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Abstract

We investigate in a geometrical way the sieving process of Z[f] for obtaining the Delone
set Zg C Z[p] of B - integers where B is a Perron number in the context of linear asymp-
totic invariants associated with a canonical inductive system constructed from S . When
B is a Pisot number, we exhibit a canonical cut-and-project scheme, a model set associated
with Zg and so prove that it is a Meyer set. We show how to lift up the elements of Zg to
asubset +.Z ofthe lattice Z™ (m =degree B) , lying about the dominant eigenspace of
the companion matrix of . We deduce from this linearized version of Zg (i) the existence
of a finite number of elements g1, &, ---, &, € ZI}L of small norm such that the semi-group
N[g1, &, --- ,&;] contains ZI}L except possibly a finite number of elements close to the ori-
gin, (ii) an upper bound for the integer .# taking place in the relation

1
X, y€Zg =>x+y (respx—y) € BTZB

if x4+ y and x — y have finite - expansions.
1. Introduction

Gazeau [43], Burdik et al [2] have shown how to construct a Delone-Meyer set Zg [37] from
the dense finitely generated Z - module Z[B] C R, where B > 1 is a Pisot-Vijayaraghavan number
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(called Pisot- or PV-number also) of degree m > 1, i.e. a real algebraic integer, root of an irre-
ducible polynomial of the form X" — A1 X™V — a2 X2 — oo X —ay ,a; € 7
where all the Galois conjugates gl i =1,2--- ,m—10fg = g0 satisfy |B(i)| < 1 for all
i=12,---,m— 1. The sieving process, obtained algebraically, is based on the § - expansion of
real numbers [4] [5], and provides uniformly discrete and relatively dense sets of points in R.

The aims of the present work consist in studying asymptotic linear invariants (cut-and-
project schemes, ... ) in R , canonically associated with Delone-Meyer sets Zg , and the
geometrical counterpart of this sieving process. Here S is a Perron number, a 8 -number or a
Pisot number, of degree m . In §3, we redefine Zg as an inductive limit 2" . We show in §4 that
the asymptotic linear invariants associated with this inductive limit arise from the real Jordan
decomposition of R under the action of the companion operator of B, and from the real and
complex embeddings of the number field Q(8) when B is an arbitrary Perron number. This
allows us to construct explicitely suitable cut-and-project schemes and to define the linearized
version of Zg . The latter is called +.Z 5 and is a discrete subset of Z" . When B is a Pisot
number, we investigate in §5 the additive properties of +.% . In particular, we give, thanks to
this geometrical approach, new proofs of some recent results using the dynamics of self-similar
tilings and the symbolics of S - numeration applied to the aperiodic tilings of the real line
[20, 21, 2, 18, 28, 29]. Namely, we provide a geometrical interpretation of the finite sets T and
T’ in the relations [2]

z;+z;cz;+T 1)

+ _ o+ 1
Zg —Z5 CZp+T 2)
and an upper bound of the integer .Z in
x,yEZ;jxiyEZB/Bg 3)

when x 4+ y and x — y have finite B-expansions. Masakova et al [29], Frougny et al [20, 2,
18] proved that an additive law & can be set on Zg for which (ZB, 69) is isomorphic (but
not isometric) to (Z, —I—) for some quadratic Pisot numbers S . Here, we give a geometrical
description of a finite subset of Zg for which any element of Zg, except possibly a finite number
of them, can be expressed as an integral nonegative combination of them. In other terms, it
generates a semi-group of finite type covering almost entirely Zg . This uses the existence of a
covering radius of .Z 5 .

2. Context of Mathematical Quasicrystals and Classification of Delone Sets

Cut-and-project schemes and model sets are nowadays commonly used for modelling qua-
sicrystals with suitable choices of windows and parameters in the internal space [32]. In such
a state of matter, there is no average lattice. On the contrary, incommensurate structures do
have an average lattice. For both of them, a periodization in a space of higher dimension is per-
formed and crystallographic groups in dimension higher than 3 are necessary to understand the



geometry of atomic sites [33]. But the new definition of a crystal [34] covers much more than
quasicrystals or incommensurate structures. It is basically a Delone set for which the spectral
measure is pure point. The definition of a crystal has been extended in 1991 to take into consid-
eration aperiodic crystals in general. There exist various classes of Delone sets which are more
general than model sets, so-called mathematical quasicrystals [14] [15] [16], generically named
in an attempt to cover the field of aperiodic crystals. Just above the class of model sets is the class
of Meyer sets [36] since a Meyer set is always a subset of a certain model set (Theorem 9.1 in [37]).
A Meyer set is already not necessarily a crystal (see for instance Verger-Gaugry et al [40] [41] with
the Thue-Morse quasicrystal). There is a lack of criteria for saying that a Delone set is deprived
of diffuse (continuous) measures in its spectrum. Of course, it is a formidable task to find such
criteria, if any [38] [39]. This objective seems unreachable at present. Delone sets can be roughly
classified by the complexity of local configurations. When G is a finite group acting on R, k < n,
and X is a G - cluster in R of total length n or 2n (total number of points in the finite union of
orbits of points which constitute X, viewed as a shellable discrete object), the construction of a
cut-and-project scheme is canonical from this G - cluster in R” [42]. Here, local order is fairly
regular in the sense it is globally controlled by a finite symmetry group. This allows to introduce
naturally G - clustering in Meyer sets. Such Delone sets inherit local structures in G - clusters by
partial repetition and translation. As Meyer sets on the real line, cite the Thue-Morse quasicrystal
[40], G-cluster sets [42], Zg when B is a Pisot number [2], sets of vertices of aperiodic tilings [38]
[45] [46] [47] [48] [21], constructions from algebraic numbers [29] [44], etc. A Delone set A is said
to be a finitely generated Delone set if Z[A — A] is finitely generated [14] [15]. It is said to be a
Delone set of finite type if A — A is such that its intersection with any closed ball is finite. The
class of finitely generated Delone sets is strictly larger than the class of Delone set of finite type.
Obviously, the latter one contains the class of Meyer sets.

Hof [30] [31] has developed the mathematics of diffraction for arbitrary Delone sets through
the notion of autocorrelation measure. The class of Delone sets which can be called crystals inter-
sects a priori all the classes of Delone sets, i.e. mathematical quasicrystals, which are mentioned
above. Model sets are crystals. Indeed, Hof [30] has proved that all model sets, i.e. quasiperi-
odic point sets obtained with windows of boundaries of Lebesgue measure zero in the internal
space, have a pure point spectrum. See also a review article by Moody about diffraction of model
sets in [35]. Another direction to study the spectral measure of Delone sets was carried out by
Verger-Gaugry et al [41] by decomposing the Fourier transform of the autocorrelation measure
of an arbitrary Delone set on lattices which intersect the given Delone set and by characterizing
arithmetically the rarefaction laws of points and their critical exponents, associated with their
distributions at infinity.

Diffraction laws of the set of - integers will be reported elsewhere.

3. An inductive system

For all x € R, denote by |x] the usual integer part of x, and by {x} = x — |x] its usual
fractional part. We follow the presentation given in [2] for § - expansions of real numbers. If



(oo, 1, -+ ) and (yo, y1,- - - ) are finite or infinite sequences of non-negative integers with the
same number of terms, we write

(0(0!0(1"")<(YO))/1)"')

when o, < yj for the first n for which &, # y, (lexicographical order). Let B > 1 be a real
number. We write (g, &1, &2, - - - )(B) for
X1 X2
X +—=4+—=+---
B B
Arepresentation in base B of a real number x > 0 is an infinite sequence of integers (x;) k>i>—o0r
such that

k—1

x =B+ B Bt o+ x BT X BTE

for a certain integer k > 0, where x; € {0,1,--- ,[B]}if B ¢ N, andx; € {0,1,---,8 — 1}if
B € N. Denote A = {0,1,- -+, [B]} in the first case. If B is an integer, A will be {0,1,--- ,8 — 1}
instead, but we are mostly interested in this contribution by algebraic numbers S of degree
greater than or equal to 2 and we will discard this second case. The integral part of x is xiB* +
xk_lﬁk_l + -+ 4+ x18 + xp and the fractional part of x is X1 '+ xof %2+ ---. Sucha
representation of x can be computed by the so-called “greedy algorithm”. There exists k € Z
such that g5 < x < ¥T1. This gives xp = [x/B¥]. Let . = {x/B*}. Then, for k > i > —oo, put
x;i = [Briy1]and r; = {Briz1}. ffk <0 (x <1),weputxg = x_; = -+ = Xg41 = 0.

On the other hand, Renyi [4] has developed for a non-integer S the notion of “f-expansion”
with f(x) = 1 for B < x, f(x) = x/Bfor 0 < x < B. This process gives a representation
of x in base B for its fractional part: x = xp.x_1x_pXx_3..., where xop = |x|, x_1 = |B{x}],
x—p = |B{B{x}}], and so on. The sequences (x_1, x_2, x_3, ... ) (forgetting about the xp) ob-
tained in this way form a subset in AN invariant under the shift: o : (x_1,x_2,x_3,...) —
(x—2,x_3,%_4,...), whose closure takes the name of f8 - shift. T(x) = {Bx} is an ergodic trans-
formation sending [0, 1) onto itself. We will call any closed o - invariant subset S of AN a sym-
bolic dynamical system on A. The language L(S) associated with S is the set of words which can
be built from S:

n)nz0 €S € yp...yq € L(S) forallp < g

and the real number whose representation in base 8 is yy ...y is (¥p,...,¥4)(B). The Renyi
representation of x = xp.x_1x_2Xx_3 ... in base f takes the name of - expansion of x. From
the greedy algorithm, we see that the representation of 8 in base 8 is 8 = 1.8, whereas the § -
expansion of 8 is, say

t; t:
B=t+—2+—>+...

B B
wheref; = |B],# € A.Setting T°(x) = xandinductively T"(1) = 7" }({8}) = {BT" (1)}
for n > 1 we have canonically t; = [BT'~!(1)] for i > 1. Dividing the above equation by
itself gives the so-called Rényi B - expansion of 1, dg(1) = af~ ' + ™2 +--- = 0.np -+,

while the representation in base § of 1 given by the greedy algorithm is 1. We will say that the -



expansion of g is finite when B = (1, f,- - - , tyy) (B) with some integer m > 1. In the following,
we will denote

oo — hibtg--- if the B - development dg(1) = 0.t1 %, - - - is infinite
1725 (tity - tm—1(tm — 1))* if dg(1) is finite and equal to 0.11 12 - - - t,

9]
where ( )® means that the word within ( ) is indefinitely repeated. Since m > 2, we always
have ¢; = 1, = |B] .

THEOREM 3.1. — [5] If the B - expansion of B is

I 13
B=t+—+ 5 +-- 2
B B
with t; € A forall i > 1 and if (by, by, - ) is a sequence of non-negative numbers whose tail,
in the case in which the B - expansion of B is finite, does not coincide with {c,}, a necessary and
sufficient condition for the existence of x with B - expansion

b1 b
x=by+—+ -5+
VI E
is that
(bn; bn—l—l;' - ') < (tI; b,-- ') (3)

foralln > 1. In particular, (ty, thy1, -+ ) < (t2,83,- -+ ) foralln > 2.

This is a maximality condition for the elements of S. We now extend the f - shift to AZ.
This means that we keep this maximality condition to sieve the infinite sequences of integers
(x,-)k>l->_oo, such that x = xgxg—1 -+ X1Xp.X_1X—2 - -+ is a positive real number. Only certain
representations become allowed.

DEFINITION 3.2. — Denote Z; = {kak + e B B |x; € Ak > 0,and
(xj, Xj—1,- -+ , %1, %0,0,0,--+) < (c1,¢2,---) forall j,0 < j< k} the discrete subset of R*. The
setZg = Z; U (—Z;) is called the set of B - integers.

ZE is the set of integral parts of B - developments. Set ZE = —ZH. The Rényi § - expansion
of 1 and the maximality condition with c; ¢, ... are then sufficient to exhaust all the possibilities
of enumeration of 8 - expansions of 8 - integers. Note that the element 1 belongs to ZI}L, but the

Rényi - expansion of 1 does not; of course, its integral partis 0 and 0 belongs to Z}'.
For instance, with T = 1+2\/§’ fhitp--+ = 110... and cjcp -+ = 1010.... No sequence

XpXr—1 - .. representing an element x of Z, contains the lexicographically impossible word 11.

+o0
==k

condition (w—j, w—j—1,...) < (c1,¢,...) forall j > 1and for which w_, ) = w—p forall

Those w = w—;B ~J developed by the greedy algorithm which obey the maximality

p =2 po, where py 2> 1, for some positive integer s, are said to have a recurrent tail and are named



B - numbers. Their 8 - expansion is periodic after a certain rank. Those § - numbers having a
tail composed of zeroes after a certain rank are called simple - numbers [5]. It is known that 5 -
numbers are algebraic integers of degree py + s (with s minimal).

Let us turn now to algebraic numbers. When S is real positive and an algebraic integer, it is
the solution of an irreducible (minimal) polynomial of the form,

P(X) = X" — a1 X" — X"~ —a X —ay ,a; €L )

with m = degree § > 1. Replacing X by § in the above polynomial and dividing the equality
by B! we can see that 8 is a simple § - number of 8 - expansion a,;,—; + Amof 4+ -+
a B2 4 agf~ ™1 when the following condition is fulfilled

(an,an+1,...) < (am—l’am—2,"' ’ao’()’()’...) (5)

forall n < m — 2, with all a;’s positive integers. This condition is restrictive and the coefficients
of the above minimal polynomial do not obey necessarily this rule. Note that the results obtained
by Parry [5] are valid for polynomials in Z[B] for which B is a root but that are not necessarily
irreducible. In other terms, it may exist a polynomial Pp(X) = X m' _ 21:_01 a, X" (the letter
"P” is for Parry) in the ideal P(X)Z[B] which has a dominant coefficient equal to 1 and the other
coefficients a} negative such that similar inequalities as (5) are fulfilled with the a} s, but such
that the inequalities (5) are not fulfilled with the coefficients of P(X). Relations between the
minimal polynomial P(X) and Pp(X) were already outlined by Frougny and Solomyak [20].

Links between 8 - numbers and other algebraic numbers have already been investigated.

THEOREM 3.3. — (Bertrand [7], Schmidt [8]) Let 0 be a Pisot number. We have
x € Q(0) <= the0 - expansion of x has a recurrent tail (6)

In particular, 0 is a 0 - number.

Since the set of Pisot numbers is closed (Cassels [9], Chapter VIII, Theorem III) and that the
set of simple B - numbers is everywhere dense in [1; +00[ (Parry [5], Theorem 5), there are many
more - numbers on the positive real line than Pisot numbers. Their behaviour is closely related
since the conjugates of a 8 - number are also bounded : they have an absolute value less than 2
([5], Theorem 4). Pisot - numbers are interesting since they provide Meyer sets Z g by the sieving
process of Z[B] (Burdik et al [2], Theorem 2.4).

A Perron number S is a real algebraic integer § > 1 whose remaining conjugates 8 () are
of absolute value strictly less than 8. A Lind number § has the same definition except we allow
at least one conjugate of B to have 8 as absolute value (Lagarias [14] has named such algebraic
integers from Lind’s works [17]; similarly Douglas Lind had previously proposed the terminology
Perron numbers for some algebraic integers from Perron’s works). From [5], all 8 - numbers > 2
are Perron numbers. In the present contribution, we are dealing with Perron numbers where the
conjugates lie within certain discs centred at the origin in the complex plane (for instance, for
Pisot numbers, the open unit disc). Perron has proved that, when all the conjugates of 8 (S >
1,degB = m ) belong to the open unit disc, then the polynomial P(X) € Z[X], satisfying



P(B) = 0,degP(X) = m and leading coefficient equal to 1, is necessarily irreducible over Q or
over a quadratic imaginary field. Results about irreducibility can be found in Brauer [6]. We will
assume throughout this paper that P(X) is irreducible, but it is a weak assumption as soon as
m > 2 and B aPisot number.

We now assume that f > 1 is an algebraic integer, without any restriction on the coefficients
of its minimal polynomial P(X) . We will construct an inductive system (2y,, f;¥ )p=n>m using
the minimal polynomial of B. In the inductive limit & of this inductive system, we will charac-
terize a discrete subset £ C & associated with the supplementary conditions (3) arising from
the existence of B - expansions and represent Zg from J¢’, that is from some selected points lying
in the lattice Z™ in R™. The inductive system associated with B is given by a collection of Z -
modules

o, = Z" forallinteger n > m

and arrows f,’f : &y — 4y, p 2 n, which are Z - linear maps, constructed as follows. For any
p= n,f,f) = Id. Forany n > m,

n+1 ! / / /
L e — Ay s (X X, X1, X)) — (X X, X, X))

such that Z?:o xiB = ;’:_01 x}Bj by replacing 8" by its polynomial expression a,,_1 8" +
am—2B""% + -+ + a1B + ap in the term of highest degree x,8" = (x,8"~")B™. We obtain

x} =
m— 1. We set f} = f’f_l ) ’f__zl o---0 f" ! forall p > n. These transi.tion rpappings are
transitive by construction : for all integers i, k, jsuch thati > k > j > m, sz = fio fjk. There

xpaj + xj, forallj € {n—mn—-m+1,--- ,n—l}andx} =xjforje {0,1,...,n—

are several ways to reduce the expression ! , x;B" instead of only transforming the term of

highest degree. However, since {1, 8, 82,--- , 8™~ '} is a free system in Q(B) (its discriminant is

m(m—1)
(=1)7 2 Ngpna (P'(B)) # 0, where Ng(p)/q is the usual algebraic norm) and a basis in Z[B],

the decomposition Y7 x;87 into 327" /B! becomes unique at the rank n = m.

&
it PR wh
=y > Ay T e — m
ign+1 lgn lgm
= z[f] = z[g] = -- = Z[f]

Figure 1: The inductive limit & isomorphic to Z[f].

In the (external) sum @::oom &y, we have the equivalence relation which identifies X; € &7
and X; €

X; & X; <> thereexists k, with m < k < i, j such that f{(X;) = f,{(Xj)

For all n > m, denote g, : &, — Z[B] : (xp—1,Xn—2,- -+ , %1, %) — Zg;é ijj. Itis a
morphism of Z - modules, and g, is one-to-one. We have X; # X; if and only if fiX; = f,{,th,



which is equivalent to g, ( f,,X;) = gm( fix ;). We deduce the Z - isomorphism (for +)
& = limind @), ~ Z[B]

Since Z[B] and Z[X]/ (P(X)) are isomorphic as rings, & is naturally endowed with a ring struc-
ture. Consider now the subsets, foralln > m

Hn = {(xn=1, Xp—2,- - ,x1, %) € A" | xnp—1 #0, and, foralld < n — 1,
(Xd» Xg—1,+++ ,%,0,0,-++) < (c1, 2,0+ )}
We have the inclusions %, C &, n > m, and g,(%;,) C ZE’ is the set of positive § - expansions
with strictly n digits with no fractional part. This set is finite and

+o0

75 = | gu(+0) @)

n=m

The diagram in figure 1 is commutative. The subsystem (.#},, f;/ ) , using the equivalence relation

%, gives
+0o0
Zs = gn (U f,Z(i%/n)>
n=m
as a Delone subset of Z[B]. This provides # = lim ind #;, C & in the inductive limit.

The arrows f,f are Z - linear, but the sets J#;,, n > m, % have no algebraic structure a priori.
However, Burdik et al [18] have recently shown that %" is endowed with an internal law & when
m = 2, for some values of the minimal polynomial: when it is X? —aX + 1, with a > 3 and
X? — aX — 1,witha > 1, and (¢, @) is a group isomorphic to (Z, +).

4. Linear asymptotic invariants

The arrow gy, : Z™ — Z[B] in the construction of the inductive limit & is a Z - isomorphism.
Therefore, we have a bijection g, : |J12, f(+.#,) C 2™ — Zg. We investigate now the
image of Zg under g,, 1. We will show that the inductive limit .%” is canonically associated with a
cut-and-project scheme around some eigensubspaces in R” and points on Z" gathered around
these eigensubspaces.

LEMMA 4.1. — For all integer k > m, £} is not empty. It contains at least the elements
(r,0,0,---,0) forany r € {1,2,--- ,c1} where ¢, = t = |B| is the first digit in the B -
expansion of 1.

Proof. — Recall that we have assumed m > 2. Since B > 1, ¢; = t; = |B] isatleastequal to
1. The condition (r,0,0,---,0,---) < (c1, ¢, ---) ensures that all the elements (r,0,0,--- ,0)
are in J%#. O

Applying gi to such elements (1,0, 0, - - - ,0), we see that we are looking for the linear asymp-
totic behaviour of the elements 8% in R, with r € {1,2,--- ,c1}. By linearity, it suffices to

10



understand the linear asymptotic behaviour of ¥, that is of £ ((1,0,0,---,0)) = g,'o

g ((1,0,0,---,0)) = g,,'(B%) € R when k tends to infinity. This will also be sufficient to un-
derstand the linear asymptotic behaviour of any polynomial r3 ky Te—1B k=lp.. .4 ra B2+ B+1o
whose dominant monomial is r8¥. The number of such polynomials is given by the number of
words of length k + 1 which are lexicographically possible.

THEOREM 4.2. — [19] Let 0.ty tpt3 - -+ the Rényi development of 1. The number dy of words
TkTk—1Tk—2 ... T2I1, Ti € A of length k (r # 0) of the language L(B) is given by the following
recurrence relations:

-ifty, tp,- - - is not ending with zeroes, then dy = 1,--- ,dy = tidp—1 + odj—2 +---+ tdo + 1,
-ifty, ta,- - - is ending with zeroes (t; # 0 and tiy1ti12-+- = 00- - - ) then:

dy=1,-++ ,dy =tdx—1+ tody—o+ -+ txdp + 1 forall k=1,2,---i—1
dy = hdr—1+ todg—o + -+ -+ tidg—;, k=21

We have

. dy 1 ( nh 2t 313 )
lim —=——|(—+—+—+-- (1
B B B

For simple - numbers, A.Bertrand-Mathis [24] has developed other formulas for d; from
the matrix associated with the Markov topological - shift.

A TriviaL REMARK .— If the Rényi development of 1 is finite and equal to 0.a,,—1a;;—2 - - - a1 ag so
that B becomes a simple B-number (f; = a,—;), then

4 d
B _ gy & @)
BB —1) k—+o0 Bk
where P(X) is given by (4). The limit limg_, 1 % tells us how many words we have asymp-
totically relatively to the powers of B (it measures in the intuitive sense the richness of the lan-

guage L(B)). In the case in which B isa B - number, we obtain rich languages when the ratio
P'(B)

Bmfl(l;_l)

ratio goes to zero since all the conjugates remain in a fixed disc in the complex plane. For in-

is large. Obviously, when S is an arbitrarily large S-number (or Pisot number), this

stance, for L(T), with T rootof P(X) = X?> — X — 1, wehave 1 = 0.11 as T - expansion
and limy_, 40 % = /5 which is comparatively large; on the contrary, the language L(B) with
B the Pisot number, root of the equation P(X) = X 2 _aX —1,a> 1is poorer and poorer when
a is tending to infinity.

Let us go back to the general situation. For all k > 0, write BX = z,_ 8" ! +
Zm—2xB™ 2 + -+ + z1tB + 2ok, where all the integers zo, 21k, -+ ,Zm_1,k belong to Z.
Denote

20,k 1 1
21,k B gU)
Zp = 2k B = B0 — B2 gl — gL
Zm—1,k g1 g™

11



where the elements ), j € {1,2,--- , m— 1} are the conjugate roots of 8 = (%) in the minimal
polynomial of . The transposed vector of Zj is denoted by  Z. Set

Bkk 0 0 0
g 0 0 1 -~ 0
By = B(z)k and Q = P 0
: 0 0 1
B(m—l)k ao al PR am_l

the m X m matrix with coefficients in Z. ! Q, denoting the transposed matrix of Q, is the com-
panion matrix of P(X). Forall p,k € {0,1,--- ,m — 1}, we have: z,r = 6, the Kronecker
symbol.

LEMMA 4.3. — Forallk > 0, we have Zyy, = 'Q Z.
Proof. — Thisis trivialif k < m — 1. If k > m — 1, write
B =B BY = Blzm—1kB" " + Zm—o kB + 2B+ 204) =

(Zm—z,k+am—lzm—l,k)ﬁm_l +(Zm—B,k+am—2Zm—l,k)ﬁm_z‘l" . '+(ZO,k+a1Zm—1,k)ﬁ+aozm—l,k

since B = apm_ 1B + apm_oB™ % + --- + a1 B + ap. Hence, the result in a matrix form. O

Denote
1 B B? . g1
g g g
¢ = . . . .

1 glm=1) gm=1)? . g(m—1)""!
the Vandermonde matrix of order m. We obtain C Z; = % by the real and complex em-
beddings of Q[B] since all the coefficients z;,j € {0,1,---, m — 1} are integers and remain
invariant.

THEOREM 4.4. — IfB is a Perron number of degree m and minimal polynomial P(X) and if
v denote the vector defined by the first column of C™1, then

lim Tk exists and is equal to u := U 3)
koo || Z| [[on]]
Zz
Moreover, all the components of vy are real and belong to the Z - module _[73]
Bm 1p/ ( B)

Proof. — Since P(X) is minimal, all the roots of P(X) are distinct. Hence, the determinant of
Cis Hi<j(B(i) — BY)) andis notzero Let C~! = (£ij). Then C- C™! = I, thatis

)mfl

Eii+ &) + &0+ + 5B = 8 @
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foralli =1,2,...,m,andj = 0,1,..., m — 1. On the other hand, the Lagrange interpolating

polynomials associated with {8, (1), ), ..., B"m=1)} are given by

m—1

X — gU)
Li(X) = — =01,....,m—1
@ = 1l 550 s m

Jj=0

J#s
For m arbitrary complex numbers y;, y», - - - , ¥m, denote

-
Oy = O-r(yl’yZ»"' ’ym) = Z Hyij

IS < Lirgm j=1

the r-th elementary symmetric function of the m numbers y1, y2, - - - , ¥ The degree of Lg(X) is
m — 1 and Lg(X) can be expressed as

m—1 m—1

LS(X) _ (_l)ro_ss)Xm—r—l/ H (B(s) _ B(r))
r=0 r=0
r#s

where 0&5) = o,(B, g ... gls=1) gls+1) ... ,B(m_l)) denotes the r-th elementary symmet-
ric function of the m — 1 numbers B,ﬁ(l), ce ,B(S_l), B(SH), ce ,E(m_l) where B(s) is missing.
Since these polynomials satisfy LS(B(")) = 65 forall s,k =0,1,---, m — 1, comparing with
(4), we obtain, by identification of the coefficients

Oy v N G VLl
Eji = 1 _ - P/(Bl=1)
H (3(1—1) _ B(r))
r=0
r#£i—1
forall i,j=1,2,--- , m. We have
m
): Zgj,S-FlX]_l s=0,1,---,m—1
Now C-Zr = Prforallk > 0,hence Zy = C!-.%. Each componentz;i, 0 < i <
m—1,k > 0 of Z; canbe expressed as
- k
Zik = Z§i+1,jﬁ(]_l) )

j=1

Since B is a Perron number, we have |B(j)| < B foralj, 1 < j < m— 1. Hence, for all

. k
gU)
lim —_— =0
k—4o00 B
<ik

lim — = i=01---,m—1
k—-+00 Bk El-}—ll

and, therefore

13



Moreover,

m—1 172
(E |Zi,k|2>
i Z
lim =0 = lim M =

m—1
Z [€it1112 = |uwll
i=0

hence the result. The fact that all the components of v; are real and belong to the Z - module

Z[B)/(B"™1P'(B)) comes from the following more accurate proposition. O
PROPOSITION 4.5. — The components of v, are
a1 B+ aj BT+ aB+
&1 = i-1P ]25, 1B+ do i=12--,m
BIP'(B)
In particular,
1
Em,l — Pl(ﬁ)
Proof. — First Ly(X) = 771, i1 X/~!and
m—1 .
P(X) — Xm—am_le_l—am_sz_z—- —mX—ay = H (X_B(J)) — LO(X)(X—B)PI(B)
Jj=0

P(X) is an element of Z[X], P/(X) also. All the coefficients of Ly(X) are satisfying the following
relations

—BP ()11 = —ao
—BP (B)E21 + EL1P(B) = —a
—BP' (B)E31 + E21P(B) = —a
—BP (B)Em1 + Em—11P (B) = —am—
EmiP(B) = 1 ©)
We deduce the result recursively from & ;. O
Let up := B/||B| the unit vector and g the orthogonal projection mapping onto the
eigenspace RB.
THEOREM 4.6. — Under the assumptions of theorem 4.4, we have:
() u-ug = ||B| " | 7' >0
Z]
(ii) lim 125 exists and is equal to B .
k—+oo || Zk]|

(iii) u is an eigenvector of 'Q of eigenvalue B. The eigenspace of R™ associated with the eigen-
value B of 'Q is Ru. (iv) B isan eigenvector of the adjoint matrix ('Q)* = Q associated with
the eigenvalue B and forall x € C™

t VK
lim (Q)

k—+oo Pk () = (x-Bu @
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Proof. — (i) and (ii) First we have v; - B = 1 by definition of the inverse matrix C~! . Hence
u- B = ||v]|~!>0.Then,forall k>0
Zx
‘ZB = B~ = ||Zk||t(m —u+u)B >0

which tends to infinity when k tends to + o0o. Since u — Zi/||Z|| tends to zero when k goes to
infinity, ||Zx|| behaves at infinity like 8/ (1 - B), hence the limit.

(iii) For all k > 0, we have

Zy. Zy.

Zk [ Zks1ll Zir
Tzd Tz = 0z
120 " T

1Zell™ 12l 1 Zesa

‘Qu = "Q(u~—

The first term is converging to zero and the second one to Su, when k goes to infinity, from
theorem 4.4. Hence, the result since all the roots of P(X) are distinct and the (real) eigenspace
associated with B is 1 - dimensional.

(iv) Itis clear that B is an eigenvector of the adjoint matrix Q. If hg, by, -+ , hp—1 €C, x =
Z}":_Ol h;jZj, where Zy, Zy,- - , Zm—1 is the canonical basis of C™ , we have

Z
ZhB “Zrj = Zhﬁf (;,jﬂ)

t

Zk k+j m—1 j
Z , Bl = x.
but, from the proof of theorem 4.4, khT BT v and ) =0 h;B Xx-B. ]
RemaRrks . — (i) Note that B has strictly positive components while v; may have negative

components according to the signs of the coefficients a;. The equality (7) is already given by the
Perron-Frobenius theory, e.g. Ruelle [10] p136, Gantmacher [11], chap XIII, or Minc [12], but,
here, the matrix Q has not necessarily non-negative entries. The prominent lines are neverthe-
less those generated by the two eigenvectors B and vj , resp. of the matrix ‘Q and its adjoint

Q.

(ii) The result (ii) provides a straightforward way of computing by means of purely vector
methods.

From proposition 4.5 and theorem 4.4, we can formulate a basis of eigenvectorsin C"”* (com-
plexication space of R™) of the complexification ‘Q¢ : C™ — C™ of the operator 'Q. From it,
we will deduce a basis of eigenvectors of ‘Q as an operator on the real vector space R™ , in the
case in which B has non real conjugates [22]. Obviously, the complexification Q¢ of the adjoint
operator (‘Q)* = Q admits {B,B1), B, ... BUm=1} a5 a basis of eigenvectors in C” of
respective eigenvalues §, B(l),B(z), SRR B(’”_l) . Let s > 1, resp. t,the number of real, resp.
complex (up to conjugation), embeddings of the number field Q(B) . We have m = s + 2r.
Assume the conjugates of B are (up to permutation leaving f fixed, the first s elements real and
grouping by pairs the complex conjugates):

B;B(l),"' ,3(5—1),3(5),3(54'1),... ,B(m—z) _ 3(S+2f—2),3(m—1) — 3(5+2f—1)

where 8,81, .-+ B6~1) arerealand p5+2) = B(s+2/+1) are complex with non zero imaginary
part, forall j=0,1,---,¢— 1. Write r; = |8(*2)| = [B(+2/+1)| and B(+2) = r;(cos(6;) +
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isin(6;)) , forall j = 0,1,---,¢ — 1. Denote by Diag(a;, ap,--- ,a,) asquare matrix having
as coeficients zero everywhere except on the diagonal where the diagonal elements are the a; ’s.
These entries can be complex numbers, real numbers or real Jordan blocks.

COROLLARY 4.7. — (i) A basis of eigenvectors of Qg is given by the collection of m column
vectors { Wi }k=12,-..,m » Of respective components
j—1 j—2
aj—1 B 4 @ pR T g Y 4 gy

Sk = BU—1)7 pr (g(k—1)) J=L2-,m

In particular,
1
Emk = — 7~

Pl(B(k—l))

In this basis, the matrix of the operator Qg is
Diag(B, BV, - -, pls=1) gl plst1) .. glst2t=2) plm=1) _ glst+2t=1))
(ii) Areal Jordan form for the operator 'Q is given by
Diag(B,B(l), ... ,5(5—1),1)1,1)2, o, Dy)
in the basis of eigenvectors {V}j=1,.. m with
Vi=Wy=uv,Vo=Wy,---,Vy = W

Vitojr1 = Im(Wyioji1), Vstojro = Re(Wiyojt1), j=01--,1—-1

and the real Jordan blocks Dj are 2 X 2 and equal to
( ricos®; —rjsing; )
rjsin@; rjcos0;
(iii) a real Jordan form of the adjoint operator (*Q)* = Q is given by the same matrix
Diag(B,B(l), oo 671 Dy Dy, ,D,)
in the basis of eigenvectors {X;}j—1,... m with
X = Bx =BV, x, = B®,... x, = =D
Xoyzj1 = Im(BY)), X105 = Re(BUV2)), Jj=01--,1-1

In particular, if K denotes the real field

K=Q(B,BW, -, BV 1m(BY)), Re(BY), - - - , Im(B("~2)), Re(B(™—2)))

Q and 'Q are equivalent over K : there existsa m X m invertible matrix U with entries in
K such that
‘Q=u""Qu
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Proof. — We know that

("Qu = Bny ®)

where ’Q has rational entries, and that v; has components in the Z - module g~ (P'(B))~'z]B].
Hence, applying component by component to equation (8) the Q - automorphisms of C which
are the real and complex embeddings of the number field Q(B) , we deduce

(IQ)W]- Zﬁ(j_l)Wj, j=12--,m

and the diagonal form of the complexification operator Qg . In a suitable basis of R, the
matrix of the operator ‘Q admits a real Jordan form (e.g. [22]); this decomposition by Jordan
blocks on the diagonal is done when some conjugates of f have non zero imaginary parts. The
restrictions of Q to thereal 'Q - invariant subspaces of R™ have no nilpotent parts since all
the roots of P(X) are distinct, and therefore the real Jordan blocks are 2 x 2.

Similarly
QB = BB
hence
QB(j):B(j)B(j), j=01,---,m—1

Obviously Q and Q have the same eigenvalues. A real Jordan form of Q is the same as for Q.
The corresponding basis is classically given by the X;’s (e.g. [22]). Since all the components of
W; and X; belongto K, there exist two matrices U;, U, with entriesin K such that

tQ = Ul_lDiag(B,B(l), o,V Dy, Dy, - - ,D,\U,
Q= Uz_lDiag(B,ﬁ(l), .. ,B(S_l),Dl,Dz, e, D) U,
Note that in general
tDiag(B,B(l), ... ;B(S_l),Dl» Dy, -+ ,D;) # Diag(ﬁ,ﬁ(l), .. ’5(5—1), Dy, Dy, , D)
Hence, U = U, 1 U, satisfies the equivalence relation
tQ — U—IQU
U

If K¢ isthe smallest number field such that K&/Q is a Galois extension containing 8, hence
finite, the field K is included in R N K8 . If we assume s = m (no complex embeddings for
Q(B)) and Q(B)/Q is a Galois extension, then K = Q(B) . In general, K is a finite real extension
of the field of rationals which contains strictly Q(B) .

We now construct the Delone set Zg of p -integers on the line Rup by (cut and) projection
from the lattice 2™ .

DEFINITION 4.8. — A cut and project scheme consists of a direct product E X D of an euclidean
space E of finite dimension and a locally compact abelian group D , and a lattice L in E X D so
that with respect to the natural projections p1 : EX D — E,p, : EXD — D,

(i) p1 restricted to L is one to one,

(i) p2(L) isdensein D.
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We denote by p;(L) = M and by * the mapping p, o (plu)_1 from M to D.

THEOREM 4.9. — Denote by & the linear subspace of R™ orthogonal to E = RB,
g = Id —mg,andby L =17"". Set

Ly = {Zk+ xx—1Zk—1+ -+ 0121 +x0% | xi €A k>0,and
(xj;xj—ly"' ’xl’xo’o’oy"') <(Cl’02"")f0rall j) 0 <]< k}

the 'Q - invariant subset of L. Then:
k k
(i) the map Z ij] — Z xXiZj ZE — 2Ly  isabijection, and, if we denote by
j=0 j=0

F anyreal 'Q - invariant subspace of R™ , by Tt the projection to F alongits 'Q - invariant
complementary space and by Z;'( P = r(ZLy ) , all the diagrams are commutative:

20 S 2

e L~ ~| mE
T T —
Ly — Ly

where B(F) is one of the real conjugate of B if dim F = 1, otherwise B(F) isoneof the 2 X 2 real
Jordan blocks Dj of corollary 4.7,

(ii) we have
up

and
Brig(+Ly) C mp(£L%), hence PZgC Zp,

(iii) (E X 9, L) is acut and project scheme.

Proof. — (i) Forall k > 0 the element B* is uniquely associated with the equivalence class
in the inductive system (%}, f;) whose representantsare (1,0,0,---) attherank k and Z; at
the rank m by the relation ‘Z; B = B*. The image of the map g;,' : Z[f] — Z™ restricted

to Zz{ ensures the surjectivity. Let us show that it is injective. Assume there exists a non-zero
k

k
element ijﬁj in Zg such that ijZj = 0. Since ! (Z;C:o ijj) B=0= }C:O ijj,
=0 =0
this woul(]i mean that zero could be]represented by a non-zero element. This is impossible by
construction, from the fact that the greedy algorithm provides a system of numeration (Fraenkel
[13]). The operator 'Q is commuting with the projection mappings to the 'Q - invariant sub-
spaces. For an arbitrary 'Q - invariant subspace F , the invariance of .%, by ‘Q induces the
invariance by multiplication by B(F ) ofits projectionto F.

(ii) forall £k > 0, we have
k

mp(Zk) = W up

18



Hence the result by Z - linearity. Similarly, since the operator 'Q is leaving +.% invariant,
we have that p;(£.Z ) is left invariant by multiplication by S . It is important to note that the
discrete set p;(+.%y ) is invariant by multiplication by B but the R - span of it is not ‘Q -
invariant, that is invariant by multiplication by S, since it is generally not an eigenspace (see
proposition 4.12 below) of the operator Q.

(iii) The set {Zy, Z1,- -+ , Zm—1} is exactly the canonical basis of R”" . Any
m—1
X = hij eL=7" hjEZ
j=0

is projected by p; = 1 : X — (X - up)up to Z] 0 ]B ug in the Z-module Z[Blug .

The map Pl is bijective since the family {8/ug|j =0,1,--- ,m — 1} is free over Z . The
fact that po(L) = mg(L) isdensein & arises from Kronecker's theorem ([36], Appendix B)
because f is an algebraic integer of degree m . Recall that 1 = g2, BL,--- B are m real
numbers linearly independent over Q . Hence, if Xy, x;,--- ,X;,—1 are m real numbers such

that the vector X of components {xj} j=0,1,.,m—1 belongs to 92 ,and € > 0, then there exist

.....

areal number w and m rational integers ug, uy,- - , Um—1 such that | xo — Bw — uy | <
€, | Xme1 — B™ 'w — upm—1 | < €. In other terms, there exists a point U € Z™ of
components {uj } j=0,1,..,m—1 such that its image by 114 is close to the given X up to € foran
arbitrary €. Hence the result. U

ProposiTION 4.10. — (i) Forany ay, ay,--- ,ar € Z, k > 0, we have

() aiﬁi

and conversely, any polynomial in B on the line generated by ug/||B|| can be uniquely lifted up
to a Z -linear combination of the Z;’s with the same coefficients.

(ii) Denote by (see corollary 4.7 for the definition of X; )

||Xl’ i:1,2,"',S
1 ; o

ug,i =\ TR GEe e (= sF L m with i—(s+1) even
1

T e i=s+ Lo, m, with i —(s+1) odd

1%

the unit vectors (with ug = ug, ) and, forall i = 1,2,--- ,s, g; : R™ — Rup; the orthogonal
projections to the 1-dimensional eigenspaces of Q ,resp. i = s+ 1,--- ,m with i — (s+1) even,
g : R™ — Rup,; + Rup it the orthogonal projections to the 2-dimensional eigenspaces of Q .
Forany ag,ay,--- ,ar € Z,k = 0, we have

ZI';O “J’B(i_l)j )
TrB,i(Z a]Z]) = ! ||Xl|| uB,i 1= 1;2;"' y S

and, forall i=s+1,--- ,m with i — (s + 1) even,
k
TrB’i(Z aij) =
j=0
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1 ( Re(zj Oa]B(z 1)1'). Im( j_c:O ﬂjB(i_l)j) ) ( UB,i )

(1Xl1? + X [B)2 \ —1m(X g aiB0=V")  Re(TE, a;pli=1’) UB,it1

Proof. — (i) is obtained by linearity from theorem 4.6 (ii) and (iii) since P10 is bijective.

(ii) Applying now the real embeddings of Q(B) to the relation

k Zk aB
0%
oY a7) = Z%Zf s = =gl
j=0

gives, forall i =1,2,--- ,s,

k k k ali—1)J
Z C 0 a B(
"B’i(z a;Zj) = ((Z ajZj) - up,i)up,i = Wu&i
j=0 =0

and the result. Similarly the complex embeddings applied to the above relation provide as or-
thogonal projections, with i = s+ 1,--- ,m with i — (s + 1) even

FaTe Z“JZJ e

from which, by means of corollary 4.7, we deduce the orthogonal projection on the real plane
generated by ug; and up ;4 . |

DEFINITION 4.11. — A subset A of a finite dimensional euclidean space E is a model set (also
called a cut and project set) if there exists a cut and project scheme (E X D, L) and a relatively
compact set Q of D with non empty interior such that

{m() | leLp(heq}t = {veM|v'eQ}

The set Q is called the acceptance window.

The problem is now the following. In general, for an arbitrary Perron number 8, the dom-
inant eigenspaces Ru , resp. Rug, of the matrices 'Q, resp. its adjoint Q, are distinct. The
vectors Zj gather angularly about the eigenspace Ru and not about the line Rup from theorem
4.4. But Zg is naturally formed, up to the scaling constant ||B|| ™!, by projection on Rug from
theorem 4.9. If we set an acceptance window Q about the origin in the internal space & the
number of integers k such that py(Zx) € Q will be finite. Consequently, it becomes a pri-
ori impossible to embed Zg in a model set on the line Rup using the cut-and-project scheme
(E x 9,L) of theorem 4.9 when u # up . Recall thatif A is a relatively dense subset of R,
then A is a Meyer set if and only if there exists a model set which contains A ([37], p 431). In
particular, it seems difficult to prove by this process and the above mentioned cut-and-project
scheme (E X 2, L) that Zg is a Meyer set when B is a Pisot number, although this result holds
(Meyer, [36]). This requires new constructions. In the following, up till the end of this paragraph,
let us consider only Pisot numbers.

First, consider the case of equality u = up and show that it is rarely occuring.
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ProrosiTiON 4.12. — The equality case u = ug is satisfied if and only if B is a Pisot number
of degree 2, root> 1 of the polynomial X*> —aX — 1, with a > 1.

Proof. — Indeed, the condition u = up is equivalent to v; colinear to B, that is
3 il B —J*! is a non zero constant independentof j = 1,2,--- , m (with the notations of proposi-
tion 4.5). We see that if B is such a Pisot number, such equalities hold. Conversely, equating the
two terms indexed by j = 0 and j = m, we obtain @B 2 = 1, that is necessarily m = 2 and
ay = 1. The Perron number B is then a Pisot number of negative conjugate —8~! which
satisfies B2 — a1 —1 = 0, where q; = f— B! isan integer greater or equal than 1. This is the
only possibility of quadratic Pisot number with constant term —1 (Frougny et al, [20], Lemma
3). U

When this equality condition u = up is satisfied, we have the following result.
PROPOSITION 4.13. — When B is a Pisot number of degree 2, root> 1 of the polynomial X? —

aX—1,with a > 1,Zg isaMeyer set, i.e. Zg is relatively dense and, if Q, denotes the acceptance
window [—cqut; +cqut] in 9, with

o — (1+aB)|B]
“ V2+aB(B—1)

the model set, we have the following inclusion

and N, = {veEpm(Z?)|v* € Qq}

TTB(:ng) C A4

Proof. — Indeed, by proposition 4.12 we have u = upg . With the notations of theorem 4.9,
(Ex 9, L) is a cut-and-project scheme of R?,with E = Ru = Rup . We will show that the model
set A, in E contains g(£.%%) = Zg||B|| " ug . Since Zg isisometric to ||B||mp(£Ly),
this will be enough for showing the result. Recall that {Z, Z;} is the canonical basis of R?> and
forall j =0,1,2,--- ,Z; = (*Q)/Zy . Hence, if g denotes an arbitrary element of .%,, it can
be written g = xt(*Q)*Z + xx—1("Q)* ' Z + -+ + x1(*Q)Z + x0Z for a certain integer
k> 0 with x; € A and (xj, xj—1,- - ,%1,%,0,0,---) < (c1, ¢2,---) forall j, 0 < j < k.Recall
that A={0,1,--- ,|B]} . Denote by

ut = B! ( - )
1

the unit vector of 2. We have Zy = su+ st ut with s = ||B||~" and s+ = —g||B||~". We can
write
k . k . . .
g = ij(tQ)]Zo = ij (sB]u + SL(—I)]B_]uL)
j=0 j=0

Thus g(g) = s Z}C:o xj(—1)/g~7ut and

+00 . 1
Ima(8)ll < |SL|LBJZB_] = |3L|LBJ1_7[3_1
=0
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which is equal to ¢, since ||B|| = /2 + aB . This constant is independent of k. Hence we have
p1(g)* = mp(g)* = mgy(g) € Qq, thatis the inclusion T(£.L ) C A,

Now, Zg is relatively dense since it is a self-similar tiling of the line with a finite set of pro-
totiles (2) whose corresponding lengths are {||B||~'T%(1)| i = 0,1} (Thurston, [28]) with the
notations of §3. Wehave 7°(1) = 1 and T'(1) = B — a. Now apply theorem 9.1 (i) in [37]. [J

ReMARKs .— (i) The bound ¢, was already given by Burdik et al ([2], §4) when B is the golden
mean T = (1 + +/5)/2. Inthiscase, a = 1 and ¢; = T°/V1+ 72. The set Z, is a Meyer
set and there exists a finite set Gy such that Z; — Z+ C Z; + G . A first estimate of this set
Gy is {0, +1 1 :|:T_2} and more detailed algebraic considerations can be found about Gg in
[2] when a # 1, and also in Masakova et al [29].

(ii) The above model sets and Meyer sets built in dimension 2 from Pisot numbers can be
found again from the non crystallographic root system of type A; as shown in Patera [49].

In the following, we will construct another cut-and-project scheme (E’ x D', L) which will
allow us to deal with the generic case u # up and complex conjugates of 8. Let E' = Rup and
L' the standard lattice Z™ . We chose for D' the direct sum of all the ‘Q - invariant subspaces
of R™ except Ru.

We will assume that § is a Pisot number from now on. The eigenspaces F corresponding to
real or complex BU) with | g | <1 are such that when restricted to these subspaces, the norm
obeys

ICQull = Bllvl, v € Ru

(vl = Arlvlly, veF 0<Ap<l1
(we write for short Ar instead of |B(j)| ). Let tp : R™ — F be the projection to F along the
complementary direct sum. We denote by .& the class of eigenspaces of 'Q except Ru . Set
D = @resF and 1y = QpcoTr

We have D' N Rup = {0} . Indeed, if we had B € D', we should obtain

lim [|(*Q)*B|| =0

lim |(°Q)" 5

but B has a non trivial component on the line Ru (theorem 4.6) and u is an eigenvector of
'Q with eigenvalue B strictly greater than unity. Hence, a component of (* Q)kB is going to

infinity when k goesto 400 . This is a contradiction.

Since E' x D/ ~ R™ and the restriction of p; : R — E’ to L' = Z™ is obviously one-to-
one, we have a x - operation from M = p;(L') to D': x € M — x* = 7y o (pllzm)_l(x).
Let

3
L

¢ = { o;Zj| oj € [0;1] forallj =0,1,--- ,m—1} (10)
J

Il
=)

be the unit cell of Z™ constructed on the standard orthogonal basis {Zy, Z;,-- - , Zn—1} - Recall
that, when dim F = 2, 1z(%) is a closed polygon in the plane and that the restriction of the
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action of 'Q to F is a rotation followed by a contraction (corollary 4.7). Set

Oop = maé(HTrp(x)H, pr = min{y/m, mér}, Fe&
x€
It is reached by one of the ||7rp(Z,;)|| for a certain integer q € {0,1,---,m — 1} since the

extremal points of the convex (%) arise from the extremal points of % . It can be easily
computed from the components of Z;, g = 0,1,--- , m — 1 in the basis of eigenvectors V;, i =
1,2,--- ,m (corollary4.7). If g = Z}C:O xjZ; is an arbitrary element of Ly with k=dm—1,
and d aninteger > 1, then

—1m—1 d—1 m—1
g= Xgmi1("'Q "2 = (fQ)™" (Z xqm+zZz>
g=0 1=0 g=0 =0
Hence
d—1 m—1
pi(g)" =mp(g) = Z Z [(IQ|F)qm7TF (Z xqm+lZI>
FES q=0 =0
and

d—1 m—1
I (@I < D D IBIAY Imp (Z Zz) |
=0

Fe¥ q=0

+o0
<Y BlurY A" =183 11“1?

Fes q= Fes
This constant is independent of d, hence of k = dm — 1. It is easy to check that it is also an
upper bound for ||, (g)|| eventhough k is not congruentto —1 modulo m, and also for any
g € —Zy . Now, Zg is obtained, as an aperiodic tiling, by concatenation of a finite number
of prototiles on the line (Thurston, [28]) and therefore p;(+£.Z ) is relatively dense. For any
Fe .7, let

HF
= 11
cr = Bl = AT (1
Qn — closed interval centred at 0in F oflength2cr ifdimF =1
™) closed disc centred at0in F of radius CF ifdimF =2
and
Q= O@resQr (12)
be the compact subset of D’ . If A denotes the model set:
A={vep (@) v e} (13)

we have the inclusion
n(EZy) C A

Let us show that (E' x D/, L') with the two projection mappings 1z and 7y isa cut-and-
project scheme: it remains to show that 1, (L') is dense in D' . It suffices to show that g (L') is
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densein F forall F € .. But mp(L') isa Z - module in F which is structurally the direct
sum of a dense part and a discrete part (e.g. Descombes [23], theorem 2.3.7). With the algebraic
numbers appearing in the components of the vectors V;,j = 1,2,---, m (corollary 4.7), it is
clear that the discrete part is always trivial. Indeed, the minimal polynomial P(X) of B is such
that: 1) ap # 0 (for having a degree of B equal to m), and 2) one of the coefficients a;, i €
{1, 2,---,m — 1} is not equal to zero (to consider by assumption that B is a Perron number
and not a Lind number). This forces at least one of the components of V; to have sufficently
non-zero (Z - linearly independent) algebraic numbers, j = 1, m. Therefore, applying theorem
in Moody [37], and since Zg isisometricto ||B||mg(+.Z% ) , we have proved the following result.

TueoREM 4.14. — (i) (R™ ~ E' x D', I' = Z™), with the two projection mappings p; =
g : R™ — E' and 1ty = @pe.omr : R™ — D', is a cut-and-project scheme,
(ii) If B is a Pisot number of degree m = 2, with Q defined by equation (12), we have

n(xZLy) C A={vepm@™|v'eQ}

Consequently, if B is a Pisot number of degree m > 2, then Zg is a Meyer set.

5. Additive properties of .Z

In this paragraph, B is a Pisot number of degree m > 2. In the first part A), we shall deal with
representing the elements of .2, as non-negative integral combinations of a fixed set of some
of them of small norm. Actually we show that this can be done up to a finite set of them which
can be easily described. We will be also concerned in part B) with understanding the geometrical
origin of the finite sets T and T’ in the relations (1), (2) and (3) of §1.

A) Recall that when B is a Pisot number, the elements of +.% 5 are within a band about the
dominant eigenspace Ru of Q. Set 1 := 1R, with the notations of theorem 4.9. Let il be
the orthogonal projection mapping of image Ru and mt =1d -7l . For 0 >0 , define the
cone about the dominant eigenspace Ru

Ko = {x € R" | 0||rrpy (x)]| < [Ir(x)[,0 < 7(x) - u }
For r,w > 0, define
Ko(r) ={x € Ko | [[m(x)[| <}
Ko(rnw) ={x e Ko | r < |Im(x)|| < w}

If o/ is an arbitrary subset of R, denote by sg() the semigroup generated by 2/ (under
the addition). Let p be the covering radius of the subset +.%2, C Z" . In other terms, p is the
smallest positive real number such that for any z € R such that 11y (z) € Q and m(z)-u > 0,
the closed ball B(z, p) contains at least one element of +.% 5 . A lower bound for p is given by
the covering radius of the lattice Z™ (Rogers, [26]). From equation (11) and decomposing any
vector of R” in the basis {B, Vo, V3, -, Vsy2;} , we see that an upper bound for p is given by

1 _ _ _ _
EHBH lmax{l,B - tl’Bz - tlB — Iy ’Bq+k 1 tqu+k 2 _ t26q+k S Z'q_|_k_1}
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HF 1 _ HE
LI D NI e
F F
Fes Fes

for a Renyi-development of 1 which is (see §3; Bertrand [7]; Burdik et al [2], Theorem 2.3;
Thurston [28])

dg(1) = 0.0ty - - - tg(lg1lgya -~ lgk)®

Define 1
HFE
M::(2+(u u))l_BJ Z 1 _m
B FeS F
ProposiTION 5.1. — (i) For each 6 > 0, there exists an integer jy = j0(9) such that

Zj € Kg forall j = jo.

(i) If 'Q is nonnegative, and min{€;, | j = 1,2,---,m} > 2(2 + (MBI_M))_IM, then
jo(0) =0 forall 0 < 0 < 0,;p, where

Omin = —2+ (2+ YM ™' min{¢;,|j=1,2,---,m}

1
(up - u)

Proof. — (i) Fix an arbitrary 6 > 0. We have just to prove that 1(Z;) - u tendsto +o00 and
notto —oco when j goesto +oo. Write

Zy=m(Z) + (2 —n(z) = 7l(z)) + (), >0

hence
I m(z) — () | = | 7(2) = (z; — 7(Zp)) | < | 7H(2) | + 1| 2 — () ||
u
= |l (2 = m(Z)) + 112 - m(Z) [ < 218) Y T M
FES F
On the other hand
| ea(r!l(2))) = ma(Z) | = 1| (Z; - w)(up - w)up — || B~ Bluz |
=12 w)(us - w) — BB < [B) Y. o @
—AF
Fes
Hence, since ug - u > 0 from theorem 4.6,
o (un ) IBI | < 18] HF
12— (s )BT | < 2 3 T ®
Fe&
Consequently
| 70(Z;) — (ug - w) "B 8| = || m(z) — wll(Z)) + mll(Z)) — (up - w)™H||BII 7 B ]|

<l m(z)) = l(z) || + 117 (2) = (g - )M 1BI B |
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1 HF
<@2+—— > =M @)
( (uB'u))l_BJ FES L—-AF

We obtain that 7(Z;) - u tendsto +oo as (ug - )~ ! ||B||!8/u when j — 400 . Denote

There exists jy such that

A a consequence
m(Z) u > Zu—(up-w) BT > (k= 1)M >0, > o

We claim that Z; € Kp forall j > jo. Indeed, since ||mp(Z))|| < 2+ (up - u)~')"'M, the
inequality 0|\ (Z))| < |[7(Z))|| = 1(Z;) - u is satisfied forall j > jo .

(ii) Computation of jo. — Assume all the entries of the companion matrix ‘Q of 8 non-
negative. Recall that all the coefficients {a;};—o1,..m—1 arising from the minimal polynomial
P(X ) are nonnegative, with ay 7 0 and at least one of ai’s, k = 1,2,--- ,m — 1 non zero
since B is assumed to be a Pisot number and not a Salem number. Hence, from proposition 4.5,

we have
aop

BP'(B)

and &jy1,1 = 7T||(Zj) =Zi-u, j=12,---m—1 with

51,1 =1T||(Z()) =Zy-u= >0

. . dap
min{&j1|j=L,2,--m—1} 2 ———->0
t V2 )

since P/(B) > 0. Because {Z, 21, ++,Zmu—1} is the canonical basis of R™ , any Zj,j = m,
can be written as an integral combination of the elements of this basis with positive coefficients.
Hence,

Zi~uzmin{&,[l=12---,m—1} j>0

But
m(Z) u—2Zj-u <22+ (ug-w) )M j>0

Therefore, by assumption,
m(Z)-uzmin{&, [[=12- ,m—1}—22+ (ug-u)")"'M>0 j>0
Hence, by definition of 8,,;,,forall j > 0
1T (Z)I| = Omin(2 + (up - w) ™) ™'M > 0]y ()|

thatis, forall j > 0, forall 8,0 <8 < 0, wehave Z; € Kp . |

We have more.
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k
ProposITION 5.2. — Forall g = Z xiZ; € Ly , wehave
i=0

k
I(g) — VAl (Z xiﬁi) ul <M (5)
i=0

Proof. — The inequalities (1), (2), (3) and (4) in the proof of proposition 5.1 (i) are valid for
arbitrary elements of .% . Since u-ug = ||B||™!||V1||~! by theorem 4.6, we deduce the result.

O

We have now the following situation. Up to the scaling factor ||B||~!, Zz is obtained iso-
metrically by orthogonal projection to the line Rup . Recall that

k
m(g) - up = B~ > xif’ ©
i=0

This exact result on the dominant eigenspace Rup of the adjoint operator Q is replaced, on the
dominant eigenspace Ru of the companion matrix Q by an approximate linear mapping L (in
the sense of Moody [37], §8): it can be formulated by

L: %y —>R g—Lg =m(g) - u

with Z[Z] = Z™ . L is an homomorphism (defined in [37]) from £, to R and from
+.Z% to R by extension. In some sense, Zg is obtained “folded” from +.Z, on the line
Ru with prototiles possibly counted negatively if the matrix Q has negative entries, as it can be
seen from equation (5).

REMARK . — (i) Even though the matrix ’Q has negative entries, it may occur that for certain
values of 6 > 0 we have jy(6) = 0. Hence jo(6’) = 0 forall 6/, 0 < 6’ < 0. In other terms,
acone Ky may contain all the Z;’s. We shall be concerned with maximal values of 6 for which
jo(0) has minimal value.

(ii) Let @ >0.Forany g € .Z» andany A > 0 suchthat Ag € £, ,wehave g € Ky =
Ag € Kp . This property comes from the definition of the cone Kj .

We now turn to the question of generating the elements of ., by some of them over the
positive integers. We need at first a lemma.

LEMMA 5.3. — [17]Let 6 > 0.1f 6 = (260 +2)~ ! and x € Koo with ||r(x)|| = m(x) - u> 4,
then
[x — Kp(1,3)] N Kzp contains a ball of radius 6.

Proof. — [17] Take y = 2u~+3(m(x)-u) ~11rpy (x) . We show that the ball centred at x—y and
of radius & satisfies our claim. Suppose ||z|| < §.Then x — y + z € Kyg . Indeed,

20 [my(x—y+ )] <20 | (1- ) I (01+ 5]

3
() - u)
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3
(rr(x) - u)

but (y) = 2. We deduce

20 2
202 (w2

< [1— ](n(x)-u)-l—
20|ty (x—y+2)||<m(x—y+2z)-u
Let us show that y — z € Kp . We have
26|y (v)I| = 26 x 3(m(x) - w) ™ |y ()] < 3(m(x) - w) ™ (m(x) - w) =3

therefore

0 1
—2_ <
20+ 2 2042

w

Ol (v = )|l < 8l W)l +6) < 5 + m(y —2)-u

Now, since 6 < 1, we have the inequalities 1 < Tr(y — z) - u < 3, establishing the result. O
THEOREM 5.4. — Let 0 > 0. Forany r such that r > p(26 + 2) , we have

Koo N Ly Csg(Ko(r) N ZLy) )

Proof. — Lemma (5.3) implies the following assertion: if x € Kpg is such that mw(x) - u >
4r with r > p(20 + 2) , then [x — Ko(r,3r)] N Kzp contains a ball of radius ré > p . But p is
by definition the covering radius of +.% 5 , hence this ball intersects .Z 5 .

Let & = Kp(4r) N Ly the finite point set of .Z 5 . We show that Kyg N L C sg() .
Indeed, Kyo(4r) N Ly C sg(«). We now proceed inductively. Suppose Kyg(r') N Ly C
sg(«/) for some r’ > 4r. We show that this implies Kxo(r' + r) N Ly C sg(&/) , which
suffices by induction.

Take g € Ly N [Kao(r' + 1) Kzo(r)] . From the preceding lemma and the above, there
exists an element, say y, in £ , contained in [g — Ko(r,3r)] N Kzo(r') . By assumption,
y € sg(&/) and y = g — x forsome x € Kg(r,3r) N Ly C sg(&). Therefore g =x+y €
sg(e) + sg(/) C sg(<). This concludes the induction. O

LEMMA 5.5. — Forany 6 > 0, the set
Ly (0) :={x €Ly |mp(x) € Qx¢ Ko(p(20 +2)),x & Kpp }
is finite.
Proof. — Thisis clear since all the elements g of .Z» such that 1(g)-u > 2p(26+2) belong

to Kyg . |

We are concerned with putting possible additive structures on the whole of (+).%, (and
therefore on Zg by projection by 115 ) and try to have cones of the type K¢ for 6 well-chosen,
that is for values of 8 small enough: this has for consequence to eliminate a minimal number of
elements of (+).Z lying outside such cones. Unfortunately, there is no reason that this should
be tractable when the coefficients a; are negative, or even positive.
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Define
0f := max{0 > 0| #(.Z (6)) is minimal }

From proposition 5.1, if ‘Q is nonnegative and the condition (ii) satisfied, we see that
#(ZLx(0)) = 0 when 6 is close to zero and precisely we have 6 > 0,,;,/2> 0.

THEOREM 5.6. — Minimal decomposition. — Any element

8€ Ly \ZLy(0r)
can be expressed as a integral nonnegative combination of elements of the finite point set

Ko, (p(207 +2)) 1 Ly

Proof. — Applying theorem 5.4 with 6 = 0y and r = p(265 + 2) gives the result. O

The ideal situation would be to deal with .5 (0) reduced to the empty set. By projection
to Rup, we would obtain any element of Zg from a finite number of elements of small norm of
this set. We deduce from proposition 5.1 that this situation is more likely to occur when Q is

nonnegative. Theorem 5.6 implies that there exist elements g1, g,--- , 8, € ZZ;L of small norm
such that the semi-group N[g1, &, - ,&;] contains ZE’ except possibly a finite number of

elements close to the origin.

B) Let us turn now to the geometrical counterpart of the sets T and T’ of §1. Let us make
at first some remarks concerning the sharpness of the band defined by Q about the eigenspace
Ru with respect to the B- numeration. Similarly as in §4, equation (10), we denote

m—1
¢t = { Y «iZj|aje[~L1]forallj=0,1,--- ,m—1} 8)
j=0
We have
0r = max ||mr(x)|],, Fe¥
r = max (2|
Hence the band

{veR"|v* €}

could have been defined from %7 instead of % in §4. This means that the elements of
£ only occupy a part of this band, that this band is not sharp for the - integers lifted up to
Z™ . This absence of sharpness may be observed, with the T- integers, in figure 3 in [2] where a
shift occurs in the drawing close to the origin. Indeed, the band defined by % is symmetrical
with respect to the origin (invariant by inversion) and this is not the case of the one represented
in that contribution.

Let R> 0 and I be an arbitrary interval of R . We denote by

m R 1
%,R = {x €eER | 1TD/(X) € EQ, TTB()C) - Up € W}

the slice of the band defined by %Q and ”—113” about the eigenspace Ru .
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LEMMAS5.7. — Let R > 0 and Fgr = {frac(z) | z = aiB* + axr— ¥ ' + - + @p +
ag,a; € Z,|aj| < R} C[0,1). Then Fg is afinite subset of Z[B] and

Fr C {||B||7TB(g) " Up | g€ <7[0’1)’R+L3J N Zm}

In particular Card(Fg) < Card(Jjo, 1) ps18) N Z"™) -

Proof. — This is areformulation oflemma 2.1 in Burdik et al [2] and a consequence of lemma
5.8. We recall the proof for the sake of completeness. Let z = E}C:O aij with a; € Z,|ai] < R.
We have also z = Z}C:_OO ijj as B - expansion of z. Therefore z—int(z) = Zf:o ajBk -
Z}C:O xjB’ . Since 0 < x; < |B] and |a;| < R, frac(z) € [0,1) is a polynomial in S, the
coefficients of which are bounded by R+ | 8] . We deduce the result from proposition 4.10 (i) and
the computations of the upper bounds cr in the proof of theorem 4.14; indeed, these bounds
are calculated under the assumption that the digits are less than |B] . Here, we have to consider
that the absolute values of the coefficients are not bounded by |B] butby R+ |B] inducing
the scaling factor (R + |B])/|B] of Q. From proposition 4.10 (i), Fg is finite and is in one-to-
one correspondence with a subset of the finite point set ﬂ[o_ 1),r+|p| establishing the last upper
bound of the claim. O

LEMMA 5.8. — The set Fg is a finite subset of Z[B] N [0,1) .

Proof. — See Solomyak ([21], Lemma 6.6). O

Assume R > 0 and I any relatively compact interval of the line, then the set .7} p is relatively
compact. We denote by

Yrr = max{|yl |y € T1r}

A. Bertrand [7] and K. Schmidt [8] have proved that B - expansions of elements of Q(B) are
periodic (theorem 3.3). We will use the formulation of K. Schmidt to control the maximal length
of the preperiod of the B -expansions of the elements of Fg, to provide an upper bound for the
value of L ineq. (3) of §1.

The important role played by the set Per(B) of periodic points under T given by (see §1 and
Schmidt [8]) Tx = {Bx}, x € [0,1), in the study of subshifts of finite type of the B-shift was
already outlined by Parry (5] and considered by many authors. Recall that x € [0, 1) is said to be
periodic under T iftheset {T!(x)| !> 0} is finite. For any x € Per(8) =Q(B) N [0,1) , we put

(%) { min{l > 1| T'x = x} ifthis s?t is not empty @
o0 otherwise
r(x) = mingze 1 (T7(x)) (10)

r(x) is the length of the period in the B-expansion of x . Recall that x is said to be strictly
periodic under T if r*(x) < 0o, in which case r(x) = r*(x) .

A priori we do not know if Fr (inlemma 5.8) contains few strictly periodic elements, or, on
the contrary, is only composed of such elements. For every z € Fg, the B - expansion of z:
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1o 2 jB™/ can be written, for some minimal integers jo(z), r(z) > 1

j=1
jo(2)—1 400 jo(A)+H(k+1)r(2)—1 .
S B +) ] oo g (1
j=1 k=0 j=jo(z)+kr(z)

We denote by Jg = max{jo(z) | z € Fg} and call it the maximal preperiod of the B - expansions
of the elements of Fg .. An upper bound for /g will be computed below.

THEOREM 5.9. — Let R > 0 and I arelatively compact interval of the line. Denote by
log( || X;|| @
L g = | min { & lH I,}i—LBJ) } ] (12)
log(pU—17")
where the minimum is taken over the real positive embeddings of Q(B) ,ie. i =2,---,s such

that B(i_l) is a real and positive conjugate of f5 .

Forany x,y € Z; , such that x + y has a finite B-expansion, we have

x+y€BL B

with L = min{L[o,l),z[BJ JZLBJ} :

Proof. — Let x = x;BX + -+ + xp and y = y;p' +--- + yo denote two elements of ZE’ .

Then z = x + y is of the form z = aij + -+ ap with 0 < a; < 2|B] . Write now the f -
expansion of z as

+0o . e )
z= Z z— B + Z zjp’
j=1 Jj=0

and assume it is finite. Then

J2(] _ _ e
Do = () = (@b (13)
j=1 i=0

This means that the fractional part Z ZLB Y jB_j is a polynomial of the type Z{:o b;ip? with

—|B] < b; < 2|B] hence with |b;| < 2|_BJ Bylemma 5.7, F,g is finite and the set of all
possible fractional parts of elements of zt 8 is exactly in one-to-one correspondence with a subset

of the finite pointset 1) 31 NZ"™ of Z™ . Therefore, there exists a unique g; = E{:o b;Z; €

. J. . .
Jo1)318) NZ™ suchthat ||B|mp(g;) - up = Z{:o bip' = ZJZ_LBJ z_jB~J = frac(z) . Applying
the real and complex embeddings of the number field Q(B8) to eq. (13) gives

Jap o -
Z Z—fB(l_l) = Z bjﬁ(l_l)] forall i=2,---,m
j=1 j=0
Therefore from proposition 4.10 we have forall i =1,2,---,s
f 1)/ ]2“” a(i=1)"J
TrBl(gz)—'lTBl Zb]Z] Zb—]l) uBi:Z] 1 _]B(l ) UB;
=0 1] ’ 1] ’
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with all z_ j > 0; similarlyforall i = s+ 1,---,m with i — (s + 1) even on the invariant
planes. Hence, an eigenspace of Q is indexed by an unique conjugate B(i_l) of B . There are
three categories of eigenspaces of the matrix Q : those for which the conjugate BU=1) (i) is real
and positive, (ii) is real and negative, (iii) is complex with non trivial imaginary part. Some cases
may not exist. Each case is associated with a collection of eigenspaces of Q, possibly empty. We
separate out the first case.

Case (i): Inthis case, i € {2, 3, ,s} with s assumed to be greater than 2. Since all these
conjugates 3 (i-1) , if any, are positive and strictly smaller than 1 and the digits z—; are positive,
we have necessarily

( gli=1)~! ) J
T 2 Ylenals)
as soon as j is large enough. With the definition of L[O;l),2|_B | » We see that the sum of positive

J =)
terms Eji“l” z_jB(’_l) ' does not contain any term indexed by —j with j > L[o;l),zLBJ .

The other possible cases (ii) and (iii) will be treated by the computation of /5| 5| which will
follow below. O

THEOREM 5.10. — If B is a Pisot number of degree m > 2, then

; + + +
@) ZB+ZBCZB+T
(ii) 2; —7; CZp+ T

with
T= {||B||7TB(g) - Up | 8 € c7[0’+1)_3lﬁj N Zm},

TI = {||B||7TB(g) * Up | 8 € 17(_1,+1)y2|_ﬁj N Zm}

Proof. — This is a reformulation of theorem 2.4 in [2]: at first, we have F|g| C F|g) , second
Z; + Z; C Z; + FZLBJ , Z; — Z; CZg+ FLBJ . From lemma 5.7, we deduce the result since
OF is invariant by inversion and Flg) U —Fg) C {lIBllms(g) - us | 8§ € o, 41)218) NZ™} U
(1Bl (8) - up | 8 € T—1g)a1p) N 2"} = {IBImn(8) - us| g € T1 )21 V27 O

CoroLLARY 5.11. — Let 8 be a Pisot number of degree m = 2 . Denote by
2 =min{L_, 11)2(8), 21}

Let x,y € Zg . If x + y and x — y have finite B-expansions, then

1
x+y (resp. x —y) 66723

Proof. — Indeed, T' C +T . Hence Zg + Zg C Zg + T . Since £T = {||B||mp(g) -
ug |8 € J_1,41)3|8) NZ™}, the relevant quantity in the definition of L of theorem 5.9 becomes

W(-11)3(p) insteadof Yg1)3p) - -
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We now compute an upper bound of Jp following an idea of Schmidt [8]. This will allow to
determine explicitely the maximal possible value of L in theorem 5.9 and .Z in corollary 5.11.
First, we need a lemma.

Let {Z_;} ;>0 the sequence of vectors defined by Zy = ("Q)/Z_; . We denote as usual the
algebraic norm of B by N(B) = Ng(g)/q(B) = 175 B4 . Recall that @y = (—1)"~'N(B)..

LEMMA 5.12. — We have: (i) limj o ||Z_j|| = 400 ; (i) Forall j € N, Z_; €
N(lﬁ)jZm with mg(Z_;) - ug = ||B||7'B~/ . In particulas, if B is a unit of the number field
Q(B) , then all the elements Z_; will belongto Z™ .

Proof. — (i) Since all the conjugates of B are within the open unit disc in the complex plane,
their inverse are outside it and the inverse operator (‘Q)™! has the diagonal form (see corollary
4.7)

—1 —1
Diag(B_l,B(l) e ,B(S_l) , Dl_l,Dz_l, ce ,Dt_l)
inthebasis {V;}i=12,...,m with the inverse of the corresponding real 2 x 2 Jordan blocks. Hence,

all the non zero components of a vector Z_; in this basis diverge when j tends to infinity.

(ii) Solving the equation Zy = (‘Q)!Z_; shows that Z_; can be written

_ 1
Z_y=—ay (mZy+ aZy + -+ am—1Zm—2 — Zm—1) € Wzm (14)

Since by construction we have Z; = (‘Q)~!(Z;41) forall j € Z, applying (‘Q)™! to equation
(14) clearly gives Z_, € @Zm and, by induction Z_j € N(}S) 2™ forall h > 0. Now itis
classical that B is a unit of Q(B) is and only if N(B) = +1 establishing the result. O

THEOREM 5.13. — Denote by

m Yo re1a) (1 — 1BED™ + 18]
e% == R i < " . » = 2)3)"' ’
r={x€ | |I7rp,i ()] ||B(l_1)||(1 — |B(’_l)|) l m}

the cylinder about the dominant eigenspace Ru and
Yr={x € Br||B|mp(x)-ug €1[0,1)}

the slice of the band By . This slice is relatively compact and

< Card(#z N z"
Proof. — Each element o € Fr can be written
m—1
o= piB' pi€Z

with

m—1

> piZi € Forypep N

i=0
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from lemma 5.7. Thus, forall i = 0,1,---,m — 1, |pi| < W[g1)r+|g) - Now, Schmidt [8] has
proved that the n-th iterated shift of « is given by

T"(«) = 8" <a - Zekm)ﬁ—k) =y A
k=0 k=1
where (€x(a)) k>0 isthe -expansion of & and (rfn), rén), S ,r,(,;l)) € Z™. Recall that €y(x) =

|| = 0. Moreover, he has shown that the real and complex embeddings of the number field
Q(B) canbeapplied to T"(«) to provide m equalities

m—1 n m
X" (Z piX' — Zek((x)X_k> =3 x
i=0 k=1 k=1

where X is put for any conjugate B("_l),q = 2,--- ,m of B.From this setting, we deduce
m i m—1 ) n
SBT3 B (8] D 8
k=1 i=0 k=0
- - _ 1plg=1)m
< T [Ponase - 1B + 1g)
forevery n > 0,9 =2,3,--- ,m and

(n)

From proposition 4.10 and lemma 5.12 the element Z,’C”Zl It B~—F canbe uniquely lifted up to
the element

i r,(cn)Z_k € L mZm
ot N(B)

Its orthogonal projections by mg;, i = 2,3,-+- ,m to the ’Q-invariant subspaces of R are
bounded by a constant which is independant of n . Therefore the number of points

1

Card(7z N NG

zm
is necessarily an upper bound of Jp . ]

Acknowledgements.— We are indebted to Christiane Frougny for very useful and valuable
comments and discussions.

34



(1]

References

J. P. Gazeau, Pisot-Cyclotomic Integers for Quasicrystals, in The Mathematics of Long-Range
Aperiodic Order, Ed. By R.V. Moody, Kluwer Academic Publishers, (1997), 175 - 198.

C. Burpik, CH. FROUGNY, J.-P. GAZEAU AND R. KREJCAR, Beta-integers as natural counting sys-
tems for quasicrystals, J. Phys. A: Math. Gen. 31, (1998), 6449 - 72.

R.V. Mooby, Meyer sets and their duals, in The Mathematics of Long-Range Aperiodic Order,
Ed. By R.V. Moody, Kluwer Academic Publishers, (1997), 403-41.

A. Renvyi, Representations for real numbers and their ergodic properties, Acta Math. Acad.
Sci. Hung., 8, (1957), 477-93.

W. PaRRy, On the 8 - expansions of real numbers, Acta Math. Acad. Sci. Hung., 11, (1960),
401-16.

A. BRAUER, On algebraic equations with all but one root in the interior of the unit circle,
Math. Nachr. 4, (1951), 250 -257.

A. BErRTRAND, Développements en base de Pisot et répartition modulo 1, C. R. Acad. Sc. Paris,
Série A, t. 285, (1977), 419-21.

K. ScaMipT, On periodic expansions of Pisot numbers and Salem numbers, Bull. London
Math. Soc. 12, (1980), 269 - 278.

J. W. S. CasskeLs, An introduction to Diophantine Approximation, Cambridge University
Press, (1957).

D. RUELLE, Statistical Mechanics; Rigorous results, Benjamin, New York, (1969).

E R. GANTMACHER, The Theory of Matrices, Chelsea, New York, (1960).

H. Minc, Nonnegative matrices, John Wiley and Sons, New York, (1988).

A.S. Fraenkel, Systems of Numeration, Amer. Math. Monthly, 92, (1), (1985), 105 - 114.

J. Lacarias, Geometric Models for Quasicrystals I. Delone Sets of Finite Type, Discrete Com-
put. Geom. 21, no 2, (1999), 161-191.

]J.C. Lacarias, Geometrical models for quasicrystals. II. Local rules under isometry, Disc. and
Comp. Geom., 21, No 3, (1999), 345-372.

J.C. Lagarias, Mathematical Quasicrystals, preprint (1999).

D. Linp, The entropies of topological Markov shifts and a related class of algebraic integers,
Ergod. Th. & Dynam. Sys. 4, (1984), 283 - 300.

C. Burpik, CH. FROUGNY, J.-P. GAzEAU AND R. KREJCAR, Beta-integers as a group, preprint,
(1999).

35



A. BERTRAND - MatHI1s, Comment écrire les nombres entiers dans une base qui n’est pas
entiere, Acta Math. Hung., 54, (3-4), (1989), 237-241.

CH. FrROUGNY AND B. Soromyak, Finite beta-expansions, Ergod. Theor. Dynam. Syst., 12,
(1992), 713 - 723.

B. Soromyak, Dynamics of Self-Similar Tilings, Ergod. Th. & Dynam. Sys. 17, (1997), 695 -
738.

M. W. HirscH AND S. SMALE, Differential Equations, Dynamical Systems and Linear Algebra,
Academic Press, New York, (1974).

R. DescomBES, Eléments de Théorie des Nombres, PUE Paris, (1986).

A. BERTRAND - MartHis, Développement en base 6 , Répartition modulo un de la suite
(x0™) >0 . Langages codes et 6 - shift, Bull. Soc. Math. France, 114, (1986), 271-323.

A. BERTRAND - MAaTHIS, Nombres de Perron et questions de rationnalité, Séminaire d’Analyse,
Université de Clermont II, Année 1988/89, Exposé 08; A. BERTRAND - MaTHIS, Nombres de
Perron et problemes de rationnalité, Astérisque, 198-199-200, (1991), 67 - 76.

C.A. RoggeRrs, Packing and Covering, Cambridge University Press, (1964).
D. LinD, Matrices of Perron numbers, J. of Number Theory, 40, (1992), 211 - 217.
W. THURsTON Groups, tilings and finite state automata, preprint (1989).

7. MASAKOVA, ]. PATERA AND E. PELANTOVA s-convexity, model sets and their relations, preprint
(2000).

A. Hor, Diffraction by aperiodic structures, in The Mathematics of Long-Range Aperiodic
Order, Ed. by R.V. Moody, Kluwer Academic Publishers (1997), 239-268.

A. Hor, On diffraction by aperiodic structures, Comm. Math. Phys., 169 (1995), 25-43.
C.Janor, Quasicrystals: A Primer, Oxford University Press, Cambridge, (1994), 2nd edition.

G. Cuaruis, Molecular Geometry of Incommensurate Structures, in Aperiodic ‘97, Proc. of
the Int. Conf. on Aperiodic Crystals, Ed. M. de Boissieu, J.-L. Verger-Gaugry, R. Currat, World
Scientific, (1998), 267-276; and references therein.

International Union of Crystallography. Report of the Executive Committee for 1991, Acta
Cryst. A 48 (1992), 922-946; M. L. Senechal, A critique of the projection method, in The
Mathematics of Long-Range Aperiodic Order, Ed. by R.V. Moody, Kluwer Academic Publish-
ers (1997), 521-548.

R.V. Mooby, Model sets, a Survey, in From Quasicrystals to More Complex Systems, Springer,
Ed. E Axel, E Denoyer and J.-P. Gazeau, (2000), 145-166.

Y. MEYER, Algebraic Numbers and Harmonic Analysis, North-Holland (1972).

36



R.V. Mooby, Meyer sets and their duals, in The Mathematics of Long-Range Aperiodic Order,
Ed. by R.V. Moody, Kluwer Academic Publishers (1997), 403-441.

J. M. Luck, C. GoDRECHE, A. JANNER and T. JaNsseN, The nature of the atomic surfaces of
quasiperiodic self-similar structures, J. Phys. A: Math. Gen., 26, No 8, (1993), 1951-1999.

J.-P. ALroucHE and M. MENDES FRANCE, Automata and Automatic Sequences, Course 11, in
Beyond Quasicrystals, Ed. by E Axel and D. Gratias, Les Editions de Physique, Springer (1995),
293-367.

J.-L. VERGER-GAUGRY and J. WoLNy, Generalized Meyer sets and Thue-Morse quasicrystals
with toric internal spaces, J. Phys. A: Math. Gen 32, No 36, (1999), 6445-60.

J.-L. VERGER-GAUGRY, J. WoLNY and J. PATERA, Mathematical quasicrystals with toric internal
spaces, diffraction and Thue-Morse sequence, prepublication 458, Institut Fourier, (1999).

N. Cotras and J.-L. VERGER-GAUGRY, A mathematical construction of n - dimensional qua-
sicrystals starting from G - clusters, J. Phys. A: Math. Gen. 30 (1997), 4283-4291.

C. BurDp 1k, CH. FROUGNY, J. P. Gazeau and R. Krejcar, Beta - integers as natural counting
systems for quasicrystals, J. Phys. A: Math. Gen., 31 (1998), 6449-6472.

E. PELANTOVA, J. PATERA AND Z. MASAKOVA, Self-similar Delone sets and quasicrystals, J. Phys.
A: Math. Gen., 21, (1998), 4927-46.

E GAHLER and R. Kritzing, The diffraction pattern of self-similar tilings, in The Mathemat-
ics of Long-Range Aperiodic Order, Ed. by R. V. Moody, Nato series, Kluwer Academic Publ.
(1997), 141-174.

R. RixLunp, M. SEVeRIN and Y. Liu, The Thue-Morse aperiodic crystal, a link between the
Fibonacci quasicrystal and the periodic crystal, Int. J. Mod. Phys., B 1 (1987), 121-132.

Z. CHENG, R. SaviT and R. MERLIN, Structure and electronic properties of Thue-Morse lat-
tices, Phys. Rev. B, 37 (1988), 4375.

M. KoLAR, B. IocHuM and L. RaymonD, Structure factor of 1D systems (Superlattices) based
on two-letter substitution rules I. 6 (Bragg) peaks, J. Phys. A: Math Gen. 26 (1993), 7343-
7366.

J. PaTERA, Non-crystallographic root systems and quasicrystals, in The Mathematics of Long-
Range Aperiodic Order, Ed. By R.V. Moody, Kluwer Academic Publishers, (1997), 443 - 465.

SHU-FANG XU An introduction to inverse algebraic eigenvalue problems, Vieweg, (1998).

D. Boyp, The maximal modulus of an algebraic integer, Math. Comp. 45, (1985), 243- 250
and S17 - S20.

PM. Gruber and C.G. Lekkerkerker, Geometry of Numbers, 2nd edition, North-Holland, Am-
sterdam, (1987).

P. Samuel, Théorie algébrique des nombres, Hermann, Paris, (1967).

37



