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series associated to a coadjoint orbit O in terms of Spin®-index on symplectic
reductions of O.
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1. INTRODUCTION

The purpose of this paper is to show that the ‘quantization commutes with re-
duction’ principle of Guillemin-Sternberg [16] holds for the coadjoint orbits that
parametrize the discrete series of a real connected semi-simple Lie group.

Consider a real connected semi-simple Lie group G with finite center, which
admits a discrete series. Let K be a maximal compact subgroup, and let T be a
maximal torus in K: then T is also a Cartan subgroup of G. Following Harish-
Chandra, the discrete series of G are parametrized by a subset Gy in the dual
t* of the Lie algebra of T. For each \ € @d, let us denote ©, the trace of the
representation of G associated to the coadjoint orbit G-\: it is a generalized function
on G, invariant by conjugation, and which admits a restriction to K denoted O, |k.

Keywords : moment map, reduction, geometric quantization, discrete series, transversally
elliptic symbol.
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The following definition was first introduced by Cannas da Sylva, Karshon and
Tolman [11].

Definition. Let (M,w,®) be a Hamiltonian manifold for the action of a Lie
group H. The manifold M is oriented by its symplectic form w. We say that
(M,w, ®) is Spin® prequantized if M carries an H -equivariant Spin°-structure with
determinant line bundle Lo, which is a prequantum line bundle over (M,2w).

We fix now A € @d, and we consider the regular coadjoint orbit G - A equipped
with its Kirillov-Kostant-Souriau symplectic form w. The action of G on G - A
is Hamiltonian with moment map &g : G - A — g* equal to the inclusion. Here
the orbit G - A ~ G/T is Spin® prequantized : the corresponding determinant
line bundle is L, = G x1 Cy). The action of K on G - A\ is Hamiltonian, and
the induced moment map ® : G- A — € is proper. Hence the reduced spaces
(G-Ne =@ K -€)/K are compact for all £ € €*. The Convexity Theorem tells
us also that A = ®(G - X\) Nt} is a convex polyhedral subset of the Weyl chamber
t containing X [2, 15, 23, 26].

Let p. be half the sum of the positive compact roots, and let u € A% be an
integral dominant weight, such that fi := u + p. is a regular value of ®.We show
then that the symplectic quotient ((G-\)z,wp) is Spin® prequantized, and we define
an integer Q((G - A)u+p.) as the index of the corresponding Spin® Dirac operator
on (G- A)y4p.- Then we are able to define the number Q((G - A),4,.) for arbitrary
p by shift desingularization. In particular Q((G - A)u4,.) = 0 if u + p. does not
belong to the relative interior A° of A.

The central result of this paper is

Theorem. We have the decomposition

Oxlx = Z QUG - Npu+s.) X,

pEALN(A°—p.)

where XK s the character of the irreducible K -representation with highest weight
-

We give now an outline of the proof. For the precise definitions, see section 2.

Let (M,w,®) be a compact Hamiltonian K-manifold. Let J be an almost com-
plex structure on M, and let k be the canonical line bundle associated to J. In
section 2, we extend the ‘quantization commutes with reduction’ principle when we
tensor a prequantum line bundle L by the bundle of half forms x'/2. The prod-
uct L = L ® k'/? may exist even if neither L nor x'/? exists . A complex line
bundle L over M is referred as ‘k-prequantum’ if L? ® k! is a prequantum line
bundle over (M, 2w). If M carries a k-prequantum line bundle L, (M, w, ®) is Spin®
prequantized by the Spin® structure defined by J and twisted by L. Let neE AL
be a dominant weight, such that u + p. is a regular value of ®. We show then
that the symplectic quotient (M4,.,wu+,.) is Spin® prequantized, and we define
Q(M+,.) € Z as the index of the corresponding Spin® Dirac operator. The number
Q(M,4,.) is defined in the general case by shift desingularization. In particular
Q(My4,.) =0if p+ p. does not belong to the relative interior A° of the moment
polytope A = ®(M) Nt;.
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Let ¢ = 1 be the ‘quotient’ of the orientation o(J) defined by the almost
complex structure and the orientation o(w) defined by the symplectic form. If the
infinitesimal stabilizers for the K-action on M are abelian, we show that

(1)  RR"(M,L)y=e > Q(Mup)x* .
HEAL N(A°—pe)
The computation of the multiplicity of the trivial representation in
RR" (M, L ® k'/2) was already known when K is a torus [18, 38].

In section 3, we extend (1) to a non-compact setting. First we define a generalized
Riemann-Roch character RR; (M,—) when (M,w,®) is an Hamiltonian manifold
where the function || ® ||?>: M — R has a compact set of critical points (which is
denoted Cr(]| @ ||?)). If moreover the moment map is assumed proper, we prove in
section 4 that Equality (1) extends to

(2)  RRy(M,D)=e Y QMu,)x~,
REAL N(A°—p.)
for every k-prequantum line bundle, when the infinitesimal stabilizers are abelian.
Here some additional assumptions are needed to control the data on the non-
compact manifold M (see Assumption 3.4).

In the last section we consider, for A € @d, the case of the coadjoint orbit
G - XA =~ G/T with the canonical K-action. The moment map & is proper and
the critical set Cr(|| ® ||?) coincides with K - )\, hence is compact. Thus the
generalized Riemann-Roch character RR; (G-\, =) is well defined. On G- ), there is
a (integrable) complex structure for which the line bundle L := G xr Cy_, = G/T
is k-prequantum®. With the help of the Blattner formula we show that

3)  RRy(M,L)=(-1)""%"" 0k .

Since € = (—l)dim(g/m in this context, the Theorem follows from (2) and (3), if

one verifies that Assumption 3.4 holds on G - A: this is done in the last subsection
of this paper.

Notation

Throughout the paper K will denote a compact, connected Lie group, and £ its
Lie algebra. We let T' be a maximal torus in K, and t be its Lie algebra. The
integral lattice A C t is defined as the kernel of exp : t — T, and the real weight
lattice A* C t* is defined by : A* := hom(A,27Z). Every u € A* defines a 1-
dimensionnal T-representation, denoted C,, where t = exp X acts by t* := et X)),
We let W be the Weyl group of (K, T), and we fix the positive Weyl chambers t; C t
and t; C t*. For any dominant weight u € A} := A* Nt}, we denote V, the K-
irreducible representation with highest weight u, and XK its character. We denote
by R(K) (resp. R(T)) the ring of characters of finite-dimensional K-representations
(resp. T-representations). We denote by R™°(K) (resp. R~°(T)) the set of
generalized characters of K (resp. T). An element x € R °°(K) is of the form

1Here p is half the sum of the positive roots for the T-action on the Lie algebra g of G. When
A € G4, A — p is integrable.
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X = ZuEAjr my, x¥ , where p — my, A} — Z has at most polynomial growth. In

the same way, an element x € R™°°(T') is of the form x = }_ . m, t#, where p —

m,, A* — 7Z has at most polynomial growth. We denote by wop = w(u+p.)—p. the

affine action of the Weyl group on the set of weights. The holomorphic induction
K

map Hol  : R™*°(T') — R~ *°(K) is characterized by the following properties by

the following properties: i) HO]: (t") = xX for every dominant weight p € A%; ii)

HolIT{ (tWor) = (—l)wHolf (t*) for every w € W and p € A*; iii) HO]: t*) =0if
W ounA* = (. Some additional notation will be introduced later :

G : connected real semi-simple Lie group with finite center

Tps : torus generated by g € ¢

M7 : submanifold of points fixed by v € £

TM : tangent bundle of M

TrM : set of tangent vectors orthogonal to the K-orbits in M

® : moment map

A = ®(M) Nt} : moment polytope

H : vector field generated by &

Char(o) : characteristic set of the symbol &

Thom$, (M, J) : Thom symbol pushed by ®

RR; (M, —) : generalized Riemann-Roch character

m,(E) : multiplicity of RR; (M, E) relatively to u € A%

2. Spin®-QUANTIZATION OF COMPACT HAMILTONIAN K-MANIFOLDS

Let M be a compact Hamiltonian K-manifold with symplectic form w and mo-
ment map ® : M — £* characterize by the relation : d(®, X) = —w (X, —) for all
X € £. In the process of quantization one tries to associate a unitary representation
of K to these data. Here we associate to the data (M,w, ®) a virtual character of
K, defined as the equivariant index of a Spin® Dirac operator.

In this section, we recall first the known facts about Spin®-quantization, in par-
ticular the quantization commutes with reduction principle, and we give a modified
version when M satisfies the corrected quantification condition (see [41], page 202).
In the next section we extend these procedures to the setting where M is non-
compact and the moment map is proper.

In the Kostant-Souriau framework, M is prequantized if there is a K-equivariant
Hermitian line bundle L with a K-invariant Hermitian connection V¥ of curvature
—ww. The line bundle L is called a prequantum line bundle for the Hamiltonian
K-manifold (M,w,®). Recall that the data (V,®) are related by the Kostant
formula

(2.1) LX) -V, =4f.,X), X €t.

Here £L(X) is the infinitesimal action of X on the section of L — M and Xy
is the vector field on M generated by X € ¢ : Xy (m) := % exp(—tX).m|¢=o, for
me M.

When M is compact and prequantized by L, we can associate a virtual repre-
sentation RR" (M, L) of K in the following manner. Choose an invariant almost
complex structure J on M that is compatible with w, in the sense that w(—, J—)
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defines a Riemannian structure. The almost complex structure J defines a K-
equivariant Spin®-structure, which we twist by the line bundle L. Any choice of
Hermitian connection on TM defines a Dirac operator D} for the twisted Spin®-

structure and we define RR" (M, L) as its equivariant index
RR"(M,L) :=Index§,(D}) in R(K).

Following [29], we call a point p € €* a quasi-regular value of  if all the K -orbits
in ®~!(u) have the same dimension. For any quasi-regular value u € £* the reduced
space M, := ®~'(u)/K, is a symplectic orbifold. For any dominant weight p € A%
which is a quasi-regular value of ,

Ly = (Llo-1(u) ® C-p)/ Ky
is a prequantum orbifold-line bundle over M. The definition of Spin®-index carries
over to the orbifold case, hence RR(M,,L,) € Z is defined. In [29], this is ex-
tended further to the case of singular symplectic quotients, using partial (or shift)

desingularization. The following Theorem was conjectured by Guillemin-Sternberg
[16] and is known as “quantization commutes with reduction” [28, 29].

Theorem 2.1. (Meinrenken, Meinrenken-Sjamaar). Let (M,w,®) be a compact
Hamiltonian K-manifold prequantized by L. Let RR" (M, —) be the quantization
defined by means of a compatible almost complex structure on M. We have the
following equality in R(K)

(2.2) RR"(M,L)= Y RR(M,,L,)x
uEAi

where XK is the trace of the K -irreducible representation with highest weight p.

Other proofs can be found in [33, 36]. For an introduction and further references
see [34, 39].

Let us consider the basic example of coadjoint orbits for K. They are parametrized
by the Weyl chamber t}. For a € t}, the coadjoint orbit O® := K - a carries the
Kirillov-Kostant-Souriau symplectic form and the canonical K-action is Hamilton-
ian with moment map equal to the inclusion map 0% < ¥*. One can show that O¢
can be prequantized if and only if a is a real infinitesimal weight for the maximal
torus, i.e. a belongs to the set of dominant weights A% . Then the line bundle
Cq) == K xk, C, is the unique prequantum line bundle over O?. Since a com-

patible almost complex structure on O¢ is integrable, the term RR" (0%,Cyq)) is
computed by the Borel-Weil-Bott theorem :

(2.3) RR"(0%,Cyp) = X¥

for any a € A%. We can also use (2.2) to compute RR" (0%, Cq)) since for M = 0°,
the reduced space M, is empty for u # a, and equal to {pt} for u = a.

For our purpose we need another version of the ‘quantization commutes with
reduction’ principle when M satisfies the corrected quantization condition (see Def-
inition 2.2). Now we do not assume that the almost complex structure is compatible
with the symplectic form.

The tangent bundle TM endowed with J is a complex vector bundle over M,
and we consider its complex dual T¢M := homc(TM,C). We suppose first that
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the canonical line bundle k := det T¢ M admits a K-equivariant square root x'/2.
If M is prequantized by L, a standard procedure in the geometric quantization
literature is to tensor L by the bundle of half-forms x'/2 [41]. We consider the
index RR" (M,L ® k'/?) instead of RR" (M,L). In many contexts, the tensor
product L = L ® k'/2 has a meaning even if L nor '/ exist.

Definition 2.2. An Hamiltonian K-manifold (M,w,®), equipped with an almost
complex structure, is r-prequantized by an equivariant line bundle L if Ly, :=
L? ®@ k1 is a prequantum line bundle for (M,2w,2®).

The basic examples are the regular coadjoint orbits of K. Let p. be half the sum
of the positive roots relative to the choice of the Weyl chamber t} . For any u € A%,
consider the regular coadjoint orbit O#*?e := K - (u + p.) with the compatible
complex structure. The line bundle? Gy = K x1 C, is the unique k-prequantum
line bundle over O¥**<: here the hypothetic prequantum line bundle and bundle of
half-forms x'/2 should be respectively K x7 C,y,. and K x1 C_,,; both of them
exist if and only if p and p, are integral. And we have

(2.4) RRK (O’“H_pc , (C[I»t]) = Xff

for any p € A%

Definition 2.2 can be rewritten in the Spin® setting. The almost complex struc-
ture induces a Spin® structure P with determinant line bundle detc TM. If (M, w, J)
is k-prequantized by L one can twist P by L, and then define a new Spin® structure
with determinant line bundle detc TM ® L? = La,.

Definition 2.3. A symplectic manifold (M,w) is Spin®-prequantized if there exists a
Spin® structure with determinant line bundle Lo, which is a prequantum line bundle
on (M,2w). If a compact Lie group acts on M, the Spin®-structure is required to
be equivariant. Here we take the symplectic orientation on M.

In this paper, we work under the assumption that the infinitesimal stabilizers for
the K-action on M are abelian. Then the principal face of (M, ®) is the interior of
the Weyl chamber and it contains the relative interior A° of the moment polytope
A := ®(M) Nt} (see subsection 4.2). A quasi-regular value £ € A° of ® is called
generic if ®~1(£) is of maximal dimension. The following Proposition is the central
point for computing the K-multiplicities of RR" (M, L) in terms of the reduced
spaces My, :=® 1 (u+ p.)/T, p € A%

Proposition 2.4. Let (M,w,®,J) be k-prequantized by i, and let p € A%

o It pe ¢ A%, we set QM) = 0.

o If i+ pc is a generic quasi-regular value of ®, the reduced space M, ,,
inherits a canonical symplectic structure which is Spin®-prequantized. We
denote Q(M,+,.) € Z the index of the corresponding Spin® Dirac operator.

o If u+ p. € A°, we take & generic and quasi-regular sufficiently closed to
p+ pe. The reduced space Mg := ®1(€)/T inherits a Spin°®-structure with
determinant line bundle (Law|o-1(e) ® C_o(ytp.))/T- The index Q(M) of
the corresponding Spin® Dirac operator on M does not depend of &, when
& 1is sufficiently closed to 1+ p. : it is denoted Q(M,4,.).

2Here we shall not confuse Cu) — OFFPe which is isomorphic to the line bundle K X1 C, —
K/T, with C,; — OF which is isomorphic to the line bundle K x g, C, — K/Kj.
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The following ‘quantization commutes with reduction’ Theorem holds for the k-
prequantum line bundles.

Theorem 2.5. Let (M,w, ®) be a compact Hamiltonian K-manifold equipped with
an almost complez structure J. Let L be a k-prequantum line bundle over M, and
let RR" (M, =) be the quantization map defined by J. If the infinitesimal stabilizers
for the action of K on M are abelian, we have the following equality in R(K)

(2.5) RR*(M,L)=¢ Y Q(Mui,)x* ,
ueAi

where e = £1 is the ‘quotient’ of the orientation o(J) defined by the almost complex
structure and the orientation o(w) defined by the symplectic form.

Theorem 2.5 will be proved in a stronger form in the next section.

Let us now give an example where the stabilizers for the action of K on M
are not abelian, and where (2.5) does not hold. Suppose that the group K is not
abelian, so we can consider a face o # {0} of the Weyl chamber. Let p., be half
the sum of the positive roots which vanish on ¢, and consider the coadjoint orbit
M = K.(p. — pc,o) equipped with its compatible complex structure. Since p. — p¢,»
belongs to o, the trivial line bundle M x C — M is k-prequantum?, and the image
of the moment map ® : M — £* does not intersect the interior of the Weyl chamber.
So My +,. = 0 for every p, thus the RHS of (2.5) is equal to zero. But the LHS of
(2.5) is RR" (M, C) which is equal to 1, the character of the trivial representation.
O

Theorem 2.5 can be extended in two directions. First one can bypass the con-
dition on the stabilizers by the following trick. Starting from a k-prequantum line
bundle L — M, one can form the product M x (K - p;) with the coadjoint orbit
through p.. The Kunneth formula gives

RR" (M x (K - p.),LRC) = RR"(M,L) ® RR" (K - p.,C) = RR" (M, L)

since RR" (K - p.,C) = 1. Now we can apply Theorem 2.5 to compute the multi-
plicities of RR" (M x (K - p,), LR C) since LR C is a s-prequantum line bundle
over M x (K - p.), and the stabilizers for the K-action on M x (K - p.) are abelian.
Finally we see that the multiplicity of the irreducible representation with highest
weight p in RR" (M, L) is equal to eQ((M x (K - Pe)) utpe)-

On the other hand, we can extend Theorem 2.5 to the Spin® setting. It will be
treated in a forthcoming paper.

3. QUANTIZATION OF NON-COMPACT HAMILTONIAN K-MANIFOLDS

In this section (M,w,®) denotes a Hamiltonian K-manifold, not necessarilly
compact, but with proper moment map ®. Then the reduced spaces M, ,. are
compact symplectic orbifolds (after desingularization if it’s necessary).

3Here the hypothetic prequantum line bundle and bundle of half-forms x!/2

tively K XKy (C(Pc —pers) and K XKy (C—(pc —pe.s)

should be respec-
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Let J be an almost complex structure over M, and let L be a k-prequantum line
bundle (see Def. 2.2). We prove in subsection 4.3 that Proposition 2.4 still holds
in this context, so the infinite sum

(3.6) > QM) x5

uEAi

is a well defined element of R(K) := homz(R(K),Z).
The aim of this section is to realize this sum as the index of a transversally
elliptic symbol naturally associated to the data (M, ®,J, L).

3.1. Transversally elliptic symbols. Here we give the basic definitions of the
theory of transversally elliptic symbols (or operators) defined by Atiyah in [1]. For
an axiomatic treatment of the index morphism see Berline-Vergne [9, 10] and for a
short introduction see [33].

Let M be a compact manifold provided with an action of a compact connected
Lie group K, with Lie algebra ¢. For any X € ¢, we denote Xj; the following
vector field : for m € M, Xp(m) := 4 exp(—tX).m|¢—o. Let p: TM — M be the
projection, and let (—, —)a be a K-invariant Riemannian metric.

If E9, E' are K-equivariant vector bundles over M, a K-equivariant morphism
o € I'(TM,hom(p*E®,p*E")) is called a symbol. The subset of all (m,v) € TM
where o(m,v) : E, — E! is not invertible will be called the characteristic set of
o, and denoted Char(o).

Let Txg M be the following subset of TM :

TgM = {(m,v) € TM, (v,Xp(m)),, =0 forall X € ¢£}.

A symbol o is elliptic if o is invertible outside a compact subset of TM (Char(o)
is compact), and is transversally elliptic if the restriction of o to Tg M is invertible
outside a compact subset of TxM (Char(c) N Tk M is compact). An elliptic
symbol o defines an element in the equivariant K-theory with compact support of
TM, which is denoted Kg(TM), and the index of o is a virtual finite dimensional
representation of K [4, 5, 6, 7).

A transversally elliptic symbol o defines an element of Ki(TxgM), and the
index of o is defined (see [1] for the analytic index and [9, 10] for the cohomological
one) and is a trace class virtual representation of K. Remark that any elliptic
symbol of T M is transversally elliptic, hence we have a restriction map Kg (TM) —
Kk (TxM). We have the following commutative diagram

(3.7 Kg(TM) ——= Kg(TgM)
Index}, l lIndexf/,
R(K) —— R™°(K) .
Using the excision property, one can easily show that the index map Index{j :

Kk (TkU) - R~*°(K) is still defined when I is a K-invariant relatively compact
open subset of a K-manifold (see [33][section 3.1]).

3.2. Thom symbol pushed by the moment map. To a K-invariant almost
complex structure J is associated the Thom symbol Thom, (M, J), and the corre-

sponding Riemann-Roch character RR" [33]. Let us recall the definitions.
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Consider a K-invariant Riemannian structure ¢ on M such that J is orthogonal
relatively to ¢, and let h be the Hermitian structure on TM defined by : h(v,w) =
q(v,w) —1g(Jv,w) for v,w € TM. The symbol

Thom, (M, J) € T (M, hom(p* (A& TM), p* (AT M)))

is equal, at (m,v) € TM, to the Clifford map*
(3.8) Cl,(v) @ AR, M — AZT,, M,
where Cl,,(v).w = v A w — ¢y (v).w for w € AZT ;M. Here cp(v) : ALTM —
A*~IT,, M denotes the contraction map relatively to h. Since the map Cl,,(v) is
invertible for all v # 0, the symbol Thom, (M, J) is elliptic when M is compact.

The important point is that Thom, (M, J) ® E corresponds, for any K-vector
bundle E, to the principal symbol of the twisted Spin® Dirac operator D}, [14]. So,

when M is a compact manifold, the Riemann-Roch character RR" : K k(TM) —
R(K) is defined by the following relation

(3.9) RR" (M, E) = Index$ (Thom, (M, J) ® E) .

Consider now the case of a non-compact Hamiltonian K-manifold (M,w, ®). We
choose a K-invariant scalar product on €*, and we consider the function || @ ||*:
M — R. Let H be the Hamiltonian vector field of S || @ ||?: the contraction of
the symplectic form by H is equal to the 1-form Ztd || @ ||%. The vector field # is
in fact defined only by ®. The scalar product on ¥* gives an identification £* ~ €,
hence ® can be consider as a map from M to €. We have then

(3.10) Hm = (B(M))rt|m, me M,
where (®(m)) s is the vector field on M generated by ®(m) € &.

Definition 3.1. The Thom symbol pushed by the moment map, which is denoted
Thomi (M, J), is defined by the relation

Thom? (M, J)(m,v) := Thom, (M, J)(m,v — Hp,)
for any (z,v) € TM. Likewise, any equivariant map S : M — € defines a

Thom symbol Thomi (M,J) pushed by the vector field Syr : m — S(m)p|m -
Thomi (M, J)(m,v) := Thom, (M, J)(m,v — Sy (m)).

Atiyah first proposed to ‘push’ the symbol of an elliptic operator by the vector
field induced by an S'-action to localize its index on the fixed point submani-
fold, giving then another proof of the Lefschetz fixed-point theorem [1][Lecture 6].
The idea was exploited afterwards by Vergne to give a proof of the ‘quantization
commutes with reduction’ theorem in the case of an S'-action [38]. In [33], we
extended this procedure for an action of a compact Lie group. Here, we use this
idea to produce a transversally elliptic symbol on a non-compact manifold.

The characteristic set of Thomi (M, J) corresponds to {(m,v) € TM, v =Hn},
the graph of the vector field H. Since H belongs to the set of tangent vectors to
the K-orbits, we have

Char (Thomi (M, J)) NTxkM = {(m,0)€TM, Hy =0}
{meM,d|e]|,=0}.

1R

4Here (T M, J) is considered as a complex vector bundle over M.
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Hence the symbol Thomi (M, J) is transversally elliptic if and only if the set
Cr(|| ® ||?) of critical points of the function || ® ||? is compact.

Definition 3.2. Let (M,w,®) be a Hamiltonian K-manifold such that
Cr(|| @ ||?) is compact. For any almost complex structure J, the symbol Thomi (M, J)
is transversally elliptic. For any K-vector bundle E — M, the tensor product
Thomi (M,J) ® E is transversally elliptic and we denote

RRy(M,E) € R-°(K)
its index®. In the same way, an equivariant map S : M — € defines a transver-
sally elliptic symbol Thomi (M, J) if and only if {m € M, Spr(m) = 0} is com-
pact. If this holds one defines the localized Riemann-Roch character RRIS( (M,E) :=
Index}y;(Thom® (M) ® E).

Remark 3.3. If M is compact the symbols Thom, (M, J) and Thomi (M, J) are

homotopic as elliptic symbols, hence the maps RR" (M, —) and RRg (M, —) coin-
cide (see section 4 of [33]).

The sum (3.6) is defined under the assumption that ® is proper. On the other
hand the generalized index RR; (M, L) is defined when Cr(|| ® ||2) is compact.
We will prove in section 4 that these quantities coincide under another assumption
including the two previous ones. In subsections 3.3 and 3.4, we set up the technical
preliminaries that are needed to compute the K-multiplicity of RR; (M, L).

In section 4, we show that the multiplicity of RRg (M, L) relatively to the highest
weight p can be computed in a neighborhood of ®~!(u + p.).

3.3. Counting the K-multiplicities. Let E be a K-vector bundle over the Hamil-
tonian manifold (M,w, ®) and suppose that Cr(|| @ ||?) is compact. One wants to

compute the K-multiplicities of RRg (M,E) € R~°(K), which are the integers
m,(E) € Z, u € A% such that

(3.11) RRy(M,E)= 3" m,(E)x* .
ueAi

For this purpose one can use the classical ‘shifting trick’. By definition, one has
X K
m,(E) = [RRs (M, E) & V; |,

where V), is the irreducible K-representation with highest weight p, and V) is its
dual. We know from (2.4) that the K-trace of V), is x* = RRK((’)[‘, Cyy), where

(3.12) fi= i+ pe

Hence the K-trace of the dual V7 is equal to RR" (OF, Ci—,1), where OF is the
manifold OF with opposite symplectic structure and opposite complex structure.

S5Here we take a K-invariant relatively compact open subset U of M such that Cr(]| & ||2) C U.
Then the restriction of Thomi (M) to U defines a class Thomi (M, |y € Kx(TgU). Since
the index map is well defined on I/, one take RR; (M, E) := Indexf (Thomi (M, J)|u ® Elu). A
simple application of the excision property shows us that the definition does not depend on the
choice of U. In order to simplify our notation (when the almost complex structure is understood),
we will write RRg (M, E) := Index(Thom® (M) ® E).
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Let Thom, (OF) be the equivariant Thom symbol on O%. Then the trace of Viis
equal to Indexg; (Thom, (OF) ® Ci_,1), and finally the Kunneth formula gives

K ® o K
mME):[h&mMﬂw(OMmmAM)®E)®CHmmKKW)®CFMD] .
See [1, 33], for the definition of the exterior product ® : K (Tx M) x Kg (TO*) —

KK(TK(M X Oﬁ))
The moment map relative to the Hamiltonian K-action on M x OF is
®,:MxOF — ¢
(3.13) (m,§) +— ®(m)—¢
For any ¢ € R, we consider the map ®;; : M x Of — ¢*, ®,5(m, &) := ®(m)—t&.
Assumption 3.4. There exists a compact subset K C M, such that, for every
t € [0,1], the critical set of || @45 || is contained in K x OF.
If M satisfies Assumption 3.4 at i, one has a generalized quantization map
RR; (M x OF, —) since Cr(|| ®; ||?) is compact.
Proposition 3.5. If M satisfies Assumption 3.4 at i, then
— K
m,(E) = [RR; (M x OF, E C[,H])]

Proof : One has to show that the transversally elliptic symbols Thomi (M) o
Thom, (O%) and Thomif‘ (M x OF) define the same class in Kx(Txg(M x OF))
when M satisfies Assumption 3.4 at ji. L

Let 01,02 be respectively the Thom symbols Thom, (M) and Thom, (O#). The
symbol o7 = Thom? (M) ® Thom, (OF) is defined by

UI(ma E,U,UJ) =01 (m,v - Hm) © 0-2(57 w) ’
where (m,v) € TM, (§,w) € TO, and H is defined in (3.10). Let ! be the vector
field on M x OF generated by the map ®;; : M x OF — . For (m,£) € M x OF,
7t bat ,t b,t 0
we have H{, . = (H’(lm’g),’l-[(m_’g)) where H( ) € T,nM and H ), ., € T¢OF. The
symbol o7 = Thomi"‘ (M x OR) is defined by

O'II(ma E,/U,U)) =01 (m’U - H?T;,IE) © 02(6’ w = H?;'llag)) :

We connect oy aI}d oy through two homotopies. First consider the symbol A on
[0,1] x T(M x OF) defined by

A(t;magavaw) = Ul(m,v - ’nglfg) © Uz(f,w - ,H(();Zaﬁ)) ’

fort € [0,1], and (m, &, v,w) € T(M xO#). We have Char(A) = {(t;m, &, v,w) |v =
Hole, and w = H?;Z,g)} and
Char(4) ()[0,1] x Tx(M x OF) = {(t;m,£,0,0) | (m,€) € Cr(|| @4z |I) }
c [0,1]xkxOF

where K C M is the compact subset of Assumption 3.4. Hence A defines an
homotopy of transversally elliptic symbols. The restriction of A to ¢t = 1 is equal to
orr- The restriction of A to t = 0 defines the following transversally elliptic symbol

UIII(ma 5,1),111) =01 (m,v - Hm) © 0-2(57 w = HI(,;T('JMO)
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since Hye = Hy for every (m,£) € M x OF. Now consider the symbol B on
[0,1] x T(M x OF) defined by
B(t;m,g,v,w)=01(m,v—7{m)®ag(§, ng))

We have Char(B) = {(t;m,&,v,w) | v = Hm, and w = tH()) .} and
Char(B) ([0, 1] x Tk (M x OF) C
{(tmf,v—?{m,w—tﬂ(m@) ’ ||Hm ||2+t||H(m§) ||2=0} :

In particular Char( ) N [0,1] x Tgx(M x OF) is contained in
{(t;m,&,0,w = 'H(m g)) m € Cr(|| @ ||?)} which is compact since Cr(|| & ||?)
is compact. So, B defines an homotopy of transversally elliptic symbols between

o1 = Bli=o and or; = Bl;=1. We have finally proved that oy, oy, 0555 define the
same class in Kg (T (M x OF)). O

In our shifting trick procedure, when E = L is a k-prequantum line bundle over
M, the line bundle L X C_,; is a s-prequantum line bundle over M x O#tpe.
Then Proposition 3.5 tells us that under Assumption 3.4 the K-multiplicities of
RR; (M, L) have the form

K - K
(3.14) [RR<I> (X, LX)] ,

where (X,wy, ®) is a Hamiltonian K-manifold with Cr(|| ® ||?) compact, and Lx
is a k-prequantum line bundle over X relative to a K-invariant almost complex
structure.

To compute the quantity (3.14), we exploit the technique of localization devel-
oped in [33].

3.4. Localization of the map RR;. For a detailed account on the procedure of
localization that we use here, see sections 4 and 6 of [33]. We first state general
facts about the symbol Thom? - (M, J) associated to an equivariant map S: M — ¢
Let U be a K-invariant open subspace of M. The restriction Thom? (M, )|y =
Thom? (U, J) is transversally elliptic® if and only if {m € M, Sy (m ) =0}NU is
compact. Let j : U = V be two K-invariant open subspaces of M, where ju’v
denotes the inclusion. If {m € M, Spy(m) =0} NU ={m € M, Spy(m) =0} NY
is compact, the excision porperty tells us that

(Thom W, J)) Thom? (V,J)

where j. " : Kk (TxU) = Kx(TkV) is the pushforward map (see [33][Section 3]).

Lemma 3.6. (1) Let S° S : M — € be two equivariant maps. Suppose there
exist an open subset U C M, and a vector field 6 on U such that (S9,0),,
and (S};,0),, are > 0 outside a compact subset K of U. Then, the equi-

variant symbols Thom (U J) and Thom (U J) are transversally elliptic
and define the same class in K (TrU).

6Then, Thomi (M, J)|y defines a class in Kg (T gl).
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(2) Let J°,J' be two almost complex structures on U, and suppose that
{m € M, Sp(m) = 0} NU is compact. The transversally elliptic symbols
Thomi Uu,J% and Thomi (U, J") define the same class if there exists an
homotopy Jt, t € [0,1] of K -equivariant almost complex structures between

JO and J'.
Proof : The proof of (1) is similar to our deformation process in [31]. Here we
consider the maps S? := tS* + (1 —¢)S°, ¢ € [0, 1], and the corresponding symbols
Thomit (U,J). The vector field 6, insures that Char(Thomit U,N)NTgU C K

is compact. Hence t — Thomit (U, J) defines an homotopy of transversally elliptic
symbols. The proof of (2) is identical to the proof of Lemma 2.2 in [33]. O

In the remaining of this section (X,wx,®) is a Hamiltonian K-manifold with
Cr(]] @ ||?) compact, and which is equipped with a s-prequantum line bundle Ly
associated to a K-invariant almost complex structure. Our aim here is to give a
condition under which [RRj (X, L)X only depends of the data in the neighborhood
of ®71(0).

For any 3 € ¢, let M? be the symplectic submanifold of points of M fixed by
Tg. Following Kirwan [22], the critical set Cr(]| @ ||*) admits the decomposition

(3.15) cr(le )= |J ¢y, with €5 =K.(¥na (),

BeB
where B is the subset of t} defined by B := {8 € t}, X’ N ®~1(8) # 0}. Since
Cr(|| @ ||?) is supposed to be compact, B is finite.

For each 8 € B, let L{B_‘—> X be a K-invariant relatively compact open neighbour-
hood of Cg such that #° N Cr(|| @ ||?) = Cg. The restriction of the transversally

elliptic symbol Thom® (') to the subset 2” defines Thom® (") € K (TxU").

Definition 3.7. For every 8 € B, we denote RR; (X, —) the Riemann-Roch char-
acter localized near Cg , which is defined by

RRj; (X, E) = IndexX, (Thomﬁ ) ®E|uﬂ) ,
for every K-vector bundle E — X.
By Section 4 of [33], we have
(3.16) RRy(X,E) =Y RR;(X,E)
BeB

for every K-vector bundle E — X. Fix now a non-zero element § € B. For every
connected component Z of X?, let Nz be the normal bundle of Z in X. Let
af,--- ,alZ be the real infinitesimal weights for the action of Tz on the fibers of

Nz ® C. The infinitesimal action of 8 on Nz ® C is a linear map with trace equal
to v —].ZZ(Ot,lZ,/B)
Definition 3.8. Let us denote Trg|Nz| the following positive number
l
TrplNz| =) (af, B)]

i=1



14 PAUL-EMILE PARADAN

where of |- - - ,alZ are the the real infinitesimal weights for the action of Tg on the
fibers of N ® C. For any Tg-equivariant real vector bundle V — Z (resp. real
Tg-equivariant real vector space E), we define in the same way Trg|V| > 0 (resp.
Trp|E| > 0).
Remark 3.9. If V = V! + V2, we have Trg|V| = Trg|V!| + Trg|V?|, and if V'
is an equivariant real subbundle of V, we get Trg|V| > Trp|V'|. In particular one
see that Trg|Nz| = Trg|TM|z|, and then, if E,, C T,,M is a Tg-invariant real
vector subspace for some m € Z, we have Trg|Nz| > Trg|E,,|.

The following Proposition and Corollary give us an essential condition under
which the number [RR; (X, Lx)]¥ only depends on data localized in a neigh-
borhhood of ®~1(0).

Proposition 3.10. Let Ly be a k-prequantum line bundle over X. Let p. be

half the sum of the positive roots. The multiplicity of the trivial representation in
K -

RR; (X, Lx) is equal to zero if

(317 1817 +5TelNz| = 200, 8) > 0

for every connected component Z of X° which intersects ®~'(3). Condition (3.17)
always holds if 8 € ¢ is K-invariant or if || 8 ||>|| pc ||-

Since every 8 € B belongs to the Weyl chamber, we have 2(p., 3) = Trgl|¢/t|,
and then (3.17) can be rewritten as || 8 ||* +3Trg|Nz| — Trgle/t| > 0. From eq.
(3.16), we get

Corollary 3.11. If condition (3.17) holds for all non-zero 8 € B, we have
K ~ K K ~ K
[RRy (%, Lx)| = [REg (X, L)]
where RR(I)( (X, —) is the Riemann-Roch character localized near ®1(0) (see Def-
. 1K
inition 3.7). In particular, [RR; (X,LX)] = 0 if condition (3.17) holds for all
non-zero B € B, and 0 ¢ Image(®).
3.5. Proof of Proposition 3.10. First when 8 € & is K-invariant, the scalar
product (p¢, ) vanishes and then (3.17) trivially holds. Let us show that (3.17)
holds when || B ||>]| p. |- Let Z a connected component of X# which intersects
- 1(B). Let m € ®~1(B) N Z, and let E,, C T,,M be the subspace spanned by
Xu(m), X € t. We have E,, ~ £/, where ¢, := {X € ¢, Xj(m) = 0}. Since
®(m) = B, and @ is equivariant ¢, C €3 := {X € &, [X, 5] = 0}, so T, M contains
a Tg-equivariant subspace isomorphic to €/€3. So we have Trz|Nz| > Trg|t/ts| =
2(p¢, ), and then

1817 +%TI'B|NZ| = 2(p,8) 2 1BI7 =(pc,B)

> 0
since || 8 [[>|l pe [|- B

We prove now that condition (3.17) forces” [RR; (X, L)]¥ to be equal to 0.
Let mg ,(E) € Z be the K-multiplicities of the localized Riemann-Roch character

"In this section we denotes simply by L the Kk-prequantum line bundle over X.
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RR; (X, E) introduced in Definition 3.7 : RRj (X, E) = Y ens mou(E) x5 - We

show now that mg (L) = 0, by using the formulaes of localization that we proved
in [33] for the maps RR; (X,-).

First case : B € B is a non-zero K-invariant element of €*.

We show here the following relation on the multiplicities mg , (L) :

- 1
(318)  mau(D) £0 = (45) 2| B P +5TrslNz| for some Z C A,

in particular mg o(L) = 0.

Since Ty belongs to the center of K, X P is a symplectic K-invariant subman-
ifold of X. Let A be the normal bundle of X? in X. The K-invariant almost
complex structure of X induces a K-invariant almost complex structure on X7,
and a complex structure on the fibers of N' = X#. We have then a Riemann-
Roch character RR; (XP,—) localized on XP N &~1(B) with the decomposition

RR; (X, F) = Y, RRZ (2,F|z), where the sum is taken over the connected
component Z C X® which intersect ®~1(8). The torus Ts acts linearly on the
fibers of the complex vector bundle A, thus we can associate the polarized complex
K-vector bundle N*# and (M ® C)*# (see Definition 5.5 in [33]): for any real
Ts-weight a on NP or on (M ® C)*#, we have

(3.19) (e,8) >0 .

We proved in section 6.2 of [33], the following localization formula which holds in
I/%(K ) for any K-vector bundle E over X :
(3.20)
RRy (X,E) = (-1)"* 3" RRj (X%, B|xs @ det N9 @ SE(W @ OF7)) .
kEN

Here 7 is the locally constant function on X? equal to the complex rank of N't:?,
and S*(—) is the k-th symmetric product over C.

Let i : tg < t be the inclusion of the Lie algebra of Tg, and let ¢* : t* — tj
be the canonical dual map. Let us recall the basic relationship between the Tps-
weight on the fibers of a K-vector bundle F — X? and the K-multiplicities of
RR; (X8, F) € R(K): if the irreducible representation V., occurs in RRE (XP,F),
then i*(p) is a Tg-weight on the fibers of F' (see Appendix B in [33]).

If one now uses (3.20), one sees that m, 5(L) # 0 only if i*(u) is a Tg-weight
on the fibers of some L|z ® det N7*° @ S¥((NVz ® C)+#). Since (i*(u), 8) = (1, B),
(3.18) will be proved if one shows that each Tg-weight v, on L|z ® det N ? @
Sk((Nz ® C)FP) satisfies

(3.21) (e 8) 2118 1P +5TeslNz]

Let a, be the Tg-weight on the fiber of the line bundle L|z ® det NF*°. Since
any Tg-weight on S¥((NV ® C)*+7) satisfies (3.19), (3.21) holds if

(322) (0. 8) 21| 8 +5TeslN|
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for every Z C X® which intersects ® (). Let Ls, be the prequantum line
bundle on (M, 2w, 2®) such that L? = Ly, ® k (where k is by definition equal to
det(TgM) ~ det(TM)~1). We have

(Z/|Z ® det(N+’ﬁ))2 = sz |z ® det(TM)_1|z ® det(N+”8)2 .
So 2a, = aj+ay where ay, as are respectively Tg-weightson L, |z and det(TM) '|z®
det(N*+F)2. The Kostant formula (2.1) on L, |z gives (a1, X) = 2(8, X) for every
X € tg, in particular
(3.23) (ar,B) =21 81* .

On Z, the complex vector bundle TM has the following decomposition, TM|z =
TZ  N=P @ NtP where N=F is the orthogonal complement of N % in N:
every Tg-weight § on N 7° verifies (§,8) < 0. So we get the decomposition
det(TM)™1|z ® det(NTF)? = det(TZ) ® det (N ~F)~! ® det(NV+F) , which shows

(3.24) (@2, 8) = Trg|Nz]|
since T3 acts trivially on TZ. Finally (3.22) follows trivially from (3.23) and (3.24).
Second case : 3 € B such that Kz # K.

Consider the induced Hamiltonian action of Kg on X', with moment map ®, :
X — €. Let B' be the indexing set for the critical point of || @k, [|* (see (3.15)).
Following Definition 3.7, we consider for each ' € B’ the Kg-quantization map

RR;,E (X,-) localisedKon C;;,ﬁ = Kg.(z’\,’ﬁ' N <I>I_(}3 (8")). Here § is a Ka-invariant
element of B’ with® C;3” = X% N &~1(p).
K _ _ Kg _ _ K
Let Hol, : R™°(T) —» R~°(K), Hol,” : R™°(T) —» R~(Kp), and Hol,__:
R~*°(Kp) — R~*°(K) be the holomorphic induction maps (see Appendix B in
K
[33]). Recall that HolIT{ = Hol; oHolTﬂ. The choice of a Weyl chamber determines

a complex structure on the real vector space £/€3. We denote % the vector space
endowed with the opposite complex structure.

The induction formula that we proved in [33][Section 6] states that, for every
equivariant vector bundle E, we have

(3.25) RRj (X, E) = Hol,_ (RRBB (X,E) A %)

Let us first write the decomposition® RR;ﬂ (M,L) = ued? mu’ﬂ(i)xfﬁ, into
irreducible characters of Kg. Since 3 is Kg-invariant we can use the results of the
First case. In particular (3.18) tells us that

- 1
(3.26) mgu(L) #0 = (1, 8) > || B1” +5Trp|Nz|
for some connected component Z C XP which intersects 1 (8).
K

Each irreducible character x# is equal to HolTﬁ(t”), so from (3.25) we get
~ K ~ .
RR}(M,L) = Hol, ((zu My 5(E) ) gegne 2 e (1 — t—a)) where 9+ (€/€5) is
the set of positive T-weights on £/€5 : so (a, ) > 0 for all a € R+ (£/kg). Finally ,

80n X8, the map @Kﬁ and ® coincide.
9We choose a set Aj_ 8 of dominant weights for Kg that contains the set A% of dominant
weight for K.
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we see that RR; (M, L) is a sum of terms of the form m,, 5(L) HolIT( (t*~ 1) where
ar =Y 4y« and I is a subset of R (€/€5). We know that HOIIT( (t*') is either 0 or
the character of an irreducible representation (times +1) ; in particular HolIT( (")
is equal to £1 only if (', X) < 0 for every X € t; (see Appendix B in [33]). So
[RRE (M, L)]¥ # 0 only if there exists a weight u such that m,, g(L) # 0 and that

Holj (t»=o1r) = +1. The first condition imposes (i, 8) >|| B ||*> +1Trg|Nz| for
some connected component Z C X?, and the second one gives (u, ) < (ar, B).
Combining the two we end up with

1817 +5TeolNz| < (ar,8) < Y (@f) =20008),

aER+(E/k)

for some connected component Z C X? which intersects ®~1(3). Finally we have
proved that [RR; (M,L)]¥ =0 if || B |]? +3Trg|Nz| > 2(p, B) for every compo-
nent Z C X% which intersects ®~1(3). O

4. QUANTIZATION COMMUTES WITH REDUCTION

Let (M,w,®) be a Hamiltonian K-manifold equipped with an almost complex
structure J. In this section, we assume that the moment map ® is proper and that
the set Cr(|| @ ||?) of critical points of || ® ||*>: M — R is compact. We denote
RR; (M, —) the corresponding quantization map (see Definition 3.2). Let A be the
convex polyhedral set ®(M) N t7.

The main result of this section is the following

Theorem 4.1. Suppose that M satisfies Assumption 3.4 at every ji € t*, and
that the infinitesimal stabilizers for the K-action on M are abelian. If L is a
k-prequantum line bundle over (M,w,®,J), we have

(4.27) RRy(M,L)=¢ Y Q(Mpupp) X~ ,
uEAi

where e = £1 is the ‘quotient’ of the orientation o(J) defined by the almost complex
structure and the orientation o(w) defined by the symplectic form. Here the integer
Q(My+,.) are computed by Proposition 2.4. In particular, Q(M,1,.) =0 if p+ p.
does not belong to the relative interior of A.

The same result holds in the traditional ‘prequantum’ case. Suppose that M
satisfies Assumption 3.4 at every p € t*, and that the almost complex structure
J is compatible with w. If L is prequantum line bundle over (M,w,®), we have

RRy(M,L) = ¥,cpy RR(M,, L) x

The remaining part of this section is devoted to the proof of Theorem 4.1:
we have to show that the K-multiplicities, m, (L), of RR; (M, L) are equal to
eQ(My+,.), where the quantities Q(M,,,) are defined by Proposition 2.4. Since
(M, ®) satisfies Assumption 3.4 at every fi, we know from Proposition 3.5 that
m, (L) = [RR;ﬂ (M x O, LR Cp_,))]¥ for every p € A%.

The next Lemma is the first step in computing the multiplicities m,, (L).



18 PAUL-EMILE PARADAN

Lemma 4.2. Let RR(I; (M x OF, —) be the Riemann-Roch character localized'® near
<I>El(0) ~® Y u+p.) (see Def. 3.7). If L is a k-prequantum line bundle over M,
and if the infinitesimal stabilizers for the K -action are abelian, we have

. K - . K
(4.28) m, (L) = [RRO (M x Of, [ & (C[,“])] .
In particular m,, (L) = 0 if p + p. does not belong to the moment polyhedral subset
A.

Proof : The lemma will follow from Corollary 3.11, applied to the symplectic
manifold X := M x OF#, with moment map ®; and k-prequantum line bundle
LR C_y. Let 8 # 0 such that X7 N &1 (8) # 0. Let N be the normal bundle

of X% in X, and let x € X% N @51(,6’). By the criterion of Proposition 3.10, it is
sufficient to show that

(429) 181 +5TealNa| — 2(pe,8) > 0.

Write z = (m,€) with m € MP and ¢ € (OF)P. We know that Trg|N;| =
Trp| T, X| = Trg| T M|+ Trg|T¢OF|. The tangent space T¢OF ~ £/€ contains'!
a copy of ¢/€3, so Trg|TOF| > Trglt/ts| = 2(p.,B3). On the other hand, T, M
contains the vector space E,, ~ £/¢,, spanned by Xs(m), X € ¢. We have assume
that the stabilizer subalgebra €, is abelian, and since § € &,, we get &, C £3.
Thus ¢/¢3 C E,,, C T,, M and Trg|T,,, M| > 2(p., ). Finally (4.29) is proved since
5 (Trg| T M| + Trg| T OF)) > 2(pe, B). O

In the next subsection, we recall the basic notions about Spin®-structures.

4.1. Spin® structures and symbols. We refer to Lawson-Michelson [25] for back-
ground on Spin®-structures, and to Duistermaat [14] for a discussion of the sym-
plectic case.

The group Spin,, is the connected double cover of the group SO,,. Let n : Spin,, —
SO,, be the covering map, and let £ be the element who generates the kernel. The
group Spin;, is the quotient Spin,, Xz, U1, where Z, acts by (¢, —1). There are two
canonical group homomorphisms

n : Spin;, — SO,, , Det: Spin;, — Uy .

Note that n°¢ = (n, Det) : Spin;, — SO,, x U; is a double covering map.

Let p : E — M be a oriented Euclidean vector bundle of rank n, and let
Pso(E) be its bundle of oriented orthonormal frames. A Spin®-structure on E
is a Spin?, principal bundle Pgpine (E) — M, together with a Spin®-equivariant map
PSpin° (E) — Pso(E) The line bundle L := PSpin° (E) XDet C is called the de-
terminant line bundle associated to Pgpinc (E). Whe have then a double covering

map!?

(4.30) m% * Pspine(E) — Pso(E) x Py(L) ,

where Py(L) := Pspinc (E) Xpet Uy is the associated Uy-principal bundle over M.
1O0Note that RR;( (M x OF,—) is the zero map if ®=1(u + pc) = 0.
Ugince the stabilizer ts ~ t is abelian and 3 € E we get £ C £3.

12rf P, Q are principal bundle over M respectively for the groups G and H, we denote simply
by P X @ their fibering product over M which is a G X H principal bundle over M.
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A Spin®-structure on a oriented Riemannian manifold is a Spin®-structure on its
tangent bundle. If a group K acts on the bundle E, preserving the orientation and
the Euclidean structure, we define a K-equivariant Spin°-structure by requiring
Pspinc(E) to be a K-equivariant principal bundle, and (4.30) to be (K x Spiny,)-
equivariant.

Let Asy, be the complex Spin representation of Sping,,. Recall that As, =
A} @ A;  inherits a canonical Clifford action ¢ : R?™ — Endc(A,,) which is
Spin$, ,-equivariant, and which interchanges the graduation : c(v) : AL, — AJ,

2m»
for evrey v € R?™. Let
(4.31) S(E) := Pspinc(E) Xsping,, Dom

be the spinor bundle over M, with the grading S(E) := S(E)* & S(E)~. Since
E = Pspin<(E) Xsping, R*™, the bundle p*S(E) is isomorphic to Pspinc (E) Xsping, |
(R2m (&) A2m)

Let E be the bundle E with opposite orientation. A Spin® structure on E induces
a Spin® on E, with the same determinant line bundle, and such that S(E)* =
S(E)F.

Definition 4.3. Let S-Thom(E) : p*S(E)t — p*S(E)~ be the symbol defined by
PSpinC (E) XSpingm (R2m D A;_m) — Pspinc (E) xSpingm (RQm D A;m)
[p;v,w] +— [p,v,c(v)w] .
When E is the tangent bundle of a manifold M, the symbol S-Thom(E) is denoted

S-Thom(M). If a group K acts equivariantly on the Spin®-stucture, we denote
S-Thomg (E) the equivariant symbol.

The characteristic set of S-Thom(FE) is M ~ {zero section of E}, hence it defines
a class in K(E) if M is compact (this class is a free generator of the K(M)-module
K(E) [3]). When E = TM, the symbol S-Thom(M) corresponds to the principal
symbol of the Spin® Dirac operator associated to the Spin°-structure [14]. If more-
over M is compact, the number Q(M) € Z is defined as the index of S-Thom(M).
If we change the orientation, note that Q(M) = —Q(M).

Remark 4.4. It should be noted that the choice of the metric on the fibers of E
is mot essential in the construction. Let go,g1 be two metric on the fibers of E,
and suppose that (E, go) admits a Spin®-stucture denoted Pspine (E, go). The trivial
homotopy g; = (1—t).go+t.91 between the metrics, induces an homotopy between the
principal bundles Pso(E, go), Pso(E, g1) which can be lifted to an homotopy between
Pspinc(E, go) and a Spin®-bundle over (E,g1). When the base M is compact, the
corresponding symbols S-Thom(E, go) and S-Thom(E, g1) define the same class in

These notions extend to the orbifold case. Let M be a manifold with a locally
free action of a compact Lie group H. The quotient X' := M/H is an orbifold, a
space with finite quotient singularities. A Spin® structure on X’ is by definition a H-
equivariant Spin® structure on the bundle TgM — M, where Ty M is identified
with the pullback of TX via the quotient map « : M — X. We define in the
same way S-Thom(X) € K,.,(TX), such that 7*S-Thom(X) = S-Thomg (T gy M).
Here K,; denotes the K-theory of proper vector bundles [21]. The pullback by =
induces an isomophism 7* : Ky (TX) ~ Kg(TgM). The number Q(X) € Z is
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defined as the index of S-Thom(X), or equivalently as the multiplicity of the trivial
representation in Index? (S-Thom (Ty M)).

Consider now the case of a complezx vector bundle E — M, of complex rank m.
The orientation on the fibers of F is given by the complex structure J. Let Py(E)
be the bundle of unitary frames on E. We have a morphism j : U, — Spinj,,
which makes the diagram®?

(4.32) Uy ———> Spin},,
ixdet lnc
SOQm X U1 .

commutative [25]. Then
(4.33) PSpinC (E) = Spingm X Pu(E)
defines a Spin®-structure over E, with determinant line bundle equal to detc E.

Lemma 4.5. Let M be a manifold equipped with an almost complex structure J.
The symbol S-Thom (M) defined by the Spin®-structure (4.33), and the Thom symbol
Thom(M, J) defined in section 3.2 coincide.

Proof : The Spinor bundle S is of the form Pgpine(TM) Xsping, Aom =
Py(TM) xy,, Aspm. The map c : R2™ — Endc(As,,), when restricted to the
U,n-equivariant action through j, is equivalent to the Clifford map CI : R*™ —
Endc(AC™) (with the canonical action of U,, on R2™ and AC™). Then S = AcTM
endowed with the Clifford action. O

Lemma 4.6. Let P be a Spin®-structure over M, with bundle of spinors S, and
determinant line bundle L. For every Hermitian line bundle L — M, there exists
a unique Spin®-structure P with bundle of spinors S ® L, and determinant line
bundle L ® L? (Py, is called the Spin®-structure P twisted by L).

Proof : Take Py, = P xy, Py(L).

We end up this subsection with the following definitions. Let (M,0) be an
oriented manifold. Suppose that
e a connected compact Lie K acts on M
e (M,0,K) carries a K-equivariant Spin®-structure
e one has an equivariant map ¥ : M — &
Suppose first that M is compact. The symbol S-Thom, (M) is then elliptic and
defines a quantization map
Q" (M, ) : K (M) — R(K)
by the relation Q" (M, V) := Indexh (S-Thom, (M) @ V) : Q" (M, V) is the equi-
variant index of the Spin® Dirac operator on M twisted by V.
Let ¥y, be the equivariant vector field on M defined by ¥ (m) := ¥(m)pr|m-

BHerei: Upm < SO2,, is the canonical inclusion map.
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Definition 4.7. The symbol S-Thom, (M) pushed by the map ¥, which is denoted
S—Thomf{’ (M), is defined by the relation

S—Thomi’ (M)(m,v) :== S-Thom, (M)(m,v — ¥ pr(m))

for any (m,v) € TM. The symbol S—Thomg (M) is transversally elliptic if and
only if {m € M, ¥ pr(m) = 0} is compact. When this holds one defines the localized
quantization map Q;{, (M,V) = IndexAK,[(S—Thom‘II{' (M)®V).

We end this section with an adaptation of Lemma 9.4 in Appendix B of [33] to
the localized quantization map Q;{, (M,—). Let B € ty be a non-zero element in the
center of the Lie algebra £ of K. We suppose here that the subtorus i : Tg — K,
which is equal to the closure of {exp(t.5), t € R} , acts trivially on M. Let
m,(V), p € A% be the K-multiplicities'* of Qg (M,V).

Lemma 4.8. Ifm, (V) # 0, i*(u) is a weight for the action of Tg on V®Lz. If each
weight o for the action of Tg on VL= satisfies (o, B) > 0, then [Q;(, (M, V)X =0.

4.2. Spin® structures on symplectic reductions. Let (M,w,®, K) be a Hamil-
tonian manifold, such that ® is proper. Let J be a K-invariant almost complex
structure on M. On M, we have the orientation o(Jys) defined by the almost
complex structure and the orientation o(wys) defined by the symplectic form. We
denote € = 1 their ‘quotient’. On the symplectic reductions we will have also two
orientations, one induces by w, and the other induces by J, with the same ‘quotient’
€.

There exists a unique relatively open face 7 of the Weyl chamber t} such that
®(M) N7 is dense in ®(M) Nt} . The face 7 is called the principal face of (M, ®)
[26]. All points in the open face 7 have the same connected centralizer K,. The
Principal-cross-section Theorem tells us that ), := ®71(7) is a symplectic K-
manifold, where [K,, K] acts trivially [26].

Here we work under the assumption that the infinitesimal stabilizers for the K-
action on M are abelian: for m € M, ¢, = {X € ¢, Xpr(m) = 0} is an abelian
subalgebra of €. Since [t,, ;] C &, for every m € Y., our assumption imposes that
[€,,€.] = 0, hence 7 is the interior of the Weyl chamber. For the remaining of this
section, we denote ) = ®~!(interior(t} )) the symplectic slice relative to interior of
the Weyl chamber. It is a symplectic manifold with an induced Hamiltonian action
of the maximal torus 7', with moment map the restriction of ® to Y: & : ) — t*.
The convexity Theorem tell us that A := ®(M) Nt} is a convex polyhedral subset
of t (called the moment polytope when M is compact). The relative interior A°
of A is a dense subset of ®()).

Proposition 4.9. The almost complex structure J induces :

i) an orientation o()) on Y, and

it) a T-equivariant Spin® structure on (Y,0())) with determinant line bundle
det([j(TM|y) C_sp. -

Proof of i) : On Y, we have the decomposition TM|y = TY & [¢/t], where
[€/t] denotes the trivial bundle Y x £/t corresponding of the subspace of TM]|y
formed by the vector fields generated by the infinitesimal action of €¢/t. The choice

K
My (M, V) = Eens mu(V)xk
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of the Weyl chamber induces a complex structure on £/t, and hence an orientation
o([t/t]) : this orientation can be also defined by a symplectic form of the type
we/t(X,Y) = (£,[X,Y]), where £ belongs to the interior of the Weyl chamber t}.
Let o(Y) be the orientation on Y defined by o(Jar)|y = o(Y)o([t/t]). On Y, we
have also the orientation o(wy) defined by the symplectic form wy. Note that if
o(Ju) = eo(wn), we have also o()) = € o(wy).

Let P := Sping,, xu,, Pu(TM) be the Spin® structure on M induced by J (see
eq. 4.33). When we restrict to Y, P|y is then a Spin® structure on the bundle
TY & [t/t]. Let ¢ be a T-invariant Riemanian structure on TY & [¢/t] such that
TY is orthogonal with [¢/t], and ¢ equals the Killing form on [¢/t]. Following
Remark 4.4, P|y induces a Spin® structure P’ on (TY & [¢/1],q), with the same
determinant line bundle L. = detc(TM]|y). Since the SOs x U;-principal bundle
Pso(TY) x U(k/t) is a reduction'® of the SOs,, principal bundle Pso(TY @ [€/1]),
we have the commutative diagram

(4.34) Q —— Pso(TY) x U(E/t) x Pu(L)

| |

P Pso(Ty D [E/t]) X PU(]L) )

where Q is a (7°)71(SO2 x U;) ~ Sping, x U;-principal bundle. Finally we
see that Q' = Q/U; is a Spin® structure on TY. Since (U(¢/t) x Py(L))/U; ~
Py(L ® C_3,,), the corresponding determinant line bundle is L/ =L ® C_4,,. O

Let Aff(A) be the affine subspace generated by A, and let Z be the subspace
of t* generated by {m —n | m,n € A}. Let Ta the subtorus of T' with Lie algebra
ta equal to the orthogonal (for the duality) of Z It is not difficult to see that Ta
corresponds to the connected component of the principal stabilizer for the T-action
on V.

Here we consider the symplectic reduction Mg := ®*(£)/T, for generic quasi-
regular values &; that is, for £ € A° such that T//Ta acts locally freely on ®~1(¢):
in this case ®~1(£) is a smooth submanifold in ) with a tubular neighborhhood

_)
equivariantly diffeomorphic to ®=1(¢) x A.

Proposition 4.10. Let p € A% such that i = p + p. belongs to A. Let Lbea
k-prequantum line bundle. For every generic quasi-reqular value £ € A, the Spin®
structures on Y, when twisted by i| yQC_,, induces a Spin® structure on the reduced
space Mg := ®~'(£)/T with determinant line bundle (La,|p-1(¢) ® C_23)/T. Here
we have two choices for the orientations : o(Mg) induced by o()), and o(wn,)
defined by the induced symplectic form. They are tied by the relation o(M¢) =
go(wnr)-

Proof : Let £ € A be a generic quasi-regular value of &, and Z := & 1(&).
This is a submanifold of ) with a trivial action of Ta and a locally free action of
T/Ta. We denote w : Z — M the quotient map. We identify 7*(T M) with the
orthogonal complement (relatively to a Riemannian metric) to the trivial bundle'¢

I5Here 2n = dim M, 2k = dim Y and 2! = dim(g/t), so n =k -+ I.
16[t/tA] corresponds to the subspace of TZ formed by the vector fields generated by the
infinitesimal action of t/ta.
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[t/ta]. On the other_?and the tangent bundle TY, when restricted to Z, decomposes
as TY|z = TZ @ [A], so we have

TV; = =(TM)® [t/ta] & [K]
(4.35) = 7r*(TM§) &) [t/tA ® (C] ,

with the convention t/ta = t/tA®iR and X - t/tA®R. Since t/tA®Cis canonically
oriented by the complex multiplication by 4, the orientation o())) determines an
orientation o(M¢) on TM through (4.35).

Now we proceed like in Proposition 4.10. Let Q' be the Spin® structure on
Y introduced in Proposition 4.10, and let Q* be Q' twisted by the line bundle
Lly ®C_,, : its determinant line bundle is detc(TM)|y ® C_a,. ® (L|y ® C_,)% =
Loy |y ® C_aj. The SOqp x Up-principal bundle Pgo(7*(TM)) x Ut/ta®C) is a
reduction'” of the SOqy, principal bundle Pso (7* (T M) @ [t/ta ® C]); we have the
commutative diagram

(4.36) Q" ————— Pso (7" (TM)) x U(t/ta ® C) x Py(lL|z)

|

Q#|z ———— Pso (7" (T M) @ [t/ta ® C]) x Py(Lz) ,

where L = Lay|y ® C_op. Here Q" is a ()71 (SO2xr x Up) ~ Sping;, x Up-
principal bundle. The Kostant formula (2.1) tells us that the action of T is trivial
on L|z, since £ — i € A. Thus the action of Ta is trivial on Q”. Finally we see
that Q¢ = Q"/(Up x T') is a Spin® structure on M, with determinant line bundle
L¢ = (Low|z ® C5z)/T. O

4.3. Definition of Q(M,y,.). First we give three different ways to define the
quantity Q(M,4,.) € Z for any p € A%. The compatibility of these different
definitions gives a proof of Theorem 4.1. First of all Q(M,,;,.) =0if p+ p. ¢ A.

First definition.

If uw+ pc is a generic quasi regular value of ®, M, ,. = & (u+ p.)/T is a
symplectic orbifold. We know from Proposition 4.10 that My, inherits Spin®-
structures, with the same determinant line bundle (Lay|¢-1(z) ® C_2z) /T, for the
two choices of orientation o(M¢) and o(wnas, ). We denote Q(M,,,.) € Z the index
of the Spin® Dirac operator associated to the Spin® structure on (M, o(wnas, )) and
Q(My4p.,0(M,4,.)) the index of the Spin® Dirac operator associated to the Spin®
structure on  (Myy,.,0(Mut,.)). Since o(Mg) = co(wn,), we have
Q(Mytpe,0(Myyp.)) = € QMys,,).

Second definition.

We can also define Q(M,,.) by shift ‘desingularization’ as follows. If u+p. € A,
one considers generic quasi regular values £ of @, close enough to p+ p.. Following
Proposition 4.10, M = @3_,1(5) /T inherits a Spin® structure, with determinant
line bundle (Lay|e-1(¢) ® C_2z)/T. Then we set Q(M,y,.) = Q(M¢), where the
RHS is the index of the Spin® Dirac operator associated to the Spin® structure
on (Mg,o(wn,)). In the same way Q(Myy,.,0(My,.)) = Q(Me,0(M¢)). Here
one has to show that these quantities are independent of the choice of & when &

THere 2k = dim Y, 2k’ = dim Mg and I = dim(t/ta), so k = k' +1'.
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is a generic quasi regular value close enough to pu + p.. We will see in fact that
Q(M+,.) =0 when p + p. € OA (see 4.38).

Third definition.
Since M is supposed to satisfy Assumption 3.4 at fi, we can use the character-

ization of the multiplicity m, (L) given in Lemma 4.2. The number Q(M,,.) is
the multiplicity of the trivial representation in & RR(I; (M x Of L ® Cr_pp)-

We work now with a fixed element p € A}, and during the remaining
part of this section, ) will denotes a small T-invariant open neighborhood
of ®~'(u + p.) in the symplectic slice &~ (interior(t%)).

We have to show the compatibility of our definitions, that is
K —_— - K
(4.37) [RRO (M x OF, [ C_ )] = Q(M, o(M))

for any generic quasi regular value £ € Aff(A) close enough to u + p..

The manifold (), 0())) carries a T-invariant Spin®-structure, so we can consider
the localized quantization maps Q;7 z(Y,—) and Q;fg()i, —), since the functions
|| ® — i and || ® — £ ||? have compact critical set on ) when & € Aff(A) is close
enough to fi. The proof of (4.37) is divided in two steps.

Proposition 4.11. Let E and F be respectively K -equivariant complex vector bun-
dle over M and OF. We have the following equality

RRy (M x OF, ER F) = Ind.. (Q;_ﬂ(y,my ® F|é))
in R~°(K). It gives in particular that
K — = K T T
[RR; (M x O, ERF)|" =[Q4 sV, Ely 0 Fl2)] .

Proposition 4.12. If £ € Aff(A) is close enough to i :
i) the quantization maps Q;,ﬁ(y, —) and Q;_g(y, —) are equal,
it) if £ is a generic quasi-regular value of ® we have

T ~ T
[Q4_c, Lly ©C)| " = Q(Me,0(M¢))
and if € ¢ A, [Q, (V, LIy ®C_,)]" =0.

Propositions 4.11 and 4.12 will be proved in subsections 4.4 and 4.5.

If i € OA, we can take £ € Aff(A) close enough to fi, with £ ¢ A. Propositions
4.11 and 4.11 give

X . K T - T
(438)  [RR;(MxOR,LeC )] = [Qo i IyeC,)]

ARGRNEYN
= 0.

Hence Q(M,,,.) = 0 for every p + p. € OA.
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4.4. Proof of Proposition 4.11. The induction formula of Proposition 4.11 is
essentially identical to the one we proved in [33]. The main difference is that the
almost complex structure is not assumed to be compatible with the symplectic
structure.

We identify the coadjoint orbit O with K/T. Let #* be the Hamiltonian
vector field of the function 1 || @ [|*: M x K/T — R Here ) denotes a small
neighborhood of ®~*(f1) in the symplectic slice ®~* (interior(t} )) such that the open
subset U := (K xrY) x K/T is a neighborhood of <I>51(0) = K- (®71(z) x {e})
which verifies U N {#F = 0} = @;(0).

By Definition 3.7, the localized Riemann-Roch character RR(I; (M x K/T,—) is
computed by means of the Thom class Thomz"‘ (U) € Kg(TgU). On the other
hand, the localized quantization map Q;_ ﬂ(y, —) is computed by means of the
class S-Thomy #()) € K7(TrY) (see Definition 4.7). Proposition 4.11 will follow
from a simple relation between these two transversally elliptic symbols.

First, one considers the isomorphism

(4.39) p:U — U
(B9l (0D — e[k~ R0
with U’ := K xp (K/T x V), and ¢* : Kg(Tgl') - Kg(TxlU) being the
induced isomorphism. Then one consider the inclusion 7 : T — K which in-
duces an isomorphism i, : K7(T7(K/T x V) = Kg(TxglU') (see [1, 33]). Let
j:Y < K/T x Y be the T-invariant inclusion map defined by j(y) := (&,y). We
have then a pushforward map ji : Kr(TrY) = K¢ (Tr(K/T x Y)). Finally we
have produced a map O := ¢* o, o j from Ky (Tr)) to Kix(TxkU), such that
Index;s (O(0)) = Ind: (Indexg(a)) for every 0 € Kr(T1)).
Proposition 4.11 is an immediate consequence of the following

Lemma 4.13. We have the equality
) (S-Thom‘;—ﬁ(y)) = Thom ™ (U) .
Proof : Let S be the bundle of spinors on K x7Y: § = P Xgping, Azk, where

P — Pso(T(K x7 )Y)) x Py(L) is the Spin® structure induced by the complex
structure. By Proposition 4.9, we have the reductions

(4.40) Q Pso(TY) x U(t/t) x Py(Liy)

l |

Ply —————Pso(TY @ [¢/]) x Pu(L{y)

l |

P— PSO(T(K XT y)) X PU(]L) .
Here Q/U; is the induced Spin®-structure on Y. Let us denote p : T(K x7Y) —

K xrY,p, : TY - Y and p,,,. : T(K/T) = K/T the canonical projections.
Using (4.40), we see that

p*S = (K xrp;S(V)) ® pl.,. Ac T(K/T),

K/T
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where S()) is the spinor bundle on Y. Hence we get the decomposition
S—ThOmK(K X y) = ThOmK(K/T) O K xr S—ThOmT(y) .
Let @, := & 0 ¢! be the moment map on U, and let % be the Hamiltonian
vector field of || @ ||. The transversally elliptic symbol Thomiﬁ (U) is equal to

[ThomK (K/T) ® Thomg (K/T) © K xr S—ThomT(y)] shed by HE
pu y B

hence o7 := ((ﬁ_l)*Thomiﬁ (U) is equal to

[ThomK(K/T) © K xr (ThomT(K/T) ® S—ThomT(y))]pushed o
Using the decomposition TU' ~ K x1 (¢/t® K x1 (¢/t) ®TY), we have H'(m) =
pres(ht) + R(m) + Hz(y) + S(m) for m = [k; [h],y] € U', where'® R(m) € £/t and
S(m) € T,Y vanishes when m € K xr ({€} x ), i.e. when [h] = &. Here Hj is
the Hamiltonian vector field of the function % || ® — 2 || Y — R.
The transversally elliptic symbol o7 is equal to the exterior product

o1(m, &1 + & +v) = c(& — prey(hip)) © c(§2 — R(m)) © c(v —Hp — S(m)) ,

with & € €/t, & € £/t, and v € TY.

Now we simplify the symbol o; whithout changing its K-theoretic class. Since
Char(o1) N TxlU' = K xr ({€} x V), we transform o1 through the K-invariant
diffeomorphism h = eX from a neighborhood of 0 in m to a neighborhood of € in
K/T. That gives 09 € Kg(Tk(K %7 (8/t x }))) defined by

o2([k; X, y], & + & +v) =
c(& — prej(e® ) © c(& — R(m)) © c(v — Hp — S(m)) .

Now trivial homotopies link o5 with the symbol o3, where we have removed the
terms R(m) and S(m), and where we have replaced pre;i(e* ) = [X, fi] + o([X, fi])
by the term [X, fi]:

03([k7X7 y]aé-l +£2 + ’U) = c(é-l - [X7 ﬂ]) O] C(EQ) O] C(U — Hﬂ) -
Now, we get o3 = i.(04) where the symbol o4 € Kr(Tr(8/t x )) is defined by
04(X,y; &2 +v) = c(=[X, fi]) © c(§&2) ©® c(v — Hj) -

So o4 is equal to the exterior product of (y,v) = c(v—H), which is S—Thom}bfﬁ ),
with the transversally elliptic symbol on €/t: (X, &) — c(—[X, i]) ® c(&2). But the
K-theoretic class of this former symbol is equal to ki(C), where k : {0} — £/t (see
subsection 5.1 in [33]). This shows that

04 = ki(C) ® S-Thom$ *(Y) = ji(S-Thom7 *())) .

18A small computation shows that R(m) = preso(h=H(pri(hi) — ®(y))), and S(m) = [ —
pri(hii)]y (y)-
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4.5. Proof of Proposition 4.12. In this subsection, i = u + p. is fixed once
for all, 7 > 0 is the smallest non zero critical value of || ® — ji ||?, and we take
Y=g e AIA|| € — i < 2}.

For £ € AffA close enough to i, we consider & = t£ + (1 — )i, 0 < t < 1.
If one shows that there exists a compact subset K of ) such that Cr(|| & — & |?
YNY C K, the familly S—Thomfffgi (), 0 <t <1,is an homotopy of transversally
elliptic symbols between S—Thomffw_ﬁ (¥) and S—Thomg_g (). This shows then that
Q;ﬁ(y, —) and Q;_g(y, —) are equal.

We describe now Cr(|| @ — & ||2) N Y using a parametrization introduced in
[30][Section 6]. Let By be the collection of affine subspaces of t* generated by the
image under ® of submanifolds Z of the following type: Z is a connected component
of VH which intersects ®~!(ji), H being a subgroup of T'. The set Bj is finite since
®~1(ji) is compact and thus has a finite number of stabilizers for the 7' action.
Note that Bj is reduced to AffA if i is a generic quasi regular value of ®. For
A € Bj;, we denote T4 the subtorus of T' with Lie algebra equal to the orthogonal
(for the duality) of A, and 8(—, A) denotes the orthogonal projection on A.

Like in [31], we see that

(4.41) Cr(|| @ =€ (1) NY = Uaep, (V™ nd7H(B(E, A)))
if | €—f [l< 5. If we take K := {& € AffA,|| £ — i [[< %}, we have
Cr(| @£ |>)NY C K for || € — i ||[< %. Thus point i) is proved.

Now we fix £ € AffA close enough to fi, and we parametrize Cr(|| ®—¢ ||>)NY by
B={B(&A)—¢| A€ Bz} sothat Cr(|| @—¢ [|P)NY = Ugep (VPN @ (B +§)). If
QZ (¥, —) denotes the quantization map localized near Y?N®~1(5+¢), the excision
property tells us, like in 3.16, that

Qo V)= Qs(¥,-).
BeB

Note that 0 € B if and only if ®~1(£) # 0. Point ii) of Proposition 4.12 will follow
from the following results.

Lemma 4.14. If £ is a generic quasi reqular value of ®, we have [Qg (y,i|y ®
C_)]" = Q(M, o(M)).

Lemma 4.15. Let 8 be a non-zero element of B. Then [Q; Y, Lly®C_,)]" =0.
Hence [Qg_(V, Ly ® C-,)]" =0, if @ 1(6) = 0.

Other versions of Lemmas 4.14 and 4.15 are already known : in the Spin-case
for an S'-action by Vergne [38], and by the author [33] when the Spin®-structure
comes from an almost complex structure.

We review briefly the arguments, as they work in the same way. We consider the
Spin® structure on Y defined in Proposition 4.9, that we twist by the line bundle
Lly ® C_, : it defines a Spin® structure Q* on ) with determinant line bundle
LM := Ly, ® C_op. We consider then the symbol S—Thom;:f () constructed with

Q" (see Def. 4.7). For g € B, the term Q; (¥,L|y ® C_,) is by definition the

T-index of S—Thom;:f () |us, where UP is a sufficiently small open neighborhood
of YPN®~ 1B +¢) in Y.
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Proof of Lemma 4.14: A neighborhood U° of Z := ®~1(¢) is diffeomorphic to
a neighborhood of Z in Z x A, where ® — ¢ : Z x Z) — Z) is the projection
to the second factor. We still denote Q* the Spin°-structure on Z x X equal'®
to pr*(QF|z). We easily show that Q; (¥,L|y ® C_,) is equal to the T-index
of oz = S—Thom;:f(z X Z)) Let Q" be the reduction of Q|z introduced in
(4.36). Since Q*|z = Sping, X (Sping,, xUyy) Q", the bundle of spinors S over Z x X
decomposes as

S = pr* (W*S(Mg) ® Z x At/ta ® C)) :

Here S(M¢) is the bundle of spinors on M induces by the Spin®-structure Q" /Uy,

and 7 : Z — M is the quotient map. In the trivial bundle Z x (t/ta ® C), we
have identified Z x (t/ta ® iR) with the subspace of TZ formed by the vector fields

._)
generateii) by the infinitesimal actigr; of t/ta, and Z x (t/ta ® R) with Z X A C
T(Z x A)|z. For (2,f) € Z x A, let us decompose v € T, r)(Z x A) into
v = v, + X +1Y, where v; € 7*(TM¢), and X +1Y € t/ta ® C. The map
oz(z, f;v1 + X +1Y) acts on S(Mg). ® A(t/ta ® C) as the product
c:(v1) ©e(X +i(Y - f)),
which is homotopic?? to the transversally elliptic symbol
cz(Ul) © C(f + Z‘X.)
So we have proved that oz = ji o 7*(S-Thom(M)), where ji : Kp(TrZ) —

_)
Kr(Tr(Z x Z)) is induced by the inclusion j : Z — Z x A. The last equal-
ity finishes the proof (see [33][Section 6.1]).

Proof of Lemma 4.15 : The equality [Q; (V,Lly ® C_,)]* = 0 comes from a
localization formula on the submanifold }? for the map Q; (Y, —) (see [33, 38]).

The normal bundle N of Y? in Y carries a complex structure J on the fibers such
that each Tg-weight a on (N, J) satisfies (a,3) > 0. The principal bundle Q¥,
when restricted to Y? admits the reduction

(4.42) Q' Pso(TY?) x Pu(N) x Pu(L]ys)

| l

QF|ye Pso(TY? @ N) x Pu(l/]ys) ,
Hence Q° := Q'/U(l) is a Spin®-structure on ) with determinant line bundle equal
to L := 1/ |ys ® (det V)™ = Loy |ys © C_o; @ (det N)7'. Let QF(VP, —) be the
quantization map defined by Q° and localized near ®~1(8 + &) N Y? by & — &.
Following the argument of [33][Section 6] one obtains

QW Ly ®C_,) = (-1)' 3" Q5 (Y7, det N @ S*(N))
keN

where S*¥(N) is the k-th symmetric product of A/, and I = rankcA. Thus, it is
sufficient to prove that [QF (P, det N ® S*(N))]" = 0 for every k € N. For this

_)
Here pr: Z X A — Z is the projection to the first factor.
20gee [33][Section 6.1].
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purpose, we use Lemma 4.8. Let a be the Tg-weight on det N'. By the Kostant
formula, the Tg-weight on Ly, |ys is equal to 8 + . Hence any Tg-weight v on
det NV @ S¥(N) ® (IP)/? is of the form

1
7=B+§—ﬂ+§a+6

where 8 is a Tg-weight on S¥(N). So (v,8) = (B+& — i, 8) + (. B) + (6, 8). But
the Tg-weights on A are ‘positive’ for 3, so (a,3) > 0 and (4, 5) > 0. On the other
hand, 8 + & = B(£, A) is the orthogonal projection of £ on some affine subspace
A C t} which contains fi: hence (8 + & — fi,5) = 0. Finally we have proved that

(v,8)>0.0

5. QUANTIZATION AND THE DISCRETE SERIES

In this section we follow closely the notation of [12]. Let G be a connected, real,
semisimple Lie group with finite center. By definition, the discrete series of G is the
set of isomorphism classes of irreducible, square integrable, unitary representations
of G.

Let K be a maximal compact subgroup of G, and T be a maximal torus in K.
Harish-Chandra has shown that G has a discrete series if and only if 7" is a Cartan
subgroup of G [19]. For the remainder of this section, we may therefore assume
tllat T is a Cartan subgroup of G. The discrete series are p/\arametrized by a subset
G4 in the dual t* of the Lie algebra of T. For any A € G4, Harish-Chandra has
associated an invariant eigendistribution on G, denoted ©), which is shown to be
the global trace of an irreducible, square integrable, unitary representations of G.

On the other hand one can associate to A € @d, the regular coadjoint orbit
M =G -\ It is a symplectic manifold with a Hamiltonian action of K. Since the
vectors X7, X € g, span the tangent space at every £ € M, the symplectic 2-form
is determined by

WX, Ym)e = (& [X,Y]) .
The corresponding moment map ® : M — €* for the K-action is the composition
of the inclusion i : M < g* with the projection g* — €*. The vector A determines
a choice RT of positive roots for the T-action on gc. We recall now how the
choice of AT determines a complex structure on M. The decomposition®! gc =
tc®@ ) yem 0C,a gives the following T-equivariant decomposition of the complexified
tangent space of M at A :

T\M®C=) gea=VeaV,
aER

with V' =37 %+ 0ca- We have then a T-equivariant isomorphism 7 : TAxM — V
equal to the composition of the inclusion TyM — T M ® C with the projection
V @&V — V. The T-equivariant complex structure Jy on Ty\M is determined by
the relation Z(Jyv) = 1Z(v). Hence, the set of real infinitesimal weights for the
T-action on (TxM,Jy) is ®RT. Since M is an homogeneous space, .Jy integrates
into an almost complex structure (which is in fact integrable). J on M. Using the
isomorphism M ~ G/T, the canonical line bundle k = detc(TM) !is s = Gx7Cy,
where p is halph the sum of the roots of R, .

Apor v € 9C,ay exp(X).w = e@X) 4 for any X € t.



30 PAUL-EMILE PARADAN

IfXe @d, A — pis a weight and
(5.43) L:=GxrCy_, = G/T

is a k-prequantum line bundle over (M,w,J). We have shown in [32], that Cr(]|
® ||?) is compact, equal to the K-orbit K - \. The quantization map RR; (M, -)
is then well defined. The main result of this section is the following

Theorem 5.1. We have the following equality of tempered distribution on K
dim(G/K)

Ol = (-1)7"2  RR4(G-\,L),

where © |k is the restriction of the eigendistribution ©y to the subgroup K.

With Theorem 5.1 in hand we can exploit the result of Theorem 4.1 to compute
the K-multiplicities of ©y |k in term of reduced spaces. Let us fix some notation.
For every p € A%, we denote m,(X) € N the multiplicity?” of O,k relatively to
the K-irreducible representation with highest weigt p :

(5.44) Orlxk =D m,(\)x¥ in R™®(K).
REAL

The moment map ® : G-\ — ¥ is proper since the coadjoint orbit is closed [32].
We show in Lemma 5.5 that the moment polyhedral subset A = ®(G - X) Nt} is
of dimension dim 7. Thus the notions of generic quasi-regular values and regular
values coincide : they concern the elements £ € A such that ®~1(¢) is a smooth
submanifold with a locally free action of T. We have shown in subsection 4.3 how
to define the quantity Q((G - A)u4,.) € Z as the index of a Spin® Dirac operator on
& 1(¢)/T, where ¢ is a regular value of ® close enough to u + p..

Proposition 5.2. For every u € A%, we have

m“()\) =09 ((G : /\)u+pc) ’

in particular m,(X) = 0 if p + p. does not belong to the relative interior of the
moment polyhedral subset A.
dim(G/K)
Proof : A small check of orientations shows that e = (—1)~ =z . By Theorem
4.1, we have to show that (G - A, ®) satisfies Assumption 3.4, and that the infini-
tesimal K-stabilizers are abelian. The first point will be treated in subsection 5.3.
The second point is obvious since M ~ G/T": all the G-stabilizers are conjugate to
T, so all the K-stabilizers are abelian. O

Let us fix some notation. Let R C R, C A* be respectively the set of (real)
roots for the action of 7' on g¢ and c. We choose a system of positive roots R}
for R, we denote t} the corresponding Weyl chamber, and we let p. be half the
sum of the elements of R}. We denote by B the Killing form on g. It induces on
t, and then on t*, a scalar product (denoted (—,—)). An element X\ € t* is called
regular if (A, ) # 0 for every a € R. Let R be a system of positive roots for R,
and let p be half the sum of elements of )R*. The set A* + p does not depend of
the choice of RF: we denote it by A.

225ee subsection 5.1.
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The discrete series of G are parametrized by
(5.45) Ga = {Aet’, Aregular } NA7 N

When G is compact (i.e. G = K), the set @d equals A% + p., and it parametrizes
the set of irreducible representations of G.

5.1. K-multiplicities of the discrete series. In this section, we fix A € @d. Let
RT be the system of positive roots for R such that (\,a) > 0 for every a € RT.
Then RS C R, and p = L3+ @ decomposes in p = p. + p, where p, =
%Zaegﬁi a and mg = ER+ - ERj

Let m, be the (equivalence class of) unitary, square integrable, irreducible G-
representation associated to A, and let O, be its global character. This G-invariant
distribution admits a restriction ©)|x to K which is equal to the global character
of my|k (see the Appendix in [13]). For every p € A%, the multiplicity of V, in
mx|k is finite and denoted m,(A). We have the following equality of distributions
on K : O)|x = EueA; my, (A) XX

Let P : A* — N be the partition function associated to the set R/} : for p € A*,
P(u) is the number of distinct ways we can write p = }° .+ noa with nq € N
for all a. The following Theorem is known as the Blattner formula and was first
proved by Hecht and Schmid [20].

Theorem 5.3. For p € A%, we have

mu(N) = Y (1P (wlu+pe) = (ux +90)

weWw

where?® py = A — pe + pn-

With Theorem 5.3 in hand, we can describe ©,|k through the holomorphic
induction map HOI: : R7°(T) - R~*°(K). Recall that HolIT( is characterized by
the following properties: 1) HO]: (t*) = XX for every dominant weight p € A% ; ii)

HOI: (twor) = (—l)wHOI: (t*) for every w € W and p € A*; iii) HO]: (t*) =0 if
W o pun A% = 0. Using these properties we have

(5.46) > R Hol ) = Y [ X (~D*Rwo )]s,
HEA* REAL  weW
for every map R : A* — Z.

For a weight a € A*, with (\,a) # 0, let us denote [1 — t*],' € R™°°(T) the
oriented inverse of (1 —t®) : [l —¢]3" =3, (" if (\,@) >0, and [1 —¢t*]}" =
—t Y ent P if (\,@) < 0. Let A = {a1,---,a;} be a set of weights with
(A, a;) # 0, Vi. Wedenote AT = {101, - - - ,&104} the corresponding set of polarized
weights: ; = £1 and (), &;;) > 0 for all 4. The product Myea[l — %], " is well
defined (denoted [Myea(1 — ¢¥)];") and a small computation shows that

-1 -1

[Maca(t=1)] = (=177 [Macar (1 - )]
(5.47) = ()"t Par(w)tt.
BEA*

23We shall note that uy € A% (see [12], section 5).
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Here P4+ : A* — N is the partition function associated to AT, v = 2 (na)<o X
and r = f{a € A, (A, @) < 0}. These notations are compatible with those we used
in [33][Section 5]. If V is a complex T-vector space with V* := {v € V, v = 0}
reduced to 0, the element ALV € R(T) admits a polarized inverse [ALV]' =
Maenv) (1 —t*)]5" where (V') is the set of real infinitesimal T-weights on V.

Lemma 5.4. We have the following equality in R~ (K)

Ol = Hol, (# [IT,cps (1 - ta)];l) :

Proof : Let ® € R™°°(K) be the RHS in the equality of the Lemma. From
(5.47), we have © = 3, ¢ P() Hol,, (##+#3) = 3, 4. P(u— px) Hol,, (¢). TF we
use now (5.46), we see that multiplicity of © relative to the highest weight p € A%
is Y pew (=1)YP(w(p + pe) — (ux + pc)). From Theorem 5.3, we conclude that
@,\|K =0.0

5.2. Proof of Theorem 5.1. In Lemma 5.4 we have used It(he Blattner formula to
write © |k in term of the holomorphic induction map HolT . Theorem 5.1 is then

proved if one shows that RR; (G-\IL) = (—1)TH01: e e G t9)\ 1), with
pa = A = pe + pn, and 7 = 1 dim(G/K). More generally, we show in this section
that for any K-equivariant vector bundle £ — G - A

-1
(5.48) RRy(G - A\ E) = (—1)"Hol, (Ex.tzp".[ﬂaemi(l —ta)]A ) :
where Ey € R(T) is the fiber of E at .

First we recall why Cr(|| @ ||?) = K- A in M := G - X (see [32] for the general
case of closed coadjoint orbits). One can work with an adjoint orbit M := G - A
through the G-identification g* ~ g given by the Killing form; then ¢ : M — ¢
is just the projection on M to the (orthogonal) projection g — €. Let p be the
orthogonal complement of € in g. Every m € M decomposes in m = x,,, + ym, with
Tm = ®(m) and y,, € p. The Hamiltonian vector field of St || @ ||? is, following
(3.10), Him = [Tm>m] = [®m, Ym] then

Cr(|| @ 11°) = {H =0} = {m € M, [zm,ym] =0} -

Now, since A is elliptic, every m € M is also elliptic. If m € Cr(|| ® ||2), [m,Zm] = 0
and m, z,, are elliptic, hence y,, = m — zy, is elliptic and so is equal to 0. Finally
Cr(|| @ |’)=G-AnNE=K-A\. O

After Definition (3.2), the computation of RR; (G - \, L) holds on a small K-
invariant neighborhood of K - A of G - A\. Our model for the computation will
be

M =K XTp
endowed with the canonical K-action. The tangent bundle T is isomorphic to
K xr ~(tea TP) where t is ‘Ehe T-invariant complement of t in €. One has a symplectic
form Q on M defined by Q,,,(V, V') = (A, [X, X']+[v,v']). Herem = [k, z] € K xTp,
and V = [k,z; X +v], X' = [k,7; X' + '] are two tangent vectors®’. A small

24X, X' € vand v,v' € p.



SPIN°-QUANTIZATION AND THE K-MULTIPLICITIES OF THE DISCRETE SERIES 33

computation shows that the K-action on (K x1p,Q) is Hamiltonian with moment
map ® : M — & defined by

~ 1
O([k,z]) = k- ()\ —gPre (Aoad(z) o ad(a:))) .
Here ad(z) is the adjoint action of z, and pr¢- : g* — t* is the projection.

Lemma 5.5. There ezists a K-hamiltonian isomorphism Y : U ~ U, where U is
a K -invariant neighborhood of K - X in M, and U is a K -invariant neighborhood
of K/T in M. We can impose furthermore that the diffential of T at X is the
identity?®.

Corollary 5.6. The cone A + 3+ RN @ coincides with A = (G- M) Nt} in a
neighborhood of X. The polyhedral set A is of dimension dim T .

Proof : The first assertion is an immediate consequence of Lemma 5.5 and of the
convexity Theorem [26]. Let X, € tsuch that £(X,) = 0for all A thatis a(X,) =0
for all @ € R} : X, commutes with all elements in p. Let a be a maximal abelian
subalgebra of p, and let ¥ be the set of weights for the adjoint action of a on
9 0= 2 yexOa, Where g, = {Z € g, [X,7Z] = a(X)Z forall X € a}. Since
[Xo,0] =0, [X,,8a] C go for all @ € X. But since [X,,p] =0, and g, N € = 0 for
all a # 0, we see that [X,,gq] = 0 for all @ # 0. The subalgebra g is abelian and
contains X,, thus [X,,g] = 0 : X, belongs to the center Z(g) of g. Since G has a
finite center, Z(g) = 0, and then X, = 0. Finally we have proved that A+ =0, or
equivalently A =+t. O

Proof of Lemma 5.5 : The symplectic cross-section Theorem [17] asserts that
the pre-image Y := ®~!(interior(} )) is a symplectic submanifold provided with an
Hamiltonian action of T'. The restriction ®|y is the moment map for the T-action on
Y. Moreover, the set K.) is a K-invariant neighborhood of K- in M diffeomorphic
to K x Y. Since A is a fixed T-point of ), an Hamiltonian model for (), w|y, ®|y)
in a neighborhood of A is (T\Y,wx,®)) where wy is the linear symplectic form
of the tangent space T)M restricted to T»), and &, : T))Y — t* is the unique
moment map with ®,(0) = A. A small computation shows that x — A o ad(z) is
an isomorphism from p to T»Y, and ®(z) = A — 3pre- (A o ad(z) o ad(z)). O

We still denoted J the almost complex structure transported on & C K xp
p through Y. Let 7 : K xrp — K/T, and 7 : U — K/T be the fibering
maps Remark that for any equ1var1ant vector bundle E over M, the vector bundle
(Y~")*(E|y) = U is isomorphic to 7% (K x1 Ey), where Ex € R(T) is the fiber of
E at A. At this stage, we have after Deﬁn1t10n 3.2

(5.49) RRy (G -\, E) = Index (Thom U, J) @ (K xTEA)) .

We will now define a simpler representant of the class in K k(T KZ:{) defined by
Thom?® (L{ J) with the help of Lemma 3.6. Consider the map
A Kxrp —
(k,z) — k-X,

25Note that T\U and TAZ;l are canonically isomorphic to t & p.
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and let )\ ;; be the vector field on M generated A (see (3.10)). Note that A never
vanishes outside the zero section of K x7p. Let (—, —) ., be the riemmanian metric

on M defined by (V, V') g = (X, X4 (v,0) for V = [k, 2; X+0], V = [k, z; X' +0].
A small computation shows that
(H Agp) o =1 Az 17 + 00l Az [17)

in the neighborhood of the zero section in K X p. Hence, if we take I/ small
enough, (H, A ) > 0 on U — {zero section}, hence Thom® (L{ J) = Thom% ,J)
in Kg(Tgl) (see Lemma 3.6).

Let us denote Jy : t@p — v @ p the complex structure defined by J on the
tangent space TAM. Let J be the K-invariant almost complex structure on M,
constant on the fibers of M — K/T, and equal to Jy at \: if [k,z] € K x7 p,
j[k,w](V) = [k,z, JA(X +v)] for V = [k, 5, X + v].

Since the set {Agy; = 0} = K/T is compact, one defines with J and the map A
the localized Thom symbol

Thom?2 (M, J) € Kx(TxM) .
Through the canonical identification with the tangent space at [k, z] and [k, 0], on
can write J[k o = J[k o] = Jk,0) for any [k,z] € U. We note that J and J are
related on U by the homotopy J? of almost complex structures: J[k’z] = Jlk,ta]
for [k, :z:] € U. By Lemma 3.6, we conclude that the localized Thom symbols

Thom? (U, J) and Thom2 A (M, J)|;; define the same class in K (T ), thus (5.49)
becomes

(5.50) RRy (G - A, E) = Index’ (Thomf (M, J) & (K xTE,\)) .

In order to compute (5.50), we now use the induction morphism
ix : Ky (Trp) — K (Tk (K x1p))

defined by Atiyah in [1] (see [33][Section 3]). The map i, enjoys two properties:
first, i, is an isomorphism and the K-index of ¢ € Kg(Tk(K X7 p)) can be
computed with the T-index of (i,) (o).

Let o : p*(ET) — p*(E™) be a K-transversally elliptic symbol on K X p, where
p: T(K x1p) = K X7 p is the projection, and ET, E~ are equivariant vector
bundles over K xr p: for any [k x] € K xr p, we have a collection of linear maps

o([k,z, X +v]) : E[z’w] [k 2] depending on the tangent vectors X + v. The
symbol (i,)~!(c) is defined by
(5.51) (i) () (@, v) = o([L, 2,0 +v]) : B ) — By ) »

for any (z,v) € Tp. For ¢ = = Thom?® (M J), the vector bundle Et (resp. E~)

is APYTM (resp. A" TM). Since the complex structure leaves v ~ £/p and p
invariant one gets

(ix) " (Thom? (M, J)) = Thom) (p, Jx) A& E/t,
and

(5.52)  (ix)~ (Thom— (M, J) ® n* (K xTEA)) Thom? (p, Jy) Ex A% £/t
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where?® Thom (p, Jy) is the T-equivariant Thom symbol on the complex vector
space (p, Jy) pushed by the constant map p — t, z +— \.

To express the K-index of ¢ in terms of the T-index of (i) ~!(c), we need the
induction map

(5.53) Ind, : C™%(T) — C~°(K)¥ |

where C~°(T) is the set of generalized functionsKon T, and the K invariants are
taken with the conjugation action. The map Ind, . is defined as follows : for ¢ €
C—o(T), we have [, Ind’ (¢)(k) f(k)dk = YOLK:2k) i) [ (@) flr(b)dt, for every f €

‘vol(T,dt)
C*®(K)X. Theorem 4.1 of Atiyah in [1] tells us that

(5.54) Ky (Tqp) —> K (T M)
Index; l lIndexAK;,

C=(T) —= € (K)X .
IndT

is a commutative diagram (with M = K x7 p). In other words, IndexAK;I(a) =
Ind: (Indexf((i*)*l(a))). With (5.50), (5.52), and (5.54), we find

RRy(G-\E) = Ind. (Index (Thom? (p, Jx)) Ex A% E/t)
= HolIT( (Index (Thom? (p, J»)) E ) .

(See the Appendix in [33] for the relation HolT (=) = Ind:(— A& €/t).) Now we
can conclude, since Index (Thom (p,J)) is computed in section 5 of [33]:

-1
Index! (Thom) (p, J»)) = [Haem(l—t—a)]A
-1

(<1)7 8 [Moems 1 = 7)]

with r = 1 dim(G/K). O

3. (G- )\, ®) satisfies Assumption 3.4. Let M be a regular elliptic coadjoint
orbit for G, and let K be a maximal compact subgroup of G. We denote & : M — ¢*
the canonical moment map for the K-action. For p € €, let us consider the map
®,: MxK-p— t, (m,n) - ®m)—n. Let || - || be the Euclidan norm on €
defined by the Killing form: it induces an identification ¢ ~ £* and so an Euclidan
norm on £*.

This section will be devoted to the proof of the following

Proposition 5.7. The set Cr(|| ®, ||?) of critical point of || ®, ||* is compact in
M x K - u. Precisely, for any p, there exists c(u) > 0 such that

Cr(ll @ ) € (Mn{eea lI€l<et)}) x K -4,
for any ' such that || 4 |<]| .

26Qur notations use the structure of R(T)-module for Kp(Trp), hence we can multiply
Thom? 2 (b, Jx) by Ex AQ E/t.
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Consider the map M — €, m +— ®(m) — p. One see easily that Cr(|| @, ||?)
= K-(Cr(ll oy ||2)ﬂ(M><{M})), and Cr(|| @4 [HNM x{p}) € Cr(|| 2—p [1*)x{p}-
Proposition 5.7 will follow from the following

Proposition 5.8. For any u, there ezists c(u) > 0 such that

ar(l@-p ) cMn{ees €l<ew}
for any p' such that || p [|<I| g .

Let g = €@ p be the Cartan decomposition of g. The Killing form B provides a
G-equivariant identification g ~ g* and K-equivariant identifications € ~ £*, p ~ p*.
Then we consider M as a adjoint orbit of G: M = G - X\ where A € € is a regular
element, i.e. G = K is a maximal torus in K, and the moment map ® : M — ¢
is just the restriction to M of the projection ¢ ® p — €. The Killing form B defines
K-invariant Euclidean structure on ¥ and p such that

(5.55) B(X,X) =~ X1 [P+ X2 I,

for X = Xj + Xy, with X; € ¢, Xy € p. Using the fact that m — B(m,m) is
constant equal to — || A [|2, we get || ®(m) ||?= % || m [|* +3 || A || for any m € M.
Finally we obtain

1
| ®(m) = p|*= 5 [l m[|* =2 < m, > st

where cst = L || A [|? + || g ||>. Using the Cartan decomposition G = K - exp(p),
one can consider 27 f#: K xp = R, (k, X) = ®(k~"'-eX - X) — u ||? which is equal
tog|leX A2 —2<eX-XNk-p> +est.

Let a be a maximal abelian subalgebra of p. Since p = Ugckxk - a, one see that
f# is related to

FFo(K-A)Xx(K-p)xa—R
defined by F#(m,n,X) = 1 || eX-m ||> =2 < X -m,n >. In particular, Proposition
5.8 is equivalent to the following
Proposition 5.9. For any u, there exists c(u) > 0 such that
(m,n,X) € Cr(F*) = || ¥ -m < c(n),

for any p' such that || p" [|<|| |-

Proof : Let (m,n, X) € Cr(F*). Then, the identity £F*(m,n, X +tX)|=o = 0
gives
(5.56) <eX . m,eX [X,m]>=2<eX [ X,m],n> .
Lemma 5.10. For every (m,n,X) € K - XA X £ X a satisfying (5.56), we have

eX - [X,m] 1< e(m) | X ||,

where c(n) > c(n') if || n ||>|| n' ||

2"Here - means the adjoint action.
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Proof of the Lemma : Let ¥ the set of weights for the adjoint action of a on g:
8 = D gex Oa, Where go = {Z € g, [X,Z] = a(X)Z for all X € a}. Recall that
0(ga) = g—a, where 6 denotes the Cartan involution.

We decompose m € K - X into m = Y. _mq, and A :=< eX -m,eX - [X,m] >=
>, €2 X a(X) || mg ||?. Let B := {a € X, my # 0 and £ a(X) > 0}, then

4 = Y W) ma P+ Y e Xa(x) | ma |
aeE"’ a€Y,
8
> 3 @02y e x| Y ma B
2 X =

with 7 := sup, | x| <1 |@(X)]. But

> X [[ma P = |- [X,m] [P = D e Ma(X)? | my |?
aest a€EX,,
> X Xm IP=" (1 X7 Y] Imal® [2]
a€X,,

So, the inequalities [1] and [2] give®®

| e* - [X,m] |?
X

Since 2 < eX - [X,m],n >< 2| eX - [X,m] | .|| n], (5.56) and (5.57) yield

| e* - [X,m] |?

(5.57) A> eI XA

2| eX-[X,m]||.|In|> —r (XA P

In other words E :=|| eX-[X, m] || satisfies the polynomial inequality E2—2bE—c? <
O,withe=r||X||.[|A]andb=7r || X ||. || n |- A direct computation gives

X - [X,m] < e) I X I,

with ¢(n) =r(|| n | +V/[I 2 [I> + [[ A[]?). O

We take now n € K - pu, hence ¢(n) = ¢(u). Proposition 5.9 follows from the

following claim : for any ¢ > 0 there exists ¢/ > 0, such that
[eX - [X,m]l|<c| X || = [leX -m<
holds for every (m,X) € K-\ x a.

Suppose that the claim does not hold : there is a sequence (m;, X;);eny in K-AXa
such that || eXi - [X;,m;] ||[< ¢ || X; || but || eXi -m; ||— 0o. We write X; = t;v; with
t; > 0 and || v; ||= 1. We can assume moreover that v; = v With || v ||= 1, and
m; = Moo € K - XA when i — co. Let X, C X be the subset {a € X, moo,o # 0}.
Note that ¥,,_ # 0 since m is a regular element in € and rank(G)=rank(K). The
sequence

(I elivi Ju;, m;) = Z eti“(”")a(vi)mi,a

o
is bounded in g, and

(IT) elivim; = Z etiovWim,

28Gince a € B, © —a € X;,, we see that 2Za€2_ [| ma ||2= Yaes,, |l ma [12=] m ||?
=l AP
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diverges. From the sequence (IT), we see that (¢;);cn is not bounded, so can be
assumed to be divergent to oo. Since for every o € Xy, ., || mio ||> € > 0 for ¢
large enough, the fact that (I) is bounded implies that €' a(v;) is bounded in
R for all @ € %,,_ . Since 8(my) = Moo, the subset ¥, C ¥ is stable through
the transformation a« - —a. So

etia(vi)a(/ui) and e—t,-a(vi)a(’Uz')

are bounded in R, for every a € ¥, . Since t; — oo, the later result forces
a(v;) — 0 when 4 — oo; hence

(5.58) [Voo, Moc] = D @(Voo)Moo,a =0
a€Xm o

But my € K-\is aregular element of G, and rank(G) =rank(K), then g,, .. = &,
is a Cartan subalgebra of . So (5.58) implies vo, = 0 which is contradictory. O
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