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z � �Ôh��@]e®@h
CPP
¨ Grn

`�fng Ĝrn
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[n`@moh(¾�XQd@]ef>acm¬`yTWh&ac¤Zh­h(fngiXQd@]ef>acm#d� ¸`��yh	digih	mW]B_¡dy 
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� Â dyTch(db®yh(T	¨@aW¤nh¦]^f@ach(T�mohK_�ac]ed@f×]Bm
ac`yfZ�yh	f@aK�N�Øh�_	`�\^\M]~a

aW¤nh |2���>�>���C|Q}M�o��}Z�(��|%# ��½�h�a
T̃ ess

′ gih(fZdyaWhqaW¤Zh­mWh�a#d� :`y\e\Rgih	_�d@Tc`�aWhKgªaWh	mcmWh(\B`baW]^d@fnm
`�fCg
T̃ ess
aW¤Zh­mWYZ[nmWh�a¬dy 

h(\^h(�ªh	f@acm�©�]eaW¤IYZfCgih(Tc\e§8]^fZ�°aWhKmWmWh(\B`bac]ed@fO]ef
Tess
�

½�h�a
τ ′ ∈ T̃ ess

� k2aO]^mO_�d@�)[Z]efC`baWd@TW]B_(`y\e\^§ÛTW]^�y]Bg1]^fÙaW¤ZhØmWh(fnmWh.aW¤n`�aO]~a�m E@�	� XZTcdb®>]BgihKmªa�©
dÉfn`�aWYZT�`�\
[Z] ±�h	_�aW]^dyfnm	â

χτ : τ∗ → τ
`�fng

χ(0)
τ : Q̂ → τ (0)

χτ

]Bm#_	`�\^\ehKg�aW¤nh­_�¤n`�T�`y_�aWh	TW]Bm�ac]^_¡��`yXO`@mWmWdi_(]^`�aWh	gªacd
τ
`yfng×]^m¬YnfZ]^ä>YZh	\e§×gih(aWh(Tc�ª]efnh	g×[8§ªac¤Zhq �`@_�a¬ac¤n`ba

]ea/��`yXnm Ey�	� acd Ey�	� `yfngØaWTc]^`yfZ�y\^h	m¦acdIaWTc]^`yfZ�y\^h	m	�
χ

(0)
τ

]^m)gih�¯nfZhKgÔ[8§«h(À8aWh(fCgi]efn�
χτ

aWdIac¤ZhÓ®yh(TWaW]B_�h	m�d� 
aW¤nhªTWhKmoXQhK_�ac]e®yh�aWhKmWmWh(\B`bac]ed@fnm	��¢#¤ZhªdyfZh(¾<acd�¾2dyfZh���`�X

τ ∈ Tess′ → χ
(0)
τ ∈ R̂Q̂

XnTWdb®8]^gihKm
tess′
©�]~ac¤ØaW¤Zh

aWd@XQdy\^dy�@§×]^fngiYn_(h	g�[>§vaW¤nh)XZTcdigiYC_�a&aWd@XQdy\^dy�y§Od@f
R̂Q̂
�¦¢#¤Zh�mc`��ªh�`�Tc�yYZ�ªh(f>aq`y\e\^dE©¡m�acd×h(�)[QhKg

T̃ ess
′ ]^f

aW¤nh�XZTWdZgiYn_�a HQ̂
¨Z�y]^®yh(fOaW¤Zh�XZTcdigiYn_�a#aWd@XQdy\^dy�@§y�
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p¸]e�@YZTWhªé@â'pn`yTWh	§>¾2pndyTcgOgih	_(dyT�`baWhKgÓaWh	mcmWh(\B`baW]^dyf��

Tess u TWhKmoX�� T̃ ess z ]Bm�_(`�\^\^h	g�aW¤Zh �i�C�CBE�(���(�b� 	 �(����{8���i�æ�e�(�ª��}Z�y��� u Tch	mWX�� �i�C�CBE�(���(�b��E@�c���b�W�b|l� E 	 ������{8�
���i�æ�e�(�q��}Z�y��� z ]^f×aW¤Zh­mWh(fCmoh&ac¤n`ba#]ea�_(dyf>ac`�]^fnm
hK`y_�¤×d� �ac¤Zh­_(\^`@mWmW]B_(`�\M¢�h	]^_�¤Z�)¥Z\^\eh	T�moXn`@_�hKm�dy :mWYZTo �`@_�hKm�©�]eaW¤XZYZfC_�aWYnTWh	m	�(�Ôhª_(\ed>moh)ac¤Z]Bm­mWh	_�aW]^dyfØ©�]~ac¤Ô`×aW¤Zh	dyTch(� giYZh°aWdvS�h(fZfnh(TK� Í §�gih(fnmW]eal§�d� �ac¤ZhªmWh�a�m τ (0)

∗
`�fng

τ (0) ]^f R̂
¨ZaW¤Zh/��`�X

χ
(0)
τ

h�À8ach(fngZm�aWdÓ`ª¤ndy�ªh(d@�°d@TWXZ¤n]^mW�!d� ¸ac¤Zh)_�]^Tc_(\eh­ �dyT&`yf>§
τ ∈ Tess′

� � h(fnd�aWh�aW¤n]^mh�À8ach(fnmW]ed@fImo]^�ªXZ\e§
fτ
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τ ∈ Tess′ 7→ fτ ∈ Homeo+(R̂)
�B�­�

PSL2R
�o��
(�i�CBE�������b�n|

{Z���ª���b���b��}n{i�B��� � �'�æ|�{
Homeo+(R̂)

���CBb�(�«|�{Z�°�c���¡}n�y�(|<�o��}Z�(�Ø|l�c}n�b�e�c� #y�

��-S, �89��8]�� _���9�� Gr
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Ì8]^fn_�h
CPP ⊂ Homeo+(R̂)

¨RaW¤Zh	dyTch(� ßn� ß×�@]e®@h	m¦`Od@fZh�¾�aWdy¾�d@fZh
PSL2R

¾2h	ä>YZ]^®b`�Tc]B`�f@a¦��`�X
i : CPP →

Tess′
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®yh(TWaW]B_�hKm(� Â dyTch(db®yh(TK¨@XZTcdyXQd>mo]eaW]^dyf w � ß�mo¤Zdb©¡m�ac¤n`ba CPP
¾�¤Zd@�ªh(dy�ªd@TWXZ¤Z]BmW��m�XZYnmW¤OfZd�a#d@fZ\^§ªaW¤Zh­®yh(TWaW]B_�hKm(¨

[ZYia�aW¤nh¬¤ZdyTcdi_(§8_(\ehKm�`@m:©
h	\e\��¸½�h�a
Ψ : T̃ ess → Tess

[Qh
ac¤Zh
 �dyTc�yh(ao �YZ\8��`�X�¨baW¤Zd@YZ�y¤>a�d� C`@m¸`
RQ̂
¾�¯n[ZT�`baW]^dyf��
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s : PSL2R\CPP → T̃ ess
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Ψ
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g ∈ PSL2R\CPP
`�fngvgih(¯nfZh­aW¤nh/gih	_(dyT�`baWhKgÓaWh	mcmWh(\B`baW]^d@f

g · τ̃∗
`@m¬ �dy\^\edb©¡m	â

½�h�a
e = (x; y) ∈ τ∗

`�fCgImoh(a
g(e) = (g(x); g(y))

� � h(fnd�aWh g · τ∗
ac¤Zh)_�d@\e\^h	_�aW]^dyf

(g(e))e∈τ∗

©�]~ac¤ E@�	�
g(e0)
�'klfvd�ac¤Zh(T�©¬dyT�gZm(¨

g · τ∗
]^m

i(g)
�

H&dE©�¨�ac`y¿yh#`yf>§
z = g(x)

]^f
(g ·τ∗)(0) = g(Q̂)

`�fCg�gih	fZd�ach
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z = g ·hF
x

`ym�gZh�¯nfZhKg�]^f°XZTcdyXQd@mW]eaW]^dyf w � ßZ¨©�¤Zh	TWh
hF

x

]Bm�aW¤Zh­pZd@TcgÓ_(]eT�_�\^h&[C`ymWh	g�d@f
x ∈ Q̂
��k2a#]^m¬h	`ymW§�acd°moh(h&ac¤n`ba
ac¤Zh­_�dy\^\^h	_�ac]ed@f

h′ = (h′
z)z∈(g·τ∗)(0)]BmU\edi_	`�\^\e§/¯CfZ]~ach¡]^f

H2 ¨@¤nh(fn_�h&]~a
]^m�`/gih	_�d@Tc`�aW]^dyf°dy QaW¤nh�aWhKmWmWh(\B`bac]ed@f g ·τ∗
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g · τ̃∗
gih(fZdyaWh�aW¤nh¡Tch	moYn\~ac]efn�

gihK_�dyT�`bach	gÓach	mWmWh(\B`bac]^dyf�� ¢#¤Zh¦��`yX
s
]Bm¡gih�¯nfnh	gv[>§

s(g) = g · τ̃∗
�
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k2a¦]^mq_�\^h	`yT�ac¤n`ba
Ψ ◦ s = i

��k2a& �d@\e\^dE©¡m�ac¤n`ba
s
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s
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x

¤n`@m­ãUYn_�\^]Bgih	`yfÏgi]B`��ªh�ach(T |f ′(x)|dx

]^f
H2 ¨©�¤Zh	TWh

dx

]^mUac¤ZhqãUYn_�\^]Bgih	`yf×gi]B`��ªh�ach(T
d� 
hF

x

¨>]e 
x 6= ∞ ��k2  x = ∞ ¨ f ·hF

∞
]BmUaW¤Zhq¤Zd@TW]^Þ(d@f@ac`y\n\e]^fZh&\^di_	`baWhKg

`ba
¤Zh	]e�@¤@a 1
|f ′(∞)|

��¢#¤8Ynm	¨@ �dyT
`yf>§
x ∈ Q̂

¨@ac¤Zh&��`�X
sx : f ∈ PSL2R\CPP 7→ f ·hF

x ∈ H ]Bm�_(dyf>aW]^f>YZd@Ynm©�]eaW¤.aW¤nh)�°h(aWTc]^_
d1
]^f@acTWdZgiYn_�hKgI]ef w � w �¡Ì8]^fn_(h T̃ ess ⊂ HQ̂

]Bm¡�@]^®yh(fIaW¤Zh)XZTcdigiYn_�a¡aWd@XQdy\^dy�@§y¨iac¤Zh)��`�X
s]Bm�`y\^mWdª_�d@f@ac]ef8YZdyYnm	�
�
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I
gih(fZdyaWhq`�f>§ªmWYZ[nmoh(a
d� Mac¤Zhq_�]^Tc_(\eh@�+�Øhqmc`E§)aW¤n`�a

I
]Bm
gih	_(dyT�`baWhKg°[>§

h
]e 

h = (hx)x∈I

]Bm�`)_�dy\^\^h	_�ac]ed@f
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I
�.k2 

(x, y) ∈ I2 ¨'`yfng e
]Bm/aW¤Zh

�yh	digihKmo]B_q©�]~ac¤Ih(fngiXQd@]ef>acm
x
`�fCg

y
¨Z©
h�gZh�¯nfZh­ac¤Zh/ä>Yn`�f>aW]eal§

dh(hx;hy) = (−1)
|hx∩hy|

2 dH2(hx ∩ e;hy ∩ e)

k2 
hx

`�fng
hy

`�Tchqa�`�fZ�@h(f@aK¨8ac¤Z]Bm¡ä@YC`�f@ac]~a�§×]Bm#f8YZ\e\��
I�JLKNM+OQPGOSRTM 
 W;Y W u ½�`y�)[MgZ`b¾2\^h(fZ��ac¤ z ½�h�a I ⊂ R̂

gih	_(dyT�`baWhKg�[8§
h
`yfng

e = (x; y)
`q�yh(dZgih	mW]^_�©�]~ac¤�®yh	Toac]^_(h	m

]^f
I
�U¢#¤Zh�ä>Yn`yf@ac]~a�§

Λ(h; e) =

√
2 exp

(−dh(hx;hy)

2

)

]Bm�_	`�\^\ehKgÓac¤Zh �e���ª� Ey�b�l�^���8��|�{ dy 
h
`y\ed@fZ�

e
�
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τ̃
]^m¦`×gih	_(dyT�`bach	gvaWhKmWmWh(\B`bac]ed@f�¨nac¤Zh�XZTWhK_�h	gZ]efZ�Ogih(¯nfZ]eaW]^dyfØ`�XZXZ\^]^h	m¡acd

I = τ (0) `�fng e ∈ τ
�qklf.ac¤n`ba

_(`@moh@¨8©
h­Tch(©�Tc]~ach
Λ(h; e) = Λ(τ̃ ; e)
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+

τ∗

τ̃ 7−→ Eτ̃ : τ∗ −→ R∗
+

e 7−→ Λ(τ̃ ;χτ (e))
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+
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]Bm √
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τ̃
[Qhª`vgih	_(dyT�`baWhKgIach	mcmoh	\^`�aW]^dyfØ`�fCg

e
dyfZh°d� 
]eacm­h	gi�@h	m	�)½�h�a

Q
gih	fZd�ach�aW¤nh°YZfZ]Bä>YZhª]^gihK`�\'ä>Yn`@giTW]^\B`baWh	Tc`y\

]^f
H2 \ {τ ∪ e} u `�f8§Id�ac¤Zh(T­_�dy�ªXQd@fZh(f@a¦dy  H2 \ {τ ∪ e} ]Bm¦`�acTW]B`�fZ�@\eh z �­p:]^fn`y\e\^§y¨M\^h�a θt,τ,e

gih	fZd�ach)aW¤Zh
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¾�\^dy�°\B`��)[Mgn`ªgih� �dyTc��`bac]ed@fO©�]eaW¤I\eh	fZ��ac¤

t
`@m�gih�¯nfZhKgv]efIh�ÀZ`��ªXZ\^hªéy�
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 W���W � �
(θt,τ,e)t∈R∗

+

�^�Ú� � �^}Z���o���ª�(|l���Ô���n�2���W���K}Ö�o�
CPP

�B�(�b������}Z{8�<�É|l�
R∗

+

�����
τ = τ∗

� |�{Z�(�«|æ{i�B�­���n�2�y�o���K}Ô�B�)���b�n|l�b�æ�M� E×�æ� Gr

�
	>�����(|

(e, e′) ∈ τ̃2 � ��� E&�(�(| Λt(e
′) = Λ(θt,τ∗,e·τ̃ ; θt,τ∗,e(e

′))
� 	 {n�������U{n� Bb�#|æ{n�M���b���e�b�'���>�)��
��n�����æ|������(�

1.Λt(e) = tΛ(τ̃ , e) 2.Λt(e
′) = Λ(τ̃ , e′) ∀e′ ∈ τ \ {e}
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w ��Ì8h(h�XZTcd8d� :dy �½�h(�ª��`ªßn� w ]ef Á S�h(f w Ä2�

��Ôhq`�Tch�fZdb©1Tch	`@gi§/acd/XZTcdE®yh#ac¤Zh&��`�]^f�TWhKmoYZ\ea�d� Mac¤Z]^m�Xn`yXQh(TK�¸½�h�a
Ynm'¯nT�moa�]ef>aWTcdigiYn_(h¡mWdy�ªh¡fZd�a�`bac]ed@fnm(�
¢#¤Zh­¯n\eaWT�`baW]^dyf

Q̂ = ∪n≥1Sn

¨Z]^f@acTWdigZYn_�h	gv]ef w � w ¨Zgih�¯CfZh	m¡`�¯n\eaWT�`baW]^d@f τ∗ = ∪n≥2(τ∗)n

[8§
(τ∗)n =

{
e = (x; y) ∈ τ∗ | (x, y) ∈ (Sn−1)

2
}

∀n ≥ 2

k2 
Λ ∈ R∗

+
τ∗
¨�\^h�a

Supp(Λ) = {e ∈ τ∗ |Λ(e) 6=
√

2} ⊂ τ∗
gih(fZdyaWhKm�ac¤Zh.moYnXZXQdyTWaªd� 

Λ
�Æ½�h�a�YCm

]^f@aWTcdigiYC_�h¦aW¤nh­ �dy\^\edb©�]efn�ªmWYZ[nmWXn`y_(h	m¬dy 
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+
τ∗
â

(R∗
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τ∗√
2

=
{
Λ ∈ R∗

+
τ∗ | card(Supp(Λ)) < ∞

}

(R∗
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(τ∗)n√
2

=
{
Λ ∈ R∗

+
τ∗ |Supp(Λ) ⊂ (τ∗)n

}

mWdOac¤n`ba
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(τ∗)n√

2

]Bm­¤Zd@�°h	dy�ªdyTcXZ¤Z]B_)aWdvac¤Zh�ãUYn_(\e]Bgih	`yfÏmWXn`y_(h
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τ∗√

2

]Bm�`�\BmWdOaW¤Zh
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(τ∗)n√
2
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2
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+
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τ∗√
2
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Λ
�ª`yXnm Gr
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τ∗√

2

¨8©
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Í §vaWT�`�fCmo]eaW]^®8]~a�§@¨M_�¤Zd8d>moh γ ∈ PSL2Z
moYn_�¤�aW¤n`�a

γ · x = ∞ ��¢#¤Zh°_(dyfb±�YZ�>`bach γDxfγ−1 ]^mqdy UaW¤Zh� �dyTc�
z ∈ R̂ 7→ z + dx(f) ∈ R̂

�UÌi]efn_(h­aW¤Zh�]Bmod@�ªdyTcXZ¤Z]^mW�
Px

∼= P∞
]Bm�_	`�fZd@fZ]^_	`�\�¨8©
h�¤n`K®@hqac¤Zh­ �dy\^\^dE©�]^fZ�nâ

I�JLKNM+OQPGOSRTM 
�W
	#W u Ì8¤Z]e æa/_�d8d@TcgZ]efn`�aWh z k2  x ∈ Q̂
¨MaW¤Zh°©¬h(\^\~¾lgih�¯nfnh	g«TWhK`�\¸f>YZ�)[Qh	T

dx(f)
]Bm¦_	`�\^\ehKg.aW¤Zh

x
�

�W{8� ��|����	��� Eb�æ�Q��|2� dy 
f
�

H&d�ac]^_(hªac¤n`ba/ �d@T
x ∈ Q̂

¨:ac¤Zh� �YZfn_�aW]^dyf
dx : Ĝr → R

]^m)_�d@f@aW]^f>YndyYnm	�v¢#¤ZhÓXZTcd8d�  u `ym/©
h(\^\
`ym)mod@�°h]^f@aWh	TWhKm�ac]efn�.XnTWd@XQh(Toac]^h	m�d� #ac¤Zh	mWh×_(d8dyT�gi]efC`baWhKm z d� #ac¤ZhÓ �dy\^\edb©�]^fZ�IaW¤nh(dyTch(�á©�]e\^\
[Ch×�y]^®yh(fÉ`ba/ac¤Zh×h(fngÚd� aW¤nh°`�XZXQh	fngi]eÀ.d� 'ac¤Zh�Xn`yXQh(TK¨Q©�¤Z]^_�¤Øgih	`y\^mq©�]~ac¤«[ZT�`y_�h	\eh(acmq`�fng�¤ZdyTcdi_(§8_(\e]B_/_�d8d@Tcgi]^fn`�aWh	m	�&½�h�a¦Ynm¦gih	fZd�ach
R∗

+
(Q̂) = lim RSn

YZfCgih(T�aW¤Zh�fC`baWYnTc`y\M]^fn_�\^YnmW]ed@fnm
RSn ⊂ RSn+1

�
��� J R�� J�� 
�W
�#W 	 {Z�q���c}

d : f ∈ R̂ → (dx(f))
x∈R∗

+
(Q̂) ∈ R∗

+
(Q̂) �B�q�¦{Z���ª���b���b��}n{i�B�����b�C|2�/�æ|<���æ�ª�	�>�	�

k2a¦XnTWdb®8]^gihKm¡]^f@ach(Tch	moaW]^fZ�×�y\^dy[n`y\:_�didyT�gi]efC`baWhKm(¨C©�¤Z]^_�¤�¨R`@m¡©¬h�mW¤n`�\^\¸mWh(h)]^f r ¨M`�Tch/©
h	\e\e¾l`ygZ`yXiaWh	gIaWd×aW¤Zh�yh	dy�ªh�acTW§Ód� :ac¤Zh��yTcdyYZX
T
�

è



� �ç»�µ:¼�·/´ ·��=���O·(	�� 
�·)´���
���¶�·/º��
T

¢#¤Zh�mW]e�ªXZ\^h¦ �dy\^\edb©�]efn��Tch	mWYZ\ea#]Bm
ac¤Zh­¿yh(§Ó\^h(�ª��`)acd°YZfngZh(T�m�a�`�fngÓac¤Zh�`y_�aW]^dyfOd� �¢#¤Zdy�ªXnmWdyf�j m¬�yTcdyYZX
T
dyf

Gr

� ��hK_(`y\e\�aW¤n`�a
bF = (hF

x )
x∈Q̂

Tch(XZTch	mWh(f>acm�aW¤Zh°moh(aqd� U`y\e\¸pndyT�gI_(]eT�_�\^h	m	�d�Øh°_(`�\^\
bF
aW¤nh ! �b� E.���W�@�c�(�e�(| �

Ì8]^fn_�h
CPP

`@_�acm¬acd°ac¤Zh�\eh( æa¡dyf H u XZTcdyXQd@mW]eaW]^dyf w � ß z ¨8aW¤nh�mc`��ªh­¤Zd@\^gZm# �dyT#ac¤Zh��yTcdyYZX T
�

��J�� � � �#W;Y W 	 {Z� ! �b� EÙ�(�W�y�����^��|
bF
�B�I�y�e�@�c�b��� #Æ�æ�TBE�������b�n|×�i� E@���Ø|æ{n�Ú�@��|����b� ���

T
� ��� E1���«{Z� Bb�

γ · hF
x = hF

γ(x)

�����)��� #¦}Z���æ�
(x, γ) ∈ Q̂ × T

�
Ò �W�	����� ¢#¤Z]^m# �dy\^\^dE©¡m¬ �Tcdy�çac¤Zh­ �`y_�a#ac¤n`ba

bF
]Bm

PSL2Z
¾2]ef8®b`�Tc]B`�f@aK¨8[>§O_(dyfnmoaWTcYn_�ac]^dyf��

�klfÛdyT�gih(T/aWdØgih(¯nfZhÓac¤Zhv`y_�ac]ed@fÚd� 
T
dyf Gr

¨'TWh	��`�Tc¿�ac¤n`ba� �dyT°`�f8§ØXC`�]^T
(u, v) ∈ CPP 2 ¨�©¬h×¤n`K®yh

bk(u ◦ v) ⊂ v−1(bk(u)) ∪ bk(v)
�ÔÌ8]^fn_�h

Q̂
]^m�]ef8®b`�Tc]B`�f@a)Ynfngih(T

T
¨']~a� �dy\^\^dE©¡m/aW¤n`�a Ĝr ⊂ CPP

]^m
T
¾

]^f>®b`yTW]B`�f>a#[>§×XnTWh(¾2_(dy�ªXQd@mW]~ac]ed@f���Õ¡h(fC_�h­aW¤Zh­ �d@\e\^dE©�]^fZ��`y_�aW]^dyf�â

(f, γ) ∈ Gr × T 7→ N(f ◦ γ) = f · γ ∈ Ĝr©�¤nh(Tch
N(f ◦ γ)

]Bm)ac¤ZhvfZd@TW��`y\e]^Þ	`�aW]^dyfÉd� 
f ◦ γ

]^f Gr

¨�]Bm°©
h(\^\�gih(¯nfZh	gR� Í §ÚgZh�¯nfZ]eaW]^dyf�¨�©
hv¤n`K®yh
N(f ◦ γ) = h ◦ f ◦ γ

¨Q©�¤Zh	TWh
h
]^m&aW¤Zh�YZfZ]Bä@Ynh)XZTcd�±�h	_�ac]e®yh/aWT�`�fnmo �dyTc��`bac]ed@fImWYn_�¤Iac¤n`ba

h−1(0;∞;−1) =
f ◦ γ(0;∞;−1)

�
pndyTIfZdE©�¨&ac¤Z]BmI`y_�aW]^dyf ]BmIgih�¯CfZh	g ]^f ac¤Zh Å SUSÜ�@h(dy�ªh(aWTc§y�V�ØhÏfZh�À8a.moaWYngZ§Æac¤ZhÏ`@_�aW]^dyf ]^f [Qd�ac¤

_�didyT�gi]efC`baWhKm¬mW§im�ach(��m#]^f@aWTcdigiYC_�h	gO]^fImWh	_�aW]^dyfvàn�
��-�. Z�1�1 > � � 9 �+_`] /
> �N9"6 � 1�> 3 � _���1�9 6
�Ôh/mW¤n`�\^\�fZdb©�moaWYngi§×ac¤Zh/[Ch	¤n`E®>]^dyT�dy ¸�@\ed@[n`�\�_(d8dyT�gi]^fn`bach	m u [Qd�aW¤.\^`y�)[MgZ`�`�fngImW¤Z]~ æaq_(d8dyT�gi]^fn`bach	m z �@]e®yh	f]^fØmWh	_�aW]^dyf«àvYZfngih	Tqac¤Zhª`@_�aW]^dyf«dy 

T
�&�Øhªmc`E§vaW¤n`�a�`×�@h(digihKmo]B_

e = (x; y)
]^m­` �W��|<�����Q�����@���GEy������� ]e 
]eacm

h(fCgiXQdy]^f@a�m
x
`yfng

y
`�Tch�h(\^h(�ªh(f>acm&dy 

Q̂
�¡½�h(a

∆Q

gih(fnd�aWh/aW¤Zh�mWh�aqd� 'T�`bac]ed@fn`�\��@h(digihKmo]B_(m	�
T
`y_�acm¡d@f

∆Q`ym� �d@\e\^db©¡m(â
γ · (x; y) = (γ(x); γ(y))

¨imW]efC_�h
Q̂
]^m¬]ef8®b`�Tc]B`�f@a¬YZfngih	T

T
�'¢:d�h	`@_c¤×T�`baW]^dyfC`�\C�yh	digih	mW]B_

e ∈ ∆Q_�d@TWTch	mWXQdyfngZm#`°Xn`�T�`��ªh(aWh(T#d@f×ac¤Zh/mWXn`y_(h Ĝr

gih�¯nfnh	gv[>§Mâ

f ∈ Ĝr 7→ Λ(f ; e) ∈ R∗
+©�¤nh(Tch

Λ(f ; e)
]Bm�ac¤Zh)\^`y�)[MgZ`b¾2\^h(fZ��ac¤Idy 

f · bF
`�\^d@fZ�

f(e) u mWh(h�gih�¯nfn]~ac]ed@f.àC�eé z ��¢#¤Z]Bm&Xn`�T�`��ªh�ach(T¡]^mdy[8®8]ed@Ynmo\^§Ó]ef8®b`�Tc]^`yf@a�YZfngih(T
PSL2R

�
��� R���R��GO;PGOSRTM �#WDU#W ∀ (f, γ, e) ∈ Ĝr × T × ∆Q

� ���­{Z� Bb�
Λ(f ; γ · e) = Λ(f ◦ γ; e)

�
Ò �W�	����� ¢#¤Z]^m# �dy\^\^dE©¡m�gi]^TWhK_�ac\e§Ó �TWd@��gih(¯nfZ]eaW]^dyfIàn�^é­`yfngO\^h(�ª��` r �^éy�

�� aWh	mcmWh(\B`bac]ed@fÛ©�¤Zd>mohvhKgi�yhKmª`�TchOT�`bac]ed@fn`�\#�yh	digih	mW]^_	m�]Bmª_	`�\^\ehKgÇ` �W��|<�����Q�b�¡|l�����(���^�b|����b� �Ù½�h(a
Tess′Qgih	fZd�ach�ac¤ZhÔmoYn[nmoXn`@_�h«d� 

Tess′
d� /T�`bac]ed@fn`�\&aWh	mcmWh(\B`baW]^dyfCm(� � m× �d@T

τ∗
¨¡ac¤Zh(TchØ`�Tch��@\^dy[n`�\¦_�d8d@TcgZ]efn`�aWhKm

gih(¯nfZh	gÛ �Tcdy� `yf>§
τ ∈ Tess′Q

[8§Ïac¤ZhI��`�X
Λτ : f ∈ Ĝr 7→ (Λ(f ; e))e∈τ ∈ R∗

+
τ �Ç¢#¤Z]Bm°aW]^�°h@¨�aW¤Zh_�didyT�gi]efC`baWhKm�`yTWhÓ_	`�TcTW]^h	gÔ[>§ØaW¤Zh×hKgi�yh	m/dy 

τ
��pZd@T/h(Ài`y�ªXZ\eh

Λτ∗
_�d@TWTch	mWXQdyfngZm¦acd.aW¤Zh×��`�X

Λ = E ◦ sgih(¯nfZh	gv]^fOac¤Zh(d@TWh	�!àn� àn¨iYZXvaWd
PSL2R

�
¢#¤ndy�ªXnmWdyf�j m��yTcdyYZX

T
`@_�a�m�dyf�ac¤Zhq\eh( æa¬d@f�aW¤Zh¦mWXn`y_(h

Tess′Q
��klf�ach(Tc�ªm
d� �\B`��)[MgZ`�¾2_(d8dyTcgZ]efn`�aWh	m	¨�aW¤n]^m

`y_�aW]^dyfv]^m�fZdyaW¤Z]^fZ�ª�ªdyTchqac¤n`�f._�d8d@TcgZ]efn`�aWh­_c¤C`�fZ�@h	m	� Â d@TWh­XZTWhK_�]Bmoh	\e§Mâ
��J�� � � �#W���W ∀ (f, γ, e) ∈ Ĝr × T × τ∗

� ���­{Z� Bb�

Λτ∗(f · γ)(e) = Λγ·τ∗(f)(γ · e)
Ò �W�	����� ¢#¤Z]Bm: �d@\e\^db©¡m� �Tcdy� aW¤Zh�gih�¯nfn]~ac]ed@f�dy 

Λγ·τ∗ ,Λτ∗
¨�\eh	�ª�ª` r �eé#`�fng/ac¤Zh
 �`@_�a�aW¤n`�a Λτ∗

]^m
PSL2R

¾
]^f>®b`yTW]B`�f>a	�

�

�Ôh/h(fngvaW¤Z]Bm&moYn[nmohK_�aW]^dyfI©�]eaW¤�`°Tch	mWYZ\ea¡©�¤Z]B_c¤ITch(\B`bach	m¬ac¤Zh/[Qh(¤n`E®8]ed@T#dy ¸aW¤Zh)mW¤Z]~ æaW¾2_(d8dyT�gi]^fn`bach	m#YZfngih	T
aW¤nh/`y_�ac]ed@fOdy 

T
�

é x



��J�� � � �#W�
 W ! ���)��� #¦}Z���æ�
(f, γ, x) ∈ Ĝr × T × Q̂

� ���­{Z� BE�K�

dx(f ◦ γ) = dγ·x(f) + dx(γ)

Ò �W�	����� Í §�gih�¯nfn]~ac]ed@f�¨R©
h°¤n`E®yh Dx(f ◦ γ) = (γr
x)−1Dγ·x(f)γl

x

�&H&dE© \^h�a
p1 ∈ PSL2Z

moYn_�¤�ac¤n`ba
p1 · x = ∞ `yfng p2 = p1 ◦ (γr

x)−1 �U¢#¤Zh­ æd@\^\edb©�]efn�°h	ä>Yn`y\e]eaW]^h	m#¤ndy\BgRâ
p1Dx(f ◦ γ)p−1

1 = tdx(f◦γ), p2Dγ·x(f)p−1
2 = tdγ·x(f)

`�fCg
p1Dx(γ)p−1

1 = tdx(γ)

©�¤nh(Tch
ta
gZh(fZdyaWh	mqaW¤nh�aWT�`�fnmW\B`baW]^dyf

z 7→ z + a
� Í §I©�Tc]eaW]^fZ� Dx(f ◦ γ) = Dx(γ)(γl

x)−1Dγ·x(f)γl
x

¨
©
h�dy[ia�`�]^f�¨i[8§×YZfZ]Bä@Ynh(fZh	mcm#dy :aW¤nh�_(dyfb±�Yn�@`bac]ed@fnm¬[8§×�°dZgiYZ\B`�T¬acT�`�fnmo �dyTc�ª`�aW]^dyfnm	¨

tdx(f◦γ) = tdγ·x(f) ◦ tdx(γ)

©�¤Z]B_c¤IXZTcdE®yhKm
aW¤nh�\eh	�°��`
�

��-S, � > � � _@6
�Ôh&¯ZÀ

g ∈ Grp

dyfn_(h&`yfngª �dyT#`�\^\C]efÓaW¤n]^m¬mWYZ[nmWh	_�ac]ed@f���½�h�a
A = {a0 =

√
2; a1; · · · ; ak}

gih(fnd�aWh&aW¤Zh¦mWh�a¬d� 
`�\^\R\B`��)[Mgn`ª_�d8dyT�gi]^fn`bachq®�`�\^YZh	m¬a�`�¿yh(fv[8§

g
��k2a¡]Bm¡`�¯nfZ]~ach/mWh�a&mo]^fn_�h

Λ(Grp) ⊂ (R∗
+)

τ∗√
2

�U½�h(a�Ynm¡gih	fZd�ach

N(A) =

{
k∑

i=0

niai | (ni)i∈<0;k> ∈ (N)k+1 \ {0}
}

k2a)]Bm)`.gZ]^mc_�Tch�achÓmWYZ[nmoh(a)d� 
R∗

+

�Ip¸]^fn`�\^\e§@¨¸©
hÓ]ef>aWTcdigiYn_(hÓ`�gi]BmW_(TWh�achÓmWYZ[nmWh�a)dy 
(R∗

+)
τ∗√

2

©�]eaW¤ÚaW¤ZhOgi]^TWh	_�a
aWd@XQdy\^dy�@§y¨8fn`��ªh	\e§Mâ

(R∗
+)

τ∗
A

=
{

Λ ∈ (R∗
+)

τ∗√
2
|Λ(e) ∈ N(A) ∀e ∈ τ∗

}

H&d�ac]^_(hvaW¤n`�aªac¤Z]^m�]Bm�`�\BmodÏ`Ïgi]^mc_�Tch�achImWYZ[nmWXn`y_(hvYZfngih	Tªac¤ZhvacdyXQdy\^dy�@§Ïdy &ac¤ZhI�ªh(aWTc]^_
dΛ gZh�¯nfZhKgÇ]^fmWh	_�ac]ed@fvàn�

¢:dIYZfngZh(Tcmoa�`�fng«aW¤Zh��@d@`�\�dy 
aW¤Zh�XZTch	_(h	gi]^fZ�.`�Tc�yYZ�ªh(f>ac`�aW]^dyf�¨�©
hªTch	_(`y\e\'S'acdy\^h(�)§Mj m­ �dyTc�)YZ\B`Z��½�h(a
Qgih	fZd�achª`yfØ]Bgih	`y\'ä>Yn`@giTc]e\B`bach(T�`�\¸©�]~ac¤ÏmW]^gZh	m

a, b, c, d
`yfngØgi]B`��@dyfn`y\^m

e, f
��¢#¤Zhª\^`y[Qh(\^\e]^fZ�vdy �ac¤Zh�mW]^gZh	m­]^m

ac`y¿yh(fvmWd)ac¤n`ba
a
`�fng

c
`�TchqdyXZXQd>mo]^fZ�°mW]^gihKm(�'½�h�a

h
[Qh�`°gih	_(dyT�`baW]^dyf×d� �ac¤Zh�moh(a#dy �®yh	Toac]B_�h	m¬d� 

Q
¨ZmWd)ac¤n`ba

Λ(h;x)
��`�¿yhKm�moh	fnmoh¦ �d@T¡`�f>§

x ∈ {a; b; c; d; e; f} ¨C`y_	_�d@Tcgi]^fZ�)acd�gih(¯nfZ]eaW]^dyfIàn�^éy�
��� R���R��GO;PGOSRTM �#W	�#W ��Ò |l�b�e�(� #�� �����b���°�i�e� � Ò �(�
	�� 	��°�¦{Z� BE�K�

Λ(h; e)Λ(h; f) = Λ(h; a)Λ(h; c) + Λ(h; b)Λ(h; d)

klfÓaW¤nh¦_�dyf>aWh(À>a¬d� Rach	mcmoh	\^`�aW]^dyfnm	¨@S¸h	fZfZh(T#gZh�¯nfZhKm
`)�yTcdyYZX�¨@©�¤n]^_�¤Ó]Bm
�yh(fZh	Tc`�aWhKgª[>§ �n]^Xnm¬`�\^dyfZ��ach	mcmoh	\^`�¾
aW]^d@fnm(�N��d@YZ�y¤Z\^§�mWXQh	`�¿8]^fZ�n¨@` �C]eXÓ_�d@fnmo]Bmoacm¸acd/_�¤n`�fZ�@h�`�gi]B`��@dyfn`y\8dy MdyfZh¡ä>Yn`@giTW]^\B`baWh	Tc`�\id� Qac¤Zh�aWh	mcmWh(\B`baW]^dyf��
¢#¤Z]Bm¡�yTcdyYZXI]^m&_	`�\^\^h	gOac¤Zh/S'acdy\^h(�)§v�yTcdyYZX���klf Á kl�)[ZÄ�¨Ckl�)[Qh(TWa&¤n`@m¡mW¤ZdE©�fIaW¤n`�a¡aW¤Zh)S'acdy\^h(�)§v�yTcdyYZX.`�fng¢#¤Zd@�°XCmod@f�j m/�@TWd@YZX

T
`�TchÓ]^mWdy�ªdyTcXZ¤Z]B_��«Ì8]^fn_�hO¢#¤Zd@�ªXnmod@f�j m/�yTcdyYZXÏ¯ZÀih	m)�y\^dy[n`y\e\^§«aW¤ZhvpZdyT�gÏ[ZT�`y_(h(\^h�a	¨

aW¤nhÓ]^gihK`I]^m�aWd«`�XZXZ\^§«]^fngiYC_�aW]^®yh(\^§ u dyfÔac¤Zh$�n]^Xnm z SUaWdy\^h(�)§Mj m� �dyTc�)YZ\^`I]^fÏd@Tcgih	T­aWd«_�dyf>aWTcdy\'aW¤ZhÓ\B`��)[MgZ`_�didyT�gi]efC`baWhKm¬`y\ed@fZ�ª`ªmW]efZ�@\eh­d@TW[Z]ea	�U¢#¤Z]^m�]Bm�gid@fZh�`@m
 �d@\e\^db©¡m(â
��� R���R��GO;PGOSRTM �#W���W �°�){Z� Bb��|�{Z�ª�æ�M���~�8�������

Λ(OT (g)) ⊂ (R∗
+)

τ∗
A

� ���v}Z����|<���(�i�e��� � |�{Z�Ó���(�(�æ|��°�i� Ey�(�
T�b�W� E��B���(�W�(|2�K�

Ò �W�	����� ½�h�a
(∆Q)n = {e = (x; y) ∈ ∆Q | (x, y) ∈ S2

n}
���Ôh/mW¤n`�\^\�XZTcdE®yh�[>§O]efCgiYn_�ac]ed@fvac¤Zh� �dy\^\edb©�]efn�

`ymcmWh(TWaW]^dyf�â
Λ(g(bF ); g(e)) ∈ N(A) ∀ (e, n) ∈ (∆Q)n × N∗

½�h(aUYnm�`ymcmoYn�°h�]~a�]Bm�acTWYZh# �d@T�`¦�ªd@�°h	f@aK�¸k2 
(e, γ) ∈ τ∗×T

¨� �d@\e\^dE©�]^fZ�­\^h(�ª��` r � ßn¨�©
h¡¤n`K®yh Λ(g ·γ)(e) =
Λ(g(bF ); g ◦ γ(e))

�UÌ8]^fn_�h
γ(e)
\^]ehKm�]^f

(∆Q)n

¨@ac¤Zh¦`ymcmoYZ�ªXiac]ed@f�XZTcdb®yh	m'ac¤n`ba
aW¤nh¡ach(Tc�
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b)
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Ò �W�	����� k2a� �d@\e\^dE©¡m°gi]^Tch	_�ac\e§Ï æTcdy� \eh	�ª�ª` r � àØ`�fngÚac¤ZhO �`y_�a�m)ac¤n`ba° �dyT°h	`@_c¤ f ∈ Gr

¨'ac¤ZhvmWh	ä>YZh	fn_�h
(dxf)

x∈Q̂
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∀ f ∈ Gr, ∃Vf

���Ô�c}Z�(�Ø�Q�(�~�E{Z�c���W{Z�K�FEI���
f |Vf · γ ∩ Vf 6= ∅ ⇒ γ

� � ���
f

Ò �W�	����� � mWmWYZ�ªhq[>§Ó_�d@f@aWT�`ygZ]^_�aW]^dyf�aW¤n`�a
aW¤Zh	TWhqh(À8]Bmoacm
f ∈ Gr

ac¤n`ba#gZd8h	m�fnd�a¬®yh	TW]e �§°aW¤Zh¦XZTWd@XQh(TWal§@�¸pndyT
h	`@_c¤

p ≥ 1
¨Q\^h�a

Vp = Bdb(f ; 1
p
)
¨Q©�¤Z]^_�¤�]Bmq`�f.d@XQh(f�fZh(]^�y¤8[Cd@TW¤nd8digvd� 
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 �d@T¡ac¤Zh�gZ]eTch	_�aW¾�\^]^�ª]~a&acdyXQdy\^dy�@§y¨

mWdvac¤Zh(Tch�h(Ài]^moacm
γp ∈ T

moYC_c¤ÏaW¤n`�a
f · γp 6= f

`yfng
Vp ∩ Vp · γp 6= ∅ �v½�h�a fp

[Qh×`�fÏh	\eh	�ªh(f@a)dy ¬aW¤n]^m
]^f@aWh	TcmWh	_�aW]^dyf���k2a# �dy\^\^dE©¡m¬[>§×`)aWTc]B`�fZ�yYn\^`yT
]^fZh	ä>Yn`y\e]ea�§ªaW¤C`ba

db(f ; f · γp) < 2
p
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db
]^m#]ef8®b`yTW]B`�f>a¬YZfngih	T
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fp · γp ∈ Vp
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S1 ]^fnm�ach	`@gOd�  R̂ acd�gih	fZd�ach¦aW¤nh�_(]eT�_�\^hy�U¢#¤Zh�mWh�a ˜Homeo+(S1)d� qdyTc]^h(f@a�`bac]ed@fi¾�XZTch	mWh(TW®8]efZ�«¤Zdy�ªh(d@�ªdyTcXZ¤Z]Bmo��m)dy ¡aW¤nhvTch	`�\¬\^]^fZhv©�¤Z]B_c¤1_(dy�ª�)Yiachv©�]~ac¤ÛaW¤ZhvaWT�`�fnmW\B`bac]ed@f
t : x 7→ x + 1

]Bm¬ac¤Zh�YZfZ]^®yh(T�mc`�\R_(dE®yh	TW]^fZ�°d� 
Homeo+(S1)

`�fngOXnTWdb®8]^gihKm
ac¤Zh/_�h(f>aWT�`�\Rh(À>ach(fnmW]^dyf�â

0 → Z → ˜Homeo+(S1)
p−→ Homeo+(S1) → 1

©�¤Zh	TWh
Z
]^m#aW¤Zh/mWYZ[Z�@TWd@YZXO�yh	fZh(T�`bach	g×[>§

t
�

H&dE©�¨Z©
h�TWhK_(`�\^\MaW¤Zh/gih(¯nfZ]eaW]^dyfId� :a�©
dªdyaW¤Zh	T¡¢#¤Zdy�ªXnmWdyf�j m#�yTcdyYZXnm¬Tch(\B`bach	g×aWd
T
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½�h(a
F ′ =

{
γ ∈ T | γr

0 = γl
0 = id

} `�fng
T̃ =

{
γ̃ ∈ ˜Homeo+(S1) | γ = p(γ̃) ∈ T

} �
H&d�ac]^_(h�ac¤n`ba

F ′ _�d@TWTch	mWXQdyfngZm#aWdÓaW¤Zh�_�d@�ª�)Yiac`�aWd@T&mWYZ[Z�yTcdyYnXId� �aW¤nh)�yTcdyYZX F = StabT (0)
`�fCg

T̃
]Bm

`ª_�h	f@acTc`y\Rh�À8aWh	fnmo]^dyfvd� 
T
â

0 → Z → T̃ → T → 1

� m# �dyT
T
¨Z\^h�a¡Ynm¡_�dyfCmo]Bgih(T#aW¤Zh�\^]e æa¡dy  Ĝr
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PSL2R → Ĝr → Gr]^fngi]B_(`bach	m¬aW¤n`�a Ĝr

]^m¬aWd@XQdy\^dy�@]^_	`�\e\^§�ac¤Zh­XZTcdigiYn_�a
PSL2R ×Gr

�'Õ&h(fn_(hy¨ ˜̂Gr
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φ
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φ(f̃ [T̃ ]) = φ(g̃[T̃ ])
¨>ac¤Zh(f×ac¤Zh(Tchqh�Ài]Bm�a�m
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g = f ◦ γ
�U½�h�a

γ̃
[Qh­`)\^]~ æa�d� 

γ
`�fng
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moYn_�¤

aW¤C`ba
g̃ = f̃ ◦ γ + k
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T
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Homeo+(R)
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h(®yh	f×]~  f ∈ OT (id)
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PSO2(R) = S1 → Ĝr/T × ES1 → Ĝr/T ×S1 ES1

mW¤ZdE©¡m¬ac¤n`ba
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)
= 0 ∀i ≥ 2
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½�h�a

(xi)i∈<1;n>
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)i∈<1;n>

¨Z©
h�_	`�fI`ymcmodZ_�]B`baWh
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b = (hxi
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