to recall that, settingK := f(�;�0) 2 Gr(s; Y )�Gr(s+ 1;Pn)jH � H 0 � Y gI called ~� : K ! Gr(s;Pn) the projection on the �rst factor. It is clearthat: pQ �[�2�(~��1(� � �))� = pQ(~��1(� � �))



Fano varieties 39for any � 2 �. Indeed, the inclusion of the righthand side in the lefthandone is obvious; while if H 0 2 pQ �[�2�(~��1(� � �))� then H 0 = pQ(�0)where � � � � �0 � Y for some � 2 �. Then H 0 = pQ(���1 � �0) also, with���1 � �0 2 ~��1(� � �) because � � � = ���1� � � � ���1 � �0 � ���1Y = Y .Now the result from [ELV] is that ~��1(� � �) is a subvariety of Pn�s�1de�ned by � s+ ds+ 1 �� 1 equations, hence we have:Lemma 3.3.3dim(~��1Q (H)) � n� s� 1� �� s+ ds+ 1 �� 1� = n� s�� s+ ds+ 1 � :In particular: If n� s � � s+ ds+ 1 �, then ~�Q is onto.Lemma 3.3.4 Let H 2 GrQ(s; Y ) and H 0 2 GrQ(s + 1; n). Let �0 and �be two representatives of H 0 and H resp. Then:H 0 \ Y = H , [�2�(� � �0 \ Y ) = [�2�� � �:Proof:() : applying pQ to[�2�(� � �0 \ Y ) = [�2�� � �gives certainly H 0 \ Y = H .)) H 0 \ Y = H ) pQ ([�2�(� � �0 \ Y )) = pQ([�2�� � �)So let t 2 [�2�� � � be such that t 62 [�2�(� � �0 \ Y ), then either t 62 Y ort 62 [�2�� ��0; in the �rst case, [t]� 62 Y=�, while the hypothesis H 0\Y = Hassures that this is the case, since [t]� 2 pQ([�2�� � �) = H ; in the secondcase, [t]� 62 H 0 = pQ([�2�� � �0), and the same contradiction appears.QEDCorollary 3.3.1 Under the same hypothesis of the previous lemma:H = H 0 \ Y , 9� 2 � such that � � � = �0 \ YProof:)) : pQ(�0 \ Y ) = H 0 \ Y = H = pQ(�), so there is � 2 � such that�0 \ Y = � � �.() : 8� 2 � one has �� � � = � � �0 \ Y , so:[�2�(� � �0 \ Y ) = [�2��� � � = [�2�� � � = [�2�� � �



40 Geometric approach to weighted linear spaces and Fano varietiesQEDLet H 2 GrQ(s; Y ), then I want to see what ~��1Q (H) is. Let as usualpQ(�) = H and pQ(�0) = H 0, then � 2 ~��1Q (H) if and only if, either:1. 9� 2 � such that � � � � �0 � Y , which would give H � H 0 � Y .or:2. 9� 2 � such that � � � = �0 \ Y , which would give H = H 0 \ Y .We therefore conclude that:Lemma 3.3.5 ~��1Q (H) = pQ(~��1(� � �))for some � 2 � and some � representative of H.Corollary 3.3.2dim(~��1Q (H)) = dim(pQ(~��1(� ��))) = dim(~��1(� ��)) � n� s�� s+ ds+ 1 �In particular, ~�Q is onto if n� s � � s+ ds+ 1 � :3.4 Weighted hypersurfaces of small degreeDe�nition 3.4.1 Let Y be a projective subvariety of Pn invariant under� and contained in a weighted hypersurface X and consider the quotientY=� � Pn=�. Such a Y=� is called spanned by s-planes if and onlyif there exists a subvariety ~Z � GrQ(s;X) such that the three followingproperties are satis�ed:1. Y=� � X=� � Pn=�.2. dim( ~Z) = dimY � s.3. The map:~� : �Q~Z (s) := n(H; [t]�) 2 ~Z � (Pn=�) such that [t]� 2 Ho! Pn=�de�ned by (H; [t]�) 7! [t]�, has Im(~�) = Y=�.Lemma 3.4.1 Y � X is spanned by s-planes if and only if Y=� � X=� isspanned by s-planes.Proof:)) : There exists Z � Gr(s;X) with dimZ = dimY � s and such that:� : �QZ (s) := f(�; t) 2 Z �Pn such that t 2 �g ! Pn



Weighted projective hypersurfaces of small degree 41de�ned by (�; t) 7! t has Im(�) = Y .Certainly Y=� � X=�, while de�ning ~Z := Z=� (where � acts on theplanes in the previously de�ned way) gives dim ~Z = dimZ = dim Y � s =dim(Y=�)� s, and we now prove that:~� : �Q~Z ! Pn=�has image Y=�. Indeed, let [t]� 2 Y=�, then t 2 Y and hence there issome � 2 Z such that t 2 �: Then [t]� 2 H with H = pQ(�) 2 ~Z, so that(H; [t]�) 2 �Q~Z (s). So [t]� = ~�(H; [t]�) 2 Im~�. This proves Y=� � Im(~�).Conversely, let [t]� 2 Im(~�). Then there is H 2 ~Z such that [t]� 2 H .Hence there is � 2 � for which �t 2 � where � is a representative of H suchthat � 2 Z. Then (�; �t) 2 �Z(s) and so �t 2 Y , which implies t 2 Y (Youshould remember that Y weighted subvariety is equivalent to Y stable bythe action of �.)() : Call ~Z the subvariety of GrQ(s;X) satisfying the conditions of thede�nition. Say Z a representative of ~Z which is a subvariety of Gr(s;X),because of the invariance of X by �. De�ning �Z(s) and � as before, I saythat certainly Im(�) � Y . Indeed, if not, there would be (�; t) 2 �Z(s)such that t 62 Y . But t 2 � and hence [t]� 2 H = pQ(�); moreover(H; [t]�) 2 ~Z � GrQ(s;X) and hence [t]� 2 Im(~�) = Y=�, so there is � 2 �such that � � t 2 Y . But then t 2 Y also.The same reasoning shows of course that �(���Z(s)) � Y 8� 2 �.Conversely, if y 2 Y , then [y]� 2 Y=� = Im(~�) so there is H 2 ~Z suchthat [y]� 2 H . Say � 2 Z a representative of H , then y 2 � � � for some� 2 �. This doesn't mean of course that y 2 �, but certainly gives:Y � � ([�2�f(� � �; y)jy 2 � � � ; � 2 Zg) = � ([�2����Z)We deduce that the variety [�2�� � Z has the same dimension as Zand as ~Z because �nite union of subvarieties of that same dimension, it iscontained in Gr(s;X) and has a map� : �[�2���Z(s)! Pnwhose image is Y . QEDI shall indicate by CHsl (X) the Chow group of l-cycles of X spanned bys-planes and by CHsl (X=�) the Chow group of l-cycles in X=� spanned bys-planes.I now come to the important:



42 Geometric approach to weighted linear spaces and Fano varietiesTheorem 3.4.1 Let X be an irreducible weighted homogeneous hypersur-face of Pn of degree d, and let Y be a weighted subvariety Y � X, suchthat Y=� is spanned by s-planes but not by (s+ 1)-planes. Suppose:� l + dl + 1 � � n� lThen there exists a weighted homogeneous subvariety T of dimension l+ 1and an � 2 Q such that:[T=�] � [X=�] � �[Y=�] (mod CH(s+1)l (X=�))Proof:Because of the previous lemma, Y is spanned by s-planes but not by (s+1)-planes, and if ~Z � GrQ(s;X) is the subvariety satisfying the conditionsof the de�nitions, we can take [�2�� �Z as the corresponding subvariety ofGr(s;X).From [ELV] we know that there is an a 2 Q and a subvariety T of Pnsuch that: [T ] � [X ] � a[Y ] (mod CH(s+1)l (X))By [FU 1.7.6] we know that:CHt(R=G)
Q = CHt(R)G 
Q8t = 0; : : : ; n, with R any subvariety of Pn on which a �nite group G acts.This is our case, so we deduce that up to a rational multiplicative constant:[X ] � [X=�][Y ] � [Y=�]So the only thing I have to show is that T is an invariant cycle, because ifthis was the case, we would have:[T=�] � [X=�] = �[T ] � [X ]for some � 2 Q, and so the thesis, using the previous lemma to concludethat subvarieties spanned by (s+1)-planes upstairs are still so downstairs.Now recall from the proof given in [ELV] that we had T = Pr�(�0~�), whereW � Gr(s;X) is the subvariety coming from the de�nition of subvarietyspanned by s-planes, and where:~� := f(�;�1) 2 H such that � 2WgPr : �0W := f(�;�1; t) 2 ~��Pn such that t 2 �1g ! Pn



Weighted projective hypersurfaces of small degree 43(�;�1; t) 7! t:In our case, W = [�2�� � Z. Hence:Pr(�0~�) = ft 2 Pn such that 9(�;�1) 2 ~�; t 2 �1g = [(�;�1)2~��1Now let � 2 �, then:� � Pr(�0~�) = [(�;�1)2~�� � �1 = [� � �1where the last union is over all couples (�;�1) 2 H such that � 2 W =[�2�� � Z.Now (�;�1) 2 H , � � �1 � X or � = �1 \X . This is equivalent to� � � � � � �1 � X or � � � = � � �1 \X , that is (� � �; � � �1) 2 H. So varying� in [�2�� � Z is the same that varying � � � in [� ��� � Z.Finally:[���2[�2�� � Z ; (���;���1)2H ���1 = [!2[�2�� �Z ; (!;!1)2H!1 = [(!;!1)2~�!1 = Pr(�0~�)QEDLemma 3.4.2 Let X � Pn=� be an irreducible weighted hypersurface ofdegree d and suppose: � l + dl + 1 � � n� lThen: CHl(X=�)
Q ' QProof:Since X is invariant by � by hypothesis, the result from Fulton gives:Q = CHl(X)� 
Q = CHl(X=�)
QThis lemma can also be proved in the same way as it was proven theanalogous one on Pn, that is as a corollary of the previous theorem. In thiscase, the technique is to show �rst that CH(l0)l (X=�) 
 Q ' Q for somewell-chosen l0 and then that, 8s � l0:CH(s)l (X=�)
Q ' CH(l0)l (X=�)
QFor the �rst step one chooses l0 as the maximal integer such that thereis a Y 0 � Pn, stable under �, with dim Y 0 = l and spanned by l0-planes.Then l0 � l or dimZ = l � l0 < 0, being Z the subvariety of Gr(s;Pn)



44 Geometric approach to weighted linear spaces and Fano varietiessatisfying the de�nition for which Y 0 is spanned by l0-planes for Y 0. Usingthe hypothesis: � l0 + dl0 + 1 � � � l+ dl + 1 � � n� l � n� l0and because of the previous result, there must be T 0 � Pn which is stableunder the action of � and satis�es:T 0 �X = �0Y 0 (mod CH(l0+1)l (X=�))for some �0 2 Q. By the de�nition of l0 one gets CH(l0+1)l (X=�) = 0.Moreover, CHl+1(Pn)
Q ' Q and hence in such a space one has T 0 � �0Hfor some �0 2 Q and H linear generator of CHl+1(Pn)
Q; therefore:�0Y 0 = �0X �HThis proves: CH(l0)l (X=�)
Q ' QNow let Y 2 CH(s)l (X=�) for some s � l. Certainly s � l0, so:� s+ ds+ 1 � � � l0 + dl0 + 1 � � n� l0 � n� sso there is TY � Pn, stable under the action of �, such that:TY �X = �Y Y (mod CH(s+1)l (X=�))for some �Y 2 Q. Still, TY = �YH and so:�YX �H = �Y Y (mod CH(s+1)l (X=�))Then: H �X = �Y�Y Y = �0�0Y 0 (mod CH(s+1)l (X=�))and so:CH(s)l (X=�)
Q = CH(s+1)l (X=�)
Q = : : : = CH(l0)l (X=�)
Q ' QQED



Complete intersections of small degree 453.5 Complete intersections of small degreeAs in the nonweighted case, one may extend the results to weighted com-plete intersections of small weighted degree:Theorem 3.5.1 Let X1; : : : ; Xr be projective hypersurfaces in Pn invari-ant under the action of � and of Q-weighted degrees d1; : : : ; dr respectively,with dj � dj+1 8j = 1; : : : ; r and dr � 2. Let X be a union of irreduciblecomponents of X1 \ : : :\Xr equidimensional of dimension n� r. Let Y bean l-dimensional subvariety of X stable under � and spanned by s-planes.Then if rXi=1 � s+ dis+ 1 � � n� sthere exists an e�ective cycle T=� 2 CH(s+1)l (Pn=�) and a rational number such that: T=� �X=� � Y=� (mod CH(s+1)l;Q (X=�))Moreover, if : rXi=1 � s+ dis+ 1 � � n� lthen one may choose T as an (l + r)-dimensional subvariety of Pn stableunder �. So, CHl(X=�)
Q ' Q.Proof: Starting from the results 3.1 and 3.2 in [ELV], one has theexistence of such a T and only has to verify that this T is stable underthe action of �, which can be done as in the previous theorem. Finally,CHl(X=�)
Q ' CHl(X)� 
Q. 2As in the nonweighted case, one has the:Theorem 3.5.2 Let (d1; : : : ; dr) 2 Nr be naturals such that d1 � : : : � dr.Suppose d1 � 3 or r � l + 1. Let:rXi=1 � di + l1 + l � � n:Then:



46 Geometric approach to weighted linear spaces and Fano varieties� 1) Let (f1; : : : ; fr) 2Qri=1 Sdi(Q) with deg fi = di and dr � 2 and letXf1:::fr := ffj = 08j = 1; : : : ; rg. Then 8[t]� 2 Xf1:::fr=� � P(Q)there is H 2 GrQ(l; Xf1:::fr ) such that:[t]� 2 H:In particular: GrQ(l; Xf1:::fr ) 6= ;� 2)If chark = 0, there is a Zariski open subsetU � rYi=1Sdi(Q)such that GrQ(l; Xf1:::fr ) is irreducible of codimensionrXi=1 � di + ll �in GrQ(P(Q)), 8(f1; : : : ; fr) 2 U .Proof:The �rst assertion is a corollary of the corresponding result in [ELV],where it is proved under the same hypothesis that Gr(l; Xf1:::fr ) 6= ;.For the second one we have from [ELV] the same results forGr(l; Xf1:::fr ) so, apart from smoothness, they are true also for the quotentGrQ(l; Xf1:::fr ) = Gr(l; Xf1:::fr )=�. As for the smoothness, it is in generalfalse that GrQ(s) is smooth, because the action of � may have �xed points.2(See Prop. 5.3 of [WE]). QEDWe set: A0(Y ) := f� 2 CH0(Y ) : deg� = 0g2Indeed, let: � := f nXk=0 ajktk = 08j = s+ 1; : : : ; ngbe an s-plane; if � = (�0; : : : ; �n) 2 � one has:��1 � � = f nXk=0 ajk�ktk 8j = s+ 1; : : : ; ngBut this doesn't mean that �k = �0 8k, because it may for example happen that forsome k ajk = 0 8j.



Weighted case using �Q 47Lemma 3.5.1 Let: X := ffj = 08j = 1; : : : ; rgbe a subvariety of Pn invariant under the action of �. Let:rXi=1 � di + l1 + l � � n:Suppose that either d1 � 3 or that r � l + 1 Then:A0(Gr(l; X)=�) = 0:Proof:In [ELV], under the same hypothesis, one has:A0(Gr(l; X)) = 0: QEDThe following result descends from the equivalent one in [ELV] simplyby dividing by �.Theorem 3.5.3 Let d1 � : : : � dr � 2 be integers and let l 2 N. Supposeeither d1 � 3 or r � l+ 1. Suppose also that:rXi=1 � di + l1 + l � � nThen 8(f1; : : : ; fr) 2Qri=1 Sdi(Q) there is H 2 GrQ(l; Xf1:::fr=�).Moreover: CHs(Xf1;:::;fr=�)
Q ' Q 8s � l:If d1 = 2, 1 � r � l and:r(l + 1) = rXi=1 � di + l1 + l �� r � n� l � 1the same conclusions hold.3.6 Weighted case using �Q.In order to have a geometric approach with the better bound for the Chowgroups, I want to apply �Q to s-planes of PN . For this purpose, the very�rst thing to remark is that changes of coordinates in PN are not allowedbecause they may even change the dimension of the image. Here's an easyexample:



48 Geometric approach to weighted linear spaces and Fano varietiesExample 3.6.1Let n = 3 and Q = (1; 1; 2; 2) so that N = 5. Take s = 2 and let:L := ft0 = 0; t1 = 0; t3 + t4 = 0g 2 Gr(2;P5):Since: �Q([t0 : : : : : t5]) = [t0; t1; t2t3; t4t5]we have: H := �Q(L) = f[0; 0; t2t3;�t3t5]g = fx0 = x1 = 0gNow apply the following change of coordinates:t0k := � tk 8k 6= 4t3 + t4 k = 4Then the image of L will be de�ned by the conditions t00 = t01 = t04 = 0 andits image in P(Q) will be [0; 0; 1; 0]. 2Remark 3.6.1I show now that the action of Aut(Cs+1) on MN+1;s+1 is consistentwith the map �Q, so that if u has a nonzero minor corresponding to themultiindex I , I can assume that such a minor is the identity; in fact, thisis not a change of coordinates, but simply a good choice of the parametersdescribing the plane. Indeed, let:xr = Nr�1Yj=Nr�1 sXk=0 ujk�k!and suppose u = vA with A 2 Aut(Cs+1). Then:xr = Nr�1Yj=Nr�1 " sXk=0 sXi=0 vjiAik!�k#that is: xr = Nr�1Yj=Nr�1 " sXi=0 vji sXk=0Aik�k!#and so: xr = Nr�1Yj=Nr�1 sXi=0 vji�i!where � = A� also varies on all of Cs+1 � f0g.



Weighted case using �Q 492Convention: Since the interest is in the image of the planes, and since thetarget space has dimension n, from now on I shall assume s � n� 1. 2Remark 3.6.2To avoid confusion, I recall that any L 2 Gr(s;PN ) is associated to a matrixu 2MN+1;s+1 and viceversa any such u de�nes a plane Lu, and u, v de�nethe same plane if and only if v = ug for some g 2 Aut(Cs+1). If:u = (ujk) j = 0; : : : ; Nk = 0; : : : ; sthen the plane Lu is given, in parametric equations, by:Lu := (tj = sXk=0ujk�k 8j = 0; : : : ; N)�2Cs+1and so:Hu := �Q(Lu) =8<:xr = Nr�1Yj=Nr�1( sXk=0 ujk�k)8r = 0; : : : ; n9=;�2Cs+1Hence the qr rows of u going from the one labelled by Nr�1 to the onelabelledNr�1 are the ones occurring in de�ning parametrically the variablexr in Hu. I often call string the set of rows occurring to de�ne the samevariable. For example, when Q = (1; : : : ; 1; q), I have n strings of length 1,namely the rows from 0 to n�1, and a string of length q, the one composedby the rows from n to N = n+ q � 1. In this case I shall writeu = � u(1)u(2) �with u(1) 2Mn;s+1 and u(2) 2Mq;s+1. 2Set: Gr(s; ZQ) := fL 2 Gr(s;PN ) such that L � ZQgThis is the subset of s-planes in PN which lie in the locus ZQ where �Q isnot de�ned. Since ZQ is a union of linear spaces, the s-planes completelycontained in it sweep out a proper closed subset of Gr(s;PN ). The nextlemma shows this:



50 Geometric approach to weighted linear spaces and Fano varietiesLemma 3.6.1 Let Q = (q0; : : : ; qn). Then:dimGr(s; ZQ) = (N � s� n� 1)(s+ 1):The complement is a (Zariski) open subset of Gr(s;PN ).Remark that if s > N � n� 1, one has negative dimension; and indeed,let L = Lu 2 Gr(s; ZQ); n+1 of theN+1 rows must be zero, namely one foreach string. But then only N � n rows are left, while we have to introducean identity matrix of order s + 1, which is impossible if s > N � n� 1. IfN = s+n+1, Gr(s; ZQ) has dimension zero; this means that it has a �nitenumber of points. For example, when Q = (1; : : : ; 1; q), one has to put allthe rows in u(1) equal to zero, and one of the last q rows equal to zero also(to kill the last coordinate xn in the image). Since s = N � n� 1 = q � 2one has precisely q possibilities for u(2):� 0 : : : 01s+1 � ;0BBBBB@ 1 0 : : : 0 00 0 : : : 0 0... : : : ...0 0 : : : 1 00 0 : : : 0 1
1CCCCCA ; : : : ;� 1s+10 : : : 0 �Proof:For every string there must be a zero row, so that the left rows areN�n.Now insert the identity matrix of order s+1 to have the nonzero maximalminor, this makes the number of free rows decrease to N �n� s� 1. Eachrow has s+ 1 entries, so we get the dimension as stated. QEDRemark 3.6.3It may very well happen that L \ ZQ 6= ; even if L 6� ZQ. In this case,one adopts the very standard process in Algebraic Geometry, namely onereplaces �Q(L� L \ ZQ) by its closure inside P(Q). 23.7 The case Q = (1; : : : ; 1; q)Lemma 3.7.1 Let Q = (1; : : : ; 1; q) and let Lu 2 Gr(s;PN ).Then dim �Q(Lu) < s if and only if either rk(u(1)) < s or rk(u(1)) = sand 9j0 2 [n; : : : ; N ] \N such that uj0k = 0 8k = 0; : : : ; s.



The case Q = (1; : : : ; 1; q) 51Corollary 3.7.1 Let:V Q(s;PN ) := fLu 2 Gr(s;PN ) such that dim�Q(Lu) < sgThen: UQ(s;PN ) := Gr(s;PN )� V Q(s)is a Zariski open subset of Gr(s;PN ).Proof:(): Suppose rk(u(1)) < s. For example, let it be equal to s� 1 and lett0; : : : ; ts�2 be the independent variables. Then:tj = s�2Xk=0 �jktk 8j = s� 1; : : : ; N:And: �Q(Lu) = ([t0; : : : ; ts�2; s�2Xk=0 �s�1;ktk; : : : ; s�2Xk=0 �n�1;ktk; xn]Q)that is: �Q(Lu) = (xj = s�2Xk=0 �jkxk 8j = s� 1; : : : ; n� 1)Therefore, dim �Q(Lu) = n� (n� 1� (s� 2)) = s� 1:If rk(u(1)) = s, and there is a zero column between the last q ones,certainly xn = 0 so that:�Q(Lu) = (xn = 0; xj = s�1Xk=0 �jkxk8j = s; : : : ; n� 1)which is still de�ned by n� s+ 1 independent equations.)): Suppose that dim �Q(Lu) < s and rk(u(1)) = s+ 1. Say t0; : : : ; tsthe independent variables, then so are x0; : : : ; xs, so that dim�Q(Lu) � sand so is s. This shows that dim �Q(Lu) < s may happen only if rk(u(1)) �s. If such a rank is exactly s, then we have to see that one of the last qrows is zero. Otherwise, we may assume:u(1) = 0BBBBBBBB@ 01s ...0� : : : � 0... ... ...� : : : � 0
1CCCCCCCCA



52 Geometric approach to weighted linear spaces and Fano varietieswhile u(2) has at least one row having a nonzero entry in the last column(the one labelled by s), because anyway rku = s+ 1. Hence xn, if it is notzero, has the parameter �s which never appeared before and is thereforeindependent. Therefore the dimension would be s. QEDLet now u; v 2 UQ(s;PN ). The next step is to see when �Q(Lu) =�Q(Lv).Suppose �rst rk(u(1)) = s+ 1. Then we may suppose:u(1) = � 1s+1�1 �while: u(2) = (�2):So if �Q(Lu) = �Q(Lv), for all values of the parameters �j 's one has:sXk=0ujk�k = xj = sXk=0 vjk�k8j = s+ 1; : : : ; n� 1, and this implies that �1 is the same for the matricesu and v; and: NYj=n sXk=0ujk�k! = xn = NYj=n sXk=0 vjk�k!and since two polynomials on C di�er by a multiplicative constant if andonly if their roots are the same, the part �2 in v is just a permutation ofthe rows of the same part �2 in u. In other words:9� 2 Sq such that ujk = v�(j)k 8j = n; : : : ; N:Of course this is not necessary if u has a zero row among the last q ones,because in that case it only su�ces that v has a zero row in its last stringtoo: in both cases xn = 0.Now suppose rk(u(1)) = s and there is no zero row among the last qones. Then it is clear that xn 6= 0 is the last independent variable in �q(Lu),no matter how �2 is done. Hence, in this case, the condition reduces to�1(u) = �1(v). To resume:Lemma 3.7.2 Let Q = (1; : : : ; 1; q) and let u 2 UQ(s). Then:



The case Q = (1; : : : ; 1; q) 53� If rk(u(1)) = s + 1 and there is no zero row among the last q ones,�Q(Lu) = �Q(Lv) if and only if u(1) = v(1) and v(2) = �u(2) forsome � 2 Sq. So for any such u there is only a �nite number of othermatrices de�ning the same image (namely, j Sq j �1 = q!� 1 ones).� If rk(u(1)) = s+1 and there is a zero row among the last q ones, then�Q(Lu) = �Q(Lv) if and only if u(1) = v(1) and there is a zero row inv(2). So in this case, there is a subvariety of dimension (q�1)(s+1)of UQ(s), such that any of its elements v has the same image as u.� If rk(u(1)) = s, then any other v with v(1) = u(1) will have the sameimage. In this case, the dimension of this subvariety is therefore(q � 1)(s+ 1).Indeed, in the last case, one of the rows in u(2) completes the unitary minor.This discussion leads to the following:De�nition 3.7.1Let Q = (1; : : : ; 1; q). We denote by UQ� (s) the set of all u 2 Gr(s;PN )such that rk(u(1)) = s+ 1 and 8j � n; 9k 2 [0; s] such that ujk 6= 0. 2It is clear that UQ� (s) is a (Zariski) open subset of Gr(s;PN ) and henceit has the same dimension. Moreover, de�ning an action (permutation ofrows in the same string): Sq � UQ� (s)! UQ� (s)by: (�; u) 7! vwhere: vjk := � ujk 8j = 0; : : : ; n� 1; 8k = 0; : : : ; su�(j)k 8j = n; : : : ; N ; 8k = 0; : : : ; swe obtain a bijection: �Q : UQ� (s)=Sq '! �Q(UQ� (s))Therefore, letting:T (s;Q) := f�Q(L) such that L 2 UQ(s;PN )g = UQ(s;PN )= �where L � L0 , �Q(L) = �Q(L0), we have:



54 Geometric approach to weighted linear spaces and Fano varietiesLemma 3.7.3 There is a Zariski open subset UQ� (s) � Gr(s;PN ) and adense subset WQ� (s) � T (s;Q) such that:� 8H 2 WQ� (s); dimH = s:� The map: �Q : UQ(s;PN )! T (s;Q)gives a bijection: UQ� (s)=Sq 'WQ� (s) 2Remark 3.7.1Observe that UQ� (s) = [IU�I where the charts UI are as in paragraph 1,chapter 2, the multiindices I have the last index ks < n and the upper� means that we're taking the elements of the chart having no zero linebetween the last q lines. 2Remark 3.7.2If L 2 UQ� (s), certainly dim��1Q (�Q(Lu)) � N � n � s. This is a generalresult in Algebraic Geometry. We have proved that each element L, in aZariski open subset of Gr(s;PN ), is such that ��1Q (�Q(L)) contains only�nitely many other planes. 2There is a case where a generalization of the previous reasoning is pos-sible.Let Q = (1; : : : ; 1; qr; : : : ; qn) and suppose s � r. Consider the set:Js;r(Q) := �(k0; : : : ; ks) 2 Ns+1 such that 0 � k0 < : : : < ks � r	and let: U(s;PN ) := [I2Jsr(Q)UI



The case Q = (1; : : : ; 1; q) 55This is a union of charts of Gr(s;PN ) and therefore Zariski open in it.Suppose for example that I = (0; : : : ; s). Then any u 2 UI is of the form:
u =

0BBBBBBBBBBBBBBBBBBBB@
1s+1�...�.........

1CCCCCCCCCCCCCCCCCCCCA
0......ss+ 1...r � 1qrtermsqntermsSo that xk = �k 8k = 0; : : : ; s and so Hu has dimension s. It is also clearthat 8� = s+ 1; : : : ; n: x� = N��1Yj=N��1 sXk=0ujkxk!so that if x� is nonzero, all the other possible v's giving the same x� areobtained by a permutation of the rows of u in the �-th string. If the stringis made of just one row, that is if s+1 � j � r�1, then it can also be zero:the only v's having xj = 0 are such that the j-th row is also zero. This ofcourse is no longer true if r � j � N . Therefore, setting:UQ� (s) := fu 2 U(s;PN ) such that 8j; r � j � N 9k for which ujk 6= 0gand de�ning an action:Sqr � : : :� Sqn � UQ� (s)! UQ� (s)by (�r ; : : : ; �n;u) 7! v with:vjk := � vjk 8j � r � 1v�b(j)k 8j 2 [Nb�1; Nb � 1] \Nwe get a bijection:�Q : UQ� (s)= (Sqr � : : :� Sqn)! �Q(UQ� (s))As before, UQ� (s) is Zariski open in Gr(s;PN ), and therefore:



56 Geometric approach to weighted linear spaces and Fano varietiesLemma 3.7.4 Let Q = (1; : : : ; 1; qr; : : : ; qn) and let s < r. Then there is aZariski open subset UQ� (s;PN ) � Gr(s;PN ) and a dense subset WQ� (s) �T (s;Q) such that:� 8H 2 WQ� (s); dimH = s.� the map �Q gives a bijection:UQ� (s)= (Sqr � : : :� Sqn) 'WQ� (s) 23.8 Fano varieties in P(1; : : : ; 1; q)Lemma 3.8.1 Let Q = (1; : : : ; 1; q). Let X be a weighted homogeneoushypersurface of Q-degree d and let u 2 UQ� (s) be such that Hu � X. Thenthe set: fHv 2WQ� (s+ 1)jHu � Hv � Xgis nonempty if: � s+ ds+ 1 � � n+ q � s� 2It su�ces that: � s+ ds+ 1 � � n+ q � s� 1for the set: fHv 2WQ� (s+ 1)jHu = Hv \X or Hu � Hv � Xgto be nonempty.Proof:Since changes of coordinates not a�ecting the last q coordinates areallowed in PN (the weighted action only acts on the q last coordinates), wecan assume , after setting without loss of generality u 2 U(0;:::;s), that therow labelled by s+ 1 is zero in u. Then certainly:Hu =8<: xs+1 = 0xn = QNj=n(Psk=0 xkujk)xj = Psk=0 xkujk 8j = s+ 2; : : : ; n� 1 9=;



Fano varieties in P(1; : : : ; 1; q) 57Let v 2 U(0;:::;s+1), then we may assume that v is the unit matrix in the�rst s+ 2 rows, the one labelled from 0 to s+ 1, and so:Hv = � xn = QNj=n(Psk=0 xkvjk)xj = Psk=0 xkvjk 8j = s+ 2; : : : ; n� 1 �If we require Hu � Hv, then of course we must have:Hu � Hv \ fxs+1 = 0gso that, being closed, connected and with the same dimension, these twosets must be equal: Hu = Hv \ fxs+1 = 0g:Therefore, 8k = 0; : : : ; s and 8j = s+ 2; : : : ; n� 1, I have:sXk=0 xkujk = sXk=0 xkvjkand applying the identity principle I deduce ujk = vjk . Also:NYj=n( sXk=0 xkujk) = NYj=n( sXk=0 xkvjk)and so there must be a permutation � 2 Sq such that vjk = u�(j)k 8k =0; : : : ; s and j = n : : : ; N . This shows that the only unknowns are theentries vjs+1 such that j = s+ 2; : : : ; N:Let X = ff = 0g. Since Hu � Hv \X , one has:Hv \X = fxs+1g = 0gwhere g has now Q-degree d� 1. So:g(x) = Xp2Nn+1d�1(Q) ap0:::pnxpnqn n�1Yj=0 xpjj = XPj rj=d�1 br0:::rs+1 s+1Yj=0 trjj =: ~g(t)One must have ~g(t) = 0 8t 2 Hv , if Hu � Hv � X , and ~g(t) = atd�1s+1for some a 2 C if Hu = Hv \ X . The �rst case implies that all thecoe�cients br0:::rs+1 are zero; the second, that the same is true except forb0:::0d�1. These coe�cients are certainly polynomials in the variables vjk .The number of these coe�cients is:� s+ ds+ 1 �



58 Geometric approach to weighted linear spaces and Fano varietiesso that we have this number of equations in the �rst case and hence� s+ ds+ 1 �� 1equations in the second one. The number of variables is the number ofthe free vjk and we have seen that it is N � (s + 1). Hence the previousequations are de�ned in Cn+q�1�(s+1) = Cn+q�s�2. QEDRemark 3.8.1When q = 1, the nonweighted case, immediately one gets back the resultsof [ELV]. 2Remark 3.8.2Janos Koll�ar asserts in [KO] that if X is a weighted homogeneous subvarietyof P(Q) of Q-degrees d1; : : : ; dr, if:Xj dj �Xi qi � 2then 8x 2 X there is a rational curve C such that x 2 C and OX(1)�C � 1.In particular, if X is a hypersurface and d1 = d, and in the case Q =(1; : : : ; 1; q), the estimate reads d � n + q � 2, which coincides with thelemma taken for s = 0 (the case of a point). 2De�nition 3.8.1Let Y be a weighted subvariety of P(Q) and set:GrQ(s; Y ) := fH 2 T (s;Q) such that H � Y gFQ(s; s+ 1; Y ) := f(H;H 0) 2 T (s;Q; Y )� T (s+ 1; Q)jH � H 0g�Q(s) := f(H; x) 2 T (s;Q)�P(Q) such that x 2 Hg�Q(s; Y ) := �(H; x) 2 �Q(s) such that H � Y 	KQ := f(H;H 0) 2 T (s;Q; Y )� T (s+ 1; Q) such that H � H 0 � Y gHQ := f(H;H 0) 2 T (s;Q; Y )� T (s+ 1; Q) such that H = H 0 \ Y g[KQI will call ~�Q and �Q the projections of KQ resp. of HQ to the �rstfactor GrQ(s; Y ), de�ned by (H;H 0) 7! H .



Fano varieties in P(1; : : : ; 1; q) 592The previous lemma then says that if � s+ ds+ 1 � � n + q � s � 2 onehas ~��1Q (H) 6= ;, and that if � s+ ds+ 1 � � n+ q � s� 2, then ��1Q (H) 6= ;.Remark 3.8.3� Sq acts on the matrices by permuting the last q rows. This cor-responds to an action of Sq on all of PN by permuting the last qcoordinates. Of course such an action has no inuence on the imageby �Q: the last q coordinates go to the same last coordinate xn. Inparticular, letting Y be a Q-weighted projective subvariety de�nedby: Y = 8><>:fh = XPn�1j=0 dj+dnq=d ahd0:::dn nYj=0xdjj = 08h9>=>;and:~Y := ��1Q (Y ) =8><>: XPn�1j=0 dj+dnq=d ahd0:::dn n�1Yj=0 tdjj NYj=n tdnj = 08h9>=>;one has: NYj=n tdnj = NYj=n tdn�(j)8� 2 Sq , so that � � ~Y = ~Y .� H � Hu 2 T := (s;Q; Y ) := fH 2 T (s;Q) such that H � Y g ,8� 2 Sq , L� �u � � � Lu � ~Y .Indeed, let Hu = �Q([Lu]Sq ), where [Lu]Sq = fL� �u8� 2 Sqg. Thenfor every permutation � , �Q(L� �u) = Hu, so that there must be apermutation � so that L� �u � � ~Y = ~Y .The converse is immediate by de�nition.� By the previous point, we deduce that there is a Zariski open subsetof GrQ(s; Y ) which is the isomorphic image of UQ� (s; ~Y )=Sq.



60 Geometric approach to weighted linear spaces and Fano varieties� Let H 2 T (s;Q) and H 0 2 T (s + 1; Q). Then H � H 0 , 9� 2 Sqsuch that, for every representatives L and L0 respectively of H andH 0, L � � � L0.To see this, one side is obvious by de�nition: L � � � L0 clearlyimplies H � H 0 by applying �Q. On the contrary, it is clear that thehypothesis H � H 0, implies L � [� � �L0, and so there must be one �for which L � � � L0. This is equivalent, of course, to � � L � L0.These remarks allow us to say that, given an s-plane H and an (s+1)-plane H 0 in P(Q), H 0 2 ~��1Q (H) = fH � H 0 � Y g if and only if for everyrepresentatives L and L0 of H and H 0 resp., there must be a � 2 Sq suchthat: � � L � L0 � ~Y :So: ~��1Q (H) = �Q0@UQ� (s+ 1;PN ) \ [�2Sq ~��1(� � L)1A == �Q �UQ� (s+ 1;PN ) \ ~��1(� � L)�for some and hence all � 2 Sq .Since: dim ~��1(� � L) � N � s� 1�� s+ ds+ 1 �and since �Q is injective up to Sq on UQ� (s+ 1;PN ), I deduce that, gener-ically: dim ~��1(H) � N � s� 1�� s+ ds+ 1 �I say generically because it may happen, for some L, that:~��1(� � L) � Gr(s+ 1;PN )� UQ� (s+ 1;PN )8� 2 Sq .It is clear that the same proof works for the case Q = (1(r); qr; : : : ; qn)and s � n. We have indeed:Lemma 3.8.2 Let Q = (1(r); qr; : : : ; qn), X be a weighted homogeneoushypersurface of Q-degree d and u 2 UQ(s;PN ) be such that Hu � X.Then, whenever s � r � 1, the set:fHv 2WQ� (s+ 1)jHu � Hv � Xg



Another proof of the main result for Q = (1(r); qr; : : : ; qn) 61is nonempty if: � s+ ds+ 1 � � r � 1 + ( nXj=r qj)� s� 2It su�ces that: � s+ ds+ 1 � � r � 1 + ( nXj=r qj)� s� 1for the set: fHv 2WQ� (s+ 1)jHu = Hv \X or Hu � Hv � Xgto be nonempty.The proof of this lemma is omitted because it is the same as for the caseQ = (1; : : : ; 1; q) and because the lemma will be proved in a more generalcase when we shall have introduced T (s;Q) for the general Q (See Ch. 4.1).3.9 Another proof of the main result for Q =(1(r); qr; : : : ; qn).The main result of this thesis can be reproved by using the same argumentsas [ELV] as well as the previous lemma when Q = (1(r); qr; : : : ; qn) ands � r � 1. Indeed, in this case we may set:De�nition 3.9.1 Let X be a weighted hypersurface in P(1(r); qr; : : : ; qn)of Q-degree d, and let Y be an l-dimensional subvariety of X stable underthe weighted action. We say that Y is spanned by s-planes if there is avariety Z �WQ� (s) of dimension l � s, such that the projection:�Z(s) := f(H; x) 2 Z �P(Q) such that x 2 Hg ! P(Q)has image Y .The subgroup of CHl(X) generated by subvarieties spanned by s-planesis denoted by CH(s)l (X):Remark that in the special cases we're considering,WQ� (s) = UQ� (s;Pn)=(Sqr � : : : � Sqn) is the quotient of a Zariski opensubset of a smooth variety by a �nite group, hence it is a variety (we lackthis structure in the general case). Observe thatWQ� may be nonconnected.We have:



62 Geometric approach to weighted linear spaces and Fano varietiesTheorem 3.9.1 Let Q = (1(r); qr; : : : ; qn) and let X be a weighted hyper-surface of Q-degree d. Then:CHs(X)
Q = Q 8s < r such that � s+ ds+ 1 � � N = nXj=r qj � 1To prove the theorem one proves this lemma �rst:Lemma 3.9.1 In the hypothesis of the theorem, suppose Y is a subvarietyof dimension l of X which is stable under the weighted action, is spannedby s-planes and is not spanned by (s+ 1)-planes. If:� s+ ds+ 1 � � N � sthere exists a cycle T 2 CHl+1(P(Q)) and a nonzero rational a 2 Q suchthat T �X = aY (mod CH(s+1)l (X))Proof:First of all, one uses the lemma of the previous section to see that thereis a subvariety � � H = H(s;X) such that:~� �! � �1! Z# #H �1! WQ� (s;X)where �1 is proper and generically �nite over Z, while � is a blow-up making� smooth. (This passage to the blow-up is used later to apply a projectionformula).De�ne:�~� := f(H;H 0; x) 2 ~��P(Q)jx 2 Hg Pr! Y# #�0~� := f(H;H 0; x) 2 ~��P(Q)jx 2 H 0g Pr! Pr(�0~�) � P(Q)The cycle T that we're looking for will be Pr(�0~�).On the �rst line, the image of Pr is Y because Y is generated by s-planes : if there was y 2 Y such that y 62 Im(Pr), then 8H 2 Z we wouldhave y 62 H , forbidden by the role of Z in the de�nition.It is clear that �~� � �0~� by de�nition of H.To have T 6= 0, by the de�nition of push-forward of cycles, it su�cesto see that �0~� is generically �nite over T . This is immediate becauseotherwise, calling R the open subset of T such that any of its points has



Another proof of the main result for Q = (1(r); qr; : : : ; qn) 63an in�nite number of preimages, then R \ Y would be a Zariski open of Ywhich is spanned by (s+ 1)-planes.Let:  : �0~� ! ~�' : �~� ! ~�de�ned by the projections:(H;H 0; x) 7! (H;H 0)Then either �0~� 6� ~��Xor not. In the �rst case:(�) 8(H;H 0) 2 ~�;  �1(H;H 0) �X = d'�1(H;H 0)This is intersection theory; recall that: �1(H;H 0) = fx 2 P(Q)jx 2 H 0g'�1(H;H 0) = fx 2 P(Q)jx 2 Hgwhile x 2  �1(H;H 0) \X if and only if f(x) = 0, being deg f = d.Therefore there are principal divisors Dj in ~� for which the followingequation is valid:(��) �0~� � (~��X) = d�~� +Xj aj �1(Dj) 2 CHl(�0~� \ (~��X))If instead: �0~� � ~��Xone can decompose CHl(�0~�) into the union of l-cycles contained in �0~� andin �~� respectevely. The dimension of �~� is l and so �~� de�nes an l-cyclein CHl(�0~�). The other l-cycles must be pull-back of divisors of ~�. So:CHl(�0~�) =< f�~�;  �1(PDiv(~�))g >Finally, since the �bre of �0~� ! ~� must intersect X in a cycle of degree d,the coe�cient of �~� in �0~� � (~��X) will be d.Apply the projection formula to (��) and get3 , in CHl(X \ T ):3We are indeed applying the projection formula to the projection:~��P(Q)! P(Q)Recalling that P(Q) = Pn=� where � is a �nite group, we are allowed to use it, see [FU],Ex. 16.1.13.



64 Geometric approach to weighted linear spaces and Fano varietiesT �X = Pr�(�0~� � (~��X)) = dPr�(�~�) +Xj ajPr� �1(Dj)Since Y is not spanned by (s + 1)- planes, �~� is generically �nite over Y ,and so there is some a 2 Q for which:Pr�(�~�) = aYOn the contrary, since each  �1(Dj) is spanned by (s + 1)-planes, we getthe result. QEDCorollary 3.9.1 When d � 3, the lemma is valid if we replace N � s withN .Proof:One uses lemma 4.5 of [ELV] which shows that if d � 3, then� l + dl + 1 � � N ) � s+ ds+ 1 � < N � s 8s < lwhile for s = l one reasons as in theorem 4.6 of [ELV]. QEDNow we have:Corollary 3.9.2 In the same hypothesis of the theorem, CHs(X)
Q = QThe proof of this corollary is the same as in [ELV]. It goes on like for thecorresponding corollary in the case of the \naive" de�nition, so we don'trepeat it.



Chapter 4Miscellaneous results andopen questions.Nous voyons d'abord pourquoi le cas g�en�eral ne peut pas être trait�e de la même fa�con quele cas particulier du chapitre pr�ec�edent (paragraphe 1), bien que le lemme \base" de lad�emonstration de [ELV] puisse être g�en�eralis�e (paragraphe 2). Ensuite, nous proc�edons �ala critique de notre d�e�nition de Grassmannienne T (s;Q) (paragraphe 3) et en proposonsune autre (paragraphe 4), qui malheuresement ne permet pas de meilleurs r�esultats. Nouscomparons les deux d�e�nitions dans le paragraphe 5.4.1 The general caseIn order to consider the general case, Q = (q0; : : : ; qn), let me recall thefollowing very well-known result:Lemma 4.1.1 Let:  : Cs+1 ! Cn+1be de�ned by: (t0; : : : ; ts) = [0(t) : : : : : n(t)]where the j 's are polynomials. Then:dim(Im) = s+ 1, � there is a Zariski open subset U � Cn+1such that 8x 2 U; rk(Jacx) = s+ 1 �This is standard and I omit the proof.Consider u 2 UI for some multiindex I of length s+ 1. De�ne:!QuI : Cs+1 ! Cn+165



66 Miscellaneous results and open questionsby: (!QuI(tj0 ; : : : ; tjs))r := Nr�1Yj=Nr�1 tj 8r = 0; : : : ; nwhere: tj := � tj� 8j = j� 2 IPs�=0 uj�tj� 8j 62 ISince one has:Lu = � tj� = �� 8� = 0; : : : ; stj = Ps�=0 uj��� 8j 62 I � = (tj = sX�=0uj�tj� 8j 62 I)it is clear that: !QuI(Cs+1)� f0g=C� = �Q(Lu) = Huwhere C� is the equivalence relation de�ned by the weighted action.The previous lemma asserts therefore that:dimHu = s, rk(Jac(!QuI )) = s+ 1 on a Zariski open subset of Cs+1.Remark that the subset V of Cs+1 where the rank of the Jacobianmatrix is not maximal corresponds to a Zariski closed subset of Lu ' Cs+1.Indeed, it is V \ Lu.De�nition 4.1.1We denote by UQ(s;PN ) the set of all u 2 Gr(s;PN ) for which there existsI such that u 2 UI and a Zariski closed subset V such that, 8x 2 Lu � V ,rk(Jacx(!QuI )) = s+ 1. 2Remark that this subset is nonempty; consider for example the matrixu having in the j-th string all rows with zero entries on all the columnsexcept the j-th one and 1 on the row j, 8j � s; and all the other entriesare 0:ujk = � 0 8j � Ns and 8j 2 [Nr�1; Nr � 1] \N; k 6= r1 8(j; k) such that j 2 [Nr�1; Nr � 1] \N; k = r �Certainly u 2 U(0;q0;:::;Ns) and one has:!QuI(t0; : : : ; ts) = [tq00 ; : : : ; tqss ; 0; : : : ; 0]Q



The general case 67So that the jacobian is:
Jac(!QuI) = 0BBBBBBBBBB@

q0tq0�10 0 : : : 00 q1tq1�11 : : : 0... ... ...0 0 : : : qstqs�1s0 0 0 0... ... ... ...0 0 0 0
1CCCCCCCCCCAThe upper minor obviously has maximal rank on the Zariski open subsetft0tq0 : : : tNs 6= 0g. Hence u 2 UQ(s;PN ).We show that UQ(s;PN ) is open. Let V Q(s;PN ) be its complementin Gr(s;PN ) and suppose u 2 V Q(s;PN ). Certainly u 2 UI for someI . For any such I , there is a Zariski open subset AI � Cs+1 such thatrk(Jact(!QuI )) � s 8t 2 AI . Hence, if we call f jQuI the determinantsof the maximal minors of Jac(!QuI ), then these polynomials are zero foralmost every choice of t, so that they must be identically equal to zero,and therefore their coe�cients are zero (principle of identity). But thecoe�cients are now polynomials in the entries of u: hence u 2 V Q(s;PN )if and only if the entries of u satisfy some polynomial relations, as was toshow. More clearly, the determinants of the maximal minors of the Jacobianmatrix of !QuI are polynomials in both the entries of u and the variables t,say la(u; t), and since la(u; t) = 0 8t 2 AI , I get 0 � la(u; t) =Pa l0a(u)l00a(t),from which l0a(u) = 0. This de�nes the complement of UQ(s;PN ).Consider:T (s;Q) := ��Q(Lu)ju 2 UQ(s;PN )	 = UQ(s;PN )= �where L � L0 , �Q(L) = �Q(L0).One can be sure that every element in this set has the right dimensions. Unfortunately, one cannot easily distinguish the �ber; namely, if u; v 2UQ(s;PN ), when is Hu := �Q(Lu) = �Q(Lv) =: Hv?The following examples will show that in general the previous reasoningfor the injectivity up to a permutation group cannot be repeated.Example 4.1.1



68 Miscellaneous results and open questionsLet Q = (1; 1; 1; 2; 2; 2), n = 5 and s = 3. So N = 8. Let:
u := 0BBBBBBBBBBBB@

1 0 0 00 1 0 00 0 1 00 0 0 11 0 0 11 0 0 00 1 0 00 1 1 01 0 0 0
1CCCCCCCCCCCCA Then: Lu = 8>>>><>>>>: t4 = t0 + t3t5 = t0t6 = t1t7 = t1 + t2t8 = t0 9>>>>=>>>>;and, in parametric equations:Hu = 8>>>>>><>>>>>>: x0 = t0x1 = t1x2 = t2x3 = t3(t0 + t3)x4 = t0t1x5 = t0(t1 + t2)

9>>>>>>=>>>>>>;which can be written in cartesian, Q-weighted equations as:Hu = � x4 = x0x1x5 = x0(x1 + x2) �It is then clear that: u := 0BBBBBBBBBBBB@
1 0 0 00 1 0 00 0 1 00 0 0 1� � � �1 0 0 00 1 0 00 1 1 01 0 0 0

1CCCCCCCCCCCCAgoes to the same Hu with the only caution that the \variable" row isnonzero. Remark that the variable x3, relative to a \nontrivial" string,that is to a string with at least two elements, doesn't appear in the de�ningequations. 2Example 4.1.2



Fano varieties in the general case 69Let Q = (1; 1; 2; 2), s = 2. Let:u := 0BBBBBB@ 1 0 00 1 00 0 1a b ca b c0 0 1
1CCCCCCAThen in parametric form:Hu = 8<: xj = �j 8j = 0; 1x2 = �2(a�0 + b�1 + c�2)x3 = �2(a�0 + b�1 + c�2) 9=;where (a; b; c) 6= 0. So: Hu = fx2 = x3gHere all the variables appear; nontheless, changing (a; b; c) will change Luwithout changing Hu. Of course one may always choose di�erent (a; b; c)such that u is changed into some v which is not a permutation of thecolumns of u in the same string. 2This happens because it's not so important that the variables, expressedparametrically, are the same (which of course happens if the de�ning ma-trices di�er by a permutation of the rows in the same string): the veryfundamental fact are the relations between the variables. A moment'sthought and it will be clear that in the case Q = (1; : : : ; 1; q) the rela-tions are strictly determined: there is just one string. So in that case thisproblem doesn't appear. The same can be said for the more general caseQ = (1(r); qr; : : : ; qn) and s � r�1, since there the n�s de�ning equationsare of type xj = xj(x0; : : : ; xs) 8j = s + 1; : : : ; n (assuming for ease ofnotation that u 2 U(0;:::;s)).4.2 Fano varieties in the general case.The following lemma can be proved:Lemma 4.2.1 Let X be a weighted homogeneous hypersurface of Q-degreed and let u 2 UQ(s;PN ) be such that Hu � X. Then the set:fHv 2WQ� (s+ 1)jHu � Hv � Xg



70 Miscellaneous results and open questionsis nonempty if: � s+ ds+ 1 � � ( nXj=0 qj)� s� 2It su�ces that: � s+ ds+ 1 � � ( nXj=1 qj)� s� 1for the set: fHv 2WQ� (s+ 1)jHu = Hv \X or Hu � Hv � Xgto be nonempty.Proof:In parametric equations:Hu :=8<:xr = Nr�1Yj=Nr�1( sXk=0 ujk�k)9=;Hv := 8<:xr = Nr�1Yj=Nr�1(s+1Xk=0 vjk�k)9=;So for Hu � Hv is su�cient (but not necessary!) thatujk = vjk 8j = 0; : : : ; N ; 8k = 0; : : : ; s:This corresponds to Hu = Hv \ f�s+1 = 0g. The remaining variables forv are therefore N � s: namely, vjs+1 8j = 0; : : : ; N minus the s+ 1 whichare used to parametrize a minor of order s + 1. We have to verify thatv 2 UQ(s + 1;PN). For this, we only need to throw away those values ofthe remaining variables vjs+1 which set equal to zero all the (s+ 1)-minorof the Jacobian of !QvI0 , where I 0 is a multindex of length s+ 2. Now theproof proceeds as for the case Q = (1; : : : ; 1; q), and the result is proven.QEDRemark 4.2.1For s = 0 one has the estimate:d � nXj=0 qj � 2which was present in Koll�ar's book (see [KO]).



T (s;Q) can hardly be considered a Grassmannian 714.3 T (s;Q) can hardly be considered a Grass-mannian.The �rst default of T (s;Q) is that we don't even know whether it is avariety or not. For the moment it is just a topological space: a (smooth)variety divided by an equivalence relation. In the particular case Q =(1(r); qr; : : : ; qn) we know that a dense subset of it is homeomorphic tothe quotient variety UQ� (s;PN )=(Sqr � : : : � Sqn), where UQ� (s;PN ) is aZariski-open subset of Gr(s;PN ).An s-plane is determined by s+1 linearly independent points. Here, onthe contrary, s + 1 points of P(Q) which are images of s + 1 independentpoints of PN under �Q may very well belong to an in�nity of di�erentelements of T (s;Q).Let Q = (1; 1; 2; 2) and let:u := 0BBBBBB@ 1 0 00 1 00 0 1a b cA B C�=A �=B =C
1CCCCCCA = (u0; u1; u2)where we have chosen of course ABC 6= 0 (this is possible on a Zariski opensubset). Then the images sj := �Q(uj) are three points in P(1; 1; 2; 2) andwe have: s0 = 0BB@ 100� 1CCA s1 = 0BB@ 010� 1CCA s2 = 0BB@ 00c 1CCAThe parameters are now only 4, namely c; �; �; . So all the di�erent u'shaving these four parameters equal, no matter how the other ones are,should give the same image Hu. But in fact Hu may vary nonetheless.Indeed, this only proves that if the 4 parameters are the same, then theimages Hu all have to contain the same three points s0, s1 and s2. But theplanes Hu are nonetheless di�erent, since:Hu =8>><>>: x0 = �0x1 = �1x2 = �2(a�0 + b�1 + c�2)x3 = (A�0 +B�1 + C�2)( �A�0 + �B�1 + C�2) 9>>=>>;which clearly depends on a and b.



72 Miscellaneous results and open questionsRecall that we have a Veronese type imbedding:v : P(1; 1; 2; 2) ,! P4de�ned by [x0; : : : ; x3]Q 7! [x20 : x0x1 : x21 : x2 : x3]. We see that v(Hu)may very well be di�erent from the intersection of a linear space in P4 withthe imbedded P(Q). (The candidate should be a 3-plane of P4). Indeedv(Hu) is de�ned by the parametric equations: z0 = �20z1 = �0�1z2 = �21z3 = �2(a�0 + b�1 + c�2)z4 = (A�0 +B�1 + C�2)(�A�0 + �B�1 + C �2)One can always make �2 explicit by subtracting z3 from cz4. Then puttingthis expression of �2 in the expression of z3 or of z4 would give the carte-sian equation de�ning Hu. However, let' s make an example where minorcalculations are required, namely take:u = 0BBBBBB@ 1 0 00 1 00 0 10 1 11 1 10 1 0
1CCCCCCA giving Hu =8<: xj = �j8j = 0; 1x2 = �2(�1 + �2)x3 = �1(�0 + �1 + �2) 9=;Getting �2 = x3x1 � (x0 + x1), we immediately arrive to:Hu = �x2x21 = [x3 � x1(x0 + x1)][x3 � x0x1]	Recall that v(P(Q)) = fz0z2 = z21g. Then:v(Hu) = v(P(Q)) \ Cwhere C := fz3z2 = (z4 � z1 � z2)(z4 � z1)g is a quadric in P4. 2What about the intersection of two elements Hu and Hv of T (s;Q)? Hereare two examples:Example 4.3.1



T (s;Q) can hardly be considered a Grassmannian 73Let Q = (1; 1; 1; 2), so n = 3, N = 4 and let s = 2. Let:u := 0BBBB@ 1 0 00 1 00 0 11 0 10 1 0 1CCCCA v := 0BBBB@ 1 0 00 1 00 0 10 1 11 0 0 1CCCCAThen: Hu = fx3 = x1(x0 + x2)gHv = fx3 = x0(x1 + x2)gThe intersection is therefore:Hu \Hv = fx3 = x1(x0 + x2); x2(x0 � x1) = 0g == fx2 = 0; x3 = x0x1g [ fx1 = x0; x3 = x0(x0 + x2)g == Hu0 [Hv0where: u0 := 0BBBB@ 1 00 10 01 00 1 1CCCCA v0 := 0BBBB@ 1 01 00 11 01 1 1CCCCASo the intersection of two \planes" in P(1; 1; 1; 2) may be two (disjoint)\lines". 2Example 4.3.2Take the same case as before but with:u := 0BBBB@ 1 0 00 1 00 0 11 0 01 0 0 1CCCCA v := 0BBBB@ 1 0 00 1 00 0 10 1 00 0 1 1CCCCAThen: Hu = fx3 = x20g Hv = fx3 = x1x2gThe intersection is therefore:Hu \Hv = fx3 = x20; x20 = x1x2g



74 Miscellaneous results and open questionsThis is not in T (1; Q)! Indeed, there cannot be any normalized minor. Inother words, if w 2 UQ� (1;P4) such that Hu \ Hv = �Q(Lw), it cannothappen that w 2 U(01) because of the second equation, and for the samereason, w =2 U(02), while if w 2 U(12) the variable x0 = px1x2. What isimpossible is indeed that there is a degree 2 equation concerning only thevariables of Q-degree 1.Indeed, let: A := 0BBBB@ a bc de fa ba b 1CCCCAbe a matrix giving LA with Hu \Hv = �Q(LA). The choice of the last twolines is dictated by the request x3 = x20. We now have to give conditionsto satisfy x20 = x1x2. This turns into:(a�0 + b�1)2 = (c�0 + d�1)(e�0 + f�1)for every choice of �0 and �1, which gives:8<: df = b2ce = a22ab = de+ cfOne can see that, because of these relations, any two minor of A is zero,contrary to the assuption. Indeed:(ad� bc)2 = a2d2 + b2c2 � 2abcd = ced2 + dfc2 � cd(de+ cf) = 0(af � be)2 = a2f2 + b2e2 � 2abef = cef2 + dfe2 � ef(de+ cf) = 0(cf � de)2 = (cf + de)2 � 4cedf = (2ab)2 � 4a2b2 = 0 24.4 The planes Kp.One has: �Q : Kn+1 � f0g �Q�! P(Q)and has to consider the K�-invariant subsets of Kn+1 to have a sensiblede�nition of s-plane. Given p 2Mn+1;s+1(K), we shall consider:Kp :=8<: sXj=0 �j � pj j�j 2 K9=;



The planes Kp 75where the dot means \weighted action". This is the equivalent of the para-metric representation in the unweighted case, except that the action is notthe same. Equivalently, Kp is the set de�ned by the parametric equations:xj = sXk=0 pjk�qjkfor every j = 0; : : : ; n and any value of �0; : : : ; �s.A basic question is: when is Kp = Kr? One may reason as in thelinear case: two planes are equal i� there is an isomorphism tying theparameters. Since one shouldn't destroy the degree of the coe�cients, suchan isomorphism must be linear; so we may conclude that the planes arethe same if and only if there is an automorphism g of Ks+1 such that,8j = 0; : : : ; n and 8� 2 Ks+1 � 0:sXk=0�qjk pjk = sXi=0 �qji rji = sXi=0 rji( sXk=0 gik�k)qj (4.1)One may de�ne a \Grassmannian" of the weighted projective space as:Gr(s;Q) :=Mn+1;s+1=GL(s+ 1)where the group GL(s+ 1) acts on the matrices as in (4:1).Example 4.4.1Let p 2 UI where I is a multindex of length s + 1. One can suppose forsemplicity I = (0; : : : ; s); the matrix p can then be normalized:pjk = � 0 8j 6= k : j � s1 8j = k : j � sThen:Kp = � xj = �qjj 8j = 0; : : : ; sxj =Psk=0 pjk�qjk 8j = s+ 1; : : : ; n 8� 2 Kn+1 � 0�We denote the space P(1; : : : ; 1; q) in which the unit weights are n byP(1(n); q): Then this can be seen as a cone over the Veronese embeddedPn�1 in Pn(q) where: n(q) := � n+ q � 1n� 1 �



76 Miscellaneous results and open questionsIn this case, and under the hypothesis that the multindex I is such thatits last index ks is not n, one gets from the previous calculation:Kp = � xj =Psk=0 pjkxk 8j = s+ 1; : : : ; n� 1xn =Psk=0 pnkxqk �Notice that Kp is the zero set of some n� s sections �s+1; : : : ; �n 22 P(H0(P(Q);O(q))).Remark also that Kp = Kr if and only if there is a nonzero constant� acting on the entries of the matrices with the weighted action on thecolumns, such that r = � � p.So indeed the set Kp is the intersection of an s-plane in Pn(q) with theembedded P(Q): the previous equations can in fact be expressed in termsof the variables [z0 : : : : : zn(q)] of Pn(q).When p 2 UI only for I such that ks = n (a Zariski closed condition),then one has \degenerate" s-planes passing through the vertex; for example,letting n = 2 and s = 1 gives:det� p00 p01p10 p11 � = 0and so there is an a 2 C such that p1k = ap0k 8k = 0; 1. Then:Kp = fx1 = ax0g 2Example 4.4.2Let n = 3, Q = (1; 1; q; aq) as in Example 1.1.3. and let s = 2. Letp 2 U(012) �M4;3(K). If one has pjk = �jk 8j; k such that j 6= 3, that is ifthe minor is \normalized", then:Kp = 8>><>>: x0 = �0x1 = �1x2 = �q2x3 =P2k=0 p3k�aqk 9>>=>>; = fx3 = p30xaq0 + p31xaq1 + p32xa2gand so	3aq(Kp) = 	3aq(P(Q)) \ fz�aq = p30z0 + p31zaq + p32za(q+1)gUnfortunately, even if p 2 U(0;1;2), p cannot be \normalized" as in the linearcase, that is one cannot replace p by an r such that rjk = �jk 8j; k � 2.



The planes Kp 77Indeed, this operation is possible if and only if one can �nd g 2 Aut(Cs+1)such that (4.1) is valid; with r of the desired form, and with the givenweights, this means that g must satisfy, 8� 2 C3 � f0g:2Xk=0 pjk�k = 2Xk=0 gjk�k 8j = 0; 12Xk=0 p2k�qk = ( 2Xk=0 g2k�k)q = 2Xk=0(gq2k�qk) + mixed termsand a fourth noninteresting equation for the last coordinate (noninterestingbecause the entries r3k are free). The �rst two equations give, by theprinciple of identity of polynomials:gjk = pjk 8j = 0; 1;8k = 0; 1; 2In the last one, the coe�cient of any of the mixed terms has to be zero,while gq2k = p2k 8k = 0; 1; 2Let k 6= j. The coe�cient of �q�1k �j is qgq�12k g2j . Hence there is at most onek such that g2k 6= 0. More precisely there is one such k, because det g 6= 0.But then for the other two indices j 6= k one has p2j = gq2j = 0, which ingeneral is not the case.Let for example: p := 0BB@ 1 0 10 1 01 1 01 0 1 1CCACertainly p 2 U(012) becausedet0@ 1 0 10 1 01 1 0 1A = �1Nonetheless, the last condition becomes:�q0 + �q1 = (g20�0 + g21�1 + g22�2)qand already for q = 2 this becomes:�20+�21 = g220�20+g221�21+g222�22+2�0�1g20g21+2�0�2g20g22+2�2�1g22g21



78 Miscellaneous results and open questionsHence g220 = g221 = 1and g22 = g20g21 = 0which is clearly absurd. 2Remark 4.4.1One may ask whether the fundamental property of the planes in linearspaces, namely the fact that s + 1 independent points uniquely determinean s-plane, is preserved for the planes Kp. The answer is no, as one shouldexpect from the lack of linearity in the equations. Here is an example. LetQ = (1; 2; 2; 2) and consider the hyperplanes (s = 2). Letp = 0BB@ 1 0 01 1 01 2 12 1 0 1CCA so that Kp =8>><>>: x0 = �0x1 = �20 + �21x2 = �20 + 2�21 + �22x3 = 2�20 + �21 9>>=>>;Take: r0 = 0BB@ 1233 1CCA ; r1 = 0BB@ 1122 1CCA ; r2 = 0BB@ 1273 1CCACertainly r0; r1; r2 are linearly independent and they belong to Kp because:r0 = Kp \ f�0 = �1; �2 = 0g ; r1 = Kp \ f�0 = �2; �1 = 0gr2 = Kp \ f�0 = �1; �2 = 2�0gNonetheless we have Kr 6= Kp: the point [5; 21; 68; 32] 2 Kr, obtainedfrom the parametric equations of Kr by putting �2 = 3�0 = 3�1, is not inKp, because otherwise there would be (�0; �1; �2) 2 C3 such that 5 = �0,21 = �20 + �21, from which �1 = �2i, and also 32 = 2�20 + �21 = 50� 4: 2



Relations with �Q in the case Q = (1; : : : ; 1; q) 794.5 Relation with �Q in the caseQ = (1; : : : ; 1; q).In this section, I would like to see whether there is some relation between theset T (s;Q) of the last chapter and these sets Kp. Let u 2 UQ� (s;PN ), andsay u 2 UI where I = (j0; : : : ; js) is a multiindex of length s+ 1 such thatjs � n� 1. We may assume without loss of generality that I = (0; : : : ; s).Then: Lu = (tj = sXk=0 ujktk 8j = s+ 1; : : : ; N)and so:Hu = � xj =Psk=0 ujkxk 8j = s+ 1; : : : ; n� 1xn =QNj=n(Psk=0 ujkxk) �Let p 2 I . Then:Kp = � xj =Psk=0 pjkxk 8j = s+ 1; : : : ; n� 1xn =Psk=0 pnkxqk) �Hence Kp = Hu if and only if, 8(x0; : : : ; xs) 2 C(s+1) � 0:� Psk=0 pjkxk =Psk=0 ujkxk 8j = s+ 1; : : : ; n� 1Psk=0 pnkxqk =QNj=n(Psk=0 ujkxk)By the principle of identity of polynomials, the �rst equations give:pjk = ujk 8j = s+ 1; : : : ; n� 1;8k = 0; : : : ; susing the fact that:NYj=n( sXk=0 ujkxk) = sXk=0( NYj=n ujkxqk) + mixed termsone gets the condition: pnk = NYj=nujk 8k = 0; : : : ; swhile the coe�cients of the mixed terms have to be zero. These coe�cientsare of course as many as the monomials in x0; : : : ; xs of degree q, minus thes+ 1 \pure" ones: xq0 : : : ; xqs. So they are:� s+ qs �� (s+ 1)



80 Miscellaneous results and open questionsSo we have this number of homogeneous equations of degree q in the vari-ables ujk with j = n; : : : ; N and k = 0; : : : ; s. Since the previous conditionpnk = NYj=nujk 8k = 0; : : : ; seats s+1 variables, the number of variable is therefore q(s+1)� (s+1) =(q � 1)(s+ 1). Therefore a solution certainly exists if:� s+ qs �� (s+ 1) < (q � 1)(s+ 1), � s+ qs � < q(s+ 1)Remark that if there were a zero row j0 among the last q ones in u, we wouldhave pnk = 0 8k = 0; : : : ; s, which cannot happen; hence the condition alsoimplies that u 2 UQ� (s;PN ).When q = 1, that is in the unweighted case, one has� s+ 1s � = s+ 1and we deduce that the set of all Kp coincides with that of all Hu, as ofcourse was easy to deduce considering that there is no mixed term and that�q this time is the identity (in fact, they coincide with the standard planes).Claim 4.5.1 The previous estimate only holds when s = 0; 1. In otherwords, to each point or line of type Kp there corresponds some point or lineof type Hu. But this is no longer true for higher dimensional subspaces.Proof:One has:� s+ qs �� q(s+ 1) = (s+ q) : : : (s+ 1)q! � q(s+ 1) == �s+ 1q! � [(s+ q) : : : (s+ 2)� q!q]The estimate holds when this quantity is negative, that is when:f(s; q) := ( qYj=2(s+ j))� q!q < 0Now f(0; q) = q!� q!q = q!(1� q) < 0



Relations with �Q in the case Q = (1; : : : ; 1; q) 81f(1; q) = (q+1) : : : 3�q!q = q!(q + 1)2 �q!q = q! �q + 12 � q� = q! 1� q2 < 0So the estimate always holds for points and lines.When q = 2, one has:� s+ 2s �� 2(s+1) = (s+ 2)(s+ 1)2 � 2(s+1) � 0, s+2 � 4, s � 2Remark however that for s = 2 we have an equality: this doesn't su�cebecause the system is not linear.Let Q(1; 1; 1; 2) and s = 2. Then:Kp = fx3 = 2Xk=0 p3kx2kg8p 2 U(0;1;2). If u 2 U(0;1;2),Hu = fx3 = ( 2Xk=0 u3kxk)( 2Xk=0 u4kxk)gand in the hypothesis p3k 6= 0 8k = 0; 1; 2, since u3ku4k = p3k, one has allthe unknowns ujk 6= 0. The remaining equations to satisfy are:u3ku4l + u3lu4k = 08k < lSo: 8<: u30u41 + u31u40 = 0u30u42 + u32u40 = 0u31u42 + u32u41 = 0from which: u30 = �u31u40u41 = �u32u40u42which gives: u31u41 = u32u42so that the last equation cannot be satis�ed. This proves that for q = 2already the case s = 2 may have a negative answer.I now prove that 8q � 3 and 8s � 2, the estimate is not attained. Ofcourse f(s; q) < f(s + 1; q) and f(s; q) < f(s; q + 1)1, so it su�ces to seethat f(2; 3) > 0. Indeed:� 2 + 32 �� 3(2 + 1) = 10� 9 > 01f(s; q + 1) =Qq+1j=2(s+ j)� (q + 1)!(q + 1) =



82 2Remark that if u is �xed, we cannot hope to �nd a p such that Hu = Kpin general. It su�cies that one of the mixed terms be nonzero.

= (s+ q + 1)Qqj=2(s+ j)� q!(q + 1)q � (q + 1)q! ==Qqj=2(s+ j) + (s+ q)Qqj=2(s+ j)� (q + 1)q!q � qq!� q! == f(s; q) + (s+ q)Qqj=2(s+ j)� (q + 1)q!q � q! == f(s; q) + (q + 1)(Qqj=2(s+ j)� qq!)� q! + (s� 1)Qqj=2(s+ j) == f(s; q) + (q + 1)f(s; q) + (s� 2)Qqj=2(s+ j) +Qqj=2(s+ j)� q! << (q + 2)f(s; q) + (s� 2)Qqj=2(s+ j) + f(s; q) == (q + 3)f(s; q) + (s� 2)Qqj=2(s+ j)
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