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ABSTRACT. — We study the general properties of quantum stopping times on
Hilbert spaces equipped with a filtration. We define and investigate notions such as the
spaces of anterior events, the spaces of strictly anterior events, the property S < T for two
stopping times, predictable stopping times,... . When applied to the particular case of the
symmetric Fock space ® over L2(R™) (the natural space for quantum stochastic calculus)
we show an intrinsic quasi-left continuity property shared by all the probabilistic interpre-
tations of . We finally apply these definitions to the case of a non commutative stochastic
base Ueo, P, Ut) >0, (Mt)r>0) where Uso is a von Neumann algebra, generated by an
increasing family of sub-von Neumann algebras (4;);>q, ® is a normal, faithfull state and
(M¢) >0 is a family of conditional expectations on (I4;);>q. We show, in this context, that

the fermionic Fock space over L2(R"), the quasi-free boson and fermion spaces are also
quasi-left continuous.

l. Introduction

The fundamental importance of stopping times in the classical theory of stochastic
processes does not need to be demonstrated any more. That is a reason why the difficulties
to define a serious and efficient theory of stopping times in the framework of quantum
processes can be felt as an obstacle to important developments.

The theory of quantum processes and quantum noises has had an impressive devel-
opment since the last 25 years and has found many deep applications in quantum physics.
For example, the quantum statistical description of the dilation of the dynamic of a quan-
tum open system, with the help of quantum noises, is one of the most remarkable applica-
tion of quantum probability theory ([H-P]).

Keywords: quantum stopping times, Fock space, quantum stochastic calculus, non commutative stochastic
base.
Math. classification: 46153, 60G40, 81S25.



The theory of quantum statistical mechanics is now having a very quick develop-
ment and follows in parallel the tracks of the older (classical) statistical mechanics theory:
Gibbs states become K.M.S. states, generators of Feller processes become Lindblad gener-
ators of quantum dynamical semigroups,. ... The important open problems in quantum
statistical mechanics are those of return to equilibrium, recurrence, existence of invariant
states, spectral gaps,.... It is well-known that the most remarkable answers to the corre-
sponding problems in the classical theory were obtained with the help of Markov processes
and stopping time theory.

But why are stopping times so difficult to handle in quantum theory? The first ob-
stacle is physical and philosophical. It is very delicate (and sometime taboo) to associate
an observable with the time when something happens in a quantum system. The main
reason is that in order to observe such a time one should be continuously monitoring the
system. This is of course very delicate in quantum mechanics as the system is definitely af-
fected by the observation. The brutal continuous observation of a quantum system leads
to surprising consequences such as freezing the system in the initial state (quantum Zeno
effect). But on the other hand it is also true that the theory of continuous observation of
quantum systems has made impressive progresses recently, both theoretically and experi-
mentally (non-demolition measurement).

It is even more remarkable that, forgetting the physical constraints, it is very easy
to mathematically associate an observable to the time when some even occurs in a quan-
tum system. For example, when studying the quantum stochastic differential equations
describing the dynamics of some quantum open systems (such as in quantum optics for
example), one can exhibit abelian subalgebras of observables which are invariant under
the dynamic. This thus gives rise to commutative processes which can be realised (diag-
onalised) on some probability space. As a consequence, any classical stopping time asso-
ciated to this process (exit times, hitting times,...) gives rise to a quantum stopping time
when pulled back in the general setup.

The theory of quantum stopping times has been initiated by R. L. Hudson ([Hud])
in the framework of Fock space. The basic idea is to say that a classical stopping time is
a positive random variable (with value +oco0 admitted) which satisfies some adaptedness
property with respect to a given filtration of o-fields. Thus a quantum stopping time is a
quantum random variable (a self-adjoint operator on a spectral measure) which is positive,
which admits the value 400 and which satisfies some adaptedness property on the Fock
space. This theory has been developed by several authors in the same framework: [App],
[P-S], [A-S], [Att], but also in the framework of filtered families of o-finite and finite von
Neumann algebras: [BN1], [BN2], [B-L],.. ..

In this article, a stopping time is an increasing family of projections on a filtered
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Hilbert space, adapted to an increasing family of algebras. This approach thus covers all
the preceding cases.

In the five first parts we study stopping times on filtered Hilbert spaces (H, () >0),
without really mentioning algebras and we define for a stopping time T, the spaces Hr,
Hr—, the property S < T for two stopping times and the notion of previsible stopping
time.

In the last two parts, we apply the preceding definitions and results to the cases
of the symmetric Fock space, the antisymmetric Fock space over LZ(R+) and the quasi-
free representations of the CCR and CAR. We prove that in all these cases the quasi-left
continuity property is verified.

Il. Quantum stopping times

A filtered Hilbert space is a complex separable Hilbert space H together with a fam-
ily of orthogonal projections (E;) ;cg+ with range (H) ,cp+ satisfying

i) Ho~Cands—lmE, =1(Ge A\ H,=H).

t—+o00 reR+

ii) EsE; = E;E; = Esforalls < r (i.e. Hs C H; fors < 1).

iii) s—lim E, = E; (i.e. n Hy = Ho).
”u:’[‘ u>t

We write H,— = \/ H; and E,_ is the orthogonal projection onto H,_, t € Rt (with the
s<t
convention Ho_ = Hy).

An operator X on H is said to be adapted at time t if
i) E,(DomX) C DomX, forall u > t,
and
ii) E,X = XE,onDom T, forall u > t.

A stopping time (or quantum stopping time) T on a filtered Hilbert space (H, (E;) ;cr+)
is a (right-continuous) spectral measure on R™ U {+0oc} with values in the set of orthog-
onal projectors on H, such that, for all # € R*, the operator T([0, 7]) is adapted at time
L.

In the following we adopt probabilistic-like notations: for every Borel subset E C
Rt U {400} we write 17¢g instead of T(E). In the same way 17<, means T([0, t]), 17—,
means T({t}), ....



Note that in particular

Ir<; =s— lim Ir<t+e,
=0
&0
and
L7 =s—1lim l7<; ¢ .
=0 -
&0

In particular, 17, is also adapted at time ¢, for all ¢ € R*.

Let us see briefly how this definition connects to the classical one. If T is a clas-
sical stopping time on a filtered probability space (Q, F, (F¢);cr+, P), then taking H =
I*(Q,F,P), H, = L*(Q,F;, P) (if we assume that the filtration verifies the “usual con-
ditions”) and E; = - /F;] makes up a filtered Hilbert space. The operators M7y _, of
multiplication by 1 (7<) on H then define a quantum stopping time on .

Conversely, if T is a quantum stopping time on a filtered Hilbert space (#, (E¢) ;cr+)
then the operators 1r<;, ¢ € R U {+0c}, are two by two commuting. Thus they simul-
taneously diagonalise on a probability space (Q, F, P) to give rise to operators of multi-
plication by indicator functions of the form 1, for some random variable T valued in
R* U {+00}. Taking F; to be the o-field generated by the image of H, into L*(Q, F, P),
make T being a classical stopping time.

Thus when considering one quantum stopping time (on a commuting family of
quantum stopping times) leads to a theory which is exactly equivalent to the classical
one. Of course the difference appears when considering several non-commuting stop-
ping times on H. Each of them can be individually interpreted classically, but not together.
They come from different probabilistic context and they are put together in the same con-
text, exactly like observables in quantum mechanics.

A point t € R is a continuity point for a quantum stopping time T if 17—, = 0.
Note that as H is separable, then any stopping time T admits an at most countable set of
points which are not of continuity for T. Also note that if ¢ is a continuity point for T then
the map s — < is strongly continuous at .

A stopping time T is discrete if there exists a finiteset E = {0 < f; < fp < --- <
tn < +oo}inRT U {+o00} such that 17¢p = I.

A sequence of stopping times (T,) ¢ is said to converge to a stopping time T if

s—1im 17,<; = L7« for all continuity point ¢ of T.
n—-+oo - -

A stopping time T is finite if 1 7—4 o = 0.

Two stopping times S, T satisfy S < T if 1s<; > 17>, forall £ € RT (in the sense
of comparison of projectors). In particular

]ngt = ]lsgt]ngt = ]ngt]lsgt
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forall t € RT.

Let S and T be two stopping times on 7. We define the stopping times S V T and
SA TonHby,forall t € RT,

lsyr<: = orthogonal projection onto Ranls<; N Ranlr<,
Ispnr<; = orthogonal projection onto Ranlg<;V Ranlr<;.
PROPOSITION 1. — For any two stopping times S, T on H we have

) SATL<SandSAT<LT.
i) SVT >SandSVT2>T.
iii) If U is any stopping time satisfying U < Sand U < T thenonehasU < SAT.

iv) IfU is any stopping time satisfying U > Sand U > T thenonehasU > SV T.

Proof.

i) We have Ran Ispn7<; D Ran 1s<; U Ran 17<;. One concludes easily. The proof
of ii) is identical.

i) fU < Sand U < TthenRan 1y<; D Ran Is<;URan 17<,. ThusRan 1y<; D
Ran 1s5<; V Ran l7<; = Ran Ispr<;. One concludes easily. The proof of iv) is identical. m

Note that the stopping time T given by

0 fors<t

Lr<s = {I fors > r

is noting but the deterministic time T = ¢I, denoted ¢ simply.

Finally, for a stopping time T, by a sequence of refining T -partitions of R™ we mean
a sequence (Ey) nen of finite subsets E, = {0 = ' < ' <--- < tf! < 400} of R such
that:

i) all the t;’ are continuity pointsfor T, n € N, j > 1;

ii) E, C Epyiforalln € N
iii) the diameter 6, = sup{t¢/}, — t/'; i € N} of E, tends to 0 when 7 tends to +o0;
iv) sup Ej, tends to +00 as n tends to +00.

Note that, for any stopping time T such a sequence always exists.

PROPOSITION 2. — For every stopping time T there exists a sequence (T,) ,en Of
discrete stopping times such that Ty > Ty > --- > T and (T,) nen converges to T.
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Proof. — LetE = {0 = fp <) < < --- < I, < +00} be a partition of RT.
Define the spectral measure Ty by
Te({t:}) = T([ti=1, t:]) fori=1,...,n,
Tg({+00}) = T([ta, +00)).

Then Tg is clearly a quantum stopping time.

Now let (E,,) »en be a sequence of refining T-partitions of Rt and put T,, = T, for
all n € N. Let us first check that T, > T, > T foralln € N. Forall ¢t € R*, let ti(on) be

(n) _ max{t; € E,; t; < t}. As E, C Ep+1 we have ti(on) < P < rand

i i

given by ¢

Vst = Lrepo g

Ir,,<r=1 (1) -

Te[o,tiO

This proves T, > Tp41 > T.
Let us now prove the convergence. Let f € H and ¢t € R*. We have

r,<if —Vr<fIP =10 wf — Lr<ifIP

T<t,
i

— 2
- ”]lTE[tl(OnJ,t]f” ’

which converges to || 17=,f||> when 7 tends to +oc. Thus it converges to 0 if ¢ is a conti-
nuity point for T. [ |

lll. The space #,

Let (H, (H:),cr+) be a filtered Hilbert space and T be a stopping time on #. The
space H; classically interprets as the space of events occurring before time ¢ (see the dis-
cussion in section II about the connections with classical theory). Thus mimicking the
classical definition of F7, the o-field of events anterior to T, that is

Fr={A€eF; (T<t)NA€F, forall t € R"},

we define in our quantum context: the space of events anterior to a stopping time T is the
space
Hr={f €H; Ir<.f €H, forall t € R"}.

We denote by E7 the orthogonal projection onto 1 which is clearly a closed subspace of

H.

PROPOSITION 3.



DIfS < TthenHs C Hr.

2) If (T,) nen Is a decreasing sequence of stopping times converging to T then
Hr = ﬂ Hr,
neN

and (Er, )nen decreases and converges to Er.

)Hr={f €H; Ir<f € H,forallt € R*}.

Proof.

DIff € Hsthen 17<;f = lr<;Ls<:f. By hypothesis 1s5<;f belongs to H; and
thus so does 1 7<;1s<;f (by adaptedness). Thus f € Hr.
2) We have T < T, and thus Hy C () Hz,. Nowif f belongsto (| Hr, and ¢

neN neN
is a continuity point for 7, then 17<;f = lim 17,<,f and thus 17<;f belongs to H;.
- n—o0o - -

Now, if ¢ is not a continuity point for T we can find a sequence (,,) ,en of continuity points
for T which decreases and converges to . Thus 17<,, f belongs to H,, and 17<,f =

lim 17<;,f belongsto (| H,, = H..

3) As 17«s = lr«lr<, and L7, is adapted at time ¢, we clearly have Hr C
{f € H; Iraf € H,forallt € Rt}. Now, if 17<.f € H, forall ¢, then 17<,f =
lim 1, . f whichbelongsto (| H, 1 =H,. [ ]

n—+oo neN

n
TueoreM 4. — Let T be a discrete stopping time with Y, 1=, = I. We then have
i=1

n n
Er = Z Ir=4E;;, = ZEtllT=t,- ’
i=1 i=1

with the convention E,, = I.

Proof. — If T is a discrete stopping time with values {0 < 1, < --- < 1, < 400}
then the operator

n
P=Y 17-4E,  (ithEe =1
i=1
is easily seen to be an orthogonal projector. If f belongs to Ran P, if t € R then

n n
]ngtf = Z lT:tiEtif =E Z ]lT=tl-Etif
ll;=§ll ll;=§ll

= Etngtf



Thus f belongs to Hr. That is, Ran P C H 7. Now if f belongs to H r then
n n
Pf = Z ]lT=tiEtl'f = ZEl’i]lT=l’if
i=1 i=1

n
= Z 17— f (for 17— f € H, by hypothesis)
i=1
= f .
Thus Ran P = Hr and P = Er. [ ]

THEOREM 5. — Let T be a quantum stopping time on H. Let (T,)neN be a se-
quence of discrete stopping times converging to T, such as in Proposition 2, then the se-
quence (Er, ) nen strongly converges to Er. In other words

Nn
Er =i:1+1£ Z; Irepy_ 1 En + Ir>uy,
i=
where the diameter of the partition {0 =fhHh<h<---< th} tends to 0 and ty, tends to
+00.

Proof. — This is now an easy consequence of Proposition 2, Proposition 3, part 2)
and Theorem 4. [ |



PROPOSITION 6.
1) IfS and T are two discrete stopping times then

2)IfS and T are two stopping times then
ES/\T = ES A ET .

Proof.

1) We always have Hs V Hr C Hsyr. Now let S and T be discrete and S be the
union of their support. Suppose SNRT = {0 < f; <--- < ty}. Let f € HE NHE. We
have Esf = 0 but

N
Esf = ls=goof + Z ]lS=fiEtif

i=0

N—1
= ls=toof + Ls<ty Bty — Z Vs<y(Ey, — En)f
i=0

N
=f- Z ]lsﬂti(EfiH —E)f
i=0
with the convention ty4+; = +00.

In the same way

N
Esvrf =f — Z Vsvr<y(Eqpy — Eg)f -

i=0

But
n—1 i
Lsyr<y =s—lim — (lSStilTSti)
n—+oo N
k=0
thus
1 n—1 N i
Esyrf =f — nll){{_loo ; g ZO (]lSSti]lTSti) (Eti+l - Eti)f-
=0 =
Note that
N N N
Z ]lSSti(EtH-l - Eti) Z ]lTSfj(EfjH - Etj) = z ]lSSti]lTSti(EtiH - Eti)'
i=0 i=0 i=0
In the same way
N r N N k
Z (lSSti]lTSti) (Eti+1 _Eti) = [Z ]ISSti(EtHI _Eti) Z ]lTStj(Ethrl _Etj)]
i=0 i=0 j=0

- [(1 — B — ET)]k.
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This gives

n—1
Bsvrf=f - lm - ; [0 By —E)] s

This proves 1).

2) We always have Hs N Hr D Hsar. Nowlet f belong to Hs N Hr. Forall t € RT

we have
Ispr<ef = f — Lsarsef

n—1

1
=/~ lm - ;(15>t11T>z)kf~

But

where L, satisfies L; f € H;.

Thus
1 n—1
- Z(ls>t]lT>t)kf =f—-g
"o
with g € H,. This shows Isar<:f € H, and proves 1). [ |

IV. The space #H,_

As our definition of H r in our setup seems to fit very well, we pursue the analogy
with classical probability theory and define the space of event strictly anterior to a stopping
time T as the space Hr_ which is the closure of the subspace of H generated by H, and
{lrsef ; f €Hi t€RT L

PROPOSITION 7. — For every stopping time T we have Hr_ C Hr.

Proof. — Firstofall, if f € Ho then I7<,f = lr<.Eof = lr</Eif = Elr<.f
and thus 17<, f belongs to H;, thatis Ho C Hr.
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Now if f € H, letus consider g = 1715,f. We then have

o ifs <t
Ir<sg = ]lTE]t,s]f if s> t.

In particular 17<;g belongs to H for all s. Thus g belongs to H 7.

We have proved that all the generators of H_ are elements of H 7, which is closed.
Thus Hr_ C Hr. [ |

ProPOSITION 8. — If the filtration is continuous (i.e. H,— = H; for all t) then
Hr_ = Hr for every discrete stopping time T.

Proof. — Letg € (Hr_)L. We thus have, forall t € RT, all f € H,

<]lT>tEtfr g> = Or Ie <f’ ]lT>tEfg) =0.

This means 17.,E;g = Oforall t € RT.

n
Now suppose that T is discrete with E lr—y; = 1. Ift < f, then 175, = I and
i=1
E;g = 0 thus by the continuity hypothesis E;; g = 0.

i
Ift; <t < tiy then E;g = 17<;E;g = > 17— E;g. Now let f tend to #;4, this
Jj=0

i
gives Ey,,, 8§ = > 11— E;,, g Thus in particular 17—, E;,,, g = 0.
j=0

All together we have proved that Erg = Y 17—,E,g = 0andthus g € (Hr):. =
7

ProrosITION 9. — IfS and T are two stopping times such that S < T, thenHs_ C
Hr_.

Proof. — The space Hs_ is generated by Hy and the 1s./E; f, f € H,t € RT. But
lss; = Lso; 175, and thus lgs B f = lssilpsEf = LpsElss f € Hp_. This proves

Hs_ CHr_. | |
ProposiTioN 10. — If (T,) ,en is an increasing sequence of stopping times con-
verging to T then
HT_ = \/HTn— .
n
Proof. — By Proposition 9, each space Hr,— is a subspace of Hr_, thus

V,Hr,— C Hr—. Conversely, if f belongs to H and if ¢ is a continuity point for T,
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then 1y E f = nli}r_’r_loo 17,5:E:f which belongs to \/n ‘Hr,—. If t is not a continuity point

for T, then choose a decreasing sequence (, ) ,cn of continuity points for T, converging to
t. We conclude by the identity

1rs:E f = ngllloo 1754, Eif . u

Let T be a finite stopping time (i.e. 17—+ = 0). Then the spectral integral
fRJr t1r¢eq; defines a self-adjoint operator on H, which we denote by T again.

ProposiTiON 11. — If T is any finite stopping time then the operator T maps
Dom TNHr toHr.

Ifmoreover T is bounded, it maps Hr_ to Hr_.

Proof. — 1If f belongs to Dom T N H 7 then
Tf =lim 2 tilrep o f
i
(where the limits is taken as usual under a sequence of partitions whose diameter tends
to 0) and thus, as 17<s(>" ti]lTE[ti,tiJr][f) belongs to H;, we have 17<;Tf € H, and thus
i
Tf € Hr. This proves the first part.

If T is bounded, we have

T1 T>Z‘Etf = lim Z [i]lTe[ti’tiJrl[]l T>Z‘Etf

1
where each term in the sum is an element of Hy_. Thus T17..E; f belongs to Hr_. This
proves TH7_ C Hr_. [ ]

V. Strictly smaller stopping times

We wish to give a correct meaning to the relation S < T for two quantum stopping

n
times, S and T on H. If S is a discrete stopping time with ) lg=;, = I and if T is any
i=1
stopping time, it is then natural to say that S < T if and only if

ls=y; = L7155 15=; forall i.

Note that this in particular implies S < T and we have S < T if and only if
n
Z Irss lo=s, = I
i=1
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or else if and only if
n
Z ]lS=s,-]lT>s,- =1.
i=1

This motivates the general definition.

Two stopping times S and T on H are said to satisfy S < T if and only if one has that
the expression

Nn
E : 7>y lse[ti_l,ti[
i=1

weakly converges to I when {ti, i=1,..., Nn} follows a sequence of refining S-partitions
of Rt.

Note that S < T implies S < T forif S < T then
Nn
]lTStZ ]lT>ti]lse[zi_1,tl-[]IS§t (1)
i=1
converges weakly to 17<,1s<;, but (1) also equals
Ny
Ir<s Z Urs i Dselny

i=1

which weakly converges to 17<;.

Note that if S and T commute, that is if for all s and ¢ in RT, Is<slr<y = Ir< lls<s,
Nn
then for all sequence of refining partitions of Rt, R, = > 1741 Selt_1,u] converges
i=1
strongly. In fact, in this case, (R,,) ,>0 is an increasing sequence of projections.

ProposITION 12. — Let S and T be two stopping times. Then the following asser-
tions are equivalent.

i) S<T.

Nn

i) Y Igepy,_,u L5, converges weakly to I.
i=1
Nn

i) Y Ir<y Isc[s;_, ;[ converges weakly to 0 and Is—1c = 0.
i=1

Nn
iv) Y Lseps_, 5 LT<r; converges weakly to0 and Is=+o0 = 0.
i=1

Proof. — Assumption i) implies that
Nn Nn
Z Vseltul — Z Yr<yLsepy_, ) converges weakly to 1.
i=1

i=1

13



That is
Ny

Z Yr<yLsels,_,,,) converges weaklyto — lg—y oo
i=1

thus
Nn
Z Lr<ylseps;_ [ ls=+o00 cONverges weakly to — Ts—4 0
i=1
thus 1s—4o, = 0. All the others parts of the proof are obvious. [ |
ProrosiTiON 13. — IfS and T are two stopping times on H such that S < T then
Hs C Hr_.

Proof. — TForall f € H, the quantity
Np

Z ]lT>ti ]lSE[tl-_] ,ti[Etif
i=1

belongs to Hr—, but it is also equal to
Np

Z ]lT>tl-]lse[tl-_],tl-[ESEf »

i=1
where E = {t;, i = 1,..., N}, (with the notation Sg of the proof of Proposition 2) which
converges weakly to Es f. Thus Esf belongs to Hr_. [ |

PROPOSITION 14.

i) If(Ty) nen is an increasing sequence of stopping times converging to T and with
T, < Tforalln, thenHr_ =\ cxHr, -

i) If (Ty) nen is a decreasing sequence of stopping times converging to T and with

T, > T foralln, thenHr = () Hr,— -
neN

Proof.

i) We have Hy, C Hr_ forall n € N, thus VneN ‘Hr, C Hr_. But by Proposition
10wehave Hr— =\, Hr,— C\V Hr,.
ii) We have Hy C Hrp,_ foralln € N, thus Hy C () Hr,—. But () Hr,—

neN neN
is included in () H 1, which is equal to H 1 by Proposition 3, part. 2). This proves ii). [ |
n

Let us study a rather pathological example. Consider a filtered Hilbert spaces
(H, (Et);er+). Then the spectral measure (E;);cp+ itself defines a quantum stopping
time T by putting
]ngt:Ety [€R+.
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Let us then compute Hr and Hr_. We have
Hr={f € H; Lr<.f € H, forall ¢}
= {f € H; Ef € H, forall t}
and thus Hr = H.
We have 175, E, f = (I — E,)E,f = 0forallt € R*. ThusHr_ = H,.

Now let T, be defined by 17,<; = Er+1/n, & € Rt.Then T,isa stopping time again
and the sequence (T,),¢N is increasing and converging to T. We obviously have T,, < T
for all n. Thus Hr, = Hr,— = Ho.

We end this section with two definitions, which follow from the classical corre-
sponding definitions.

A stopping time T is previsible if there exists an increasing sequence of stopping
times (T},) nen which converges to T and such that T, < T foralln € N.

A filtered Hilbert space (H, (E;);cr+) is quasi-left continuous if Hy = Hr_ for
every previsible stopping time T.

The pathological example above shows that a filtered Hilbert space is never quasi-
left continuous. We actually have to enlarge our definitions.

Let (M, (E;):cr+) be a filtered Hilbert space. Let U/ be a closed subalgebra of B(#)

and (U;);cr+ an increasing family of closed subalgebras of I such that |J U, generated
t€R
U, and which satisfies

XE, = E,X
forall X € Uy, allu > t.
We define a (U;),cr+-stopping time T to be a spectral measure on Rt U {+o0},

valued in H and such that 17<; belongs to U, for all t. Then note that all what has been
proved before remains valid for any (U;) ,cg +-stopping times.

Examples.

DIfU, = {X € B(H); Yu > t, E,X = XE,} then we recover the case studied in
the previous sections.

2) If U is a von Neumann algebra acting on an Hilbert space H and (U;);cr+ is an
increasing family of von Neumann subalgebras which generates I/. Assume there exists a
unit vector Q € H which is cyclic and separating for i and a family (M;),cg+ of normal
w-invariant conditional expectations M; : Y — Uy, where w(-) = (Q, -Q). We denote by
H; the closure of Q) in H and by E; the orthogonal projection onto H ;. We then have

E(XQ) = M,(X)Q
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and thus for all u > ¢, all X € U,, we have E,X = XE, (indeed E,XAQ = M,(XA)Q =
XM, (A)Q = XE,AQ).

Thus our definitions covers the case of stopping times in von Neumann algebras
such as studied in [BW1] or [BSW].

3) Let ® be the symmetric Fock space on L?(R";C): & = I (L*(RT;C)). If we
define ®; = I(L*([0, 7]; C)) and &, = I'\(L*([t, +-00[; C)), we then have the well-known
“continuous tensor product” property of Fock spaces:

b ~ (bt] 3 (b[t
and we can consider ¢, as a subspace of ¢.

In the framework of quantum stochastic calculus ([H-P]) a bounded operator H on
¢ is said to be adapted at time 7 if it is of the form H = K ® I forsome K : ¢;; — ;.

By considering the algebras U; of t-adapted bounded operators, t € R, our set up
covers all the theory of quantum stopping times on the Fock space ¢.

We extend our definitions into:

o A (U;),cr+-stopping time T is previsible if there exists a sequence (T})en Of
(Uy) ser+-stopping times such that (T,,) nen convergesto T and T, < T foralln € N.

o Afiltered Hilbert space (H, (E;);cr+) together with a family (U;) ;cp+ is quasi-left
continous if for all previsible (U;) ;cg+-stopping time T we have Hy— = Hr.

VI. The Fock space case

We here just recall few facts about the symmetric Fock space. Details can be found
in [Att] or [Mey].

The Fock space ® is the symmetric Fock space over L2(R™; C) : & = I'y(L2(R*; C)).
This space can be advantageously understood as the space L?(P) where P is the set of fi-
nite subsets of R* equipped with the Guichardet symmetric measure. That is, an element
f of ® = [?(P)isafunction f : P — C such that

1112 = /P F(@) do

=|fMF + Z /0<s]<...<s lF{s1,. ., sn})|Pdsy -+ dsy < 00.

n=1

We then have the following properties:
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i) If we write @, (resp. &y, for the subspace of ® made of those f such that f (o) = 0
unless o C [0, ] (resp. o C [t, +00[), then the mapping

Py Qb — @
f®g—h,

with k(o) = f(o N[0, t])g(o N [, +00[), extends to a unitary operator. We thus identify
Ptod, @ P, forallz € RT.

ii) For all f € &, if we define D, f by
[Difl(0) = floU{t}H ey

we then have that D, f belongs to ¢ for a.a.t and
o
1A= @F + [ o ar,

iii) If (g¢) ;cr+ is a family of elements of @ such that
a) g € dyforalls
b) t +— g is measurable
c) fooo |g:||? dt < oo

then (g;),cr+ is said to be Ito-integrable. In this case we write

o0
/ 8 dX:
0
for the element % of ¢ given by
n(o) = { 0 ifto=10

gtn({tlyn-ytn—l}) ifO':{t1<t2<"'<tn}.

This element h of ® is called the Ito integral of (g;),cgr+ and we have

o0
|WF=/|@Wm.
0

If we denote by 1 the vacuum of @, that is the element of ¢ given by

1(0)2{1 ifo =0

0 otherwise,

and by E, the orthogonal projection from ® onto &, t € R \ {0}, we then easily have
the following theorem, cf. [Att] for details.

THEOREM 15. — For every f € &, the family (D;f);cr+ is Ito integrable and we
have

f=f@1+AmeWp (2)
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Forallt € R™ \ {0} we have

Bf = @1+ [ D dx, 3)
(in the sense [° 11 4(s)Dsf dxs).

We have the isometry formula
o0
I = |f((2))|2+/ |Df || ds . (4)
0

We put U to be the algebra B(®) of bounded operators on ® and, for all r € R*, U,
is the algebra of r-adapted bounded operators on ¢ in the sense of Hudson-Parthasarathy,
that is the algebra of bounded operators H on ¢ of the form

H=k®I

on ®; ® ¢y, for some bounded operator k on ®;. Note that, forall t € R*,all u > rand
all H € U, wehave E,H = HE,,.

Clearly, (¥, (E;)scr+) is afiltered Hilbert space and from now on we define stopping
times on ¢ as being affiliated to the family (U;) ;cp+-

In particular (E;),cp+ is not a stopping time on .

The following theorem is proved in [A-S], Proposition 6.

THEOREM 16. — Let T be a stopping time on . Then for all f € ¢ we have

Erf = f(@)l +/ I75sDsf dxs .
0

CoroLLARY 17. — Let(T,,) .en be any sequence of stopping times on® converging
to T. Then (Er, ) neN converges strongly to Er.

Proof. — Indeed, we have by Theorem 16 and Theorem 15 (4),

o0
|Exf — En fIF = / (s — V1) DS ds
0

which converges to 0. L

ProprosITION 18. — Let S and T be any two stopping times on ®. We then have

Erys = ET V Es.

Proof. — We know that Er V Es < Erys. Let f € (o7 V &g)1 = &F A &F. We
have Erf = Esf = 0 and thus fora.a. s € R

]lT>stf = ]lS>stf =0
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and f(0) = o.

As a consequence, D;f belongs to Ran 17<s M Ran 1s<; fora.a. s € RT, that is to
Ran 17y s<;s. This says that 17ys>sDsf = Ofora.a. s € R* and finally Esy 7 f = 0. [ |

The Fock space ¢ admits several probabilistic interpretations (cf. [Att] or [Mey]) in
terms of the Brownian motion, the compensated Poisson process or the Azema martin-
gales. All these classical martingales have in common that their canonical space and filtra-

tion is quasi-left continuous.

The theorem to come proves that this property is actually intrinsic to the Fock space
structure, and does not depend on any classical probabilistic interpretation of it.

THEOREM 19. — The filtered Fock space (¥, (E¢) ;er+, (Ut) ier+) is quasi-left con-

tinuous.

Proof. — Let T be a previsible stopping time on ® and (7T},) ,en an increasing se-
quence of stopping times converging to T with T, < T forall n € N.

By Proposition 14 we know that &7 = VneN &r,. Butif f € &7 we have f =

Erf = lir+n Er,f (by Corollary 17) and thus f € \/ _y®r,. This proves that &7 C
n——+oo

VnGN CI)Tn. Thus &7_ = 7. ]

neN

We are now going to discuss some interesting examples of stopping times on ¢:

1) Projection on chaoses. — For every n € N, we denote by C,, the space of f € &
such that f (o) = 0 unless #0 = n. It is a closed subspace of ¢ and we have

o=@,

neN
The space Cj, is called the n-th chaos of . We denote by Q, the orthogonal projection
n

from @ onto @ C;, that is
i=0

[Quf](0) = f(0)Nso<n
and by Qy,,; the operator
[Que, f1(0) = f(0) Ly(onjo.q)<n -
The operator Q,, is t-adapted and equal to
ind)L] ® I|¢[L :

It is an orthogonal projection also and Q,,; < Qs if s < t. We define a stopping time T},
by putting

{ ]lTn>t = Qn,t

]lTn=+oo =Qn.
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We clearly have T,, < Ty41 for all n € N. Note that for all s, t € Rt we have

br<shr<e = gy <ol <s

We also have

ETnf = f(@)]l +/ ]lTn>tth dx
0
—FO1+ / QuDif dx

= f(0)1 + Qn+1/ Dyf dx;
0
= Qn+1f-

n+1 n
Thus &7, = € C;. Butnote that 17,5:E:f = QnE:f and thus &1, = € C;.
i=0 i=0

In particular the T,,’s are not previsible.

2) Jumping times of the Poisson process. — For this example only we refer to
quantum stochastic integration on ¢ (cf. [Att] or [Mey] for details) and we consider the
reader very familiar with it.

Let (a)er+ (@) er+ and (a?),cr+ be the usual creation, annihilation and con-
servation processes on ®. Let N, = a; + a; + a® + tI be the Poisson process on . We
define a family of stopping times (T},) ,en by

To =0
t
Irs: =1— [(Ar>s — 7, y55)dNs, n> 1.

Indeed, straightforward applications of the quantum Ito formula show that the fam-
ily (17,5¢)scr+ is a decreasing family of projectors, adapted at time . Thus they define a
stopping time Tj,.

More straightforward applications of the quantum Ito formula show that, for all
s;st €RTalln,meN

Ir,<slr,<t = LI, <ely<s,
and that T,, < T,, for n < m.

One can even be more precise.
PROPOSITION 20. — Forallt € RY, the self-adjoint operator N; admits a spectrum
equal to N and the spectral projection onto the eigenspace associatedton € N is
ﬂTnSI lTn+1>t :
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Proof. — Consider, for t € R, n € N*, the operators
X' = 1r,<id1, 50 -

The family (X/") pen~ is family of two by two orthogonal projections whose sum is equal

to I (for 17,5, converges strongly to I when n tends to +00). Thus (X/*)en is a spectral
measure.

Furthermore,

n __
Xt - ]lTn+1>t - ]lTn>t

t
= / (_]lTn+1>s + ]lTn>s + ]lTn>s - ]lTn_1>s) st
0

t
= / (X' — X") dN;.
0

Thus
oo t o0
S nx = / S X7 an,
n=1 0 n=o
t
= / I dN;
0
= Nt .
Details are left to the reader. u
ProPOSITION 21. — Foralln > 1, we have T;; < T4 1.
Proof. — Let
N—1
R= Z ]lTnE[ti,ti+1[]lTn+1E[fi,fi+1[
i=0
N—1
= Z ]lTn+1E[ti,ti+1[]lTn€[fi,fi+1[ .
i=0
From the identity
n—1 t i
(o F(8)ds) [ f(s)a
(), Aneelg)) = 3 = b T er), (),
j=0 '
where e(h)(o) = [] h(s) forallo € P, all h € L?>(R"; C), we can prove that R converges
s€o
strongly to 0 when the partition refines and that 17,—4 = 0. [ |
PROPOSITION 22. — We have &7, = &r,_ foralln € N*, but T, is not previsible,

whateveris n € N*,
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Proof. — letf € CDJT-n_, we have 17,,,E;f = 0forall r € Ry. Butalso (see [Att])

we have

]lT,,>tEtf = f(@)]l +/ (]lTn_1>stf - (]lTn>s - ]lT,,_1>s)Esf dXS)
0

t
_/ (L1,55 — L1,_y55)(Dsf + Ef) ds.
Thus, for a.a.t '
]lT,,_1>tth = (]lTn>t - ]lT,,_]>t)Etf
and (]lTn>t - ]lTn_1>t) (D:f + E;f) =0.
In particular, 17,5:D;f = 0for a.a.t. and thus Et, f = 0 (Theorem 16). This proves
®p, = P, _.

Tt is proved in [A-S] that if, for all r € R

t t
xt:/ msdx5+/ as ds
0 0

with, for all s € R*, m; and a, belong to &y, [ [|mq||* ds < oo and [, ||as|| ds < oo,
then for every stopping time T, the limit (over refining partitions as usual)

XT = lim E 1T€[fj,fj+1[xti+l
i
exists and is equal to

00 0o
Xr = / Lyssmg dXs + / Lrssas ds .
0 0

Suppose T}, is previsible and let (S, ) ,en be a sequence of stopping times converging to T,
and with S, < T, for all p.

We know that
Z Ls, et [ M T>ti0 1
i

converges to 1. But xﬁ") =17 1=1- fot(xgn) - xs(nfl))(dxs + ds) thus

(n) e () _ (n-1)
n n n—
xg, =1 —/ Ls,ss(xs — x5 /)(dxs +ds) = 1.
0
(n) _ _(n=1)y _ _ . . B
But ]lsp>s(xs Xs ) = Is,551 — Ls,5517,_,>s1. This quantity converges to 17,51
17, ,>s1 when p tends to +o0.
Finally,

o]
1=1 —/ (17,551 — 17,_ >s1)(dxs + ds) .
0

As
+oo
lim 17 1=0=1-— / (]lTn>S]l — ]lTn_1>s]l)(dXs + ds)
t——+o0 0
we have a contradiction. [ |
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VII. Applications to (strictly non-Fock) quasifree boson
or fermion quantum stochastic theories

In the case of quasifree boson and fermion quantum stochastic theories, we have
a family (U;),cg+ of von Neumann algebras acting on a Hilbert space H and such that
U; C Uiforalls < t. We put Uy, = \/teRJr U;. We also suppose that there exists a
cyclic and separating unit vector Q for Uy, in H, and that there exists a family (M;);cg+
of normal, w-invariant, conditional expectations M; : U, — U; where w is the vector
state associated to Q. We denote by #; the closure of &/;Q in H and by E; the orthogonal
projection from H to H;. We have E;XQ = M;(X)Q for all X € Uy. Furthermore since
‘H, is invariant under U;, it follows that E; belongs to ;.

This setup includes the Ito-Clifford (fermion) theory and the quasi-free CAR and
CCR theories. In the former case, w is a tracial state.

In all these three cases we have a representation theorem for the elements of H,
see [H-L], [BSW], [Lin], [BW1], [B-L]. This representation implies that if (Tn) n 1S a se-
quence of (U;),cr+-stopping times converging to T, then Er, converges strongly to Er
(Corollary 3.4 of [BW1], Theorem 3.7 of [B-L]). Thus, as in Theorem 19 the filtered space
(H, (Er) ter+> (Ur) ;cr+) is quasi-left continuous.

In fact, in [B-L], [BW1], [BW2] and others, one defines M as the strong limit of
>~ Lref,_,,u[My; and one proves that My is an orthogonal projection on [*(Us). Tt is easy
i

to see that, for X € L?(Us,), we have M7(X)Q = ErXQ. Thus, using the isometry between
I*(Us,) and H (given by X — XQ) makes the study of Er or M7 equivalent.

Actually, in [B-L] and [BW1], M7 is the limit ofz My, ]lTE[l‘i_l,l‘i[’ but if one denotes
i

by M this limit, then clearly My (x) = My (X*)*.

The case of tracial state.

Let us suppose now that w is tracial. This is for example the case of the Ito-Clifford
theory and of the CAR algebra over L?(R™ ) where w is the gauge-invariant quasi-free state

given by
1 +oo

w(b*(f)b(g)) = | f(s)g(s) ds.

PROPOSITION 23. — Let S, T be two (U;);>o-stopping times such that S < T.
Let (Sp)nen be an increasing family of partitions of Rt and Rs, be defined by Rs, =

Z lTe[ti—lrti[lse[ti—l,ti['
tESy
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Then the sequence (Rs,) nen is always strongly convergent.

Proof. — We have
w((Rsn — Rs,)"(Rs, — Rsm))
=(Q, (Rs, — Rs,)"(Rs, — Rs,,)Q)
= w(Rs,Rs,) + (R, Rs,,) — (Q, R5, Rs,, Q) — (Q, (Rs,,)"Rs,Q) .
We claim that if § C &' then (RsQ, Rsr Q) = (Q, Rs:Q). Indeed,

Rs = Z YrefnoyalLseltial
tLEeS’

and

RERS' = Z Z ]lSE[Sj_l,Sj[]lTE[Sj_l,Sj[]lTE[ti_l,ti[]lSE[l‘i_l,ti[
S;ES [ES'

= Z Z ]ISE[S]‘_1,5]‘[]lTe[ti_llti[]lSE[ti—lrti[

SjES ti;s]'_lg tj_1<ti<sj

thus, by traciality

wfsRs) =3 > o(lrdinile )

SjES ti;5j 1< G 1 <ti<s;
= w(RSI) .
This gives
w((Rs, = Rs,)*(Rs, = Rs,)) = w(RS,Rs,) — w (RS, Rs,)

and (Rs,)nen is converging in L?(Us). Let R be the limit. We have Rs, € Us and
|Rs,|| < 1forall n. Therefore Rg, converges to R strongly and R belongs to Uy |

In this context we are thus always able to say if two stopping times such that S < T
are such that S < T or not. Indeed, this is the case if and onlyif R = 0 and 15—+ = 0.

Remark. — If we want the following property to be satisfied:
S<Tand T<R=— S<R

we need to define S < T by a strong convergence of Y L1, Lsepy_p ol
i
Indeed, in this case
Z ]lRe[ti—lrti[]lse[ti—l’ti[ = Z ]lRe[ti—lrti[]lTe[ti—lrti[ Z ]lTe[ti—lrti[]lse[ti—l’ti[ :
i i i

But the second sum in the right hand side converges strongly to 0 and the first one is
bounded by 1. This gives the claim.

24



[App]

[Att]

[A-S]

[B-L]

[BSW]

[BN1]

[BN2]

[Hud]

[H-P]

[Lin]
[Mey]
(P-S]

REFERENCES

D.AppLEBAUM. — The strong Markov property for fermion Brownian motion, J. Funct. Anal. 65 (1986),
273-291.

S.ArTAL. — Extensions of quantum stochastic calculus, Quantum probability summer school, Greno-
ble, June ISth—Iuly grd 1998, Ed. S. Attal and J.M. Lindsay, World Scientific, to appear.

S. ArTAL & K.B. SINHA. — Stopping semimartingales on Fock space, Quantum Probability Communi-
cations, vol. X, World Scientific (1998), 171-186.

C.BARNETT & T. LYONS. — Stopping non-commutative processes, Math. Proc. Camb. Phil. Soc.(1986),
99-151.

C. BARNETT, R.-F STREATER, L.LE WiLDE. — The Ito-Clifford integral, Journal of Functional Analysis 48
(1982), 172-212.

C. BARNETT & I. WILDE. — Random times and time projections, Proceedings of the American Mathe-
matical Society, 110(2), October 1990.

C. BarNETT & I. WILDE. — Random times, predictable processes and stochastic integration in finite
Von Neumann Algebra, Proc. London Math. Soc 3 (1993), 355-383.

R.L. HupsoN. — The strong Markov property for canonical Wiener process, Journal of Functional
Analysis 34 (1979), 266-281.

R.L. HuDpsoN & K.R. PARTHASARATHY. — Quantum Ito’s formula and stochastic evolutions, Communi-
cations in Mathematical Physics 93 (1984), 301-323.

J.M. LiNDsay. — Fermion martingales, Probability Theory and Related Fields 71 (1986), 307-320.
P-A. MEYER. — Quantum probability for probabilists, Springer Lecture Notes in Math., 1538, 1993.

K.R. PARTHASARATHY & K.B. SINHA. —  Stop times in Fock space stochastic calculus, Probability Theory
and Related Fields 75 (1987), 317-349.

Université de Grenoble I
Institut Fourier

UMR 5582 CNRS-UJF
UFR de Mathématiques

B.P. 74

38402 ST MARTIN D’HERES Cedex (France)

(6 novembre 2001)

25



