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Abstract

We study a charged two-dimensional particle confined to a straight
parabolic-potential channel and exposed to a homogeneous magnetic
field under influence of a potential perturbation W. If W is bounded
and periodic along the channel, a perturbative argument yields the ab-
solute continuity of the bottom of the spectrum. We show it can have
any finite number of open gaps provided the confining potential is suf-
ficiently strong. However, if W depends on the periodic variable only,
we prove by Thomas argument that the whole spectrum is absolutely
continuous, irrespectively of the size of the perturbation. On the other
hand, if W is small and satisfies a weak localization condition in the the
longitudinal direction, we prove by Mourre method that a part of the
absolutely continuous spectrum persists.
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1 Introduction

The problem of magnetic transport goes back to the early eighties of the last
century [Ha, MS|. Then it was found that the transport can be achieved in a
system with a homogeneous magnetic field if boundaries are present. These
so called edge currents found numerous applications in solid-state physics.
Recently it has been shown that that such a type of transport exists even when
the boundary is replaced by a periodic array of point obstacles [U, EJK]; in
this case the propagation along the array is a purely quantum effect.

On the other hand, it was also recognized that a suitable translationaly
symmetric variation of the magnetic field itself can induce transport. A sim-
ple and transparent example of such a variation is provided by a step of the
magnetic field intensity. As with the conventional edge states, the propagation
here can be understood also at the classical level, since the cyclotronic radius
at both sides of the step is different — see [CFKS, Sec. 6.5]. Similarly the trans-
port can exist in the case when the magnetic field has the same asymptotics
in both directions perpendicular to the field variation [Iw, MP, EK].

It is naturally of both theoretical and practical interest to understand how
such a magnetic transport is influenced by various perturbations. Recently
several studies treated the problem of edge-current stability with respect to a
sufficiently weak “random” perturbation (i.e., a deterministic bounded poten-
tial of an arbitrary shape). The particle was at that supposed to be confined in
a semi-infinite region by either a smooth potential wall which vanishes in one
half-plane and rapidly increases in the other [MMP], or by a Dirichlet bound-
ary [BP, FGW|. The proofs were based on commutator methods. In [MMP]
it was shown, using a version of the virial theorem, that in certain parts of the
spectrum the Hamiltonian of the particle cannot have any eigenstates, so that
the spectrum is there purely continuous. In [BP, FGW| the Mourre theory of
positive commutators was used to prove that for energy intervals away of the
Landau levels the spectrum remains purely absolutely continuous, i.e. that
the transport survives in the presence of an impurity potential. Moreover, the
argument of [FGW] works under weaker conditions and extends the result to
more general planar domains containing an open wedge.

On the other hand, much less is known about the situation when the par-
ticle is confined from both sides. It is true, of course, that many numerical
studies of such systems which model various quantum wires can be found in
the physical literature, but rigorous results are scarce. This is our motivation
to consider such a potentially confined channel. For the sake of simplicity we



suppose that the channel is straight and the potential is parabolic with con-
stant strength along the axis. This is certainly a reasonable model which has
the advantage that it allows us to solve the unperturbed problem analytically.
We prove two types of results.

First, if a bounded potential W periodic in the longitudinal direction is
added, the bottom of the spectrum remains absolutely continuous for weak
enough perturbations. On one hand, we discuss the number of gaps in such a
continuous spectrum as a function of the strength of the confining potential.
On the other hand, we prove that if W depends only on the longitudinal or
on the transverse variable, the whole spectrum remains absolutely continuous,
independently of the strength of the potential.

Second, if the perturbation W is no longer assumed to be periodic, we
prove that a part of the spectrum remains absolutely continuous provided W
is small in a suitable sense and satisfies a weak “localization” condition.

Let us describe in more details the results and the contents of the paper.
The unperturbed Hamiltonian will be

Hy= Hy(B)+w’y*, (1.1)

where Hp(B) = p? + (p, + By)? is the free magnetic Hamiltonian with homo-
geneous magnetic field B. The last operator corresponds to the Landau gauge,
which we will use throughout the paper.

In the following two sections we analyze periodic perturbations, i.e. the
structure of the spectrum of

H=Hy+W (1.2)

where the potential W (x,y) is f-periodic in z. The periodicity enables us to
use the Bloch decomposition and to write the generalized eigenfunctions of H,
in the form

Vm () on(y, m + 0) (1.3)

where m € Z, n € Ny, and 6 is the corresponding Bloch parameter running
through the Brillouin zone [—n/¢,7/¢). In the absence of perturbation it
is straightforward to see that the spectrum is purely absolutely continuous
and includes all energies in the interval [v/B? + w?, 00). Perturbation theory
then shows that for any £ > 0, the part of the spectrum inside the interval
[VB?+ w? — ||W]||, E] is still purely absolutely continuous, provided ||W]| is
small enough.



Next using an appropriately modified Thomas argument — cf. [Tm| and the
generalization in [RS, Sec. XIII.16] — we will prove in Theorem 2.1 that the
whole spectrum of H remains purely absolutely continuous if W (z,y) = W (x)
depends on z only and is essentialy bounded. The same is true if W(z,y) =
W (y) depends on the transverse variable only and is essentially bounded.

Finally, we address the question about the number of open gaps in the
spectrum. One can find a partial answer using properties of the function
Wy == (0, W(+,y)po) which represents the projection of the potential onto
the lowest transverse mode. If the latter is non-constant, the one-dimensional
Schrédinger operator K = —92 + Wy(z) on L?(R) has by [RS, Thm. XITI.90]
a purely absolutely continuous spectrum with open gaps — at least one but
generically infinitely many. We will show in Section 3 that these gaps persist
in the spectrum on the operator (1.2) provided the coupling constant of the
confinement is large enough, see Theorem 3.1. Therefore, such a channel can
have generically any finite number of open gaps for any bounded z-periodic
perturbation, provided it is confining enough.

Non-periodic perturbations require a different technique. In the last part
of this paper, Section 4, we address this question in a similar way to that of
the papers mentioned above, namely by using a Mourre operator related to a
distinguished classical quantity. Recall that the central point of the Mourre
theory is to find a suitable self-adjoint conjugate operator A such that in cer-
tain states the expectation value of [Hy + W,iA] will have a definite sign.
Classically, it amounts to finding an observable increasing in time. This moti-
vated the choice of the conjugate operator in [BP, FGW| where the classical
particle followed the boundary counterclockwise and therefore propagated in
a definite direction. Accordingly, the coordinate parallel to the boundary gave
a conjugate operator with the needed properties.

By contrast, in our case there are two “boundaries” which allow for classical
motion in both directions along the x axis. Of course, they are edges with a
grain of salt, since their “distance” depends on the particle energy.

Little is known so far about the stability of transport in systems without
a preferred direction. The existing results always assume in some form that
the “opposite” edge currents can be placed at arbitrarily large distance to
prevent their destructive interference. This is the case for domains containing
wedges in [FGW| which we mentioned earlier. Another example is the recent
paper [FM], which studies the nature of the spectrum of random Schrédinger
operator with magnetic field in a finite macroscopic system. The particle is
supposed to be confined in one direction by two smooth boundaries separated
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by a distance equal to L, and the other direction is L periodic. It is then shown
that for L large enough there exist realizations of random potentials such that
the spectrum in the vicinity of Landau levels contains both current carrying
states and localized states. Roughly speaking, this is due to decoupling of bulk
and edge states in the limit of large L. It is also announced, that away from
the Landau levels there are the current carrying states only. Notice that the
transverse distance in [FM| may grow slower, say as L* with a € (0,1), but it
cannot be kept constant.

In models of a channel with a fixed cross section there is no external param-
eter to control the decoupling, and it is not a priori clear how the spectrum
will behave. We start the Mourre analysis by solving the classical problem
in the absence of the potential W. The trajectories turn out to be drifting
ellipses. We take the xz-coordinate of the ellipse center multiplied by the cor-
responding momentum component as the quantity to determine the conjugate
operator. This allows us to find that under suitable smallness assumptions
about W there are intervals separated from the modified Landau levels where
the spectrum contains no eigenvalues or even, under stronger hypothesis on W,
remains absolutely continuous. Unfortunately, the assumptions include finite-
ness of sup |z 9, W (z, y)| respectively sup |22 02W (z, y)| which can be regarded
as a sort of localization requirement. Of course, many “non-local” potentials
fit in, say those with different limits as + — oo, and any powerlike decay at
large |z| will do, however, the said condition excludes the most typical random
potentials in the form of a sum of randomly placed copies of a single-impurity
potential. For such potentials we establish the existence of transport only in
the situation when the “dirty” part of the channel has a finite length, see The-
orem 4.3. We also discuss the behaviour of our model in the limit of strong
confinement, i.e. when w — oo.

More than that, we show in Section 4.3 that any Mourre operator quadratic
in the canonical variables will lead here to the same restriction. Hence an
attempt to establish for a “fixed-width” channel a result comparable to [BP,
FGW] by the conjugate-operator method has to employ another A. Obvious
candidates are those which combine first order canonical variable with a (sign-
changing) localization of the particle in the vicinity of the edges. However,
attempts in this direction we are aware of have not been successful so far and
the problem remains open.



2 Periodic perturbations

In this section we first give explicit expressions for the eigenvalues and eigen-
functions of Hy, which is possible due to the specific choice of our confinement
potential. Then, as mentioned above, we will investigate the nature of the
spectrum when we add a periodic perturbation.

The Hamiltonian of the system we are interested in is thus of the following
form,

H = -8+ (—i0, + yB)’ + v’y + W(z,y) on L*(R?), (2.4)
where W is bounded and /-periodic in . The scaling
T,y > Az, Ay, B> A2B,w—= 22w, W > AW

gives H — A2 H. Without loss we can thus assume ¢ = 27. By [RS,
Thm. X.34], H is e.s.a. on C(R?). We use the periodicity of W and ap-
ply the Bloch decomposition in x writing

H = : H(6)do (2.5)
6]<1/2
where H () has the form (2.4) on L?([0, 27] x R) with the boundary conditions
A(2m—,y) = " 0)Y(0+,y), j=0,1. (2.6)
Let us now turn to the properties of the fiber operator

Hy(0) = =02 + (—i0, + yB)* + w’y*. (2.7)

After transferring 6 from the boundary conditions to the operator we find that
Hy(0) is unitarily equivalent to

Hy(0) = (—i0, + By +0)* — 82 + w’y* on L*([0,27] x R) (2.8)

with periodic boundary conditions at x = 0 and z = 27. We exhibit below a
complete set of eigenvectors in

D= {f € W**([0,27))|£(0) = f(2m), f'(0) = f'(27)} ® S(R) (2.9)

where S(R) denotes the set of Schwarz function, showing that Hy(6) is essen-
tially self adjoint on D,. Next we show that Hy(f) is a holomorphic family of
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type A in the sense of Kato. Let Hy(0) is self-adjoint on its domain D and let
us formally expand the operator Hy(f) as

Hy(0) = (—i0, + By)® — 0, +wy® + 20(—id, + By) + 6”. (2.10)

We note that (—i0, + By) is symmetric on D, and denote the resolvent by
Ry(0, z) = (Ho(0) — z) . Now, for any ¢ € D,

[|(—i0z + By)ell> < (¢|Ho(0)g) = (Ro(0, z)(Ho(0) — 2)¢|Ho(0))
< ||Ro(0, 2) [[[Ho (0)¢||* + [ 2|{| Ro (0, 2) Ho (0)¢0)
< C(2)[[Ho(0)e|” + |zI*C(2) |lll?, (2.11)

where C(z) = O(1/Sz), as Sz — 0o, |Rz| < co. >From Theorem V.4.4 p.288
in |Ka|, we deduce that that (—i0, + By) is relatively bounded with respect
to Ho(0) on D,, with arbitrarily small relative bound (to this end, take |3z|
large enough). Hence the domain of Hy(6) coincides with D for any complex
6, and the expansion (2.10) shows that the vector Hy(6)v is holomorphic in
for any ¢ € D. That means Hy(#) is a self-adjoint holomorphic family of type
A in the whole complex plane, see [Kal, pp. 375 and 385. The same is true for
the perturbed operator

H(0) = Ho(0) + W (z,y) (2.12)

when W is bounded.
In order to find the spectrum of Hy(f) we introduce the basis

Ym(z) = (2m) 712 exp(i mz) (2.13)

and get the decomposition

Ho(0) = @B [vm)Hy" (0) (vl (2.14)

meZ

= P [¥w) [(m+ By +6)* — 02+ w*?] (Y,

meZ

where H{"(0) = (¥m|Ho(0)¢). By a unitary transform inducing a (6 + m)-
dependent shift of the argument we find that HJ*(f) is unitarily equivalent
to

hm(0) = =02 + &®u® + B(m + 6)?, (2.15)



with @ = VB2 + w?, § = w?/(B% + w?), and u = y + B(m + 0)/(B? + w?).
This operator is clearly analytic in f. Therefore we get the spectrum

o(H(0)) = {a(?n +1)+ B(m+ 0)2} = {En(0 +m)}en, 5 (2.16)
where the corresponding eigenfunctions of HF' (), o™ %(y), are translates of
the usual harmonic oscillator states ¢,(u). More precisely, if Vj ., is the
unitary operator from L?(R,) to L*(R,) defined by

(Vormf)(u) = f(u— B(m+0)/(B* + w?)), (2.17)

then ‘/]9+mH6”\/9jr1m = h,(0) and "0 (y) = (Ve;lmgon)(y) For a later purpose,
let us also introduce the unitary operator V (6) from L*(R, xR,) to L*(R, xR,)
given as

V(6) = EP Vorm: (2.18)

meZ

Let us turn to
H(0) = Hy(0) + W(x,y) on L*([0,27] x R) (2.19)

with periodic boundary conditions at x = 0 and x = 27. Since W is bounded,
it is relatively compact w.r.t. Hy(f) and the essential spectrum of H(f) is
thus the same as that of Hy(f). It follows that o(H(f)) is discrete. The
corresponding eigenvalues are analytic functions of 6, we denote them as E;(6).

At this point, we see that for any E’ > 0, and uniformly in || < 1/2, there
are finitely many eigenvalues of Hy(0) E,..(0) = a(2n+1) + (m + 0)? below
E'. These eigenvalues being are branches of analytic functions in # may display
finitely many crossings with one another. The same is true for those of the
perturbed operator H(#). In order to exclude the possibility for a perturbed
eigenvalue to be constant in 6, it is enough to impose that the perturbation be
smaller than half the smallest variation of the finitely many arcs of analytic
functions free from crossings below E. Therefore, below E = E' — |||, the
eigenvalues of H(f) cannot be constant and we have

Proposition 2.1 For any E > 0, the spectrum of the Hamiltonian (2.4) is
purely absolutely continuous below E if ||W|| is small enough.

Let us turn to the case where W depends on x only. We are interested in
the properties of the eigenvalues of HJ"(#), which coincide with those of h,,(6).



As the eigenfunctions of h,,(#) are independent of m + 6, it is easier to deal
with this operator as 6 becomes complex than with H*(6). We define

ho(6) =V (6) Ho(0) V() (2.20)
then we have the relation

1(ho(0) +1)7H1* = sup rm(@)rm (0)*[l, () = (hm(0) +1)™"  (2.21)

meZ

When 6 becomes complex, in which case we will write § = 6, + i, the
resolvent 7,,(f) remains compact and r,,(6)* = (h,,(8) + 1)~ so that

. 1
17 ()7 (0)* | = sup REE I

(2.22)

since the basis {¢y (u)},cn, Temains orthonormal for complex 6. Then one can
show that this norm goes to zero as # — oo in some direction of the complex
plane, uniformly in m € Z. Indeed, from (2.16) we get

17 (8)7m (67|
1
 erey (020 + 1) + B((m + 61)7 — 63) + 1]° + 2605 (m + 01)]?
< 1
~ [2862(m +60,)]?’

which goes to zero as #, — oo uniformly in m provided 6, is not an integer.

Furthermore, from the fact that ho(f) is a self-adjoint holomorphic family
of type A it follows that (ho(f) +1)~! is compact either for all € or for no 6 —
cf. |[Ka, Thm. VIL.2.4]. We have already seen that (ho(#)+1) ! is compact for
6 real, so it is compact also for # complex. Thus (ho(#)+1)7"' (h5(0)+1)"'isa
compact self-adjoint operator, and since the family {¢(u)},cn, still forms a
complete orthonormal basis in L?(R), the eigenvalues of hy(#) retain the form
(2.16). Hence one has

(2.23)

1(ho(6) + 1)~ (ho(0)" + 1) 7| = [|(ho(6) + 1) 7'||* < 2k (2.24)
2
where we have chosen for simplicity 6; = 1/2.
The perturbed fiber operator is
h(0) = ho(0) + V(0) W (x) V1 (0) = ho(0) + W (z) (2.25)
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The point is now to show, that the eigenvalues E; () of h(6) are not constant
in f. Then the same is true, for # real, also for the eigenvalues of

H(0) = Ho(0) + W (z,y) (2.26)

and this yields the absolute continuity of (2.4).

We use Thomas argument — [Tm| and [RS, Sec. XIII.16] — and assume that
some E;(0) is equal to Ey for all . From the above analysis it follows that Ej
is an eigenvalue of h(@) also for all complex 6, and therefore

I(h(0) + 1) = (Bo + 1)~ (2.27)

On the other hand, a standard argument based on the resolvent identity shows
that for ||[W(z)(ho(0) +1)7!|| < 1 (i.e. 6y large enough — cf. (2.24)) is

[[(ho(6) + 1)~
1—[[W(2)(ho(6) + 1)1l

so ||(h(8) +1)7}|| — 0 as 3 — oo by (2.24). In this way we get a contradiction
with (2.27), so no E;(-) can be constant.

Finally, we note also that if W (z,y) = W (y) is bounded and depends on
y only, we get by simple manipulations that H is unitarily equivalent to

1(R(8) +1)~1|| < (2.28)

H ~ /@RH(p) dp (2.29)

where
2

W
B? + w?

As W is bounded, we see that the analytic eigenvalues {e,(p)}nen of H(p)
tend to a(2n + 1) +p232w—+2w2 as p — o0o. Therefore they cannot be constant
and the spectrum of H is purely absolutely continuous also.

This allows us to make the following claim

H(p) = -8 + o*y* +p’ + Wy —pB/(B*+ w?). (2.30)

Theorem 2.1 Let Wi(z) € L*®(R) be periodic in x and Ws(y) € L®(R).
Then the spectra of both operators

H = -8+ (-i0, +yB)’ + w’y’ + Wi(z) (2.31)
H = —0; 4 (—i0 +yB)* + 'y’ + Wy(y) (2.32)

are purely absolutely continuous for any w # 0.
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3 Open gaps

The result of previous section shows that the absolute continuity of the bottom
of the spectrum of the magnetic Hamiltonian in the presence of a parabolic
confinement is not affected by a small bounded z-periodic perturbation. Of
course, one would like to know how the spectrum looks like as a set, in par-
ticular how many gaps can open as a consequence the perturbation. We now
show that for a non-constant W (-, y) there are generically many gaps in the
spectrum of H provided the coupling constant of the confinement is large
enough.
We start again with the fiber Hamiltonian

H(0) = =32 + (=id, + yB)* + w’y* + W(,y) (3.33)

on L*([0,27] X R) with the boundary conditions (2.6). We introduce a new
variable s by

s=+ay, oa:=VB?2+w? (3.34)

and the orthonormal basis on L%(R)
©n(8) = Cpexp(—52/2) Hy(s), Cp = (1/m)Y*(2"n))"12 ne Ny (3.35)

Let us introduce some more notations,
W) = (o Weom) = [ onlo) en(W (@,5/va) ds, n £
W) = (enWen) = [ ulson@Was/va)ds  (330)

The matrix elements of H(f) in the basis (3.35) are then the operators on
L*(]0, 27]) given by

Hom(0) = Gnma(@n+1) + K, (0)] + W (2) (1 = Gnym)

o+ 1 5
— Mmam—an_l,m,/;”max, (3.37)

(07

where we define K, () as

Ko (0) = =02 + W% () (3.38)
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with the domain

D(0) = {f € Wa[0,2n]; f(2m) = €™ f(0), f'(2m) = €™ f'(0) }

By |RS, Sec. XIII.16] for each n € Ny the operator K, () has a purely discrete
spectrum, and none of their eigenvalues is constant in #. We will denote the
eigenvalues and eigenfunctions of K, (6) by

ex(n,0); vp(z,0), keZ, (3.39)

respectively, where for any fixed # and n the functions 9} (z,6) form an or-
thonormal basis in L2[0,27]. It is shown in [RS, Thm. XIIL.91] that for a
non-constant W,, at least one gap is present in the spectrum of

K, = /|@ K, (0)do

6|<1/2

In other words, there exists some j such that

sup €;(n,0) < inf €;,1(n,0 3.40
S 600) < il 6 (n,0) (3.40)

We are particularly interested in the spectrum of Hj g, the direct integral from
Hy(0) over 6, which contains at least one gap if Wo(a) is not constant.

It follows from (3.37) that taking « large enough, this gap will not be
covered by the spectra of the other diagonal elements of H,, ,,(6). Then one
needs only show that this gap remains open after taking into account the off-

diagonal elements of H,, ,,(#). To see that, we apply perturbation theory. As
unperturbed operator we take

HP(0) = @ Hpn(0) on L2[0,27] x I (3.41)

n€ENg

with eigenvalues and eigenvectors given by

al2n+1)+ €e(n,0), Yi(z,0) (3.42)

O = OO

respectively, where 1 stands in the n-th row. Moreover, we have
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Lemma 3.1 Let HP(0) = H(0) — HP(9). Then
|HOP@O)(HP®) +0)7'|| = O(1/a), as a— o0 (3.43)

uniformly in 6.

Proof: For

b= Wi

n€ENg

we define WOP =W — WP. Then
[WOP(HP(0) +49) || < 2|Wllel[(HP(8) +49)7'|| = O(1/c) (3.44)

as a — oo since dist(o(HP(#)),4) grows linearly with a.
Let us now take n fixed. For the other elements of HY”(f), i.e. the last
two terms on the r.h.s. of (3.37), we have

2
(iax +/al2n + 1)) >0, +2i/a@nt 18, < - +an+1) (3.45)

so that as quadratic forms on D(0)
B? B?
——2(n+1)02 < — (=02 +a(2n+1))? (3.46)
o' e

Then, in the sense of (3.43),
|||¢n)<¢n\i30fl/2\/ (n+1) Oy [Yni1) (Y| (HP(0) +0) ]
= ||iBa™"?\/2(n 4+ 1) 8, (Hpy1,n41(8) +9) 71|
B
(=92 + a(2n+ 1)) (=02 + W2 a(2n + 3) +14) 7]

S —
«

B

s g ( + W1 (=07 + Wity +a(2n +3) +1) |) = O(1/a)(3.47)

as @ — oo, uniformly in n. Inequality (3.44) and the Schur condition, [Ka,
Ex. I11.2.3|, then give the statement of the Lemma. Il

Now the resolvent identity in combination with (3.43) implies

I(H@) +)~ = (HP (@) +) ' =
= |[(H®)+i)"HOP@O)(HP ) +i)7'| -0 as a—oo (3.48)
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so that HP(0) converges to H (6) in norm resolvent sense, uniformly in §. From
perturbation theory, see [Ka, Thm. IV.2.25], we thus get the convergence of
spectra of HP(§) and H(f). It follows that for large enough o, keeping B
fixed, the gap between ¢;(0, #) and €;41(0,0) will be open also in the spectrum
of H. The argument works for any fixed j € Z, i.e. sending o — oo we can
keep any finite family of gaps contained in o(Hp ) open. We have thus proven

Theorem 3.1 Let W(z,y) € L*(R?). Denote by N(H) and N(Hyy) the
number of open gaps in the spectrum of H and Hyo respectively. If N(Hpp)
is finite, then N = N(Hoy) holds for w large enough; in particular, an open
gap exists for a sufficiently strong confinement whenever the function Wy is
non-constant. If N(Hyg) = oo, then to any positive integer n there is w(n)
such that

N(H)>n

holds for all w > w(n).

Remark: It is also clear from the above given argument, that taking w large
enough gives us the absolute continuity of o(H) in the bottom of the spectrum.
More precisely, in the interval [inf o(Hgp), inf o(Hi1)].

4 Transport in presence of localized
perturbations

As we have indicated in the introduction, we turn now to situations when
the perturbation is not periodic, but bounded and localized in a sense to be
precised below. In this case we have

H=Hy+ W =—=0; + (—i0, + yB)* + w’y* + W(z,y) on L*(R*) (4.49)

with W(z,y) € L*°(R?). By |RS, Chap. X] the Hamiltonian (4.49) is e.s.a.
on C§°(R?). For later purposes we notice that S(R?), the Schwarz functions,
is also a core for H. This follows from the fact, that H is clearly symmetric
on S(R?) and C{°(R?) is included in S(R?). The question is the following: in
what part of the spectrum and under which conditions does transport survive
in the presence of the impurity potential W (z,y)?
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Instead of the Bloch decomposition we now employ the commutator method.
The point is to find a suitable conjugate operator A which satisfies the Mourre

estimate
EA(H)[H,iA]EA(H) > k EA(H) (4.50)

for some strictly positive constant k. Here EA(H) is the spectral projection
of H on the interval A. Then, under some regularity assumptions on H, we
can obtain the absence of point spectrum in the interval A using the Virial
Theorem, |GG

Theorem 4.1 (Virial) Let H, A be self-adjoint operators on L*(R?) and as-
sume that H is of class C*(A), i.e. there is z € p(H) such that

Rt e (z— H) tem4 (4.51)
is of class C! in the strong operator topology. Then
(6, [H, iA]) = 0
for any eitgenfunction ¢ of H.

Under stronger hypothesis on H, we can apply the Mourre theorem —
cf. [Mo],|ABG] — and exclude even the possibity of singular continuous spec-
trum in A. For a precise statement of the Mourre Theorem, we have the
formulation from [Sal, Sa2].

Theorem 4.2 (Mourre) Let H, A be self-adjoint operators on L*(R?) and
assume that

1. There is a > 0 such that H is of class C'¥(A), i.e. H is C'(A) and
the derivative of (4.51) is Holder continuous of order c.

2. H and A satisfy the estimate (4.50) for an open interval A and k > 0.

Then the spectrum of H in the interval A is purely absolutely continuous.

Remark: We shall use the last theorem with o = 1, which corresponds to the
original formulation given in [Mo], see also [CFKS, Thm. 4.9].

The classical counterpart of the positive commutator (4.50) is an observ-
able which increases in time. To find a suitable candidate for the conjugate
operator in our case, let us therefore discuss first the classical dynamics of the
unperturbed system.
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4.1 Classical solution in the absence of perturbation

We will denote the position vector of the particle by (x(¢),y(¢)). In the absence
of W (z,y) the classical Hamiltonian is of the form

2, .2 2.2
Hy= (p: +yB)" +p, +w'y (4.52)

where . .

palt) = 550 =y B, py(t) = 30 (45
>From Hamilton’s equations we thus get

Pa(t) =0, py(t) = —i(t)B — 2w’ y(t) (4.54)
Given initial conditions z(0), y(0), pz(0), py(0), the solution of (4.54) reads

B B B
z(t) = ~5.2 py(0) cos(2at) + - (y(O) + @pz(0)> sin(2at)

w? B

y(t) = (2a)7'p,(0)sin(2at) + (y(O) + %pz(0)> cos(2at) — gpx(O)

pz(t) = ps(0)
1 B .
py(t) = §py(0) cos(2at) — a | y(0) + Epw(ﬂ) sin(2at) (4.55)
Note that the momentum p, is preserved since the free Hamiltonian H, com-
mutes with z-translations, see (4.54). It is easy to see that the classical tra-

jectory is now given by an ellipse, with the position vector of its center being

50 = 20000 %+ 200+ 55,0~ 0] . (450

so that as long as w # 0, i.e. the confinement is present, the center of the
ellipse is moving along the x axis with the constant velocity and in the direction
given by a sign of the initial momentum p,(0). Note also, that the two ellipses
which correspond to the motions in opposite directions are mutually shifted
by 28p,(0).

A classical observable whose absolute value is increasing in time is thus the
x— component of S(t), which can be written as

Su(t) = 2(0) + 3 py (1) (4.57)
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However, since we need something which has a definite sign independently of
the initial conditions, we multiply (4.57) by p,(t); then

2
w
O1(pa(1) (1)) = 2pz(0) — > 0. (4.58)
In other words, the corresponding quantum mechanical conjugate operator can

be chosen in the form

B

1 . .
A= 5(—283; T — 1z 0y) — o 0z 0y . (4.59)

4.2 Absence of eigenvalues and absolute continuity

Now we are going to show that under some regularity and decay assumptions
on W the absolutely continuous spectrum of the free Hamiltonian persists in
some parts of the spectrum of H. In particular, this makes scattering on the
impurity in our parabolic channel possible.

The conditions we impose on W (z,y) then are as follows:

(@) Wo:=|[Wlloo < ay, Wi = ||20:W||oo < 0
(b) W e C*(R?) and
182 [lso < 00, [|[05W ||oo < 00, (|02, W |o < 00, [[2* W || < 00
Before looking for the Mourre estimate, we check the regulariry of the map
(4.51).
First we state an auxiliary Lemma, which is proven in the Appendix.
Lemma 4.1 There exists a number ¢ such that
(1) 105 Ro(M)l < c

(i) 1182 Ro(N)lls 21|y e Ro(M)l, [ly* Ro(W] < e 156~

(id2) 11020y Ro(MN)|| < ey/ 155~

w?

where Ry(A) = (Hy+A)™', A >0.
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Now we show that under the assumption (a) one can apply the Virial Theorem
to a pair of operators H, A.

Lemma 4.2 Let W(z,y) satisfy the condition (a). Then H is of class C*(A).

Proof: By |GG] and [ABG, Thm. 6.3.4] to show that H is C'(4), it is
enough to prove that

(1) €4 preserves D(H),
(2) There is a constant ¢ such that

(He, Ap) — (Ap, Ho)| < c(|Hel” + ll¢lI?), ¢ € D(H) N D(A).

Since W is bounded, the domain of H coincides with that of Hy and we can
thus check the condition (1) only for D(H,). Let D be a core for Hy. It follows
from [ABG, Lem. 7.6.5|, that to prove (1) it suffices to show, in addition to
(2), that

(i) foru € D and t € R, €"4u € D and supj; <, || Hoe"ul| < oc.

(ii) the derivative 0,e =4 HyeAul,—g = [Hy,iA]u exists weakly for each vec-
tor u € D.

To begin with, we notice that A being quadratic in momentum and position,

we know by [Hag, Thm. 3.4] that the unitary propagator U(t) = e #4 is such

that
Ut) : S(R?) — S(R?)

Now, S(IR?) is a core for Hy, so the first part of (i) is satisfied. To see how U (t)
acts on the function from S(R?), we apply a partial Fourier transformation in

y, and denote the transformed operators by H, and A. It can be directly
checked, that for any ¢ (z,y) € S(R?)

e_itzz/p\(a:, k) =e %y (e7'z — ku(l —e™), k) (4.60)

where {b\(a?, k) = Fy¥(z,y) and p:= L.
A simple calculation then gives

e—itﬁ ETO eitﬁ{&(x’ k) _

= a(t) B P(z, k) + b(t)0,060(z, k) — 0202 U (x, k) + k¢ (z, k) (4.61)
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where

a(t) = —e” (1+2Be'u(l — ') + o’ p*(1 - ¢')?)
b(t) = —€' (2B +20°¢'u(1 —¢)) (4.62)

are both C*°, so that the second part of (i) and (i7) hold.

Moreover, it is easily seen from (4.60) that U(t) is strongly differentiable on
S(R?). Tt follows then from [RS, Thm. VIIT.10] that A is essentialy self-adjoint
on S(R?).

This allows us to verify the condition (2) only on functions in S(R?). First
we notice that H can be written as

B 2
H= <—i8w— + ya) — B0 — 05+ W(z,y) (4.63)
a

reminding that

Then for any ¢ € S(R?)

[(Hp, Ap) — (Ap, Hp)| < |(p, —2 802 p)|
+u|(We, 0:0,0) — (W, 0:0,0)| + |(¢, (0:W)zp)|
< 2[(¢p, Hop)| + 2uWolleo|| |0:0, 0l + llel* Wy (4.64)

On the other hand we have

lidsell* < 87" llell 1 Hopll < B~ el (1 Hell + Wollell)
lidyell” < llell 1Hoell < llell(1Hell + Wollel) (4.65)

and since H > o — W, > 0 holds by assumption, also

el < (a—Wo) | Hyl] (4.66)
Moreover, it follows from Lemma 4.1, that

10:0y || < const || Hogpl| (4.67)

Using all the inequalities we can find some large enough constant ¢, depending
on « and W, such that

((Hy, Ap) — (Ap, Hp)| < c([He|l* + llol*) (4.68)
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proving thus (2). .
Finally, (2) in combination with [ABG, Lem. 7.6.5] shows that ¢4 pre-
serves D(Hy). That is, for any v (x,y) € D(H,) we have e+ (z, k) € D(H,)
and
e*(z,y) = F, ' e A(z, k) € F,' D(Hy) = D(Hy) (4.69)
which completes the proof of the Lemma. [

The hypothesis of the Mourre theorem require a slightly stronger regularity
of H. We will impose some additional assumptions on W (z,y).

Lemma 4.3 Assume (a) and (b). Then H is C?*(A).

Proof: We will prove the statement of the Lemma separately for Hy and W.
First we prove that Hy is C*°(A). We work in the Fourier picture, as above.

Consider R o
Hy(t) = e ™ Hy e, (4.70)

self adjoint on D(Hy) for any ¢ € R and, for A > [|W]| + 1,
Ro(t) = e ™ (Hy + A) L™, (4.71)

As Ro(t + to) = 4 Ry (t)eio4, it is enough to check differentiability at 0.
>From the resolvent identity on (Hy + 1)S(R?) and (4.61), we get

E\) Ro(0) = jﬁo(t)(ﬁg\(t) — Hy)Ro(0)
Ry o(t)(@(t)9% + b(t)9,0%) Ro(0)
= Ro(t)B(t) (4.72)

where @(t) and b(t) are both C* and O(t) as t — 0. It is proven in the Ap-
pendix, see Lemma 4.1, that 82@0(0) and 9,0, Ro(0) are bounded. Therefore
the operator B(t) is bounded, C* and B(t) — 0 in norm as ¢t — 0.

With the properties of B(t) listed above, we deduce that in a neighbour-
hood of t =0

:U>

Ro(t) = Ro(0)(T - B(t)) ! (4.73)

which is C'* in norm, since B is, and we can conclude that Hy is C*°(A).
To show that (Hy + W) € C?(A) it is sufficient by [Mo], [CFKS, Thm. 4.9]
and Lemma 4.2 to find some ¢ > 0 such that

(i, [(W,i4],iA]p) < c([Hell” + [loll*) (4.74)
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for any ¢ € D(H) N D(A). Expanding the second commutator in (4.74) we
write for any ¢ € S(R?)

(o, [W,iA],iAlp) = (0, (0 W) ) + (@, 2*(2W ) )

+1 p [2(2(0: W), 0,0, 0) — 2(0:0y 0, (0. W) )]

+i [(0x0yp, W) — (9, W0u0yp)] — 11 ((8:0,W)p, BuByp)  (4.75)
— 1200y p, (020,W) @) — (B, (02W)Bap) — (Dyp, (02W)0y0)]

Now we can follow the proof of Lemma 4.2 and using the assumption (b) we
get the following bound

[, (W, 4], iAlg)| < [lel*]l2°0; Wlleo + W llell (o]l + 4/10:0,11)

+2 u Wolloll 18:0y, 21l + 11|05 W lloo 10 ||

U 105W lloo |0y elI” + +2 11050, W | o020, 0l Nl

< const (|[He|” + [|¢]1*) (4.76)

where the last inequality is justified by Lemma 4.1. N

In order to prove the Mourre estimate (4.50) we will proceed in two steps.
First, we find a positive lower bound on the contribution to the commutator
coming from H,. Secondly, we control the contribution from W so that we
preserve the sought positivity of [Hy + W, iA]. The former is done in

Lemma 4.4 Let o > § > 0 and define

I(o,8) == |J [@2n+1)a =45, (2n+1)a+ 4] (4.77)

n€ENp
Then for any E ¢ I(«,d) there exists an open interval A 3 E such that
Ex(H)[Ho,iA|EA(H) > 0 EA(H)
holds for Wy small enough.

Proof: We define an operator

B 2
Hi(a) = (—iazg + ya) — ] (4.78)
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which is unitarily equivalent to the Landau Hamiltonian with the magnetic
field of a strength «, so that o(H(«)) = {(2n + 1)a}ren,. It follows that

[Ho,iA] = =24 9; = 2(Ho — Hy(c)) (4.79)

Now, fix A ¢ I(«, d) and let us denote by ng(\) the largest natural number for
which «(2n¢(A) + 1) < A. The spectral family of Hy is thus given by

Es(\) = > Paxi([0,A—a(2n+1))) (4.80)

n<no(A)

where P, is the projection on the n'* Landau level of Hy(a) and x; is the
spectral projection of —3 2. 5
_ To continue consider an open interval A = (E — ¢, E + ¢) with € such that
A ¢ I(a,0). For the spectral projection of Hy on the interval A we then get
EA(H()) = E()(E + 6) — Eo(E — 6)
= Y Puxi([E-—@2n+1)a—¢E—(2n+1)a+¢))(4.81)
n<no(E)

and this gives us the lower bound on E (Hy)[Ho,iA|Ex (Hp) in the form

E(Ho)[Ho,iA]Ex (Ho) = Ez(Ho)(~250;) Ex (Ho)
= Z Poxi([E—(2n+1)a—e6, E— (2n+1)a+¢€)))(—2802)

n<no(E)
Poxi([E—2n+1)a—e,E—(2n+1)a+e¢€))) > Ex(Hy)26 (4.82)

Applying the argument of [FGW] this result can be extended to H. For
I(a,0) 7 A > E we decompose Ex(H) as

Ex(H) = Ez(Ho)Ea(H) + (1 — Ex(Ho))Ea(H)
and since Ex (Hy) commutes with [Hy,iA] we get

Ex(H) ([Ho,1A] — 26) EA(H) =
= Ea(H)Ex(Ho)([Ho,iA] — 26)Ex (Ho)Ea(H)
+Ea(H)([Ho,iA] = 26)(1 — Ex(Ho))Ea(H) (4.83)
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>From this one easily obtains the following inequality

EA(H) ([Ho,iA] —20) EA(H)
> Ex(H)Ex(Ho)([Ho,iA] — 28)Ex (Hy)En (H)
—||([Ho, 1A] — 26)(1 — E&(Ho))Ea(H)|| (4.84)

where the first term on the r.h.s. is non-negative. >From Lemma 4.1 we know

that

1+o?
a2

1832 Hy'|| < BC(w,B) =c

(4.85)

where ¢ is a numerical constant. We can thus follow [FGW] and claim that
the second term is bounded from above by

23C(w, B)||Ho(1 — Ez(Ho))(Ho — E)'[|||(Ho — E)Ea(H)|
+20 || Hy [ | Ho(1 — Ex(Ho))(Ho — E) || ||(Ho — E)Ea(H)]|

<26+ BC(w,B))(1+ Ee M) (Al + W) (4.86)
so that for 5
(JA]+Wo) < 20+ B8C(w,B))(1+ Ee 1) (4.87)
. Ea(H)([Ho, iA] — 28) Ex(H) > ~5
and hence
Ex(H)[Hy,iA|Ea(H) > 0EA(H) (4.88)

what we set out to prove. [

Armed with these Lemmas we are in position to prove the Mourre estimate
for H.

Lemma 4.5 Let E ¢ I(a, 0 + €). Assume moreover that

)
20a 1+ 8C(w,B))(1+ Ee )
and (4.89)
(IT) Wi+ Ba™?4/cC(w, B)yW,y (E + W) < 6/2
Then there is an open interval A > E such that

En(H)[H,iA|Ea(H) > 6/2 Ex(H) (4.90)

(I) Wy <
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2n+1)a

Figure 1: Energy intervals for the Mourre estimate

Proof: Consider again some open interval A; 3 E, see Fig. 1, and a state
¥ = Ea,(H)®. We mimick the argument used in the proof of Lemma 4.2 and
keeping in mind that ||(H — E)¢|| < |Aq|||¥] we get

@, [WiAlg)| < Woll¥l® + 2Ba™*Ws||8:0,91| || (4.91)
< Wollbll? + Ba /e C(w, B) Wo(E + Wo + |Au) [[4]*

where we have used the fact that 2||0,0,Hy || < v/cC(w, B), see Lemma 4.1.
By letting |A;| — 0 we get from (4.89) the upper bound on the contribution
from W (z,y):
(@, (W, iAJy)| < 6/2 ][4 (4.92)
On the other hand by Lemma 4.4 for W, sufficiently small there is Ay 5 E
such that

(¥, [Ho, iA]p) > 6 ||v|* (4.93)

for 1 = Ea, (H).
To complete the proof it sufficies to take A = A;NA,. 1

Note that once the condition (4.89) holds for some E, it holds also for all
E < E. This leads us to the following definition:

AE,a,0+¢€) ={AMA<E, A¢I(a,0+¢€)} (4.94)

Now we are ready to state our main result.
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Theorem 4.3 Assume Wy=||W||eo < o, W§ = ||z 0, W||ew < 00 and that the
assupmtions of Lemma (4.5) are satisfied for some e and E ¢ I(a,d+¢€). Then

(1) H has no eigenvalues in the interval A(F, a, 6 + €),
(2) if in addition W € C*(R?) and
102W [|oo < 00, [|85W [|oo < 00, [|8:0, W [|oo < 00, [[205W [los < 00,

then the spectrum of H in the interval A(E, «, 6 +¢€) is purely absolutely
continuous.

Proof: Application of the Virial respectively Mourre Theorem and Lemmas
4.2, 4.3 and 4.5.

Remark: Theorem 4.3 does not exclude the possibility that the spectrum of
H is empty in the considered interval. However, it follows from the standard
perturbative argument that since the spectrum of Hy = H —W includes whole
the interval [, c0) this cannot happen for W, small enough.

Let us now consider the following scaling:
F=FEya d§d=a, ec=¢a
where Ey, dg, €y are fixed. From (I) we then get

50 €y & N
2(d0 + clj:—‘f)(eo + Ey)

Wy < 00, as w— 00 (4.95)

and similarly from (/1)

1+ a?

' =
Wy < ady/2 — cBa o

Wo(Eyao+Wy) - 00, as w—oo (4.96)

In other words, for w sufficiently large there is some interval in between the
modified Landau levels, in which the transport survives whenever Wy, W/} <
oo. We thus have

Corollary 4.1 Let Ey, dy, €y be fized and assume that both Wy and W are
finite. Then the statements of Theorem 4.3 hold in the interval A(a Eg, ado +
€0)) provided w is large enough.
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On the other hand, in the high energy limit the behaviour of the bound
(I) is as E~'. Accordingly, Theorem 4.3 proves the absence of eigenvalues
respectively absolute continuity only in a finite number of intervals. In this
sence our result is comparable with those of [FGW, BP|, where the upper
bound on the size of perturbation is also O(E™!) as E — co. For comparison
we note that the same bound on ||W||« obtained in [MMP] is decreasing with
energy as E~4.

4.3 The positivity of [Hj,iA]: more general approach

As we have seen above, the condition W} < oo which doesn’t allow us to
consider non-localized perturbations, e.g. random, comes from the fact that
our conjugate operator includes the dilation generator x p,. Let us now show
that, for A being a quadratic function of (z,y, ps, py), the presence of this term
is necessary if one requires [Hy, iA| to be definitly positive.

We take A in the form

A = Z ij,kaxjazk + ZZ ﬁj,k(l'kawj + 895]3716)
jak J’k
+ Z Y kLT + 1 Z (5]' a:z:j + Z €T (497)
3k J J

where j,k = 1,2. Assume that the “bad” term is absent, i.e. §;; = 0. The
straightforward computation then gives

[Ho,iA] = 4Boy, P+ 2(Bagg — P12 — P2,1) pip2 — 4B22 ps+ 4712 T1P2
(2711 + BBoj)(ip1 + prx1) + 4(042041,2 + 71,2 — Bfa2) xap
2(2042012,2 + 2752 — Bf3a1)(w2p2 + pa2)

4(a?Boy + Byi1) 2122 + 4(a*Bog + Byip) x5 + i(€1p1 + €2p2)
+ 20,02 x9 — 2i(y11 + Y22 + a2a2,2) (4.98)

-+ +

First of all notice that since Hy is purely quadratic, the linear terms of A
produce again only linear terms in [Hy,iA] and we can thus leave them out
without loss of generality. The cenral point is that, due to the translation
invariance in x, the term proportional to z? is missing in [Hy,iA]. This means
that if we want [Hp,iA] to be definitely positive, we have to make the terms
with z{ vanish:

T2 = 0, 2’)’1,1 + 352,1 =0, 04252,1 + B%,l =0 (4-99)
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But now z3 and p? have necessarily opposite signs, so that we need also s
to be zero, which implies that 22 is absent as well. Following the argument
given above for 22 we get

12 = 0, 2&2052’2 + 2’)/2,2 — BﬂQ’l =0 (4100)

and we are left with
2(3042,2 — B2 — 52,1) P1D2

which cannot be definite positive.

Appendix

Proof of Lemma 4.1: Application of a partial Fourier transform in x shows
that Hy is unitarily equivalent to

Hy = —8 +u® + 2Buv + o v* = P? + V(u,v) (4.101)

where P := —i0,. We now mimick the argument used in [BEH, Ex. 7.2.4|.
First of all note that since

u? + 2Buv + o*v® = (u + Bv)? + w*v?

we can write
V(u,0) = (V'?(u,v))?

For ¢ € S(R?)

I(P? + V)| = (¢, (P*+ V? + P2V + VP?)y)
= (4, (P*+ V2 4+2PVP +[P,[P,V])%) (4.102)

Furthermore, we compute
[P,[P,V]] = [P,—i0, V] = =02V = —2a°
Then
1(P? + Vgl = P2 + Vel + 2V Py* — 202l

so that
| P*|” + [Ve|” < 20219]1* + |(P? + V)y|)?
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Since both P% V' are closed we can follow the argument given in [BEH,
Ex. 7.2.4] and claim that

D(P?+V)=D(P*)nD(V) (4.103)

Taking Ro()\) = (Hy + A) ! for some A > 0 it then follows from closed graph
Theorem that both X X
P’Ro(N), VRy()\)

are bounded. More precisely, one can show that for any ¢ € S(R?)
IP* R\l < VEIIwll,  IVRsA)ell < V6 [l (4.104)

which proves (i) To continue we note that V' (u,v) can be diagonalized by an
orthogonal transform 7" so that

V(u,v) = MA@ + A_0? (4.105)
where (4, 9) = T(u,v) and

14+ a2+ /(14 a?)? — 4w?
B 2

At

Therefore we have
(14 a?)? = (1 + a?)? + 4w?

1
Vu,v) > A (u?+v?) == u? + v?
(u,v) W+ = 5 o e )
2
2, .2
T a2 (u” + v%) (4.106)
>From (4.101) we know that there exists a unitary operator U such that

Hy=UHU™'
Now taking ¢ = U we get

1+a 1+o?
10201 = [lu*e]| < 3 IVell, ly*9ll = llv’el < 3 Vel (4.107)
and - ,
+ «
[y0:9 ]| = fluvell < 5 —— IVl (4.108)

which gives us (77). Finally,

1+a?
19:0,91° = (u Pp,u Pp) < [[P*¢l| u’¢ll < ¢ ——[[Hopl®>  (4.109)
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