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_aX�TVEGWAZÇJ9PITVNQWYX È
ÈwÉËÊdJKMONOXKÌpbÀRUX9Z�P�WYÍ�HKMQ[ITVNQWYX9b/WUÎ4X9WYEVÍ¿RUM2bVJKE�Î^RYP�[�b Ï
DCEGWYH [IEVTVNQ[�bÐWUÎ

P
1 ÑkÒ LKE¡RUTVNQWYX9bÐWYX+X9WYEVÍ¿RUM2HKEGWUÓ�[�PITVNOÔp[
bGJKE�ÎkRYP�[�b Õ

DCEGWYH [IEVTVNQ[�bÐWUÎ
A

1 ÑkÒ LKE¡RUTVNQWYX9bÐWYX+X9WYEVÍ¿RUM=R�Ö�X9[
bVJKE�Î^RYP�[�b ×
ÏÇÉÙØ�WYÍ�HKMQ[ITVNQWYX9bÀWUÎ

ML Ñ bVJKE�Î^RYP�[�b ÚÛÀWYEVÍ¿RUM�R�Ö�X9[
bVJKE�Î^RYP�[�bdP�WYÍ�HKMQ[IT¡RULKMQ[
LjÜ!R�Ý�NOÌwÝ­RUÌ Ú
Ø�WYÍ�HKMQ[ITVNQWYX:WUÎ	R�X9WYEVÍ¿RUM�R�Ö�X9[ÞbVJKE�ÎkRYP�[�ß�NOTVà�R�TVEVNOÔjNáRUM2âãRUäwRUE Ñ�å NOÍ¿RUX9WSÔ�NOXjÔYRUEVNáRUXjT ÈSÏ
ÊÐ[)Îk[IEG[IX9P�[�b È­æ

ç ÃªÄ èrÂ�é�êªë"Ä?ì³Â=Ã
c9WYE�R�P�WYXKX9[�PITG[�Z�X9WYEVÍ¿RUM4R�Ö�X9[�bVJKE�Î^RYP�[

V = Spec (A)
WSÔp[IE

C í TVà9[Þâ�RUäwRUE Ñ�å NOÍ¿RUX9W­ÔîNOX�ÔwRUEVNáRUX�T
WUÎ

V ï±ð�ñ NQb�TVà9[/bGJKLòRUMOÌp[ILKE¡R ML (V ) ⊂ A
WUÎ�RUMOMòEG[IÌwJKMáRUE�Î}JKX9PITVNQWYX9b�NOX�ÔwRUEVNáRUX�T�JKX9ZK[IE�[IÔp[IEVÜ¿RUMOÌp[ILKE¡RUNQP

C+
Ñ RYPITVNQWYX9b�WYX V

É	Ø�WYX9bVT¡RUX�T�Î7JKX9PITVNQWYX9b�RUEG[/P�[IEVT¡RUNOXKMOÜ�P�WYX�T¡RUNOX9[�Z!NOX
ML (V ) í RUX9Z#ß�[�b¡R�Ü¿TVàòRUT�TVà9[âãRUäYRUE Ñ�å NOÍ¿RUX9W­Ô�NOX�ÔwRUEVNáRUX�TÀWUÎ V

NQb i7x)y³óSyk�Y� e WYE�TVàòRUT V
NQbÐRUX

ML Ñ �-vAx³t��p�¡z f NôÎ ML (V ) = C
ÉC_aX ï È ñ�íõ�RUX9ZÇÍ¿RUX!RUX9Z�âãRUäYRUE Ñ�å NOÍ¿RUX9W­Ô¿àòRSÔp[ÀZÇNQb¡P�WSÔp[IEG[�Z�R\MONOXKä�L [IT�ß�[�[IX ML Ñ bVJKE�Î^RYP�[�b�RUX9Z ~�zGuY�¿zIi7x-yk�G�Y�}��ö÷ vK�U�-y³hAuY��uG~jz)�"zVuYvj� bVJKE�Î^RYP�[�b\bVTVJ9ZÇNQ[�ZãL�ÜùøÀNOÝ­RUTVJKMOMONOXùNOX ï × ñ�í TVàòRUT\NQbGbGJKE�ÎkRYP�[�b�ß�à9WwbG[�RUJKTGWYÍ�WYEVHKàKNQbGÍÌwEGWYJKH�àòRYb.R
ú RUEVNQbVäANKWYH"[IX�WYEVLKNOT.ß�NOTVà¿R Ò XKNOTG[�P�WYÍ�HKMQ[IÍ�[IX�TSÉ	â�WYEG[�HKEG[�PINQbG[IMOÜ í TVà9[IÜÞàòR�Ôp[d[�bGT¡RULKMONQbVà9[�ZTVàòRUT í WYX#R�X9WYX9bVNOXKÌwJKMáRUE ML Ñ bVJKE�ÎkRYP�[ V í TVà9[IEG[/[)ûANQbGT�RUT	MQ[SRYbVT	Taß�WÞX9WYX Ñ TVEVNOÔjNáRUM RUMOÌp[ILKE¡RUNQP C+
Ñ RYPITVNQWYX9bß�àKNQPGàüÌp[IX9[IE¡RUTG[¿R!bVJKLKÌwEGWYJKH

H
WUÎ�TVà9[�RUJKTGWYÍ�WYEVHKàKNQbVÍÙÌwEGWYJKH

Aut (V )
WUÎ

V
bVJ9P¡àùTVàòRUT\TVà9[�WYEVLKNOT

H.v
WUÎ�R�Ìp[IX9[IE¡RUM	PIMQWwbG[�Z�H WYNOX�T

v ∈ V
àòRYb Ò XKNOTG[�P�WYÍ�HKMQ[IÍ�[IX�TSÉ�õ�ÜãøÀNOÝ­RUTVJKMOMONOX ï × ñ bGJ9PGàùR�bVJKE�ÎkRYP�[

NQb�E¡RUTVNQWYXòRUM�RUX9Z�[INOTVà9[IEdNQb¡WYÍ�WYEVHKàKNQP\TGW
C
∗ × C

∗ WYEdPSRUX�L"[�WYLKT¡RUNOX9[�Z!Î7EGWYÍýR�X9WYX9bVNOXKÌwJKMáRUEdHKEGWUÓV[�PITVNOÔp[
bVJKE�Î^RYP�[

V̄
LjÜ�ZK[IMQ[ITVNOXKÌ#RUX:RUÍ�HKMQ[
ZÇNOÔANQbGWYEÐWUÎ	R�bVH [�PINáRUM Î7WYEVÍ í PSRUMOMQ[�ZîR¿þ yO~ þ �S~ É	ÿ�àKNQb�NQb	Ó´J9bGTÐR�MONOX9[SRUE

PGàòRUNOX WUÎ/X9WYX9bVNOXKÌwJKMáRUE�E¡RUTVNQWYXòRUM/PIJKEVÔp[�bSÉ â:WYEG[!Ìp[IX9[IE¡RUMOMOÜ í NOX TVàKNQb�HòRUH [IE�ß�[!HKEGWSÔp[+TVà9[�Î7WYMOMQW­ß�NOXKÌ
TVà9[�WYEG[IÍ �
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V
�ruY�¿yá��uY��uYx^lrh�y7�Ði^u

C
∗×A

1 hA�Y����i7x-y}óSyk�Y��&��('U�Yx)s*)Cy³���Y�"uYó
y}�9ó��Yx)y7�w�òi	y t
�Y��+!uY�9��ö�y t\y7i	y³���GuY�/lr�QzIi^���)�Qz��)ö�� þ yô~ þ �S~�{

ÈwÉ-, ê/.�ì}Ã/04Æ21�Ã2é ë Â43-5�.jÅKÄ?ì³Â=ÃªÆ�Â�6ãÃªÂ=è7381�.îÆ�êªè�691 ë Å9Æ
:ù[�J9bG[�TVà9[�ÎkWYMOMQWSß�NOXKÌ#TG[IEVÍ�NOX9WYMQWYÌwÜ �

• ; bVJKE�Î^RYP�[\NQbÐR�P�WYXKX9[�PITG[�Z í EG[�ZÇJ9P�[�Z í X9WYEVÍ¿RUM C
Ñ bGP¡à9[IÍ�[
WUÎ Ò XKNOTG[\T�ÜAH"[
RUX9ZîWUÎ4ZÇNOÍ�[IX9bVNQWYX

2
É

•
ÿ�à9[\NOXjTG[IEGbG[�PITVNQWYX+XjJKÍ�L [IE/WUÎ�Taß�W�ZÇNOÔANQbGWYEGb

D1
RUX9Z

D2
WYXîR�bVJKE�Î^RYP�[

V
EG[IÌwJKMáRUEÐRUT�TVà9[�H WYNOX�TGb

WUÎ
D1 ∩ D2

NQbÞZK[IX9WYTG[�Z L�Ü
(D1 · D2)

É:ÿ�à9[#b¡[IMôÎ Ñ NOXjTG[IEGbG[�PITVNQWYX X�JKÍ�L [IE�WUÎ/RîZÇNOÔANQbGWYE
D ⊂ Vreg

NQb
ZK[IX9WYTG[�Z�LjÜ (

D2
)

= (D · D)
É

•
c9WYE�R�Í�WYEVHKàKNQbVÍ

f : W → V
L [IT�ß�[�[IX¿X9WYEVÍ¿RUMrÔYRUEVNQ[ITVNQ[�b.RUX9Z�Î7WYE.R\ZÇNOÔANQbGWYE

D
WYX

V
ß�[dZK[IX9WYTG[

L�Ü
q−1 (D)

TVà9[�bG[IT Ñ TVà9[�WYEG[ITVNQP�HKEG[INOÍ¿RUÌp[�WUÎ D í ß�à9[IEG[SRYb q∗ (D)
ZK[IX9WYTG[�b\NOTGb�HKEG[INOÍ¿RUÌp[�P�WYX9bVNQZK[IEG[�Z

RYbÐR�PIÜÇPIMQ[wÉ
• ; X A

1 ÑkÒ LKE¡RUTVNQWYX e R P
1 ÑkÒ LKE¡RUTVNQWYX f WYXùR#bVJKE�Î^RYP�[

V
NQb\R�bVJKE7ÓV[�PITVNOÔp[�Í�WYEVHKàKNQbVÍ

ρ : V → Z
WYX

R#X9WYX9bVNOXKÌwJKMáRUE
PIJKEVÔp[
Z
ß�NOTVàãÌp[IX9[IE¡RUM Ò L"[IEGbÀNQbGWYÍ�WYEVHKàKNQP�TGW�TVà9[�R�Ö�X9[�MONOX9[

A
1 e TGW#TVà9[�HKEGWUÓV[�PITVNOÔp[MONOX9[

P
1 í EG[�bVH [�PITVNOÔp[IMOÜ f É.ÿ�à9[ Ò L"[IEGbdWUÎ ρ

ß�àKNQPGà:[INOTVà9[IE/RUEG[�X9WYTdNQbGWYÍ�WYEVHKàKNQP\TGW
A

1 e EG[�bGH"[�PITVNOÔp[IMOÜ P
1 fWYEÐRUEG[\X9WYTdEG[�ZÇJ9P�[�Z:RUEG[
PSRUMOMQ[�Z +�zk~jz)�"z)xV�wi�z É

• ; X SNC Ñ ZÇNOÔjNQb¡WYE D
WYX RãbVJKE�Î^RYP�[!NQb�R ZÇNOÔANQbGWYE�ß�NOTVà X9WYEVÍ¿RUMÐPIEGWwbGbVNOXKÌùbGNOXKÌwJKMáRUEVNOTVNQ[�b�ß�à9WwbG[

NOEVEG[�ZÇJ9PINOLKMQ[�P�WYÍ�H WYX9[IX�TGb�RUEG[�X9WYX9bVNOXKÌwJKMáRUESÉ
•
c9WYE
R�X9WYEVÍ¿RUMCR�Ö�X9[�bVJKE�Î^RYP�[

V
ß�[�PSRUMOM4R �GuY�/lr�QzIi7ykuY� WUÎ

V
RUX�WYH [IXã[IÍ�L [�ZKZÇNOXKÌ

i : V ↪→ V̄WUÎ
V
NOXjTGW#R�X9WYEVÍ¿RUMªHKEGWUÓV[�PITVNOÔp[�bGJKE�ÎkRYP�[

V̄ í X9WYX9bVNOXKÌwJKMáRUE�RUMQWYXKÌ B = V̄ \ i (V )
RUX9ZîbGJ9PGà+TVàòRUT

B
NQb

RUX
SNC Ñ ZÇNOÔjNQbGWYESÉ<:ù[�b¡RSÜ+TVàòRUT\TVà9[�P�WYÍ�HKMQ[ITVNQWYX NQbÀÍ�NOXKNOÍ¿RUMCNôÎ

B
P�WYXjT¡RUNOX9b\X9W

(−1) Ñ PIJKEVÔp[�ß�àKNQPGàÍ�[�[ITGb/RUT�Í�WwbGTdT�ß�W�WYTVà9[IEÐP�WYÍ�H WYX9[IX�TGb/TVE¡RUX9bVÔp[IEGb¡RUMOMOÜ!NOXîR�bVNOXKÌwMQ[�H WYNOX�TSÉ
•

c9WYE�RUX�NQbGWYMáRUTG[�Z�bVNOXKÌwJKMáRUEVNOT�Ü
(V, P )

WUÎ�R\X9WYEVÍ¿RUM?bVJKE�Î^RYP�[ í R
Í�NOXKNOÍ¿RUM"[IÍÞL"[�ZKZK[�Z�EG[�bGWYMOJKTVNQWYX!WUÎ
p
NQb\R¿LKNOE¡RUTVNQWYXòRUM4Í�WYEVHKàKNQbVÍ

π : W → V
bVJ9PGà�TVàòRUT

W
NQbÐX9WYX9bGNOXKÌwJKMáRUE í W \ π−1 (P ) ' V \ {P}RUX9Z

π−1 (P )
NQb!RUX

SNC Ñ ZÇNOÔANQbGWYE¿ß�àKNQP¡à P�WYX�T¡RUNOX9b!X9W
(−1) Ñ PIJKEVÔp[�Í�[�[ITVNOXKÌ RUT¿Í�WwbVT�T�ß�W WYTVà9[IE

P�WYÍ�H WYX9[IX�TGb/TVE¡RUX9bVÔp[IEGb¡RUMOMOÜ!NOXîR�bVNOXKÌwMQ[\H WYNOX�TSÉ
= �?>A@CBEDFBG��@IH� *H� ; þ yO~ þ �­~

B
WYX R�X9WYEVÍ¿RUM�HKEGWUÓ�[�PITVNOÔp[!bVJKE�Î^RYP�[

V̄
NQb�R+P�WYXKX9[�PITG[�Z

SNC Ñ ZÇNOÔjNQb¡WYEß�NOTVà�X9WYX9bVNOXKÌwJKMáRUE�E¡RUTVNQWYXòRUM=PIJKEVÔp[�b\RYb/NOEVEG[�ZÇJ9PINOLKMQ[�P�WYÍ�H WYX9[IX�TGb\RUX9Z:ß�à9WwbG[�ZÇJòRUM�ÌwE¡RUHKà�NQbÀR�MONOX9[SRUE
PGàòRUNOXªÉ._^Î

Supp (B) =
⋃n

i=1 Bi í TVà9[�NOEVEG[�ZÇJ9PINOLKMQ[
P�WYÍ�H WYX9[IX�TGb Bi í 1 ≤ i ≤ n í WUÎ B
PSRUX�L"[�WYEGZK[IEG[�Z

NOX+bVJ9P¡à:R�ß�RSÜ!TVàòRUT
(Bi · Bj) =

{

1
NôÎ

|i − j| = 1
0

NôÎ
|i − j| > 1

.

; Ý�NOÌwÝ­RUÌ\ß�NOTVà�bVJ9P¡à¿RUX�WYEGZK[IEVNOXKÌ�WYX�TVà9[�bG[ITCWUÎòNOTGbCP�WYÍ�H"WYX9[IXjTGb	NQbCPSRUMOMQ[�Z uYx)y^z)�òi�z%+ RUX9Z�TVà9[�bG[KJjJ9[IX9P�[
((

B2
1

)

, . . . ,
(

B2
n

)) NQb/PSRUMOMQ[�Z�TVà9[ i7ö-lKz WUÎ
B
É/c9WYE
RUX�WYEVNQ[IXjTG[�Z�Ý�NOÌwÝ­RUÌ

B í TVà9[ÞP�WYÍ�H WYX9[IX�TGb B1
RUX9Z

Bn

RUEG[�PSRUMOMQ[�ZãTVà9[�L WYJKX9Z9RUEVNQ[�b�WUÎ
B
É�øÀNOÔp[IX RUX NOEVEG[�ZÇJ9PINOLKMQ[�P�WYÍ�H WYX9[IX�T

Bi0

WUÎ
B

ß�[¿ZK[IX9WYTG[�L�Ü
B±

i0

TVà9[�P�WYÍ�H WYX9[IX�T
Bi0±1

HKEGWSÔANQZK[�ZãNOT\ZKWj[�b�[)ûÇNQbVTSÉ ; Ý�NOÌwÝ­RUÌ
B
NQb\PSRUMOMQ[�Z�Í�NOXKNOÍ¿RUMCNôÎ.NOT\P�WYX�T¡RUNOX9b

X9W
(−1) Ñ PIJKEVÔp[wÉå [IT C ⊂ V̄

L"[�RUX
SNC Ñ ZÇNOÔANQbGWYESÉ ; Ý�NOÌwÝ­RUÌ

B
WUÎ

C
NQb�R�Ý�NOÌwÝ­RUÌ!ß�NOTVàãbVJKHKH WYEVTÀP�WYXjT¡RUNOX9[�ZãNOX

CRUX9Z!bVJ9PGà!TVàòRUT�X9WÞNOEVEG[�ZÇJ9PINOLKMQ[
P�WYÍ�H"WYX9[IXjTdWUÎ
B
P�WYEVEG[�bVH WYX9ZKb�TGW�R
E¡RUÍ�N Ò PSRUTVNQWYX+Ôp[IEVTG[)û�WUÎ2TVà9[�ZÇJòRUMÌwE¡RUHKàãWUÎ

C
É ; Ý�NOÌwÝ­RUÌ

B
ß�àKNQPGà�NQbdÍ¿R�ûÇNOÍ¿RUM�Î7WYE/TVà9[
NOX9PIMOJ9bVNQWYXãWUÎ	bVJKHKH"WYEVTGb/NQbÐPSRUMOMQ[�Z:Í¿R�ûÇNOÍ¿RUM^Éd_^Î

C
NOTGbG[IMôÎ4NQb�X9WYTÐR�Ý�NOÌwÝ­RUÌ í TVà9[IX+ß�[
PSRUMOM2R�Í¿R�ûÇNOÍ¿RUMªÝ�NOÌwÝ­RUÌ B

WUÎ
C
bVNOÍ�HKMQ[
NôÎ=WYXKMOÜ!WYX9[\L"WYJKX9Z9RUEVÜ!WUÎ

B
Í�[�[ITGbÞR¿E¡RUÍ�N Ò PSRUTVNQWYXüÔp[IEVTG[)ûãWUÎ�TVà9[�ZÇJòRUMCÌwE¡RUHKàüWUÎ

C
ÉL:ù[�PSRUMOMCNOT\ZKWYJKLKMQ[�NôÎ�TVàKNQb�àòRUHKH [IX9b�ÎkWYE

L WYTVà�L"WYJKX9Z9RUEVNQ[�b/WUÎ
B
É

:ù[�b¡R�Ü�TVàòRUT.R/X9WYEVÍ¿RUMrR�Ö�X9[�bVJKE�Î^RYP�[
V
NQbCP�WYÍ�HKMQ[IT¡RULKMQ[dLjÜ�R/Ý�NOÌwÝ­RUÌ\NôÎ TVà9[IEG[�[)ûANQbGTGb	R/P�WYÍ�HKMQ[ITVNQWYX

V̄
WUÎ

V
bVJ9PGàîTVàòRUT

B := V̄ \ V
NQbÐR�Ý�NOÌwÝ­RUÌ9É
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P
1 , >"!C�$# DFBG��@%����@ @7���(�&#
'(���(�
) �+*?DFB-,��.�0/7�1 2#�*��+�� :ù[ÞEG[�PSRUMOM4b¡WYÍ�[
HKEGWYH [IEVTVNQ[�b

WUÎ
P

1 ÑkÒ LKE¡RUTVNQWYX9b#WYX RãX9WYEVÍ¿RUMÀHKEGWUÓ�[�PITVNOÔp[:bVJKE�ÎkRYP�[wÉ ÿ�à9[�ÎkWYMOMQWSß�NOXKÌ MQ[IÍ�Í¿R NQb¿ß�[IMOM/äjX9W­ß�X ÎkWYE#R
X9WYX9bVNOXKÌwJKMáRUEÀbVJKE�ÎkRYP�[

V̄ e bG[�[ ï ÈSÏ í å [IÍ�Í¿RîÈwÉ 39ÉOÈ í HªÉOÈ ð × ñ}f É� ��� �&# H� -4� )2zIi
q̄ : V̄ → Z̄

�Gzù�
P

1 s65��)xV�wi7ykuY�"{87³t
F :=

∑p
1=1 niCi

y³���95��Gz)x u�t
q̄
qCy7i}h

y}x-xGz%+YvK�Iy^�)�Oz��GuY�/lÇuY�"zI�òi}�
Ci

i}hÇz)�ãi}hÇz.t�uY�³�OuYqCy}�j~�hAuY� +�{
e È f&: hKz\��uYx�lòh�y³�-� q̄
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q̃
TVà9[

P
1 ÑkÒ LKE¡RUTVNQWYXãWYX

W̄
MONôÎ7TVNOXKÌ

q̄
RUX9Z+LjÜ
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q̄
RUX9Z

(3) − (9)
ÎkWYMOMQWSß Î7EGWYÍ TVà9[\Ìp[IXjJ9b�ÎkWYEVÍ�JKMáRÇÉ
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_aTGbÀTGWYT¡RUMCTVE¡RUX9b�Î7WYEVÍ

φ−1 (F )
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_aX PSRYbG[

D = E
ß�[!MQ[IT

H
L"[�R:E¡RUÍ�N Ò PSRUTVNQWYX Ôp[IEVTG[)û WUÎ

Γ (F ∪ S)
bVJ9PGà TVàòRUT

E
NQb�RîLKE¡RUX9PGà

WUÎ
Γ (F ∪ S)

RUT
H
É�ÿ�à9[IX

H
àòRYbÞÔwRUMQ[IX9PIÜ

3
Î7WYE�WYTVà9[IEVß�NQbG[

τE (H)
NQb�R:E¡RUÍ�N Ò PSRUTVNQWYX Ôp[IEVTG[)û WUÎ

Γ (F1 ∪ S1)
RUX9Z à9[IX9P�[ãX9WYX9[ WUÎÞTVà9[ãÍ¿R�ûÇNOÍ¿RUM\TG[IEVÍ�NOXòRUM\Ý�NOÌwÝ­RUÌpb+WUÎ

F1
P�WYX�T¡RUNOX9b�R

(−1) Ñ PIJKEVÔp[ß�àKNQPGà P�WYX�TVE¡RYZÇNQPITGb e È f É ÿ�àjJ9b�NôÎ
F1 ∪ S1

NQb#RãÝ�NOÌwÝ­RUÌüTVà9[IX ß�[îRUEG[+ZKWYX9[wÉ _^Î
F1 ∪ S1

NQb�X9WYT#R
Ý�NOÌwÝ­RUÌ�TVà9[IX

τE (H)
NQb�P�WYX�T¡RUNOX9[�Z NOXùR¿Í¿R�ûANOÍ¿RUMCÝ�NOÌwÝ­RUÌ

D1
WUÎ

F1
É
_�Î�[INOTVà9[IE

D1
Í�[�[ITGb

S1
WYE

D1
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NQbÐZKWYJKLKMQ[ÞTVà9[IX
τE

HKEGWSÔANQZK[�bÀR�LKN Ó�[�PITVNOÔp[�P�WYEVEG[�bVH WYX9Z9RUX9P�[�L [IT�ß�[�[IX:TVà9[ÞÍ¿R�ûÇNOÍ¿RUM2TG[IEVÍ�NOXòRUM=Ý�NOÌwÝ­RUÌpb
WUÎ

F
ZÇN � [IEG[IXjT\Î7EGWYÍ

E
RUX9ZùTVà9WwbG[�WUÎ

F1
É 	jNOX9P�[�TVà9[�bG[�Í¿R�ûÇNOÍ¿RUM	Ý�NOÌwÝ­RUÌpb�WUÎ

F
ß�[IEG[�X9WYTÞR��?[�PITG[�Z

L�Ü:TVà9[�P�WYX�TVE¡RYPITVNQWYX WUÎ
E
NOTÀÎ7WYMOMQW­ßdb\TVàòRUT\X9WYX9[�WUÎ�TVà9[�Í¿R�ûÇNOÍ¿RUMCTG[IEVÍ�NOXòRUM	Ý�NOÌwÝ­RUÌpb
WUÎ

F1
P�WYXjT¡RUNOX9b

R
(−1) Ñ PIJKEVÔp[�ß�àKNQP¡à RUÌ�RUNOXùP�WYX�TVE¡RYZÇNQPITGb e È f É�ÿ�à9[IEG[)Î7WYEG[ D1

NQb
R�Í¿R�ûANOÍ¿RUM.TG[IEVÍ�NOXòRUM	Ý�NOÌwÝ­RUÌîWUÎ
F1RUX9Z NOT�P�WYXjT¡RUNOX9b¿R

(−1) Ñ PIJKEVÔp[ E1
L�Ü e È f É��/JKE�NOX9ZÇJ9PITVNQWYX àjÜjH WYTVà9[�bVNQb�TVà9[IX NOÍ�HKMONQ[�b�TVàòRUT�[IÔp[IEVÜ

E¡RUÍ�N Ò PSRUTVNQWYX Ôp[IEVTG[)û:WUÎ
Γ (F1 ∪ S1)

L"[IMQWYXKÌpbÀTGW¿TVà9[ÞbVà9WYEVTG[�bGT/HòRUTVà:Î}EGWYÍ
E1

TGW
S1

NOX
Γ (F1 ∪ S1)

É
; b H

NQb.TVà9[ÀWYXKMOÜ�E¡RUÍ�N Ò PSRUTVNQWYX!Ôp[IEVTG[)û#WUÎ Γ (F ∪ S)
ß�àKNQPGà�NQb�[IMONOÍ�NOXòRUTG[�Z#LjÜ�TVà9[/P�WYXjTVE¡RYPITVNQWYX+WUÎ

E íß�[ÞP�WYX9PIMOJ9ZK[�TVàòRUTÀ[IÔp[IEVÜ+bVJ9PGà:E¡RUÍ�N Ò PSRUTVNQWYX:Ôp[IEVTG[)û+L [IMQWYXKÌpb/TGW�TVà9[�bGà9WYEVTG[�bVTdHòRUTVà+Î7EGWYÍ
E
TGW

S
NOX

Γ (F ∪ S)
ÉCÿ�àKNQb�HKEGWSÔp[�b/TVà9[\bG[�P�WYX9ZîRYbGb¡[IEVTVNQWYXªÉ

��L�(�
� ���FDFBG��� �� 
A

1 , >"!C�$# DFBG��@%� ��@!@���� � #
'"#�� @����0/��$ #�*?�+�? ø�NOÔp[IX�RÞX9WYEVÍ¿RUMªR�Ö�X9[�bVJKE�Î^RYP�[
VTGWYÌp[ITVà9[IE�ß�NOTVà RUX

A
1 ÑkÒ LKE¡RUTVNQWYX q : V → Z

W­Ôp[IE�R�X9WYX9bVNOXKÌwJKMáRUE�R�Ö�X9[�PIJKEVÔp[
Z í ß�[#MQ[IT V̄

L"[�R
Í�NOXKNOÍ¿RUM�P�WYÍ�HKMQ[ITVNQWYX WUÎ

V
É 	jNOX9P�[

V
NQb�R�Ö�X9[�TVà9[¿ZÇNOÔANQbGWYE

B := V̄ \ V
NQbÞP�WYXKX9[�PITG[�Z?É+ÿ�à9[

A
1 ÑÒ LKE¡RUTVNQWYX q

WYX
V
NOX9ZÇJ9P�[�b.R�E¡RUTVNQWYXòRUM9Í¿RUH

q̄ : V̄ 99K Z̄ í ß�à9[IEG[ Z̄
ZK[IX9WYTG[�b�RÀX9WYX9bGNOXKÌwJKMáRUE.HKEGWUÓV[�PITVNOÔp[

Í�WAZK[IMªWUÎ
Z
É=ÿ�à9[\PIMQWwbGJKEG[�bdWUÎ�TVà9[ Ò L [IEGb�WUÎ q

NOX
V̄
ZK[ Ò X9[
RÞH [IX9PINOMªWUÎ�X9WYX9bVNOXKÌwJKMáRUEdE¡RUTVNQWYXòRUMªPIJKEVÔp[�bß�NOTVà�RUT.Í�WwbVT.WYX9[dLòRYb¡[�H"WYNOXjT�WYX

B
É=_^Î X9[�P�[�bGb¡RUEVÜ í TVàKNQb	LòRYb¡[�H"WYNOXjT�RUX9Z�RUMOM9NOX Ò XKNOTG[IMOÜ�X9[SRUE�WYX9[�b�PSRUXL [�[IMONOÍ�NOXòRUTG[�ZùL�Ü�R!bGJ9P�P�[�bGbVNQWYX WUÎ�LKMQW­ß Ñ JKH9b\ß�NOTVàùP�[IX�TG[IEGb
WYJKTGbGNQZK[�WUÎ

V
ÉÞÿ�à�J9b\ß�[�Í¿R�ÜãbVJKHKH WwbG[

TVàòRUT
q̄
NQbÐR�ß�[IMOM Ñ ZK[ Ò X9[�Z

P
1 ÑkÒ LKE¡RUTVNQWYX�WYX

V̄
É

H� ��/ _�X�TVàKNQb�ß�R�Ü�ß�[�RUEVEVNOÔp[�RUTÐR�P�WYÍ�HKMQ[ITVNQWYX
V̄
WUÎ

V
ß�NOTVà+TVà9[\Î7WYMOMQW­ß�NOXKÌ¿HKEGWYH [IEVTVNQ[�b �

e È f V̄
NQb�R#X9WYEVÍ¿RUM	HKEGWUÓ�[�PITVNOÔp[¿bVJKE�ÎkRYP�[ í X9WYX9bGNOXKÌwJKMáRUEÞRUMQWYXKÌ B := V̄ \ V í ß�NOTVàüR

P
1 ÑkÒ LKE¡RUTVNQWYX

q̄ : V̄ → Z̄
bVJ9PGàîTVàòRUTdTVà9[ÀÎ7WYMOMQW­ß�NOXKÌ#ZÇNáRUÌwE¡RUÍ P�WYÍ�Í�JKTG[�b

V

q

��

�

�

// V̄

q̄

��

Z �

�

// Z̄

e Ï f B
NQb�R:P�WYXKX9[�PITG[�Z

SNC Ñ ZÇNOÔjNQbGWYE�RUX9Z PSRUX L"[�ß�EVNOTVTG[IX RYb
B = H ∪ S ∪ G í ß�à9[IEG[ S

NQb
R!b¡[�PITVNQWYXüWUÎ

q̄ í H =
⋃

Hj í ß�à9[IEG[ Hj := q̄−1 (zj)
ß�NOTVà

zj ∈ Z̄ \ Z í RUX9ZãTVà9[�P�WYXKX9[�PITG[�Z
P�WYÍ�H WYX9[IX�TGbÀWUÎ

G
RUEG[\TVEG[�[�bdWUÎ4X9WYX9bVNOXKÌwJKMáRUEÐE¡RUTVNQWYXòRUM2PIJKEVÔp[�b­É

e Õ f :ù[¿PSRUX ß�EVNOTG[
G =

⋃s
i= Gi í ß�à9[IEG[ q̄ (Gi) = zi ∈ Z

RUX9Zãß�à9[IEG[
z1, . . . , zs ∈ Z

RUEG[�TVà9[
H WYNOX�TGb�bVJ9PGàãTVàòRUT\TVà9[ Ò L [IE q−1 (zi) ⊂ V

NQb�ZK[IÌp[IX9[IE¡RUTG[wÉ�ÿ�à�J9b
q̄−1 (zi) = Gi ∪ q−1 (zi) í

1 ≤ i ≤ s í ß�à9[IEG[ q−1 (zi)
ZK[IX9WYTG[�bdTVà9[\PIMQWwbVJKEG[�WUÎ

q−1 (zi)
NOX

V̄
É

�/X9[�PSRUX!Í�WYEG[�WSÔp[IE/RYbGbGJKÍ�[/TVàòRUT�TVà9[ÀL WYJKX9Z9RUEVÜ�ZÇNOÔANQbGWYE
B
P�WYX�T¡RUNOX9bdX9W

(−1) Ñ PIJKEVÔp[�[)ûKP�[IHKT�Í¿R�ÜAL"[TVà9[�bG[�PITVNQWYX
S
É 	jNOX9P�[

B
P�WYXjT¡RUNOX9b4X9W/bVNOXKÌwJKMáRUE4H WYNOX�TCWUÎ

V̄ í NOT2ÎkWYMOMQWSßdb=TVàòRUTC[IÔp[IEVÜ Hj

NQb4RdX9WYX9bGNOXKÌwJKMáRUE
E¡RUTVNQWYXòRUM�PIJKEVÔp[wÉ�_aXùTVà9[�bG[KJjJ9[IM í bVJ9P¡à R�P�WYÍ�HKMQ[ITVNQWYX ß�NOMOM	L [�PSRUMOMQ[�ZüR ~�uSu + �GuY�/lr�QzIi7ykuY� u�t

V
qCy7i}h

xGz-�^lKzG��i�i^u
q
É

c9WYE+ZK[IÌp[IX9[IE¡RUTG[ Ò L [IEGb�WUÎ�RUX
A

1 ÑkÒ LKE¡RUTVNQWYX WYX R X9WYEVÍ¿RUM�R�Ö�X9[ bVJKE�Î^RYP�[
V í TVà9[IEG[ [)ûÇNQbVTGb�TVà9[

ÎkWYMOMQWSß�NOXKÌ#ZK[�b¡PIEVNOHKTVNQWYXªÉ
� ��� �&# H� 	�� > &îy}öp�Y�9y³�¡h�y ï ÈSÏ í å [IÍ�Í¿RYb�ÈwÉ 39É±ÏüRUX9Z ÈwÉ 39É 3 í HªÉOÈ ð Ú ñ @ 7³t q : V → Z = A

1 y³�+�Y�
A

1 s65��)x��pi7y7uY� i}hÇzI��i}hÇz.t�uY�}�ôuYqCy}�j~��U�¡�Sz)xIi7y7uY�9�ÀhÇuY� +�n
e È f�
 óUz)x)ö�y³x)xVz +YvÇ��yk�)�Qz#�GuY�/lÇuY�"zI�òi C

u�t
q−1 (z)

yá���+�GuY�9� zV��i�z%+ã�GuY�/lÇuw�"z)�òiÐuVt
q−1 (z)

�Y��+�yá�
��x��wi7ykuY�r�w� �IvAx)óUz\qCy7i}h�uY�ò�mö�uY�"z.l"�ô�p�-z��wi4y}� 5	�òy}i7ö�{ EÞz)�r�¡z

C
y³�Ðyá��uY��uYx�lòh�yk�\i^u

A
1 lrxVuYóSy +�z%+y7i	y³�\�ruY�K�)y³�A~Yvj�O�YxS{

e Ï f�
 óUz)x)ö��-vK�)hî�GuY�/lÇuw�"z)�òi
C

�¡uY�òi^�Yy}�K�Þ�wi.��uY�)i�uw�"z
�-y}�j~YvA�ô�Yx�lKuYy³�ri�u�t
V
{
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e Õ f&: hKz��)vjx}tI���¡z V
hA�U�Þ�wi.��uY�)i���öw���myk� ÷ vÇupi7ykz)�ri.�)y³�A~Yvj�O�Yx)y}i7y^z-�S{

e 3 f 7³t C �GuY�òi^�wy³�K�ã� �-y}�j~YvA�ô�Yx�lÇuYy}�òi
P

u�t
V

�Y��+ y t
π : W → V

y³��� ��y³�òy³���Y�ÀzI���¡z%+?+�z%+
xGz-��uY�mvÇi7ykuY� u�t

P
i}hÇzI� i}hÇzî�I�ôuY�-vAxVz

C̄ ′ y}� W
u�t�i}hÇzÞlrxVu-lKzIx+i7x��Y�9�³t�uYx-�

C ′ u�t C
��z¡zIi}�î�

i�zIx-��y}�r�Y�2�GuY�/lÇuw�"z)�òi�u�t
π−1 (P )

{
ÏÇÉ Á�ÂA3-5�.�Å9Ä ì}Â=ÃªÆ¿ÂC6

ML �
Æ­ê2è�6 1?ë Å9Æ

ÿ�àKNQbdbG[�PITVNQWYXîNQbdZK[IÔpWYTG[�Z�TGW�TVà9[�HKEGWAWUÎ	WUÎ=TVà9[ÀÎkWYMOMQWSß�NOXKÌ#TVà9[�WYEG[IÍ �


������������ 4� *H� " �ruYx)���w� � $ � z/�-vAx³t��p�¡z
V

hA�U�
��i7x)y³óSyk�Y��&��('U�wx-s )4y}���w�ruYó�y}�9ó��wx-yk�Y�òi4y t��w��+�uY�9��ö
y t\y}i.yá�
�GuY�/lr�QzIi^���)�Qz��)ö!� þ yô~ þ �S~�{
ÿ2W�EG[)Î7WYEVÍÞJKMáRUTG[�WYJKEÐbVT¡RUTG[IÍ�[IXjTdß�[
X9[�[�Z�TVà9[�ÎkWYMOMQWSß�NOXKÌ¿MQ[IÍ�Í¿RÇÉ

� ��� �&#&4� -4� B>�� zGz [wÉ Ì9É ï 3 ñ @ {�7³t V
y³���¿�"uYx-���Y�2�%$ �"z
�-vAx³t��p�¡z�i}hÇzI��i}hÇz�t�uY�}�ôuwqCy³�j~��U�-��z)xIi7y7uw�K���YxVz

z ÷ vAy}ó��Y�Qz)�òiÐn
e È f&: hKz)xVz�z Hwyá�Ii}�Þ�Y� A

1 s 5��)xV�wi7ykuY� q : V → Z
uYóUzIxÞ�#�ruY�K�)y³�j~wvj�O�Yx�� $ �"zÞ�IvAx-óYz

Z
{

e Ï f&: hKz��-vAx}tI�p�-z V
�GuY�ri^�Yy³�9����lrx-y}�r�Iy¯lÇ�Y�����Yx)y³� '­ydu-lKzI�ü�)vK�-�SzIi

U
q4h�yk�)h:y³�����IöY��y³��+jz)x¿n

U '
C × A

1 {
e Õ f&: hKz)xVz�z Hwyá�Ii}�Þ���ruw�9sai7x)y³ó­y7�Y�2�w� ~�z­�)x��wy7� C+

s��p��i7ykuY� uY�
V
{

; bdR�P�WYX9bG[KJjJ9[IX9P�[\ß�[
WYLKT¡RUNOX �

�����(��' ' # ��� 4� 	�� A uYx��#�ruYx)���w�2� $ �"z\�-vAx³t��p�¡z
V

i}hÇz.t�uY�³�OuYqCy}�j~��U�¡�Sz)x)i7ykuY�K���YxGz�z ÷ vAy³óU�Y�OzI�òiÐn
e È f&: hKz<&�� 'U�Yx)s*)4y}���Y�ruYó�y}�9ó��Yx)yk�Y�òi.u�t

V
y³�
i7x-y}óSyk�Y�Q{

e Ï f&: hKz)xVz�zIHYyá�Ii}���wi��OzG�U�)i�i7q.u#�ruY�òi7x)y}óSy7�w���Y�`~�zS�)xV�Yyk� C+
s´�p�Si7y7uY�9�ÞuY�

V
�-vK�)h:i}hA�wi�i}hÇz)y}x/~�zI�"z)xV�Y�

uwx��)y7i}��+pu#�ruwi��GuYy}�r�Iy +�zS{
e Õ f&: hKz)xVz�zIHYyá�Ii}�Þ�wi	�QzV�U�Ii�i7q.u A

1 s 5��)xV�wi7ykuY�K� q1 : V → Z1
�w��+

q2 : V → Z2
uYóUzIx��ruY�9�-y}�j~YvA�ô�Yx

�%$ �"z���vjx)óUz-�
Z1

�Y��+
Z2
<C�)vÇ�Ihîi}hA�wi.i}hKz/~jz)�"z)xV�Y�+5��Gz)x-�Þu�t

q1
�w��+

q2
+pu¿�ruwi��GuYy}�r�Iy +�zS{

ÿ�à�J9b í ÿ�à9[�WYEG[IÍ�ÏÇÉOÈ
PSRUX+L [\[KJjJKNOÔYRUMQ[IXjTVMOÜ#ÎkWYEVÍ�JKMáRUTG[�Z�RYb�ÎkWYMOMQWSßdbSÉ

������������ 4� ��/ 8"%�ruwx-���Y�?� $ �"z/�)vjx}t��p�¡z�y³���¡uY�/lr�Oz�i^���)�QzÞ�)ö¿� þ yO~ þ �S~�y t\�Y��+�uw�9�mö�y t/y7iC�?+Y��y}i}��i7q.u
A

1 s65��)x��pi7y7uY�9�
q4hAuU��z/~�z)� z)x��w��5��¡z)x¡� +�u��rupi��GuYy}�r�Iy +�zS{
� ���(�&#
' #�� @7� �0/7�1 2#�*��+��*?��� �"'G�?D #�!"' � !
� #���B�
���#�
7 
ÿ�àKNQb�bG[�PITVNQWYX NQb�PIMQWwbG[IMOÜ EG[IMáRUTG[�Z TGWùTVà9[:ß�WYEVä WUÎ��\RUXKNOMQWSÔ RUX9Z øÀNOÝ­RUTVJKMOMONOX ï × ñ RUX9Z ï Ú ñ�í ß�à9[IEG[TVà9[�PSRYbG[#WUÎdX9WYX9bGNOXKÌwJKMáRUE�bVJKE�ÎkRYP�[�b�P�WYÍ�HKMQ[IT¡RULKMQ[!L�Ü R+Ý�NOÌwÝ­RUÌ�ß�RYb�TVEG[SRUTG[�Z?É å [IT�J9b�Í�[IXjTVNQWYX Ò EGbVTbGWYÍ�[:J9bG[)Î7JKMOMÀTG[�P¡àKXKNQPSRUM\EG[�bVJKMOTGb�RUL"WYJKT!Ý�NOÌwÝ­RUÌpb�WYX X9WYEVÍ¿RUM�HKEGWUÓ�[�PITVNOÔp[ bVJKE�Î^RYP�[�bSÉ%ÿ�à9[îÎ7WYMOMQW­ß�NOXKÌ

P�WYX9bVTVEVJ9PITVNQWYX:ß�NOMOMªL"[ÀÎ7EG[KJjJ9[IX�TVMOÜ!J9bG[�Z!NOX�TVà9[
bG[KJjJ9[IM^É
= �?>A@CBEDFBG��@ 4� ��� å [IT V̄

L"[�R#X9WYEVÍ¿RUM	HKEGWUÓV[�PITVNOÔp[�bVJKE�ÎkRYP�[ í RUX9ZãMQ[IT
C

RUX9Z
D

L"[�Taß�W�NOEVEG[�ZÇJ9PINOLKMQ[
X9WYX9bVNOXKÌwJKMáRUEÀPIJKEVÔp[�b/WYX

V̄
ß�àKNQP¡àîNOX�TG[IEGb¡[�PIT/TVE¡RUX9bVÔp[IEGb-RUMOMOÜ�RUT�R�bVNOXKÌwMQ[\X9WYX9bGNOXKÌwJKMáRUE/H WYNOX�TÀWUÎ

V̄
É.õ�Ü

TVà9[ y7i�z)xV�wi7y³óYz���u +wy 5��¡�wi7y7uw� WUÎ
V̄

qCy7i}h �-z)�òi�z)x
(C,D) í �Qz)�j~UhAi r ∈ N

∗ �Y��+ +Yy}óSy³�IuYx-�
E1, . . . Er í ß�[Í�[SRUX�TVà9[�LKNOE¡RUTVNQWYXòRUM2Í�WYEVHKàKNQbGÍ

σ : W̄ → V̄ í ß�à9[IEG[ W̄
NQbÐRÞX9WYEVÍ¿RUMªHKEGWUÓV[�PITVNOÔp[
bVJKE�Î^RYP�[ í WYLKT¡RUNOX9[�ZL�Ü!TVà9[ÀÎkWYMOMQWSß�NOXKÌ#LKMQWSß Ñ JKHîHKEGWAP�[�ZÇJKEG[ �

◦
	jTG[IH

1
NQb/TVà9[�LKMQW­ß Ñ JKH σ1 : W̄1 → V̄

WUÎ	TVà9[�NOXjTG[IEGbG[�PITVNQWYXãH"WYNOXjTÀWUÎ
C
RUX9Z

D
ß�NOTVà�[)ûÇP�[IH ÑTVNQWYXòRUM�PIJKEVÔp[

E1 ⊂ W̄1
É

◦
	jTG[IH

k
Î7WYE

2 ≤ k ≤ r
NQb�TVà9[ÀLKMQWSß Ñ JKH σk : W̄k → W̄k−1

WUÎ�TVà9[/NOXjTG[IEGbG[�PITVNQWYX�H WYNOX�T�WUÎ
Ek−1RUX9Z+TVà9[�HKEGWYH"[IEdTVE¡RUX9bVÎ7WYEVÍýWUÎ

D
NOX

W̄k−1 í ß�NOTVà:[)ûÇP�[IHKTVNQWYXòRUM=PIJKEVÔp[
Ek ⊂ W̄k

É
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����
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����9
��
� � � ����� ����� ����������� ����� �	������� � ��� ��
��
� �	

�?����� ��
����

:ù[�MQ[IT
σ := σr◦· · ·◦σ1 : W̄ := W̄r → V̄

É�_�Î
C ′ ⊂ W̄ e D′ ⊂ W̄ f ZK[IX9WYTG[�b4TVà9[�HKEGWYH [IE4TVE¡RUX9b�ÎkWYEVÍWUÎ

C ⊂ V̄ e WUÎ D ⊂ V̄
EG[�bVH [�PITVNOÔp[IMOÜ f TVà9[IX (C ′2

)

=
(

C2
)

− 1 í (D′2
)

=
(

D2
)

− r í (E2
r

)

= −1
RUX9Z

(

E2
i

)

= −2 í 1 ≤ i ≤ r − 1
ÉÐc9WYEÀTVà9[�ZÇJòRUM=ÌwE¡RUHKà WUÎ	TVà9[
TGWYT¡RUM�TVE¡RUX9bVÎ7WYEVÍ WUÎ

C ∪ D
NOX

W̄
ß�[ÞJ9bG[

TVà9[�ÎkWYMOMQWSß�NOXKÌ�X9WYT¡RUTVNQWYX �

•
D

•
Er

r ��� •
C

_aX�ÏÇÉ±Ú Ñ ÏÇÉ ð L"[IMQW­ß ß�[d[�bVT¡RULKMONQbGà�bGWYÍ�[�J9bG[)Î}JKMOMKHKEGWYH [IEVTVNQ[�b	WUÎ?R�Ö�X9[dbVJKE�Î^RYP�[�bCP�WYÍ�HKMQ[IT¡RULKMQ[�L�Ü�RÀÝ�NOÌwÝ­RUÌ9É
� ��� �&# 4� ��� �)2zIi

V̄
�Gz+�ã�"uYx-���Y�ªlrxVu�|�zG��i7y³óYz��-vAx}tI�p�-z+�Y��+

B ⊂ V̄
�Gzî� þ yO~ þ �S~ã�-vK�)h i}hA�wi

V̄
yá�

�ruY�9�-y}�j~YvA�ô�Yx��Y�ôuw�j~
B

�Y��+
V := V̄ \ B

yá�#�%$ �"zS{?7³t
B

yá��y}x-xGz%+YvK�Iy^�)�Qz!i}hÇz)� (
B2
)

> 0
{ 7³t

B
yá�

xGz%+YvK�Iyk�I�Oz�i}hKz)�ãy}i��GuY�òi^�Yy}�K���Y��y³x)xGz%+YvK�Iyk�I�Oz��¡uY�/lÇuY�"z)�ri
C

qCy}i}h (
C2
)

≥ −1
{

J xVuSu�tS{ 	jNOX9P�[
V = V̄ \ B

NQb/R�Ö�X9[ í LjÜîR�TVà9[�WYEG[IÍ WUÎ.ø�WAWjZÇÍ¿RUX ï æ ñ TVà9[IEG[�[)ûÇNQbVTGbÐRUX:RUÍ�HKMQ[ÞZÇNOÔjNQb¡WYE
D
WYX

V̄
bVJ9P¡à�TVàòRUT

Supp (D) = B
É4ÿ�à�J9bCTVà9[ Ò EGbGT.RYbGbG[IEVTVNQWYX�ÎkWYMOMQWSßdbSÉ å [ITCÎ7JKEVTVà9[IE B

L"[�EG[�ZÇJ9PINOLKMQ[ �

B = ∪n
i=1Ci

ß�NOTVà
Ci

NOEVEG[�ZÇJ9PINOLKMQ[ í n ≥ 2 í RUX9Z#MQ[IT D =
∑n

i=1 miCi

ß�NOTVà
mi > 0

Î7WYE�RUMOM
1 ≤ i ≤ n

É
	jNOX9P�[

B
NQbÐR�Ý�NOÌwÝ­RUÌ�ß�[\àòR�Ôp[ (

Ci ·
∑

j 6=i Cj

)

≤ 2
É	cKEGWYÍ

(D · B) =
n
∑

i=1

mi (Ci · B) =
n
∑

i=1

mi





(

C2
i

)

+



Ci ·
∑

j 6=i

Cj







 > 0

ß�[:P�WYX9PIMOJ9ZK[+TVàòRUT#TVà9[IEG[+[)ûANQbGTGb
i0

ß�NOTVà (
C2

i0

)

> −
(

Ci0 ·
∑

j 6=i0
Cj

)

≥ −2 í ß�à9[IX9P�[ (C2
i0

)

≥

−1
É

�� ��� �&# 4� 	�� ���y³óYz)�î�Þ�ruYx)���w�"� $ �"zÐ�)vjx}t��p�¡z
V

�¡uY�/lr�Oz�i^���)�Qz��)ö�� þ yO~ þ �­~1<4i}hKz)xVz�z HYy³�)i}�À����y}�9y³���Y�
�GuY�/lr�QzIi7ykuY�

V̄
u�t

V
�Iö��Y� uYx)ykz)�ri�z%+ þ yO~ þ �­~

B
�)vÇ�Ihüi}hA�wi/y}i}���Qz}t)i\�VuYvA��+p�wx-ö

C1
hA�U���ruY�9sa�"zk~p�pi7y³óUz

��zI� t)s�y}�òi�z)x-��zV�Si7y7uY� {
J xVuSu�tS{ _^Î

B
NQb
NOEVEG[�ZÇJ9PINOLKMQ[�TVà9[IX TVà9[#RYbGbG[IEVTVNQWYXüÎ7WYMOMQW­ßdb
Î7EGWYÍÙMQ[IÍ�Í¿R�ÏÇÉ±ÚÇÉ�ÿ�à�J9bÞß�[#Í¿R�ÜüRYb¡bVJKÍ�[

TVàòRUT
B = ∪n

i=1Ci

ß�NOTVà
n ≥ 2

É�õ�Ü:MQ[IÍ�Í¿R+ÏÇÉ±Ú í (C2
i0

)

≥ −1
ÎkWYE
bGWYÍ�[

i0 í 1 ≤ i0 ≤ n
É¿_�XãÎ^RYPIT

(

C2
i0

)

≥ 0
RYb

B
NQb	Í�NOXKNOÍ¿RUM^É._^Î

i0 = 1
WYE

i0 = n
TVà9[IX í JKH¿TGW
EG[IÔp[IEGbGNOXKÌ�TVà9[ÀWYEGZK[IEVNOXKÌ í ß�[ÀRUEG[/ZKWYX9[wÉ_�Î4X9WYT í ß�[�MQ[IT i0

L [
TVà9[ÞÍ�NOXKNOÍ¿RUM�NOX9ZÇNQP�[�bVJ9P¡àîTVàòRUT (
C2

i

)

≥ 0 í RUX9Z+ß�[ÞZK[IX9WYTG[ C (B) := Ci0

RUX9Z
d (B) = d (C1, C (B)) = i0 − 1

ÉCÿ�àjJ9b (
C2

i

)

≤ −2
Î7WYE�[IÔp[IEVÜ!P�WYÍ�H"WYX9[IXjT

Ci

TGW�TVà9[ÀMQ[)Î}TdWUÎ
C (B)

É
	jNOX9P�[

C (B)
NQbÀX9WYT
R�L WYJKX9Z9RUEVÜ:WUÎ

B í TVà9[�bVJ9P�P�[�bGbGWYE C (B)+
WUÎ

C (B)
[)ûÇNQbVTGb í RUX9Z�b¡W¿ß�[�PSRUX

H [IE�Î7WYEVÍ TVà9[ÐNOTG[IE¡RUTVNOÔp[ÀÍ�WAZÇN Ò PSRUTVNQWYX σ : W̄ → V̄
WUÎ

V̄
ß�NOTVà�P�[IXjTG[IE (

C (B) , C (B)+
) í MQ[IXKÌwTVà c+1RUX9ZãZÇNOÔjNQb¡WYEGb

E1, . . . , Ec, Ec+1
ß�NOTVà

c :=
(

C (B)2
) É�ÿ�à9[IX:ß�[�Ìp[ITÀTVàòRUT (

C (B)′2
)

=
(

E2
c+1

)

=

−1
Éî_�Î

τ : W̄ → W̄1
NQb�TVà9[�P�WYX�TVE¡RYPITVNQWYX WUÎ

C (B)′
TVà9[IX (

τ
(

C (B)′−
)2
)

=
(

(

C (B)−
)2
)

+ 1
RUX9Z (

τ (Ec+1)
2
)

= 0
É!õ�ÜãNOTG[IE¡RUTVNOXKÌ�TVàKNQb�HKEGWAP�[�ZÇJKEG[ í ß�[#WYLKT¡RUNOX TVàòRUT ((

C (B)−
)2
)

= −1
RUX9Z

(

C (B)2
)

= 0
ÉdØ�WYX�TVE¡RYPITVNOXKÌ

C (B)−
RUX9Z:RUMOM

(−1) Ñ PIJKEVÔp[�bÀTVàòRUTÀRUEVNQb¡[
bVJ9P�P�[�bGbVNOÔp[IMOÜ�TGW¿TVà9[
MQ[)Î7TÐWUÎ
C (B)

ß�[ÀRUEVEVNOÔp[�RUT�R
X9[Iß P�WYÍ�HKMQ[ITVNQWYX
V̄1

WUÎ
V
LjÜ¿R\Ý�NOÌwÝ­RUÌ

B1
ß�NOTVà

d (B1) < d (B)
É�	jNOX9P�[ÐJKX9ZK[IE

TVàKNQbdHKEGWAP�[�ZÇJKEG[ í X9W (−1) Ñ PIJKEVÔp[
àòRYbÐL"[�[IXîPIEG[SRUTG[�Z:WYXîTVà9[\EVNOÌwàjT/WUÎ
C (B1) í NOT�Î7WYMOMQW­ßdbÐTVàòRUT V̄1

NQb/R
Í�NOXKNOÍ¿RUM�P�WYÍ�HKMQ[ITVNQWYX�WUÎ

V
ÉCÛ/W­ß TVà9[\HKEGWAWUÎ4PSRUX�L [\P�WYÍ�HKMQ[ITG[�Z+LjÜ!NOX9ZÇJ9PITVNQWYXªÉ

�



� �������	��
���
�����
������
�����(��' ' # ��� 4� ��� -" �ruYx)���Y�2� $ �"z
�)vjx}tI���¡z��GuY�/lr�QzIi^���)�Qz��)ö!� þ yô~ þ �S~#yá�\xV�wi7ykuY�r�Y�Q{
J xVuSu�tS{ _�T�NQb�[IX9WYJKÌwà!TGW�bGà9WSß TVàòRUT�TVà9[IEG[�[)ûÇNQbVTGb�R�P�WYÍ�HKMQ[ITVNQWYX

W̄
WUÎ

V
RUX9Z�R
X9WYX9bGNOXKÌwJKMáRUE�E¡RUTVNQWYXòRUM

PIJKEVÔp[
C ⊂ W̄reg

ß�NOTVà (
C2
)

> 0
É å [IT V̄ í B RUX9Z

C1
L"[ÐRYb.NOX�MQ[IÍ�Í¿R�ÏÇÉ¯æAÉ4_�Î (

C2
1

)

> 0
TVà9[IX¿ß�[/RUEG[

ZKWYX9[wÉ	_�Î�X9WYT�TVà9[IX
B
NQb�EG[�ZÇJ9PINOLKMQ[ÞRYb�NOT�NQb�TVà9[\bGJKHKH"WYEVTdWUÎ	RUXîRUÍ�HKMQ[\ZÇNOÔjNQb¡WYESÉ	õ�Ü#WYJKEÐRYbGbVJKÍ�HKTVNQWYX9b

(

C2
1

)

= 0
RUX9Z (

C2
2

)

≤ 0
É ; Î}TG[IE�LKMQWSß�NOXKÌ Ñ JKHîß�NOTVà+P�[IX�TG[IEdNOX

C1 \ C2 í TVà9[�HKEGWYH [IE�TVE¡RUX9b�ÎkWYEVÍ WUÎ
C1L [�P�WYÍ�[�b�R

(−1) Ñ PIJKEVÔp[ í RUX9Z�ß�[�P�WYX�TVE¡RYPIT�NOT í WYLKT¡RUNOXKNOXKÌ+R#P�WYÍ�HKMQ[ITVNQWYXùWUÎ
V
ß�NOTVà (

C2
2

) NOX9PIEG[SRYbG[�Z
L�Ü:WYX9[wÉ/õ�Ü�NOTG[IE¡RUTVNOXKÌ!TVàKNQbÀHKEGWjP�[�ZÇJKEG[�ß�[ÞÌp[IT\R¿P�WYÍ�HKMQ[ITVNQWYX

W̄
WUÎ

V
RUX9ZãR¿X9WYX9bVNOXKÌwJKMáRUE�E¡RUTVNQWYXòRUM

PIJKEVÔp[
C ⊂ W̄reg

ß�NOTVà (
C2
)

> 0
É

�

� ��� �&#�4� ��/ (7³t
V

yá�����ruYx)���Y�"� $ � zÐ�-vAx³t��p�¡z��GuY�/lr�QzIi^���)�QzÞ�Iö�� þ yO~ þ �S~�i}hÇz)�+i}hÇz=t�uY�}�ôuwqCy³�j~��Y�¡��zIx-si7ykuY�K��hAuY� +�{
e È f 7³t V

y³���GuY�/lr�QzIi^���)�Qz��)ö#� þ yô~ þ �S~�u�t
i7ö-lKz
(0, 0)

i}hÇzI�
V ' A

2 {
e Ï f 7³t V

y³���GuY�/lr�QzIi^���)�Qz��)ö#� þ yô~ þ �S~�u�t
i7ö-lKz
(0, 0, 0)

i}hÇzI�
V ' C

∗ × A
1 {

e Õ f 7³t V 6' C
2 �Y��+

V 6' C
∗×C

i}hÇz)�+i}hÇzIxVz\z Hwyá�Ii}�/���¡uY�/lr�Oz�i7y7uY�
V̄

u�t
V

�)ö��Y�+uYx)ykz)�ri�z%+ þ yO~ þ �S~uVt
i7ö¡l9z
(0, 0, k1, . . . km)

<	q4hÇzIxVz
ki ≤ −2

<
1 ≤ i ≤ m

{
J xVuSu�tS{ :ù[
MQ[IT

W̄
L [�R�Í�NOXKNOÍ¿RUM=P�WYÍ�HKMQ[ITVNQWYXãWUÎ

V
L�ÜîRUX:WYEVNQ[IXjTG[�Z�Ý�NOÌwÝ­RUÌ

B = ∪n
i=1Ci

bVJ9PGà:TVàòRUT
NOTGb�MQ[)Î7T�L"WYJKX9Z9RUEVÜ

C1
NQbÐR�PIJKEVÔp[
ß�NOTVà+X9WYX Ñ X9[IÌ�RUTVNOÔp[�bG[IMôÎ Ñ NOX�TG[IEGb¡[�PITVNQWYXªÉ

e È f _�Î B = C1
TVà9[IX

c :=
(

B2
)

> 0
L"[�PSRUJ9bG[

B
NQb�TVà9[�bVJKHKH WYEVT�WUÎ\RUX RUÍ�HKMQ[îZÇNOÔjNQbGWYESÉ å [IT

D ⊂ W̄
L [
R�X9WYX9bVNOXKÌwJKMáRUE/PIJKEVÔp[�Ìp[IEVÍýÍ�[�[ITVNOXKÌ

C1
TVE¡RUX9bVÔp[IEGb¡RUMOMOÜ!NOXîR�bVNOXKÌwMQ[\H WYNOX�T í RUX9Z�P�WYX9bVNQZK[IETVà9[:NOTG[IE¡RUTVNOÔp[ãÍ�WjZÇN Ò PSRUTVNQWYX σ : W̄1 → W̄

WUÎ
W̄

ß�NOTVà P�[IX�TG[IE
(D,C1) í MQ[IXKÌwTVà c

RUX9Z ZÇNOÔjNQb¡WYEGb
E1, . . . Ec e bG[�[�ÏÇÉ±× f É�ÿ�à9[IXîTVà9[�TGWYT¡RUM2TVE¡RUX9b�ÎkWYEVÍ

B1
WUÎ

B
NQbÀR�Ý�NOÌwÝ­RUÌ#ß�à9WwbG[�MQ[)Î}TÐL"WYJKX9Z9RUEVÜ�NQbÐTVà9[

HKEGWYH [IEÀTVE¡RUX9bVÎ7WYEVÍ
C ′

1

WUÎ
C1

É\â�WYEG[�WSÔp[IE (
C ′2

1

)

= 0 í (E2
c

)

= −1
RUX9Z (

E2
i

)

= −2 í 1 ≤ i ≤ c − 1
É

ÿ�à�J9b
B
NQbdX9WSß EG[IHKMáRYP�[�Z�LjÜ+R�Ý�NOÌwÝ­RUÌ¿ß�NOTVà�TVà9[�ÎkWYMOMQWSß�NOXKÌ�ZÇJòRUMªÌwE¡RUHKà �

•
C ′

1

� •
Ec

� g
•

Ec−1

�	� •
E1

�	�

å [IT π : W̄2 → W̄1
L"[/TVà9[/LKMQWSß Ñ JKH�WUÎ�R
H WYNOX�T v ∈ C ′

1 \Ec

ß�NOTVà![)ûKP�[IHKTVNQWYXòRUM P�WYÍ�H WYX9[IX�T
E ⊂ W̄2

É
ÿ�à9[IXùTVà9[�HKEGWYH [IE�TVE¡RUX9bVÎ7WYEVÍÙWUÎ

C ′
1

NOX
W̄2

NQbÞR
(−1) Ñ PIJKEVÔp[�TVàòRUT�PSRUXùL [�P�WYXjTVE¡RYPITG[�ZùTGW+WYLKT¡RUNOX R

P�WYÍ�HKMQ[ITVNQWYX
V̄
WUÎ

V
LjÜ!R�Ý�NOÌwÝ­RUÌ#WUÎ=TaÜjH [

(0, 0,−2, . . . ,−2)
É

e Ï f _�Î B 6= C1
RUX9Z

c =
(

C2
1

)

> 0
TVà9[IX:L�ÜîRUHKHKMOÜANOXKÌ#TVà9[Þb¡RUÍ�[
HKEGWAP�[�ZÇJKEG[ÞRYb/NOX e È f ß�[�WYLKT¡RUNOXR�X9[Iß Í�NOXKNOÍ¿RUM�P�WYÍ�HKMQ[ITVNQWYX

W̄1
WUÎ

V
L�Ü R�EG[�ZÇJ9PINOLKMQ[�Ý�NOÌwÝ­RUÌîbVJ9P¡à TVàòRUT (

C2
1

)

= 0
É�D=[IE�Î7WYEVÍ�NOXKÌ íNôÎ/X9[�P�[�b¡b¡RUEVÜ í [IMQ[IÍ�[IXjT¡RUEVÜ TVE¡RUX9bVÎ7WYEVÍ¿RUTVNQWYX9b�ß�[�WYLKT¡RUNOX R�Í�NOXKNOÍ¿RUMdP�WYÍ�HKMQ[ITVNQWYX L�Ü R:Ý�NOÌwÝ­RUÌ ß�NOTVà

(

C2
1

)

=
(

C2
2

)

= 0
ÉA:ù[�ÍÞJ9bVTÐZÇNQbVTVNOXKÌwJKNQbVàîTVà9[IX+TVà9[�ÎkWYMOMQWSß�NOXKÌ¿TVàKEG[�[�PSRYbG[�b �

◦ B = C1 ∪ C2
É 	jNOX9P�[

W̄1
NQb�E¡RUTVNQWYXòRUM
TVà9[ãMONOX9[SRUE:bVÜAbGTG[IÍ

|C1|
ZK[ Ò X9[�bîR

P
1 ÑkÒ LKE¡RUTVNQWYX

q̄ : W̄1 → Z̄ = P
1 ß�à9WwbG[�EG[�bVTVEVNQPITVNQWYX#TGW V

NQb.RUX
A

1 ÑkÒ LKE¡RUTVNQWYX q : V → Z = Z̄ \{q̄ (C1)} '
A

1 É ÿ�àjJ9b
W̄1

NQb¿R�ÌpWAWAZ P�WYÍ�HKMQ[ITVNQWYX WUÎ
V

ß�NOTVà EG[�bVH [�PIT�TGW
q
É â:WYEG[�W­Ôp[IE í [IÔp[IEVÜ Ò L [IE

q̄−1 (z) í z ∈ Z í P�WYNOX9PINQZK[�b�ß�NOTVà:TVà9[�PIMQWwbVJKEG[�WUÎ
q−1 (z)

NOX
V̄ í RUX9Z í L [INOXKÌ�P�WYXKX9[�PITG[�Z í NOT/NQbNOEVEG[�ZÇJ9PINOLKMQ[wÉCÿ�à9[IEG[)ÎkWYEG[ í L�Ü�ÔjNOEVTVJ9[ÐWUÎ"MQ[IÍ�Í¿R�ÈwÉ±Ï e Ï f)í q̄ àòRYbCX9W
ZK[IÌp[IX9[IE¡RUTG[ Ò L [IE í RUX9Z�à9[IX9P�[

W̄1
NQb\X9WYX9bGNOXKÌwJKMáRUESÉ�c9EGWYÍ (

C2
1

)

=
(

C2
2

)

= 0
ß�[ Ò XòRUMOMOÜ�ZK[�ZÇJ9P�[

W̄1 ' P
1 × P

1 bGW�TVàòRUT
V = W̄1 \ (C1 ∪ C2)

NQbdNQbGWYÍ�WYEVHKàKNQP
TGW
A

2 É
◦
_�Î

B = C1 ∪ C2 ∪ C3
RUX9Z (

C2
3

)

= 0
TVà9[IX�TVà9[ÞMONOX9[SRUE�bGÜAbVTG[IÍ

|C1|
ZK[ Ò X9[�b\R

P
1 ÑkÒ LKE¡RUTVNQWYX

q̄ : W̄1 → Z̄ = P
1 ß�à9WwbG[�EG[�bVTVEVNQPITVNQWYX TGW

V
NQb�RUX

A
1 ÑkÒ LKE¡RUTVNQWYX q : V → Z = Z̄ \

{q̄ (C1) , q̄ (C3)} ' C
∗ ÉÀÿ�à�J9b W̄1

NQb�R¿ÌpWAWjZ:P�WYÍ�HKMQ[ITVNQWYXùWUÎ
V
ß�NOTVà:EG[�bVH [�PITÀTGW

q
RUX9Zîß�[
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PSRUXîRUÌ�RUNOX+P�WYX9PIMOJ9ZK[
TVàòRUT
q̄
àòRYb�X9W�ZK[IÌp[IX9[IE¡RUTG[ Ò L [IESÉ��À[IX9P�[ W̄1

NQbdR�X9WYX9bVNOXKÌwJKMáRUEÐbVJKE�Î^RYP�[
NQb¡WYÍ�WYEVHKàKNQP\TGW

P
1 × P

1 ÉCc=NOXòRUMOMOÜ!ß�[\àòRSÔp[ V = W̄1 \ (C1 ∪ C2 ∪ C3) ' C
∗ × A

1 É
◦
_aT�EG[IÍ¿RUNOX9b�TGW�P�WYX9bVNQZK[IE�TVà9[\PSRYbG[

B = C1 ∪ C2 ∪G í ß�à9[IEG[\[INOTVà9[IE G = C3
ß�NOTVà (

C2
3

)

6= 0WYE
G = ∪n

i=3Ci

ß�NOTVà
n > 3

É.ÿ�à9[
MONOX9[SRUEÐbVÜÇbVTG[IÍ
|C1|

ZK[ Ò X9[�bÀR
P

1 ÑkÒ LKE¡RUTVNQWYX q̄ : W̄1 → P
1àòRSÔjNOXKÌ

C2
RYb�R�PIEGWwbGb Ñ bG[�PITVNQWYXªÉ 	jNOX9P�[ G

NQb/P�WYXKX9[�PITG[�ZãRUX9Z�ZKWj[�bÐX9WYT/NOXjTG[IEGbG[�PIT
C1

NOTÐÍÞJ9bVT
L [dP�WYXjT¡RUNOX9[�Z¿NOX#R Ò L"[IE F

WUÎ
q̄
É4â�WYEG[�WSÔp[IE í F ÍÞJ9bVT	L [ÐR
bVNOXKÌwJKMáRUE Ò L"[IE�WUÎ q̄

ÎkWYE.WYTVà9[IEVß�NQbG[ íß�[�ß�WYJKMQZãàòR�Ôp[
F = C3

RUX9Z:à9[IX9P�[ í 0 =
(

F 2
)

=
(

C2
3

)

6= 0 í R#P�WYX�TVE¡RYZÇNQPITVNQWYXªÉ�_�X�ÔANOEVTVJ9[
WUÎCMQ[IÍ�Í¿RîÈwÉ±Ï í [IÔp[IEVÜ Ci

ß�NOTVà
3 ≤ i ≤ n

àòRYbÐX9[IÌ�RUTVNOÔp[�bG[IMôÎ Ñ NOX�TG[IEGb¡[�PITVNQWYXªÉ 	jNOX9P�[\TVà9[
NOXKNOTVNáRUMP�WYÍ�HKMQ[ITVNQWYX
W̄

àòRYb�L"[�[IX+RYbGbGJKÍ�[�Z#Í�NOXKNOÍ¿RUM=RUX9Z�bGNOX9P�[ÀWYJKE�TVE¡RUX9bVÎ7WYEVÍ¿RUTVNQWYX9bdZKW�X9WYTÐR��?[�PIT
TVà9[�PIJKEVÔp[�b

Ci

Î7WYE
3 ≤ i ≤ n í ß�[
P�WYX9PIMOJ9ZK[\TVàòRUT (C2

i

)

≤ −2
ÎkWYEÐRUMOM

3 ≤ i ≤ n
É

�

ÿ�à9[\X9[)ûÇT�HKEGWYH"WwbGNOTVNQWYX+HKEGWSÔp[�bÀWYX9[\WUÎ=TVà9[
T�ß�W¿NOÍ�HKMONQPSRUTVNQWYX9bÐWUÎ4TVà9[�WYEG[IÍ ÏÇÉOÈwÉ
�L�(�
� ���FB DFBG��@.4� *H��/ 7³t

V
yá���\�ruwx-���Y�9� $ �"z��-vAx³t��p�¡zÐ�ruY�òs�y³�IuY��uYx�lòh�yk��i^u

C
∗×A

1 �w��+��Guw�Ðl"�OzIi^�j�)�Oz�)ö!� þ yô~ þ �S~�i}hÇz)�
V

hA�U����i7x-y}óSyk�Y��&��('Y�Yx-s )4y}���Y�ruYó�y³�òó��Yx)y7�Y�ri�{
J xVuSu�tS{ _^Î

V
RYZÇÍ�NOTGb�R�P�WYÍ�HKMQ[ITVNQWYX

V̄
L�ÜîR�Ý�NOÌwÝ­RUÌ!WUÎCT�ÜAH"[

(0, 0)
TVà9[IX í L�Ü+PSRYbG[ e È f WUÎ	MQ[IÍ�Í¿R¿ÏÇÉ ðÇí

V ' C
2 ß�àKNQP¡àüàòRYb�R�TVEVNOÔjNáRUM.âãRUäwRUE Ñ�å NOÍ¿RUX9WSÔùNOXjÔYRUEVNáRUXjTSÉ#ÿ�à9[IEG[)ÎkWYEG[�ß�[�Í¿R�ÜüRYbGbGJKÍ�[�Î}EGWYÍ�X9W­ß

WYXùTVàòRUT�PSRYbG[ e Õ f WUÎ�MQ[IÍ�Í¿RîÏÇÉ ð à9WYMQZKb í TVàòRUT
NQb V
àòRYbÞR�P�WYÍ�HKMQ[ITVNQWYX

V̄1
L�ÜüR!Ý�NOÌwÝ­RUÌ

B1
WUÎ�TaÜjH [

(0, 0,−k1, . . . ,−kn)
ß�NOTVà

ki ≥ 2 í 1 ≤ i ≤ n
É ; b�NOX e ÈwÉ±Ú f ß�[�ß�EVNOTG[

B1 = F1,1 ∪ S1 ∪

(

n
⋃

i=1

E1,i

)

,

ß�à9[IEG[ (
F 2

1,1

)

=
(

S2
1

)

= 0
RUX9Z (

E2
1,i

)

= −ki í 1 ≤ i ≤ n
É=ÿ�à9[�ZÇJòRUMÇÌwE¡RUHKà

Γ (B1)
NQb=TVà9[.ÎkWYMOMQWSß�NOXKÌ �

•

F1,1

� •
S1

� •

E1,1

−k1

•

E1,n

−kn

ÿ�à9[�MONOX9[SRUE�bGÜAbVTG[IÍ
|F1,1|

ZK[ Ò X9[�bÞR
P

1 ÑkÒ LKE¡RUTVNQWYX q̄1 : V̄1 → P
1 ß�NOTVà

S1
RYb�R�PIEGWwbGb Ñ b¡[�PITVNQWYXübGW

TVàòRUT	TVà9[�EG[�bGTVEVNQPITVNQWYX
q1 : V → A

1 WUÎ q̄1
TGW

V
NQb�RUX

A
1 ÑkÒ LKE¡RUTVNQWYXªÉ	ÿ�à�J9b.NOTCEG[IÍ¿RUNOX9b	TGW Ò X9Z#R�bG[�P�WYX9Z

A
1 ÑkÒ LKE¡RUTVNQWYX q2 : V → A

1 bVJ9P¡à!TVàòRUT�TVà9[�Ìp[IX9[IE¡RUM Ò L"[IEGbdWUÎ q1
RUX9Z

q2
ZKW�X9WYTdP�WYNOX9PINQZK[wÉ	ÿ�W�ZKW�TVàKNQb

ß�[�P�WYX9bVTVEVJ9PIT
R�P�WYÍ�HKMQ[ITVNQWYX
W̄

WUÎ
V
TGWYÌp[ITVà9[IEÀß�NOTVà R�LKNOE¡RUTVNQWYXòRUM4Í�WYEVHKàKNQbVÍ

σ1 : W̄ → V̄1
ß�àKNQP¡à

ß�NOMOM=RUMQb¡W¿ZKWYÍ�NOXòRUTG[�R�ÌpWAWjZ+P�WYÍ�HKMQ[ITVNQWYX
V̄2

WUÎ
V
ß�NOTVà:EG[�bVH [�PITÐTGW¿TVàKNQb

A
1 ÑkÒ LKE¡RUTVNQWYX q2

É�_aTÐß�NOMOM2L [
P�WYX�Ôp[IXKNQ[IXjT/NOX�TVà9[�bG[KJ�J9[IM?TGW¿ZK[IX9WYTG[\TVà9[
P�WYÍ�H WYX9[IX�T

F1,1
WUÎ

B
L�Ü

E2,n

É
_�Î

n = 1
TVà9[IX

σ1 : W̄ → V̄1
NQb�TVà9[�NOTG[IE¡RUTVNOÔp[�Í�WjZÇN Ò PSRUTVNQWYXüWUÎ

V̄1
ß�NOTVàùP�[IXjTG[IE

(S1, E2,1) í MQ[IXKÌwTVà
k1

RUX9Z ZÇNOÔANQbGWYEGb
D1, . . . , Dk1−1, S2

É�c9WYE�TVà9[�TGWYT¡RUM	TVE¡RUX9b�ÎkWYEVÍ
B

WUÎ
B1

ß�[�WYLKT¡RUNOXüTVà9[�Î7WYMOMQW­ß�NOXKÌ
bVÜAÍ�Í�[ITVEVNQPSRUM2ZÇJòRUMªÌwE¡RUHKà �

•

E2,1

�
k1

•
S2

�
1

k1 ��� •
S1

�
1

•

E1,1

�
k1

_aX+PSRYbG[
n = 2

ß�[
WYLKT¡RUNOX
σ1 : W̄ → V̄1

L�Ü�TVà9[�ÎkWYMOMQWSß�NOXKÌ#HKEGWjP�[�ZÇJKEG[ �
Ñ 	jTG[IH 1

NQb
TVà9[�NOTG[IE¡RUTVNOÔp[¿Í�WjZÇN Ò PSRUTVNQWYX π1 : W̄1 → V̄1
ß�NOTVàüP�[IX�TG[IE

(S1, E2,2) í MQ[IXKÌwTVà k1
RUX9Z

ZÇNOÔANQbGWYEGb
D1,1 í D1,k1−1 í E2,1

É.ÿ�à9[\ZÇJòRUMªÌwE¡RUHKàîWUÎ4TVà9[\TGWYT¡RUMªTVE¡RUX9b�ÎkWYEVÍýWUÎ
B1

NQb�TVà9[\Î7WYMOMQW­ß�NOXKÌ �
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•

E2,2

�
k1

•

E2,1

�
1

k1 ��� •
S1

�
1

•

E1,1

�
k1

•

E1,2

�
k2

Ñ 	jTG[IH 2
NQb?TVà9[CNOTG[IE¡RUTVNOÔp[	Í�WjZÇN Ò PSRUTVNQWYX π2 : W̄2 → W̄1

WUÎ
W̄1

ß�NOTVàÞP�[IX�TG[IE (
E+

2,1 = D1,k1−1, E2,1

) íMQ[IXKÌwTVà
k2 − 1

RUX9Z ZÇNOÔANQbGWYEGb
D2,1, . . . , D2,k2−2, S2

NôÎ
k2 > 2

WYEÀÓ´J9bGT
S2

NôÎ
k2 = 2

É :ù[!TVà9[IX MQ[IT
W̄ := W̄2

RUX9Z
σ1 = π1 ◦ π2 : W̄ → V̄1

ÉÀÿ�à9[ÞZÇJòRUM=ÌwE¡RUHKà WUÎ	TVà9[�TGWYT¡RUM�TVE¡RUX9b�ÎkWYEVÍ
B = σ−1

1 (B1)WUÎ
B1

àòRYbdTVà9[ÀÎ7WYMOMQW­ß�NOXKÌ#bVTVEVJ9PITVJKEG[ �

•

E2,2

�
k1

•

E2,1

�
k2

•
S2

�
1

k2 ��� •

D1,k1−1

�
3

k1 � 2 •
S1

�
1

•

E1,1

�
k1

•

E1,2

�
k2

:ù[dWYL9bG[IEVÔp[ÐTVàòRUT.TVà9[db-RUÍ�[ÐZÇJòRUM9ÌwE¡RUHKà�PSRUX¿L [dWYLKT¡RUNOX9[�Z�Î7EGWYÍ R�Ý�NOÌwÝ­RUÌ�WUÎ?T�ÜAH"[
(0, 0,−k2,−k1)L�Ü!EG[IÔp[IEGbVNOXKÌ¿TVà9[\WYEGZK[IEVNOXKÌ�RUX9Z�TVà9[\LKMQW­ß Ñ JKHîHKEGWAP�[�ZÇJKEG[wÉ

_aX+PSRYbG[
n ≥ 3 í W̄ NQbdWYLKT¡RUNOX9[�Z�Î7EGWYÍ

V̄1
L�Ü!TVà9[ÀÎ7WYMOMQW­ß�NOXKÌ¿HKEGWAP�[�ZÇJKEG[ �

Ñ 	jTG[IH 1
NQbÞTVà9[#NOTG[IE¡RUTVNOÔp[�Í�WAZÇN Ò PSRUTVNQWYX π1 : W̄1 → V̄1

ß�NOTVà P�[IXjTG[IE
(S1, E2,n) í MQ[IXKÌwTVà k1

RUX9Z
ZÇNOÔANQbGWYEGb

D1,1, . . . , D1,k1−1 í E2,1
É ÿ�à9[IX TVà9[�ZÇJòRUMÀÌwE¡RUHKà WUÎ
TVà9[:TGWYT¡RUMÀTVE¡RUX9b�Î7WYEVÍ WUÎ

B1
NQb#TVà9[

ÎkWYMOMQWSß�NOXKÌ#WYX9[ �

•

E2,n

�
k1

•

E2,n−1

�
1

k1 ��� •
S1

�
1

•

E1,1

�
k1

•

E1,n

�
kn

Ñ 	jTG[IH m í ß�à9[IEG[ 2 ≤ m ≤ n − 1 í NQbÀTVà9[ÞNOTG[IE¡RUTVNOÔp[�Í�WjZÇN Ò PSRUTVNQWYX πm : W̄m → W̄m−1
WUÎ

W̄m−1ß�NOTVà P�[IXjTG[IE (
E+

2,n−m, E2,n−m

) í MQ[IXKÌwTVà km − 1
RUX9Z ZÇNOÔjNQb¡WYEGb

Dm,1, . . . , Dm,km−2, E2,n−m−1
NôÎ

km > 2
WYE4Ó�J9bVT

E2,n−m−1
NôÎ

km = 2
É

Ñ 	jTG[IH n
NQb	TVà9[dMáRYbGT�bVTG[IH#RUX9Z#P�WYX9bVNQbVTGb�WUÎ?TVà9[dNOTG[IE¡RUTVNOÔp[/Í�WjZÇN Ò PSRUTVNQWYX πn : W̄n → W̄n−1

WUÎ
W̄n−1ß�NOTVàîP�[IXjTG[IE (

E+
2,1, E2,1

) í MQ[IXKÌwTVà kn − 1
RUX9Z�ZÇNOÔANQbGWYEGb

Dn,1, . . . , Dn,kn−2, S2
NôÎ

kn > 2
WYE4Ó�J9bVT

S2NôÎ
kn = 2

É
ÿ�à9[IX�ß�[dMQ[IT

W̄ := W̄n

RUX9Z
σ1 := π1◦· · ·◦πn : W̄ → V̄1

É4c9WYECTVà9[�TGWYT¡RUMKTVE¡RUX9bVÎ7WYEVÍ
B := σ−1

1 (B1)WUÎ
B1

ß�[
WYLKT¡RUNOX+TVà9[�ÎkWYMOMQWSß�NOXKÌ#ZÇJòRUMªÌwE¡RUHKà �

•

E2,n

�
k1

•

E2,1

�
kn

•
S2

�
1

C •
S1

�
1

•

E1,1

�
k1

•

E1,n

−kn

ÿ�à9[
ZÇJòRUMªÌwE¡RUHKà:WUÎ
C
MQWAWYäAbdMONOäp[ �

kn ��� •

Dn−1−r1,kn−r1
−2

�
r1

��� kn−1−r1
��� •

D1,k1−1

�
rp
��� k1 ���

ß�à9[IEG[
rj ≥ 0 e 0 ≤ j ≤ p f ZK[IH"[IX9ZãWYXãTVà9[�X�JKÍÞL"[IE
WUÎ

(−2) Ñ PIJKEVÔp[�b
RUÍ�WYXKÌ!TVà9[ E1,i í 1 ≤ i ≤ n
É

�/L�ÔANQWYJ9bVMOÜ í V = W̄ \ B
É :ù[�WYL9bG[IEVÔp[îRYb�L [)Î7WYEG[!TVàòRUT�TVà9[+b-RUÍ�[�ZÇJòRUM�ÌwE¡RUHKà PSRUX L"[�WYLKT¡RUNOX9[�Z

Î7EGWYÍ R\Ý�NOÌwÝ­RUÌ�WUÎ?T�ÜAH"[
(0, 0,−kn, . . . ,−k1)

LjÜ¿R\bVÜAÍ�Í�[ITVEVNQPÐLKMQW­ß Ñ JKH#HKEGWAP�[�ZÇJKEG[wÉ��/[IX9P�[)ÎkWYEVTVà í TVà9[
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��
� �	

�?����� ��
�� gVgbVJKL Ñ Ý�NOÌwÝ­RUÌ

D := C ∪ S1 ∪
n−1
⋃

i=1

E1,i

WUÎ
B
PSRUX:L [�P�WYXjTVE¡RYPITG[�Z�TGW�R�X9WYX9bVNOXKÌwJKMáRUE/H WYNOX�TSÉ :ù[ÞZK[IX9WYTG[ÞTVàKNQbÀP�WYX�TVE¡RYPITVNQWYXãL�Ü

σ2 : W̄ → V̄2 íRUX9Z�ß�[\MQ[IT

B2 = F2,1 ∪ S2 ∪

(

n
⋃

i=1

E2,n−i+1

)

L [�TVà9[\NOÍ¿RUÌp[
WUÎ
B
LjÜ

σ2 í ß�à9[IEG[ F2,1 := E1,n

É	ÿ�à9[IX
V = V̄2 \ B2

ß�à9[IEG[
B2

NQbÐR�Ý�NOÌwÝ­RUÌ�WUÎ=TaÜjH [
(0, 0,−kn, . . . ,−k1)

É
ÿ�à9[ÞMONOX9[SRUEÀbVÜÇbVTG[IÍ

|F2,1|
ZK[ Ò X9[�b�TVà9[IXãR

P
1 ÑkÒ LKE¡RUTVNQWYX q̄2 : V̄2 → P

1 ß�à9Wwb¡[�EG[�bVTVEVNQPITVNQWYXãTGW
V
NQb

R�bG[�P�WYX9Z
A

1 ÑkÒ LKE¡RUTVNQWYX q2 : V → A
1 ÉCâ�WYEG[�WSÔp[IE í bGNOX9P�[

σ2 (σ∗
1 (F1,1)) = αS2 +

n
∑

i=1

βiE2,i

ß�NOTVà
α > 0

RUX9Z
βi ≥ 0 í 1 ≤ i ≤ n í NOTdÎkWYMOMQWSßdbÐTVàòRUT (F2,1 · σ2 (σ∗

1 (F1,1))) ≥ 1
É�ÿ�à�J9b/TVà9[
Ìp[IX9[IE¡RUM

Ò L [IEGbdWUÎ q1
RUX9Z

q2
ZKW�X9WYTdP�WYNOX9PINQZK[ í ß�à9[IX9P�[ V

àòRYbÐR�TVEVNOÔANáRUM2âãRUäYRUE Ñ�å NOÍ¿RUX9W­Ô�NOX�ÔwRUEVNáRUX�TSÉ
�

c=NOXòRUMOMOÜ#ß�[\àòR�Ôp[�TVà9[ÀÎ7WYMOMQW­ß�NOXKÌ¿HKEGWYH WwbVNOTVNQWYX �

�L�(�
� ���FB DFBG��@ 4� *H�H� 
 óUz)x)ö#�"uYx-���Y�=� $ �"zÞi^uYx)y7���-vAx}tI�p�-z�z Hp�¡zal"i tIuwx
C
∗ × C

∗ �Y��+
C
∗ × A

1 hÇ�U�Þ�
i7x)y³óSyk�Y��&��('U�wx-s )4y}���w�ruYó
y}�9ó��Yx)yk�Y�òi�{��CuY�K��z ÷ vKzI�òi7�mö1<�z)óUzIx-ö¿�Iöp�I��yk� ÷ vKuwi7y^z)�òi4�)y³�j~wvj�O�Yx)y}i7ö��-lplKzG�Yx¡���U�\��-y}�j~YvA�O�Yx�lÇuYy}�òi�u�t��Y�

ML
s��-vAx³t��p�¡z­{

J xVuSu�tS{ ÊÐ[�PSRUMOM	TVàòRUT í ÌwNOÔp[IX R+Ï Ñ ZÇNOÍ�[IX9bVNQWYXòRUM�MáRUTVTVNQP�[ N í RUX R�Ö�X9[�TGWYEVNQP#bVJKE�ÎkRYP�[�P�WYEVEG[�bGH"WYX9ZKb�TGWîR
bVTVEVNQPITVMOÜ¿P�WYXjÔp[)û#E¡RUTVNQWYXòRUM?H WYMOÜjà9[�ZÇE¡RUM P�WYX9[ÀNOX

NR = N ⊗Z R
ÉC_�Î

V
NQb�R�X9WYEVÍ¿RUM?R�Ö�X9[ÀTGWYEVNQP�bVJKE�Î^RYP�[

X9WYX Ñ NQbGWYÍ�WYEVHKàKNQPÞTGW
C
∗ × C

∗ WYE
C
∗ × C í TVà9[IXîTVà9[IEG[
[)ûÇNQbVTGbÐR�LòRYbVNQbdWUÎ

N
bVJ9P¡à+TVàòRUT

V
NQb�ÌwNOÔp[IX:L�Ü

TVà9[
P�WYX9[
σ12 = 〈e1, e2〉

ß�NOTVà
e1 = (1, 0)

RUX9Z
e2 = (n, q)

ß�à9[IEG[
n
RUX9Z

q
RUEG[
P�WYHKEVNOÍ�[�NOX�TG[IÌp[IEGbSÉ

�

�

e1

e2

_aX+WYEGZK[IEdTGW�P�WYX9bVTVEVJ9PIT/R�P�WYÍ�HKMQ[ITVNQWYX�WUÎ
V
ß�[\X9[�[�Z�TGW�NOX9PIMOJ9ZK[

σ12
NOXjTGW¿R�P�WYÍ�HKMQ[ITG[\Î^RUX

∆
NOX

NR

É
ÿ�àKNQbdPSRUX+L [\ZKWYX9[ zS{m~�{ NOX�TVà9[�ÎkWYMOMQWSß�NOXKÌ#ß�R�ÜpÉ
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σ12

σ23

σ34

σ45 σ51

∆

σ12σ34

σ45 σ51

∆̃

:ù[/MQ[IT
σij = 〈ei, ej〉

ß�NOTVà
e3 = (0, 1) í e4 = (−1, 0)

RUX9Z
e5 = (0,−1)

É`ÿ�à9[ÀWYXKMOÜ�H"Wwb¡bVNOLKMOÜ�bVNOXKÌwJKMáRUE
P�WYX9[�b e y^{}zS{ P�WYX9[�b�ß�à9WwbG[�Ìp[IX9[IE¡RUTGWYEGb#ZKW X9WYT�ÎkWYEVÍ�RãLòRYbVNQb¿WUÎ

N f NOX ∆
RUEG[

σ12
RUX9Z

σ23
É :ù[

PSRUX bVJKL"ZÇNOÔANQZK[+TVà9[�P�WYX9[
σ23

NôÎ
X9[�P�[�b¡b¡RUEVÜ TGW WYLKT¡RUNOX R X9[Iß�Î^RUX
∆̃

bGJ9PGà TVàòRUT
σ12

NQb#TVà9[:WYXKMOÜ
H WwbGbVNOLKMOÜübVNOXKÌwJKMáRUE�P�WYX9[�NOX

∆̃
É :ù[!ZK[IX9WYTG[!L�Ü

ei

Î7WYE
6 ≤ i ≤ r

TVà9[�X9[Iß Ìp[IX9[IE¡RUTGWYEGb�NOX�TVEGWAZÇJ9P�[�Z
NOXüTVàKNQb�bVJKL ZÇNOÔjNQbGNQWYXüHKEGWAP�[�ZÇJKEG[wÉ+ÿ�à9[IX

V̄ := V
(

∆̃
) NQb�R+P�WYÍ�HKMQ[ITVNQWYX WUÎ

V := V (σ12)
É :ù[#MQ[IT

Di = V (τi)
L [#TVà9[#ZÇNOÔANQbGWYEÞWYX

V̄
P�WYEVEG[�bVH WYX9ZÇNOXKÌ�TGWîTVà9[�P�WYX9[

τi = 〈ei〉
Î7WYE

3 ≤ i ≤ r
É+ÿ�à9[IX

B := V̄ \V = D3 ∪D4 ∪ · · · ∪Dr

NQb�R
Ý�NOÌwÝ­RUÌ í ß�à9[IX9P�[ V
àòRYb�R�TVEVNOÔjNáRUM â�RUäwRUE Ñ�å NOÍ¿RUX9W­Ô¿NOX�ÔwRUEVNáRUX�TL�Ü!HKEGWYH WwbVNOTVNQWYX:ÏÇÉOÈ��ÇÉ

������&� 'G��DFB ��@!�
 �# @���� � #
' #�� @��?�0/��$ #�*?����B DF� # D � B-,7B #
'�� #���# �­,-�#B*� #�@�� , BG@	,�# � B #�@�D� _aX
TVàKNQbdbVJKL9b¡[�PITVNQWYX+ß�[\HKEGW­Ôp[
TVàòRUT í P�WYXjÔp[IEGbG[IMOÜ í [IÔp[IEVÜ ML Ñ bVJKE�Î^RYP�[ V

NQbdP�WYÍ�HKMQ[IT¡RULKMQ[�L�Ü+R�Ý�NOÌwÝ­RUÌ9É
4� *H�4� õ�Ü�P�WYEGWYMOMáRUEVÜ+ÏÇÉ±Õ�TVà9[IEG[�[)ûANQbVT�Taß�W

A
1 ÑkÒ LKE¡RUTVNQWYX9b q1 : V → Z1 ' A

1 RUX9Z q2 : V → Z2 ' A
1ß�à9WwbG[ÞÌp[IX9[IE¡RUM Ò L [IEGb�ZKW¿X9WYT�P�WYNOX9PINQZK[wÉ-:ù[ÞZK[IX9WYTG[ÞL�Ü

V̄1
R�ÌpWjWAZ�P�WYÍ�HKMQ[ITVNQWYXãWUÎ

V
ß�NOTVà�EG[�bVH [�PIT

TGW
q1 í ß�NOTVà R+L WYJKX9Z9RUEVÜüZÇNOÔANQbGWYE

B = H ∪ S ∪ G ⊂
(

V̄1

)

reg

RYbÞNOX ÈwÉ±ÚÇÉ:ÿ�à�J9b
q1

[)ûÇTG[IX9ZKb�TGWãR
P

1 ÑkÒ LKE¡RUTVNQWYX q̄1 : V̄1 → Z̄1 = P
1 bGW!TVàòRUT

H = q̄−1
1 (∞) =: F∞

NQb�R�X9WYX Ñ ZK[IÌp[IX9[IE¡RUTG[ Ò L"[IE
WUÎ q̄1WSÔp[IEÐTVà9[\H"WYNOXjT
∞ := Z̄1 \ Z1 í RUX9Z S ' P

1 NQbÐR�bG[�PITVNQWYXªÉ
:ù[
MQ[IT

q̄2 : V̄1 99K Z̄2 ' P
1 L [
TVà9[
E¡RUTVNQWYXòRUM4Í¿RUH�ß�àKNQPGàã[)ûATG[IX9ZKb

q2 : V → Z2
É :ù[ÞMQ[IT

T̄2
L [

TVà9[ÐPIMQWwbGJKEG[�NOX
V̄1

WUÎ2R�Ìp[IX9[IE¡RUM Ò L [IE T2
WUÎ

q2
É=ÿ�à9[dH"WYNOXjT

T̄2 \T2
L [IMQWYXKÌpb	TGW

F∞ í ÎkWYE.WYTVà9[IEVß�NQbG[ÐTVà9[EG[�bVTVEVNQPITVNQWYXîWUÎ
q1

TGW�R�Ìp[IX9[IE¡RUM Ò L [IEdWUÎ q2
ß�WYJKMQZ�L [\P�WYX9bVT¡RUX�T�RUX9Z!TVà9[\Ìp[IX9[IE¡RUM Ò L [IEGbdWUÎ4TVà9[�bG[�T�ß�W

A
1 ÑkÒ LKE¡RUTVNQWYX�ß�WYJKMQZ¿P�WYNOX9PINQZK[ í NOX�P�WYX�TVE¡RUEVÜ�TGWÀWYJKE.RYb¡bVJKÍ�HKTVNQWYXªÉ ; b G

NQb4ZÇNQb7Ó�WYNOXjT4Î}EGWYÍ
F∞ í TVà9[�Í¿RUH

q̄2
àòRYb\X9W!LòRYbG[�H WYNOX�TÞWYX

G í RUX9ZùbGW
q̄2|G

ÍÞJ9bVT
L [�MQWjPSRUMOMOÜãP�WYX9bVT¡RUXjTSÉ�â:WYEG[�W­Ôp[IE
q̄2|S\{P0} = ∞ íÎkWYE/WYTVà9[IEVß�NQbG[

q2
ß�WYJKMQZ:L [\L WYJKX9ZK[�Zîß�à9[IX9P�[�P�WYX9bVT¡RUXjT�RUMQWYXKÌ�R�Ìp[IX9[IE¡RUM Ò L [IEÀWUÎ q1

É 	jNOX9P�[
S ∪ GNQbdP�WYXKX9[�PITG[�Z í NOT�Î7WYMOMQW­ßdbdTVàòRUT q̄2|(S∪G)\{P0} = ∞

É
� ��� �&# 4� GH �� 7³t

q̄2 : V̄1 99K Z̄2
y³�#����uwx^lòhjyá�)� i}hÇz)�

G = ∅
<

B = F∞ ∪ S
yá��� þ yô~ þ �S~ �Y��+

V ' A
2 {

J xVuSu�tS{ _^Î
q̄2 : V̄1 → Z̄2

NQb�R�Í�WYEVHKàKNQbGÍ TVà9[IX NOT�NQb¿R
P

1 ÑkÒ LKE¡RUTVNQWYX RUX9Z NOTGb�Ìp[IX9[IE¡RUM Ò L [IE�Í�[�[ITGb
F∞

RUTÞWYX9[#H WYNOX�TSÉ+_aT
ÎkWYMOMQWSßdbÞTVàòRUT
F∞

NQb�Rîb¡[�PITVNQWYX WUÎ
q̄2

RUX9Z
S ∪ G

NQb�P�WYX�T¡RUNOX9[�Z NOXüTVà9[ Ò L [IE
q̄−1
2 (∞) ⊂

(

V̄1

)

reg

É\â�WYEG[�WSÔp[IE
q̄−1
2 (∞) = S ∪ G

RYb
q̄−1
2 (∞) ⊂ V̄1 \ V

É 	jNOX9P�[
V̄1

NQb\R#Í�NOXKNOÍ¿RUM
P�WYÍ�HKMQ[ITVNQWYX!WUÎ

V
NOT.Î7WYMOMQW­ßdb.TVàòRUT

S∪G
P�WYXjT¡RUNOX9b�X9W

(−1) Ñ PIJKEVÔp[dß�à9[IX9P�[/NQb�R
X9WYX Ñ ZK[IÌp[IX9[IE¡RUTG[ Ò L"[IEWUÎ
q̄2 e b¡[�[ e × f WUÎ�ÈwÉ±Ï f É	ÿ�à�J9b (S2

)

= 0 í G = ∅
RUX9Z

q̄−1
2 (∞) = S

bGW�TVàòRUT�TVà9[�Ý�NOÌwÝ­RUÌ
B = F∞ ∪ SNQbdWUÎ4T�ÜAH"[

(0, 0)
RUX9Z

V ' A
2 L�Ü�MQ[IÍ�Í¿R¿ÏÇÉ ð É �
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4� *H �/ _�Î

q̄2
NQb	X9WYT�RÀÍ�WYEVHKàKNQbVÍ TVà9[IX

q̄2
ZK[ Ò X9[�b�R�MONOX9[SRUE	H [IX9PINOM9ß�NOTVà#R\JKXKN	J�J9[�LòRYb¡[�H"WYNOXjT P ∈ F∞

É
	jJKHKH WwbG[
TVàòRUT

P = P0 := S ∩ F∞
É�_�ÎCß�[�LKMQWSß Ñ JKH�TVà9[
H WYNOX�T

P0
NOXjTGW�RUXî[)ûKP�[IHKTVNQWYXòRUM4P�WYÍ�H"WYX9[IXjT

E í TVà9[#HKEGWYH [IE�TVE¡RUX9bVÎ7WYEVÍ F ′
∞

WUÎ
F∞

NQb�R
(−1) Ñ PIJKEVÔp[wÉüõ�ÜùP�WYXjTVE¡RYPITVNOXKÌ

F ′
∞ í ß�[�WYLKT¡RUNOX RîX9[Iß

P�WYÍ�HKMQ[ITVNQWYX�WUÎ
V
NOX#ß�àKNQP¡à (

S2
) àòRYb�ZK[�PIEG[SRYbG[�Z#L�Ü¿WYX9[wÉCõ�Ü¿RUHKHKMOÜANOXKÌ�TVà9[�b¡[ÐTVE¡RUX9b�ÎkWYEVÍ¿RUTVNQWYX9b�ß�NOTVà

P�[IX�TG[IE
P0

b¡[IÔp[IE¡RUM=TVNOÍ�[�b í ß�[�RUEVEVNOÔp[�RUT�TVà9[�bVNOTVJòRUTVNQWYXãTVàòRUT/TVà9[�MONOX9[SRUE�H"[IX9PINOM
q̄2 : V̄1 99K Z̄2 ' P

1àòRYbdX9W¿LòRYbG[\H WYNOX�TÀWYXîTVà9[\HKEGWYH [IEÐTVE¡RUX9b�ÎkWYEVÍ�WUÎ
S
É 	AW�ß�[�Í¿R�ÜîRYbGbGJKÍ�[�Î}EGWYÍ�TVà9[\Ôp[IEVÜ�L [IÌwNOXKXKNOXKÌ

TVàòRUT
V̄1

NQb�R!ÌpWjWAZüP�WYÍ�HKMQ[ITVNQWYX WUÎ
V

ß�NOTVàüEG[�bVH [�PIT
TGW
q1

bVJ9PGà TVàòRUT
q̄2

àòRYbÞR�JKXKN	JjJ9[�LòRYb¡[�H"WYNOXjT
P ∈ F∞ \ S

ÉdÛÀWYTG[
TVàòRUTÀTVàKNQbÐX9[Iß�P�WYÍ�HKMQ[ITVNQWYX
V̄1

WUÎ
V
NQb/X9WYT/X9[�P�[�b¡b¡RUEVNOMOÜ�Í�NOXKNOÍ¿RUM í LKJKTÀRUX�ÜAà9WSßTVà9[\WYXKMOÜ�H"WwbGbGNOLKMQ[

(−1) Ñ PIJKEVÔp[
NOX�TVà9[�L"WYJKX9Z9RUEVÜ B
NQbdR�b¡[�PITVNQWYX

S
WUÎ

q̄1
É �/L9bG[IEVÔp[�RUMQbGW�TVàòRUT í RYb V̄1NQbÐWYLKT¡RUNOX9[�ZîÎ7EGWYÍ R�ÌwNOÔp[IX�ÌpWjWAZ+P�WYÍ�HKMQ[ITVNQWYX

V̄
WUÎ

V
ß�NOTVà:EG[�bVH [�PITÐTGW

q̄1
L�Ü�Í�[SRUX9bÀWUÎ	[IMQ[IÍ�[IX�T¡RUEVÜ

TVE¡RUX9b�ÎkWYEVÍ¿RUTVNQWYX9bdß�NOTVàîP�[IXjTG[IEGbÐNOX
F∞ í V̄1 \ V

NQbÐR�Ý�NOÌwÝ­RUÌ�NôÎCRUX9Z�WYXKMOÜ!NôÎ
V̄ \ V

NQbSÉ
ÿ�à9[ÀÎkWYMOMQWSß�NOXKÌ¿HKEGWYH WwbVNOTVNQWYX+HKEGW­Ôp[�bdTVà9[
b¡[�P�WYX9Z�NOÍ�HKMONQPSRUTVNQWYX:WUÎ4TVà9[�WYEG[IÍ ÏÇÉOÈwÉ

�L�(�
� ���FB DFBG��@F4� *H �� 7³t
V

y³���
ML

s��-vAx³t��p�¡z�qCy}i}hü�Y�
A

1 s65��Ix��wi7ykuY� q : V → Z ' A
1 i}hÇzI��<CtIuYx

�Y�9ö�~puSu +ã�GuY�/lr�QzIi7ykuY�
V̄

u�t
V

qCy}i}hãxGz-�^lKzG��i�i^u
q
�U��y}� � {��$</i}hKz�+Yy}óSy³�IuYx

B = V̄ \ V
y³��� þ yO~ þ �S~�{

&�uYxGzVuYóYz)x�i}hKz
A

1 s 5��)xV�wi7ykuY� q
hÇ�U�Þ�wi	��uU�Ii�uY� z +jzk~�z)�"zIx��wi�z(5��Gz)xS{

J xVuSu�tS{ _^Î
q̄2 : V̄ → Z̄2

NQbÞR!Í�WYEVHKàKNQbGÍÙTVà9[IX í L�Ü MQ[IÍ�Í¿R:ÏÇÉOÈSÕ í B
NQbÞR�Ý�NOÌwÝ­RUÌãRUX9Z ß�[#RUEG[#ZKWYX9[wÉ

:ù[ÀX9WSß bVJKHKH WwbG[/TVàòRUT
q̄2

NQb�X9WYTdRÞÍ�WYEVHKàKNQbVÍ+É �ÀJ9[ÀTGW�ÏÇÉOÈ 3�ß�[�PSRUX+RUMQbGW�bVJKHKH WwbG[ÀTVàòRUT�TVà9[ÀJKXKN	JjJ9[
LòRYbG[¿H"WYNOXjT

P
WUÎ�TVà9[¿MONOX9[SRUEÞH [IX9PINOM

q̄2
L [IMQWYXKÌpb�TGW

F∞ \ S
É :ù[¿MQ[IT

π : W̄ → V̄1
L [#R+Í�NOXKNOÍ¿RUM

EG[�bGWYMOJKTVNQWYX WUÎdTVà9[�LòRYbG[#H"WYNOXjTGb�WUÎ
q̄2 í RUX9Z ß�[#ZK[IX9WYTG[�L�Ü

q̃2 : W̄ → Z̄2
TVà9[

P
1 ÑkÒ LKE¡RUTVNQWYX ß�àKNQP¡à

MONôÎ7TGb
q̄2
É�ÿ�à9[¿MáRYbGT

(−1) Ñ PIJKEVÔp[�RUEVNQbVNOXKÌ:Î}EGWYÍ TVàKNQbÞ[IMONOÍ�NOXòRUTVNQWYX HKEGWAP�[�ZÇJKEG[#ÌwNOÔp[�bÞEVNQb¡[¿TGWãR+bG[�PITVNQWYX
S2

WUÎ
q̃2 í RUX9ZîNOT�NQb�R¿JKXKN	JjJ9[

(−1) Ñ PIJKEVÔp[ÞNOX π−1 (P )
É 	jNOX9P�[

q̄2|S∪G = ∞ í TVà9[�HKEGWYH"[IEÀTVE¡RUX9b�ÎkWYEVÍWUÎ
S ∪ G

NOX
W̄

NQb�P�WYX�T¡RUNOX9[�Z NOX TVà9[ Ò L"[IE q̃−1
2 (∞)

É _�Î
T̃2

NQb�RüÌp[IX9[IE¡RUM Ò L [IE!WUÎ q̃2
TVà9[IX TVà9[

H WYNOX�T
T̃2 \ T2

L [IMQWYXKÌpb�TGW
π−1 (P )

ÉC_aT�Î7WYMOMQW­ßdb�TVàòRUTdTVà9[\HKEGWYH [IEdTVE¡RUX9b�ÎkWYEVÍ WUÎ
F∞

NOX
W̄

NQbdZÇNQbkÓ�WYNOXjT
Î7EGWYÍ

T̃2
ß�à9[IX9P�[îNQb�P�WYX�T¡RUNOX9[�Z NOX R Ò L [IE¿WUÎ q̃2

É 	jNOX9P�[
P ∈ F∞ \ S

TVà9[�HKEGWYH [IE�TVE¡RUX9b�ÎkWYEVÍ WUÎ
B = F∞ ∪ S ∪ G

NQbÀP�WYXKX9[�PITG[�Z RUX9Z:bGW¿NQb/P�WYXjT¡RUNOX9[�Z�NOX
q̃−1
2 (∞) ⊂ W̄reg

É ; b q̃−1
2 (∞) ⊂ W̄ \ VNQb
TVà9[IX ZK[IÌp[IX9[IE¡RUTG[ í L�Ü eDCpf WUÎ�MQ[IÍ�Í¿R ÈwÉ±Ï�NOT
ÍÞJ9bVTÞP�WYXjT¡RUNOX R

(−1) Ñ PIJKEVÔp[wÉ 	jNOX9P�[�X9WîbGJ9PGà PIJKEVÔp[
PSRUX�L [ÀP�WYXjT¡RUNOX9[�Z�NOX

G ∪
(

π−1 (P ) ∩ q̃−1
2 (∞)

) NOT�Î7WYMOMQW­ßdb�TVàòRUT�TVà9[ÀHKEGWYH"[IE�TVE¡RUX9b�ÎkWYEVÍ WUÎ
S
WYE

F∞NQb
R
(−1) Ñ PIJKEVÔp[wÉ 	jNOX9P�[�TVà9[�bG[�T�ß�W+PIJKEVÔp[�b\Í�[�[IT�RUX9ZùRUEG[�P�WYX�T¡RUNOX9[�ZüNOXùR�Í¿R�ûANOÍ¿RUM	bVNOÍ�HKMQ[�Ý�NOÌwÝ­RUÌ

WUÎ
q̃−1
2 (∞)

ß�àKNQP¡àîNOX�TG[IEGb¡[�PITGbdTVà9[
bG[�PITVNQWYX
S2 í ß�[
ZK[�ZÇJ9P�[\Î7EGWYÍ MQ[IÍ�Í¿R�ÈwÉ±×�TVàòRUT

q̃−1
2 (∞) ∪ S2

NQbÐR
Ý�NOÌwÝ­RUÌ9É�ÿ�à9[IEG[)ÎkWYEG[

G
NQb/P�WYXKX9[�PITG[�Z�RUX9ZîNQb/R�Ý�NOÌwÝ­RUÌ í ß�à9[IX9P�[ q

àòRYb�R�JKXKN	JjJ9[�ZK[IÌp[IX9[IE¡RUTG[ Ò L"[IESÉ�_aTÎkWYMOMQWSßdbdTVàòRUT
B = F∞ ∪ S ∪ G

NQbÐR�Ý�NOÌwÝ­RUÌ9É
�â�WYEG[�Ìp[IX9[IE¡RUMOMOÜ�ß�[\àòR�Ôp[�TVà9[�ÎkWYMOMQWSß�NOXKÌ�TVà9[�WYEG[IÍ+É


������������ 4� GH��� �7³t
V

y³�/�Y�
ML

s^�-vAx}tI�p�-z�i}hÇz)�+i}hÇz��VuYvA��+p�Yx)ö2+wy³óSy³�Iuwx
C := V̄ \V

u�tÀ�Y�òö���y³�òy³���Y�
�GuY�/lr�QzIi7ykuY�

V̄
u�t

V
y³�
� þ yO~ þ �S~�{

ÿ�à9[!HKEGWAWUÎ/NQb�ZKWYX9[�NOX ÏÇÉOÈ­æ Ñ ÏÇÉ±Ï �ãL [IMQWSß
É ÊÐ[IÍ�NOX9Z TVàòRUT
V̄

NQb�R�Í�NOXKNOÍ¿RUMÐP�WYÍ�HKMQ[ITVNQWYX WUÎ
V

N �
C

NQb�RUX
SNC Ñ ZÇNOÔANQbGWYE�P�WYX�T¡RUNOXKNOXKÌ X9W

(−1) Ñ PIJKEVÔp[!ß�àKNQPGà Í�[�[ITGb�RUT�Í�WwbGT�T�ß�W WYTVà9[IE�NOEVEG[�ZÇJ9PINOLKMQ[
P�WYÍ�H WYX9[IX�TGbÞTVE¡RUX9bVÔp[IEGb¡RUMOMOÜãNOX R�bVNOXKÌwMQ[�H"WYNOXjT e bG[�[+ÈwÉOÈ f É 	jNOX9P�[

V
NQbÞR�Ö�X9[

C
NQb
P�WYXKX9[�PITG[�Z?É�ÿ�à9[

A
1 ÑkÒ LKE¡RUTVNQWYX q1 : V → A

1 [)ûÇTG[IX9ZKb�TGW�R�E¡RUTVNQWYXòRUMrÍ¿RUH q̄1 : V̄ 99K P
1 ß�NOTVà!RUT�Í�WwbVT�WYX9[ÐLòRYbG[ÐH"WYNOXjT

P
WYX

C
É

� ��� �&#&4� *H �� �7³t
q̄1 : V̄ → P

1 y³�
�#��uYx�lòh�y³�-� i}hÇzI�
C

y³�\� þ yO~ þ �S~�{
J xVuSu�tS{ 	jNOX9P�[
TVà9[ÞPIMQWwbVJKEG[

T̄1
WUÎ.R�Ìp[IX9[IE¡RUM Ò L [IE T1

WUÎ
q1

NOX�TG[IEGb¡[�PITGb
C
NOX�R�bVNOXKÌwMQ[�H"WYNOXjTÐNOT�ÎkWYMOMQWSßdbTVàòRUT�TVà9[IEG[\[)ûANQbGTGb�RÞJKXKN	JjJ9[ÀNOEVEG[�ZÇJ9PINOLKMQ[\P�WYÍ�H"WYX9[IXjT

S
WUÎ

C
ß�àKNQPGà+NQb�R�bG[�PITVNQWYX�WUÎ

q̄1
ÉC_�Î

C = S
ß�[

RUEG[
ZKWYX9[wÉ



g � �������	��
���
�����
������
_�Î

S
NQbCR/TG[IEVÍ�NOXòRUMKP�WYÍ�H"WYX9[IXjT	WUÎ

C
TVà9[IX

C\S
NQb4P�WYXKX9[�PITG[�Z�ß�à9[IX9P�[�P�WYX�T¡RUNOX9[�Z�NOX�RÐJKXKN	JjJ9[ Ò L"[IE

F
WUÎ

q̄1
É=â�WYEG[�WSÔp[IE�bVNOX9P�[

q̄−1
1 (∞) ⊂ C

ß�[�Ìp[ITCTVàòRUT
F = F∞ = q̄−1

1 (∞)
RUX9Z

F∞ = C \ S ⊂ V̄reg

É
õ�Ü�TVà9[.Í�NOXKNOÍ¿RUMONOTaÜ�WUÎ

C í NOT2TVà9[IX
ÎkWYMOMQWSßdb2Î7EGWYÍ�ÈwÉ±ÕÐTVàòRUT
C \ S

PSRUXKX9WYT=P�WYXjT¡RUNOX�R
(−1) Ñ PIJKEVÔp[wÉ �À[IX9P�[TVà9[ Ò L [IE F∞

WUÎ
q̄1

NQb�X9WYX9ZK[IÌp[IX9[IE¡RUTG[ í RUX9Z+bGW C = S ∪ F∞
NQbÐR�Ý�NOÌwÝ­RUÌ¿ß�NOTVà�Taß�W#P�WYÍ�H"WYX9[IXjTGbSÉ

_�Î
S
NQb�X9WYTCRdTG[IEVÍ�NOXòRUMKP�WYÍ�H"WYX9[IXjT	WUÎ

C
ß�[�ZK[IX9WYTG[�LjÜ

G1, . . . , Gn

TVà9[�P�WYXKX9[�PITG[�Z�P�WYÍ�H WYX9[IX�TGbCWUÎ
C \ S

É4ÿ�à9[IX�[IÔp[IEVÜ
Gi

NQbCP�WYX�T¡RUNOX9[�Z�NOX¿R Ò L [IE Fi

WUÎ
q̄1 í ß�à9[IX9P�[�ß�NOTVà�TVà9[�b¡RUÍ�[dRUEVÌwJKÍ�[IXjT�RYb	RUL"W­Ôp[

Gi

PSRUXKX9WYT�P�WYXjT¡RUNOX�R
(−1) Ñ PIJKEVÔp[wÉ 	jNOX9P�[ÐWYX9[ÐWUÎ TVà9[ Fi í b¡RSÜ Fn í NQb	TVà9[ Ò L [IE F∞ = q̄−1

1 (∞) ⊂ V̄regNOT/Î7WYMOMQW­ßdb�TVàòRUT
Gn = F∞ ' P

1 É �À[IX9P�[ V̄
NQb\R¿Í�NOXKNOÍ¿RUM4ÌpWjWAZ:P�WYÍ�HKMQ[ITVNQWYX WUÎ

V
ß�NOTVà�EG[�bGH"[�PITÀTGW

q1 e bG[�[�ÈwÉ±Ú f É	ÿ�àjJ9b/RYP�P�WYEGZÇNOXKÌ#TGW�HKEGWYH"WwbGNOTVNQWYX:ÏÇÉOÈS×
n = 2

RUX9Z
C = F∞ ∪ S ∪ G1

NQb/R�Ý�NOÌwÝ­RUÌ9É
�

4� *H �� ÿ�à9[IEG[)ÎkWYEG[�ß�[�Í¿RSÜîbVJKHKH WwbG[
NOX:TVà9[Þb¡[KJ�J9[IM�TVàòRUT/TVàòRUT/X9[INOTVà9[IE
q1

X9WYE
q2

[)ûATG[IX9ZKbÀTGW#R�Í�WYE ÑHKàKNQbVÍ WYX
V̄
É :ù[
MQ[IT

P ∈ C
L"[�TVà9[
JKXKN	JjJ9[�LòRYb¡[
H WYNOX�T�WUÎ4TVà9[ÞE¡RUTVNQWYXòRUM=Í¿RUH

q̄1 : V̄ 99K Z̄1 í RUX9Z
π : W̄ → V̄

L"[�R�Í�NOXKNOÍ¿RUM2EG[�bGWYMOJKTVNQWYXãWUÎ
P
É�ÿ�àòRUTÐNQb

q̄1
MONôÎ7TGbdTGW�R

P
1 ÑkÒ LKE¡RUTVNQWYX q̃1 : W̄ → Z̄1

RUX9Z
π−1 (P )

P�WYX�T¡RUNOX9bdRÞJKXKN	J�J9[
(−1) Ñ PIJKEVÔp[ S

ß�àKNQPGà�NQb�RÞbG[�PITVNQWYX�WUÎ
q̃1
É 	jNOX9P�[/TVà9[�PIMQWwbVJKEG[

T̃1
NOX

W̄
WUÎ

R�Ìp[IX9[IE¡RUM Ò L"[IE.WUÎ q1
Í�[�[ITGb

π−1 (C)
NOX#R\bVNOXKÌwMQ[dH"WYNOXjT.NOTCÎkWYMOMQWSßdb.TVàòRUT�[IÔp[IEVÜ�P�WYXKX9[�PITG[�Z¿P�WYÍ�H WYX9[IX�T

WUÎ4TVà9[\HKEGWYH"[IE�TVE¡RUX9bVÎ7WYEVÍ
C ′ WUÎ C

NOX
W̄

NQbdP�WYXjT¡RUNOX9[�Z+NOX:R Ò L [IEdWUÎ q̃1
É

� ��� �&#&4� *H �/ �7³t
P

�Gz)�OuY�j~Y�Þi^ud|)vj�)i�uw�"z�y³x)xVz +YvÇ��yk�)�Qz��Guw�ÐlKuY�"z)�òi
D

u�t
C

i}hÇz)�
C

yá�
� þ yO~ þ �­~�{
J xVuSu�tS{ _�X�TVàKNQbÐPSRYbG[

C ′ NQbdP�WYXKX9[�PITG[�Z�ß�à9[IX9P�[
P�WYXjT¡RUNOX9[�Z+NOX�TVà9[ Ò L [IE F∞
WUÎ

q̃1
ÉCÿ�à�J9b

F∞ ⊂ W̄regZKWA[�b�X9WYT�P�WYXjT¡RUNOX
(−1) Ñ PIJKEVÔp[�bd[)ûKP�[IHKT�Í¿RSÜjL [ÀÎkWYE�TVà9[�HKEGWYH [IE�TVE¡RUX9b�Î7WYEVÍ D′ WUÎ D

É4_aX9ZK[�[�Z í L�Ü#TVà9[Í�NOXKNOÍ¿RUMONOT�Ü�WUÎ
C
RUX9Z�WUÎ=TVà9[ÀEG[�bGWYMOJKTVNQWYX+WUÎ

P í bVJ9P¡àîR
(−1) Ñ PIJKEVÔp[�NOX F∞ í ZÇN � [IEG[IXjT�Î}EGWYÍ D′ í ÍÞJ9bVTL [�R!E¡RUÍ�N Ò PSRUTVNQWYX H WYNOX�TÞWUÎ

C ′ í ß�àKNQPGàüNQbÞ[)ûÇPIMOJ9ZK[�ZùL�Ü ÈwÉ±ÕÇÉ¿_�Î�TVà9[ Ò L"[IE F∞
ZKWA[�b\X9WYTÞP�WYXjT¡RUNOX R

(−1) Ñ PIJKEVÔp[�TVà9[IX NOT�NQb�X9WYX9ZK[IÌp[IX9[IE¡RUTG[ í bGW F∞ = D′ ß�NOTVà (D′2
)

= 0
RUX9Z

C = D
NQb�R+Ý�NOÌwÝ­RUÌ9É

:ù[�X9W­ß�bVJKHKH WwbG[�TVàòRUT
C 6= D

É ÿ�à9[IX
F∞

NQb#ZK[IÌp[IX9[IE¡RUTG[�RUX9Z
D′ NQb#R�JKXKN	JjJ9[

(−1) Ñ PIJKEVÔp[îNOX
F∞

É�ÿ�à9[IEG[)ÎkWYEG[
D

NQb�R#TG[IEVÍ�NOXòRUM.P�WYÍ�H WYX9[IX�T�WUÎ
C
ÎkWYE\WYTVà9[IEVß�NQbG[

D′ NQb
R�E¡RUÍ�N Ò PSRUTVNQWYXùÔp[IEVTG[)ûãWUÎ
Γ (F∞ ∪ S) í ß�àKNQPGà P�WYX�TVE¡RYZÇNQPITGb�ÈwÉ±ÕÇÉî_^Î

C
NQb�X9WYT�R�Ý�NOÌwÝ­RUÌ�TVà9[IX

F∞ ∪ S
NQb�X9WYT�R�Ý�NOÌwÝ­RUÌã[INOTVà9[IE

bVNOX9P�[�NOTÐP�WYX�T¡RUNOX9b
C ′ É�ÿ2W#[IMONOÍ�NOXòRUTG[�TVàKNQb/H"Wwb¡bVNOLKNOMONOT�Ü!ß�[ÞX9WYTG[
TVàòRUT/NôÎ π−1 (P )

NQb/R�Ý�NOÌwÝ­RUÌ�TVà9[IX
D′NQbdP�WYXjT¡RUNOX9[�Z+NOXîR�Í¿R�ûÇNOÍ¿RUMªbVNOÍ�HKMQ[\Ý�NOÌwÝ­RUÌ¿WUÎ

F∞
ß�àKNQP¡àîÍ�[�[ITGb

S í RUX9Z�WYTVà9[IEVß�NQbG[ D′ NQbdP�WYXjT¡RUNOX9[�ZNOXùR�Í¿R�ûANOÍ¿RUM	ZKWYJKLKMQ[�Ý�NOÌwÝ­RUÌ+WUÎ
F∞

É�õ�JKT�L"WYTVà TVà9[�bG[�H WwbGbVNOLKNOMONOTVNQ[�b�RUEG[�[)ûKPIMOJ9ZK[�Z L�Ü:MQ[IÍ�Í¿RãÈwÉ±×ÇÉ
�À[IX9P�[

C
NQbÐR�Ý�NOÌwÝ­RUÌ9É

�ÿ�à9[ÀÎkWYMOMQWSß�NOXKÌ¿MQ[IÍ�Í¿R�P�WYÍ�HKMQ[ITG[�bÐTVà9[�HKEGWAWUÎ4WUÎ4TVà9[�WYEG[IÍ ÏÇÉOÈSÚÇÉ
� ��� �&#�4� -4 �� (7-��i}hÇzÐ�)y}i7vK�wi7ykuY��u�t � { ��� <�y t

P
�¡z)�ôuw�j~U�Ài^uÞi7q.uÞy³x)xGz%+YvK�Iyk�I�Oz\�¡uY�/lÇuY�"z)�ri}�d�I�Yö

D1
�w��+

D2
uVt

C
i}hÇzI�

C
y³�
� þ yO~ þ �S~�{

J xVuSu�tS{ _�X:TVàKNQb�PSRYbG[�TVà9[ÞHKEGWYH [IE/TVE¡RUX9b�ÎkWYEVÍ
C ′ WUÎ C

àòRYbÐTaß�W!P�WYXKX9[�PITG[�ZãP�WYÍ�H"WYX9[IXjTGb
C ′

1

RUX9Z
C ′

2 íß�à9[IEG[
D′

i

NQbÐR�TG[IEVÍ�NOXòRUM2P�WYÍ�H WYX9[IX�TÀWUÎ
C ′

i í i = 1, 2
É	ÿ�à9[IEG[)ÎkWYEG[
[INOTVà9[IE

C ′ NQb�[IX�TVNOEG[IMOÜ+P�WYXjT¡RUNOX9[�Z+NOXTVà9[ Ò L"[IE F∞
WUÎ

q̃1 í WYE�TVà9[IEG[�[)ûÇNQbVTGb�RUX9WYTVà9[IE Ò L [IE F1
WUÎ

q̃1
bVJ9P¡à�TVàòRUT�b¡RSÜ

C ′
1 ⊂ F1

RUX9Z
C ′

2 ⊂ F∞
É

ÿ�à9[�MáRUTVTG[IE	àòRUHKH [IX9bCNôÎªRUX9Z�WYXKMOÜ�NôÎ
D′

1∪π−1 (P )∪D′
2

NQb.RÀÝ�NOÌwÝ­RUÌ9ÉC_aX9ZK[�[�Z í WYTVà9[IEVß�NQbG[ÐRUT	b¡WYÍ�[dbVTG[IH
k ≥ 2

WUÎ TVà9[�EG[�bGWYMOJKTVNQWYX�HKEGWAP�[�ZÇJKEG[ í ß�[�Í�J9bGT	àòR�Ôp[�LKMQW­ß�X Ñ JKH!R�bGNOÍ�HKMQ[�H"WYNOXjT Pk ∈ π−1
k−1 (D1 ∪ D2)NOX�TGW�RUX�[)ûKP�[IHKTVNQWYXòRUMªP�WYÍ�H"WYX9[IXjT

Ek

É ; b Ek

NQb�TG[IEVÍ�NOXòRUM?NOX!TVà9[�ZÇJòRUM?ÌwE¡RUHKà!WUÎ
D′

1 ∪ π−1
k (P )∪D′

2ß�[/TVà9[IX#P�WYX9PIMOJ9ZK[/TVàòRUT
π−1

k (C)\Ek

NQb�P�WYXKX9[�PITG[�Z?É 	jNOX9P�[ÀRUMOM9Î7JKEVTVà9[IE�LKMQW­ß Ñ JKH9b�àòR�Ôp[/TVà9[INOE�P�[IXjTG[IEGbWSÔp[IE
Ek

NOTÐÎ7WYMOMQW­ßdbÐTVàòRUTÀTVà9[
HKEGWYH [IEÀTVE¡RUX9b�Î7WYEVÍ WUÎ
π−1

k−1 (C)
NOX

W̄
P�WYX�T¡RUNOX9b

C ′ RUX9ZîNQb/P�WYXKX9[�PITG[�Z?É
ÿ�àKNQb�NOÍ�HKMONQ[�bÐTVàòRUT

C ′ NQbd[IX�TVNOEG[IMOÜ�P�WYXjT¡RUNOX9[�ZîNOXîR Ò L [IEdWUÎ q̃1
É

È f :ù[ Ò EGbVT�bVJKHKH WwbG[#TVàòRUT C ′ NQbÞP�WYXjT¡RUNOX9[�Z NOX TVà9[ Ò L [IE F∞ ⊂ W̄reg

WUÎ
q̃1
É�c9WYE

i = 1, 2
ß�[

P�WYX9bVNQZK[IE/TVà9[
bVà9WYEVTG[�bVT/HòRUTVà9bCÓVWYNOXKNOXKÌ
D′

i

TGW
S
NOX+TVà9[�TVEG[�[

Γ (F∞ ∪ S) í RUX9Z+ß�[ÞZK[IX9WYTG[
LjÜ D0
TVà9[

Ôp[IEVTG[)û�ß�à9[IEG[\TVà9[IÜ�Í�[�[ITSÉ 	jNOX9P�[
C ′ NQb�X9WYTdP�WYXKX9[�PITG[�ZîNOT�Î7WYMOMQW­ßdbdTVàòRUT

D0
NQbdP�WYXjT¡RUNOX9[�Z+NOX

F∞ \ C ′
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�� g �RUX9Z�NQbÀR�E¡RUÍ�N Ò PSRUTVNQWYXîÔp[IEVTG[)ûîWUÎ
Γ (F∞ ∪ S)

É.â�WYEG[�WSÔp[IE
F∞

NQbdZK[IÌp[IX9[IE¡RUTG[�RUX9Z�TVà9[
WYXKMOÜ!H WwbGbVNOLKMQ[
(−1) Ñ PIJKEVÔp[�bÞNOX F∞

RUEG[
D′

1

RUX9Z
D′

2

É 	AW+LjÜ e È f WUÎ�MQ[IÍ�Í¿R ÈwÉ±×:RUTÞMQ[SRYbVTÞWYX9[#WUÎdTVà9[
D′

i í b-R�Ü D′
1NQb\R

(−1) Ñ PIJKEVÔp[�P�WYXjT¡RUNOX9[�Z NOXùR�Í¿R�ûÇNOÍ¿RUMCTG[IEVÍ�NOXòRUMCÝ�NOÌwÝ­RUÌ�WUÎ
F∞

É�Ø�MQ[SRUEVMOÜ í TVàKNQb�Ý�NOÌwÝ­RUÌ+P�WYXjT¡RUNOX9bRUMQbGW
C ′

1

É ÿ�àKNQb�NOÍ�HKMONQ[�b�TVàòRUT
D1

NQb�X9WYT#RãE¡RUÍ�N Ò PSRUTVNQWYX Ôp[IEVTG[)û WUÎ
Γ (C)

ÎkWYE�WYTVà9[IEVß�NQbG[
D′

1

NQb#R
E¡RUÍ�N Ò PSRUTVNQWYXîÔp[IEVTG[)û+WUÎ

Γ (F∞ ∪ S)
ß�àKNQPGà�P�WYX�TVE¡RYZÇNQPITGb�ÈwÉ±ÕÇÉ

_�Î [INOTVà9[IE
C ′

2

NQb	X9WYT�R\Ý�NOÌwÝ­RUÌÞWYE
D2

NQb�R\E¡RUÍ�N Ò PSRUTVNQWYX�Ôp[IEVTG[)û¿WUÎ Γ (C)
TVà9[IX

D′
1

NQb�R\JKXKN	J�J9[
(−1) ÑPIJKEVÔp[�P�WYX�T¡RUNOX9[�Z NOX R+Í¿R�ûANOÍ¿RUM�TG[IEVÍ�NOXòRUM�Ý�NOÌwÝ­RUÌ�WUÎ

F∞
RUX9Z TVà9[IEG[�[)ûANQbVTGb�R�E¡RUÍ�N Ò PSRUTVNQWYX Ôp[IEVTG[)û

H ′ WUÎ Γ (F∞ ∪ S)
ß�àKNQPGà�NQbdX9WYTÀP�WYX�T¡RUNOX9[�Z�NOX+TVà9[�bGà9WYEVTG[�bVTÐHòRUTVà¿Ó�WYNOXKNOXKÌ

D′
1

TGW
S
NOX

Γ (F∞ ∪ S)
É

_aX9ZK[�[�Z:NOXãTVà9[ Ò EGbVT\PSRYbG[ C ′
2

NQb�X9WYT
R¿Ý�NOÌwÝ­RUÌ�ß�à9[IX9P�[�NOT\P�WYXjT¡RUNOX9b
bVJ9PGàùR#E¡RUÍ�N Ò PSRUTVNQWYXùÔp[IEVTG[)û
H ′ íRUX9Z+NOXîTVà9[�bG[�P�WYX9Z:PSRYbG[
ß�[�PSRUX:P¡à9WjWwb¡[

H ′ = D′
2

É�ÿ�àKNQb/P�WYXjTVE¡RYZÇNQPITGb e Ï f WUÎCMQ[IÍ�Í¿R+ÈwÉ±×�à9[IX9P�[ í C ′
2NQbÐR�Ý�NOÌwÝ­RUÌ#RUX9Z

D2
NQb�X9WYT/R�E¡RUÍ�N Ò PSRUTVNQWYXîÔp[IEVTG[)û+WUÎ

Γ (C)
ÉCÿ�àjJ9b

C = C1 ∪ C2
NQbÐR�Ý�NOÌwÝ­RUÌ#TGWjWKÉ

Ï f :ù[�X9WSß bGJKHKH"WwbG[�TVàòRUT
C ′ NQb4X9WYT.[IXjTVNOEG[IMOÜ�P�WYXjT¡RUNOX9[�Z�NOX¿R Ò L [IECWUÎ q̃1

É=ÿ�à�J9b
D′

1∪π−1 (P )∪D′
2NQb\R�Ý�NOÌwÝ­RUÌ9É�â:WYEG[�W­Ôp[IEÀTVà9[IEG[�[)ûÇNQbVTÀT�ß�W�P�WYXKX9[�PITG[�Z P�WYÍ�H WYX9[IX�TGb í b¡R�Ü G1

RUX9Z
G2 í WUÎ π−1 (C) \ SRUX9ZùTaß�W�ZÇN � [IEG[IXjT Ò L [IEGb F1

RUX9Z
F2 = F∞

WUÎ
q̃1

bVJ9PGà TVàòRUT
C ′

i ⊂ Gi ⊂ Fi

ÎkWYE
i = 1, 2

É 	jNOX9P�[
F∞ ⊂ W̄reg

ß�[�PSRUX�ZK[�ZÇJ9P�[�bVNOÍ�NOMáRUEVMOÜ:RYbÀNOX:MQ[IÍ�Í¿R�ÏÇÉOÈ ð TVàòRUT F∞ ∪ S
NQbÀR¿Ý�NOÌwÝ­RUÌ9ÉÀÿ�àKNQb/NOÍ�HKMONQ[�b

TVàòRUT
C2

NQb�R�Ý�NOÌwÝ­RUÌ:RUX9Z
D2

NQb\X9WYT�R!E¡RUÍ�N Ò PSRUTVNQWYXüÔp[IEVTG[)ûùWUÎ
Γ (C)

É :ù[�MQ[IT
τ∞ : W̄ → W̄1

L [TVà9[+P�WYXjTVE¡RYPITVNQWYX WUÎ
F∞

TGW RãX9WYX9ZK[IÌp[IX9[IE¡RUTG[ Ò L [IE¿WUÎ
R
P

1 ÑkÒ LKE¡RUTVNQWYXªÉ ÿ�àòRUT�NQb í τ∞ (F∞) ' P
1NQb�R:X9WYX9ZK[IÌp[IX9[IE¡RUTG[ Ò L"[IE F̂∞ = q̂−1

1 (∞)
WUÎÐTVà9[�EG[�bVJKMOTVNOXKÌ

P
1 ÑkÒ LKE¡RUTVNQWYX q̂1 : W̄1 → Z̄1

É
	jNOX9P�[
TVà9[�P�WYÍ�H WYX9[IX�TGb\WUÎ

F1
RUEG[�X9WYTÀR��?[�PITG[�ZîLjÜ�TVàKNQb/P�WYXjTVE¡RYPITVNQWYX�NOTÐÎ7WYMOMQW­ßdbÀTVàòRUT

τ∞ (D′
1)
NQbÐTVà9[ÞWYXKMOÜ

H WwbGbVNOLKMQ[
(−1) Ñ PIJKEVÔp[�NOX τ∞ (G1) ⊂ F̂1 = τ∞ (F1)

ÉÀâ:WYEG[�W­Ôp[IE\RYb
D′

1 ∪ π−1 (P ) ∪ D′
2

NQbÀR¿Ý�NOÌwÝ­RUÌ í
τ∞ (D′

1)
NQb\P�WYX�T¡RUNOX9[�Z NOX TVà9[�Í¿R�ûÇNOÍ¿RUM.bVNOÍ�HKMQ[�Ý�NOÌwÝ­RUÌ+WUÎ

τ∞ (G1)
ß�àKNQPGàüÍ�[�[ITGb\TVà9[�bG[�PITVNQWYX

Ŝ
WUÎ

q̂1
É
_�Î

τ∞ (G1)
P�WYX�T¡RUNOX9b\X9W

(−1) Ñ PIJKEVÔp[�TVà9[IX W̄1
NQb
R#ÌpWAWjZ�P�WYÍ�HKMQ[ITVNQWYXüWUÎ

V
ß�NOTVà EG[�bGH"[�PIT�TGW

q1 íRUX9Z NOT\ÎkWYMOMQWSßdb
Î}EGWYÍËHKEGWYH WwbVNOTVNQWYX ÏÇÉOÈS×!TVàòRUT
τ∞

(

G1 ∪ Ŝ
) NQb�R�Ý�NOÌwÝ­RUÌ9É¿ÿ�à�J9b

C1
NQb�R!Ý�NOÌwÝ­RUÌ+TGWAW

RUX9Z
D1

NQb�X9WYTÐR�E¡RUÍ�N Ò PSRUTVNQWYXîÔp[IEVTG[)û+WUÎ
Γ (C)

É
�/TVà9[IEVß�NQbG[

τ∞ (D′
1)
NQb�R
JKXKN	JjJ9[

(−1) Ñ PIJKEVÔp[/WUÎ τ∞ (G1)
É�	jT¡RUEVTVNOXKÌ�ß�NOTVà

τ∞ (D′
1)
ß�[ÀPSRUX�bGJ9P�P�[ ÑbVNOÔp[IMOÜîP�WYXjTVE¡RYPIT�TVà9[

(−1) Ñ PIJKEVÔp[�bÀß�àKNQP¡à RUEVNQb¡[�NOX
τ∞ (G1)

TGW!WYLKT¡RUNOXãR¿Í�NOXKNOÍ¿RUMCÌpWjWAZîP�WYÍ�HKMQ[ITVNQWYX
W̄2

WUÎ
V
ß�NOTVà�EG[�bVH [�PIT.TGW

q1
É �À[IX9P�[/TVà9[dNOÍ¿RUÌp[ÀWUÎ

τ∞

(

G1 ∪ Ŝ
) NOX

W̄2
NQb�R\Ý�NOÌwÝ­RUÌ�L�Ü�HKEGWYH WwbVNOTVNQWYX

ÏÇÉOÈS×ÇÉ 	jNOX9P�[
τ∞ (D′

1)
NQb�P�WYXjT¡RUNOX9[�Z NOX R�Í¿R�ûANOÍ¿RUMdbGNOÍ�HKMQ[!Ý�NOÌwÝ­RUÌùWUÎ

τ∞ (G1)
ß�àKNQPGà Í�[�[ITGb

Ŝ
NOT

ÎkWYMOMQWSßdb�TVàòRUT�X9WYX9[\WUÎ2TVà9[ÀH WwbGbVNOLKMQ[ÀE¡RUÍ�N Ò PSRUTVNQWYX+Ôp[IEVTVNQP�[�bdWUÎ τ∞

(

G1 ∪ Ŝ
) àòRYb�L [�[IX�[IMONOÍ�NOXòRUTG[�Z�L�Ü

TVà9[�RUL"W­Ôp[ÞP�WYXjTVE¡RYPITVNQWYX9bSÉ/ÿ�àKNQb/Í�[SRUX9bÀTVàòRUT
τ∞

(

G1 ∪ Ŝ
) NQb�RUMQbGW#R�Ý�NOÌwÝ­RUÌ9É/ÿ�àjJ9b

C1
NQbÀR�Ý�NOÌwÝ­RUÌpb

RUX9Z
D1

NQb�X9WYTÐR�E¡RUÍ�N Ò PSRUTVNQWYXîÔp[IEVTG[)û+WUÎ
Γ (C)

É��/[IX9P�[
C = C1 ∪ C2

NQb/R�Ý�NOÌwÝ­RUÌ�TGWAWKÉ
�

:ù[dP�WYÍ�HKMQ[ITG[/WYJKE�ZÇNQbGPIJ9bGbGNQWYX�L�Ü�R\P¡àòRUE¡RYPITG[IEVNOÝ­RUTVNQWYX!WUÎ?TVà9[ÐR�Ö�X9[ÐHKMáRUX9[wÉ4:ù[�X9[�[�Z�TVà9[�Î7WYMOMQW­ß�NOXKÌ
MQ[IÍ�Í¿RÇÉ
� ��� �&# 4� -4�H� >^��zGzV�w�¯��u ï È ñ @ )2z�i V

�Gz��Y�
ML

s^�-vAx}tI�p�-zã�Y��+
qi : V → Zi ' A

1 < i = 1, 2
<#�Gz

i7q.u
A

1 s65��Ix��wi7ykuY�K��q4hÇuU��z�~�z)� z)x��w��5��¡z)x¡� +pu:�ruwi��GuYy}�r�Iy +�zS{ : hKz)� φ12 := q1 × q2 : V → A
2 y³�#��-vAx}|�zV�Si7y³óUz=< ÷ vK�U�-y}s65.�9y}i�z���uYx�lòh�y³�-�¿{

J xVuSu�tS{ :ù[�MQ[IT
V̄
L"[�R�ÌpWAWAZîP�WYÍ�HKMQ[ITVNQWYX WUÎ

V
ß�NOTVà�EG[�bVH"[�PITÀTGW

q1
LjÜîR�Ý�NOÌwÝ­RUÌ

B = G ∪ S ∪ F∞RYb�NOX ÏÇÉOÈSÏ í RUX9Z ß�[�ZK[IX9WYTG[�LjÜ
q̄1 : V̄ → Z̄1 ' P

1 TVà9[
P

1 ÑkÒ LKE¡RUTVNQWYX ß�àKNQPGà [)ûÇTG[IX9ZKb
q1
É:_�ÎdTVà9[

A
1 ÑkÒ LKE¡RUTVNQWYX q2 : V → Z2 ' A

1 [)ûATG[IX9ZKbÀTGW!R
P

1 ÑkÒ LKE¡RUTVNQWYX q̄2 : V̄ → Z̄2 ' P
1 TVà9[IX V ' A

2 L�ÜMQ[IÍ�Í¿R
ÏÇÉOÈSÕ
RUX9Z
q1

RUX9Z
q2

RUEG[dP�WAWYEGZÇNOXòRUTG[�b.WYX
V
ß�àKNQPGà�HKEGW­Ôp[�b	TVà9[ÐRYbGb¡[IEVTVNQWYXªÉ 	AW
ß�[�Í¿RSÜ�RYb¡bVJKÍ�[

Î7EGWYÍýX9WSß�WYXîTVàòRUT
q̄2 : V̄ 99K Z̄2 ' P

1 NQb/R�MONOX9[SRUEÀH [IX9PINOMªß�NOTVà�R�JKXKN	J�J9[�LòRYbG[\H WYNOX�T
P ∈ F∞ \ S



g � �������	��
���
�����
������

e bG[�[�ÏÇÉOÈ 3 f Édÿ�à9[IEG[)Î7WYEG[ q̄2|S∪G = ∞
RUX9Z

T̄2 \ T2 = P
ÎkWYEÐTVà9[ÞPIMQWwbVJKEG[

T̄2
WUÎ�R�Ìp[IX9[IE¡RUM Ò L"[IE T2

WUÎ
q2
É
ÿ2W�HKEGW­Ôp[\TVàòRUT

φ12
NQb J�JòRYbVN ÑkÒ XKNOTG[�NOT�NQb�bGJÇÖ¿PINQ[IX�T�TGW�bVà9W­ß TVàòRUT�X9WYX9[\WUÎ�TVà9[�NOEVEG[�ZÇJ9PINOLKMQ[
P�WYÍ�H W ÑX9[IX�TGb\WUÎ�R Ò L [IEÀWUÎ q2
NQbÀP�WYX�T¡RUNOX9[�ZãNOX R Ò L [IEÀWUÎ q1

É 	jJKHKH WwbG[�WYX:TVà9[�P�WYX�TVE¡RUEVÜ:TVàòRUTÀTVà9[IEG[�[)ûÇNQbVTGb
RUX NOEVEG[�ZÇJ9PINOLKMQ[�P�WYÍ�H WYX9[IX�T

C
WUÎ�R Ò L [IE F1

WUÎ
q1

ß�àKNQPGàùNQb\P�WYXjT¡RUNOX9[�ZùNOXüR Ò L [IE F2
WUÎ

q2
ÉÞ_�Î

F1ß�[IEG[ÞR�X9WYX9ZK[IÌp[IX9[IE¡RUTG[ Ò L [IEÐWUÎ q1
TVà9[IX+NOTGbÐPIMQWwbVJKEG[

F̄1 = C̄
NOX

V̄
ß�WYJKMQZ�Í�[�[IT

S
NOXîR�bGNOXKÌwMQ[�H"WYNOXjT

P1
É 	jNOX9P�[

q̄2|C
NQb/P�WYX9bGT¡RUX�T
RUX9Z Ò XKNOTG[�RUX9Z q̄2

(

C̄ ∩ S
)

= ∞
NOT/Î7WYMOMQW­ßdbÐTVàòRUT

P1
ß�WYJKMQZ�L [ÞR¿LòRYbG[

H WYNOX�T\WUÎ
q̄2

ß�àKNQPGà NQbÀNOÍ�H WwbGbVNOLKMQ[wÉ\ÿ�à�J9b
L�ÜîHKEGWYH WwbVNOTVNQWYXùÏÇÉOÈS×
F1

NQb
R¿JKXKN	J�J9[�ZK[IÌp[IX9[IE¡RUTG[ Ò L [IE�WUÎ
q1

RUX9Z�à9[IX9P�[ í C̄ Í�[�[ITGb
G e bG[�[ÞÏÇÉOÈSÏ f É 	jNOX9P�[ q2|C

NQbdP�WYX9bVT¡RUXjT�RUX9Z Ò XKNOTG[ÞRUX9Z q̄2

(

G ∩ C̄
)

= ∞
NOT

ÎkWYMOMQWSßdb�TVàòRUT
Q = G ∩ C̄

NQbdR�LòRYb¡[�H"WYNOXjTdWUÎ
q̄2

ß�àKNQPGàîNQbdRUÌ�RUNOX�NOÍ�H"WwbGbGNOLKMQ[wÉCÿ�à�J9b�TVà9[IEG[\NQb�X9W�bVJ9P¡à
PIJKEVÔp[

C
WYX

V
RUX9Z!à9[IX9P�[ í φ12

NQb8J�JòRYbGN ÑkÒ XKNOTG[wÉÿ�à9[ÀX9WYEVÍ¿RUMONQb¡RUTVNQWYXîWUÎ4[IÔp[IEVÜ¿NOEVEG[�ZÇJ9PINOLKMQ[
P�WYÍ�H WYX9[IX�T
C
WUÎCR Ò L [IE�WUÎ q2

NQb�NQbGWYÍ�WYEVHKàKNQP�TGW
A

1 L�ÜMQ[IÍ�Í¿R!ÈwÉ¯æAÉ��À[IX9P�[/TVà9[ÀEG[�bVTVEVNQPITVNQWYX+WUÎ
q1

TGW
C
NQb�X9WYX9P�WYX9bVT¡RUX�TÀRUX9Z�bGJKE7Ó�[�PITVNOÔp[ í RUX9Z!bGW φ : V → A

2NQbÐR�bVJKE7ÓV[�PITVNQWYX:RYb�EG[KJjJKNOEG[�Z?É
�

�����(��' ' # ��� 4� -4
4� "��ruYx)���Y��� $ � z\�)vjx}t��p�¡z
V

y³�\yá��uY��uYx^lrh�y7��i^u
A

2 y t��Y��+!uY�9��ö¿y t
y7i��?+Y��y7i}��i7q.u
A

1 s65��)x��pi7y7uY�9�
q4hAuU��z/~�z)� z)x��w��5��¡z)x¡�
�¿zGz�i.y}�ã���-y}�j~Y�Qz�lÇuYy}�òi�{
J xVuSu�tS{ :ù[�MQ[IT

qi : V → Zi ' A
1 í i = 1, 2

L [!T�ß�W
A

1 ÑkÒ LKE¡RUTVNQWYX9b#RYb¿RUL WSÔp[wÉ ÿ�à9[+Í�WYEVHKàKNQbVÍ
φ := q1 × q2 : V → A

2 NQb�bVJKE7ÓV[�PITVNOÔp[\RUX9Z JjJòRYbVN ÑkÒ XKNOTG[�LjÜ¿MQ[IÍ�Í¿R�ÏÇÉ±ÏÇÈwÉ 	jNOX9P�[ÀTVà9[�Ìp[IX9[IE¡RUM Ò L"[IEGb�WUÎ
q1

RUX9Z
q2

Í�[�[IT�NOXîR�bVNOXKÌwMQ[ÀH WYNOX�T�NOT�ÎkWYMOMQWSßdb�TVàòRUT
φ
NQb�LKNOE¡RUTVNQWYXòRUM^É	õ�Ü¿TVà9[
ú RUEVNQbVäAÜ#âãRUNOX!ÿ�à9[�WYEG[IÍ

e bG[�[ zS{m~�{ ï C�ñ}f TVà9[IEG[
[)ûÇNQbVTGbdR�Î^RYPITGWYEVNOÝ­RUTVNQWYX

φ : V
φ′

→ X
u
→ A

2

ß�à9[IEG[
φ′ NQb=RUX�WYH [IXÞNOÍ�Í�[IEGbGNQWYX�RUX9Z u : X → A

2 NQb Ò XKNOTG[�RUX9ZÞLKNOE¡RUTVNQWYXòRUMKß�à9[IX9P�[�RUXÞNQb¡WYÍ�WYEVHKàKNQbVÍ+Éÿ�à9[IX
φ′ = φ

NQbÐRUX�NQbGWYÍ�WYEVHKàKNQbVÍ�TGWjW�RYb
φ
NQbdbVJKE7ÓV[�PITVNOÔp[wÉ

�

ÿ2W�P�WYX9PIMOJ9ZK[Àß�[ÀHKEGW­ÔjNQZK[\R�bG[IEVNQ[�b�WUÎ�[)û9RUÍ�HKMQ[�b�WUÎ�X9WYX9bVNOXKÌwJKMáRUEÐR�Ö�X9[�bVJKE�ÎkRYP�[�b�NOX
A

3 ß�NOTVà�[SRYbVNOMOÜP�WYÍ�HKJKT¡RULKMQ[�P�WYÍ�HKMQ[ITVNQWYX9b í RUX9Z�ß�[
ZÇNQbVTVNOXKÌwJKNQbVà ML Ñ bVJKE�Î^RYP�[�bÐRUÍ�WYXKÌ�TVà9[�b¡[wÉ
��� #�� �"' � 4� -4 �/ :ù[	P�WYX9bVNQZK[IE�TVà9[Cà�ÜAH [IEGbVJKE�ÎkRYP�[

V := VP,n

WUÎ
A

3 = SpecC [x, y, z] í ß�NOTVà�[KJ�JòRUTVNQWYX
xnz = P (y) í ß�à9[IEG[ P =

∏r
i=1 (y − yi)

NQb	R\H"WYMOÜAX9WYÍ�NáRUM9ß�NOTVà
r
bVNOÍ�HKMQ[�EGWAWYTGbSÉ å [ITCJ9b	bVà9W­ß NôÎ TVàòRUT

V
àòRYb
R#X9WYX�TVEVNOÔANáRUM	âãRUäYRUE Ñ�å NOÍ¿RUX9W­ÔãNOX�ÔwRUEVNáRUX�T
HKEGW­ÔjNQZK[�Z

n, r ≥ 2 e bG[�[ ï � ñ RUX9Z ï ÈwÈ ñ Î7WYE\R#HKJKEG[IMOÜRUMOÌp[ILKE¡RUNQPÀHKEGWjWUÎ2WUÎªTVàKNQb�EG[�bVJKMOT f ÉCõ�Ü�TVà9[�WYEG[IÍ ÏÇÉOÈSÚ�NOT.NQb�bVJÇÖ¿PINQ[IX�T�TGW Ò X9Z�R�Í�NOXKNOÍ¿RUM?P�WYÍ�HKMQ[ITVNQWYX V̄WUÎ
V
bVJ9P¡à+TVàòRUT

B = V̄ \ V
NQbdX9WYTÐR�Ý�NOÌwÝ­RUÌ9ÉA:ù[\HKEGWAP�[�[�ZîRYb�ÎkWYMOMQWSßdbSÉ :ù[\P�WYX9bVNQZK[IEÐTVà9[�LKNOE¡RUTVNQWYXòRUM

Í�WYEVHKàKNQbVÍ
V

φ0
→ V0 := A

2 ⊂ V̄0 := P
1 × P

1

(x, y, z) 7→ (x, y)RUX9Z:ß�[ÞMQ[IT
S = P

1 × {∞} ⊂ V̄0 í F∞ = {∞} × P
1 ⊂ V̄0

RUX9Z
F0 = {0} × P

1 ⊂ V̄0
É8:ù[�ZK[IX9WYTG[

L�Ü
Ci ⊂ V

TVà9[�PIJKEVÔp[
x = 0, y = yi

Î7WYE
1 ≤ i ≤ r �

TVà9[�bG[+RUEG[!TVà9[�NOEVEG[�ZÇJ9PINOLKMQ[+P�WYÍ�H"WYX9[IXjTGb
WUÎ�TVà9[�ZK[IÌp[IX9[IE¡RUTG[ Ò L [IE
WUÎ�TVà9[

A
1 ÑkÒ LKE¡RUTVNQWYX pr1 ◦ φ0

WYX
V

É�ÿ�à9[IX
φ0 (Ci) = (0, yi) ⊂ F0

NQb�R
H WYNOX�TSÉ-:ù[�MQ[IT

Vi = V \
(

⋃

j 6=i Ci

)

' A
2 ß�NOTVàãP�WjWYEGZÇNOXòRUTG[�b

(x, ui) í ß�à9[IEG[ ui := x−n (y − yi) =
∏

j 6=i (y − yj)
−1 z

ÉCÿ�à9[
EG[�bVTVEVNQPITVNQWYXîWUÎ
φ0

TGW
Vi

NQb�ÌwNOÔp[IX+LjÜ

Vi ' A
2

φ0|Vi→ A
2

(x, ui) 7→ (x, xnui + yi)
.
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:ù[
MQ[IT

π1 : V̄1 → V̄0
L"[
TVà9[
LKMQWSß Ñ JKHãWUÎ

V̄0
NOXîTVà9[
H WYNOX�TGb

φ0 (Ci)
ß�NOTVà:[)ûKP�[IHKTVNQWYXòRUM4ZÇNOÔjNQbGWYEGb

E1,iÎkWYE
1 ≤ i ≤ r

É�Ø�MQ[SRUEVMOÜ
φ0 : V → V0

MONôÎ}TGbÀTGW�R#Í�WYEVHKàKNQbVÍ
φ1 : V → V1 ⊂ V̄1 \ (F ′

∞ ∪ S′ ∪ F ′
0)
É

â�WYEG[�WSÔp[IE
φ1 (Vi) ⊂ V1,i := V̄1 \

(

F ′
∞ ∪ S′ ∪ F ′

0 ∪
(

⋃

j 6=i E1,j

))

' A
2 í RUX9Z φ1

NQb�ÌwNOÔp[IXîL�Ü

Vi ' A
2

φ1|Vi→ A
2

(x, ui) 7→
(

x, xn−1ui + y1,i

)

ÎkWYEÐbGWYÍ�[
y1,i ∈ C

É	_aTG[IE¡RUTVNOXKÌ¿TVà9[�P�WYX9bVTVEVJ9PITVNQWYX í R�Î7TG[IE n
LKMQWSß Ñ JKH9b\RYbÐRUL WSÔp[�ß�[�RUEVEVNOÔp[�RUT/RUXîWYH [IX

[IÍ�L [�ZKZÇNOXKÌ
φn : V ↪→ V̄

WUÎ
V
NOX�R�X9WYX9bVNOXKÌwJKMáRUEÐHKEGWUÓV[�PITVNOÔp[�bGJKE�ÎkRYP�[

V̄
É :ù[
MQ[IT

B = V̄ \ V
É�_^Î

C̄iZK[IX9WYTG[�b�TVà9[\PIMQWwbVJKEG[�WUÎ
φn (Ci)

NOX
V̄
TVà9[IX!TVà9[�ZÇJòRUM?ÌwE¡RUHKà!WUÎ

B ∪ C̄1 ∪ · · · ∪ C̄r

àòRYb�TVà9[/Î7WYMOMQW­ß�NOXKÌ
bVTVEVJ9PITVJKEG[ �

•

•

•

•

•

•

• •
F∞ S F0

� � ���

�	�

�	�

�	�

� g
� g
� g
C̄r

C̄k

C̄1

r
TVNOÍ�[�b

ß�à9[IEG[
2
bVT¡RUX9ZKb�ÎkWYE/R�MONOX9[SRUEÐPGàòRUNOX�WUÎ

(−2) Ñ PIJKEVÔp[�b/WUÎ=MQ[IXKÌwTVà n − 3 e HKEGWSÔANQZK[�Z n ≥ 3 f É
ÿ�à�J9b

V̄
NQb�R�Í�NOXKNOÍ¿RUMòP�WYÍ�HKMQ[ITVNQWYX!WUÎ

V
L�Ü�RUX

SNC Ñ ZÇNOÔANQbGWYE B í ß�àKNQPGà#NQb.R�Ý�NOÌwÝ­RUÌ
N � r = 1
É �À[IX9P�[

L�Ü!HKEGWYH WwbVNOTVNQWYX:ÏÇÉOÈ��#RUX9ZîÏÇÉOÈS×
V
àòRYbÐR�TVEVNOÔANáRUM2â�RUäwRUE Ñ�å NOÍ¿RUX9W­Ô+NOX�ÔwRUEVNáRUX�T/N � n = 1

WYE
n > 1

RUX9Z
r = 1

ÉCÿ�à9[/NOXjTG[IEG[�bVTG[�Z!EG[SRYZK[IE�NQb�EG[)Î7[IEVEG[�Z!TGW ï � í � ñ ÎkWYE�RÞÍ�WYEG[\bVÜÇbVTG[IÍ¿RUTVNQPÀbVTVJ9ZÇÜ#WUÎ�TVà9[�bG[�bVJKE�ÎkRYP�[�bRUX9Z�TGW ï Ï ñ ÎkWYE�Í�WYEG[
[)ûÇHKMONQPINOTÐ[)û9RUÍ�HKMQ[�bÐWUÎCbVJKE�ÎkRYP�[�bdß�NOTVà C+
Ñ RYPITVNQWYX9bSÉ

, Å�6AÅòè?Å9Ãªë Å9Æ
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