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Abstract

Let & be the flag variety of a complex semi-simple group G, let H be an algebraic
subgroup of G acting on & with finitely many orbits, and let V' be an H-orbit closure in
Z . Expanding the cohomology class of V' in the basis of Schubert classes defines a union
Vo of Schubert varieties in & with positive multiplicities. If G is simply-laced, we show
that these multiplicites are equal to the same power of 2. For arbitrary G, we show that
W is connected in codimension 1. If moreover all multiplicities are 1, we show that the
singularities of V' are rational, and we construct a flat degeneration of V to Vj. Thus, for
any effective line bundle L on &, the restriction map H 0%(F,L) - HYV,L)is surjective,
and H{(V, L) = 0for i > 1.

Introduction

Let X be a spherical variety, that is, X is a normal algebraic variety endowed with an action
of a connected reductive group G such that the set of orbits of a Borel subgroup B in X is fi-
nite. These B-orbits play an important role in the geometry and topology of X: they define a
stratification by products of affine spaces with tori, and the Chow group of X is generated by
the classes of their closures. Moreover, the B-orbits in a spherical homogeneous space G/H,
viewed as H-orbits in the flag variety G/ B, are of importance in representation theory.

The set #(X) of B-orbit closures in X is partially ordered by inclusion. A weaker order <X of
#(X) is defined by: Y < Y’ if there exists a sequence (P,, ..., P,) of subgroups containing B
suchthatY’ = P, - - - P,Y. In this paper, we establish some properties of this weak order and
its associated graph, with applications to the geometry of B-orbit closures.

Both orders are well known in the case where X is the flag variety of G. Then #(X) iden-
tifies to the Weyl group W, and the inclusion (resp. weak) order is the Bruhat-Chevalley (resp.
left) order, see e.g. [14] 5.8. The B-orbit closures are the Schubert varieties; their singularities
are rational, in particular, they are normal and Cohen-Macaulay.

Other important examples of homogeneous spherical varieties are symmetric spaces. In
that case, the inclusion and weak orders have been studied in detail by Richardson and Springer
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[24], [25], [27]. But the geometry of B-orbit closures is far from being fully understood; some of
them are non-normal, see [1].

Returning to the general setting of spherical varieties, examples of B-orbit closures of ar-
bitrary dimension and depth 1 are given at the beginning of Section 3. On the other hand, the
singularities of all G-orbit closures in a spherical G-variety are rational, see e.g. [6]. A crite-
rion for B-orbit closures to have rational singularities will be formulated below, in terms of the
oriented graph I'(X) associated with the weak order.

For this, we endow I'(X ) with additional data, as in [24]: each edge from Y to Y is labeled
by a simple root of G corresponding to a minimal parabolic subgroup P such that PY = Y.
The degree of the associated morphism P x2 Y — Y’ being 1 or 2, this defines simple and
double edges. There may be several labeled edges with the same endpoints, but they are si-
multaneously simple or double (Proposition 1).

For a spherical homogeneous space G/H, the cohomology classes of H-orbit closures in
G/ B can be read off the graph I[(G/H): each H-orbit closure V in G/B corresponds to a B-
orbit closure Y in X. Consider an oriented path y in I['(X), joining Y to X. Denote by D(y) its
number of double edges, and by w(y) the product in W of the simple reflections associated
with its labels. It turns out that D(y) depends only of Y and w(y) (Lemma 6) and that we have
in the cohomology ring of G/ B:

(vi= > 2°% (BuywB/B),

w=w(y)

the sum over the w(y) associated with all oriented paths from Y to X. Here wy denotes the
longest element of W.

Thus, we are led to study oriented paths in I'(X) and their associated Weyl group elements;
this is the topic of Section 1. The main tool is a notion of neighbor paths that reduces several
questions to the case where G has rank two. Using this, we show that the union of Schubert
varieties

Vo= |J BwwB/B

w=w(y)

is connected in codimension 1 (Corollary 5). If moreover G is simply-laced, then D(y) depends
only on the endpoints of y (Proposition 5). As a consequence, all coefficients of [V ] in the basis
of Schubert classes are equal. For symmetric spaces, the latter result is due to Richardson and
Springer [28]. It does not extend to multiply-laced groups, see Example 4 in Section 1.

In Section 2, we analyze the intersections of B-orbit closures with G-orbit closures in an
important class of spherical varieties, the (complete) regular G-varieties in the sense of Bifet,
De Concini and Procesi [2]. This generalizes results of [7] §1 where the intersections with closed
G-orbits were described. Here a new ingredient is the construction of a “slice” Sy, associated
with a B-orbit closure Y in complete regular X, and with the Weyl group element w defined by
an oriented path from Y to X. The Sy, are toric varieties; each oriented path y inI'(X') defines
a finite surjective morphism of degree 22 between “slices” of its endpoints. If the target of
y is X, then the intersection multiplicities of Y with those G-orbit closures that meet Sy ,, are
divisors of 2P%), And given a G-orbit closure X’ and an irreducible component Y’ of Y n X,
there exists a “slice” meeting Y’ (Theorem 1.)



This distinguishes the B-orbit closures Y such that all oriented paths in I'(X') with source Y
contain simple edges only; we call them multiplicity-free. In a regular variety, any irreducible
component of the intersection of multiplicity-free Y with a G-orbit closure is multiplicity-free
as well, and the corresponding intersection multiplicity equals 1 (Corollary 3.)

Section 3 contains our main result, Theorem 3: the singularities of any multiplicity-free
B-orbit closure Y in a spherical variety X are rational, if X contains no fixed points of simple
normal subgroups of G of type Gy, F; and Eg. This technical assumption is used in one of the
reduction steps of the proof, but the statement should hold in full generality. The argument
goes by decreasing induction on Y, like Seshadri’s proof of normality of Schubert varieties [26].
This result applies, e.g., to all regular G-varieties; for them, we show that the scheme-theoretical
intersection of Y with any G-orbit closure is reduced.

For a H-orbit closure V in G/ B, the corresponding B-orbit closure Y is multiplicity-free if
and only if [V] = [V]. In that case, we construct a flat degeneration of V' to 1}, where the
latter is viewed as a reduced subscheme of G/B (Corollary 5). Thus, the equality [V'] = [V]
holds in the Grothendieck group of G/B as well. As another consequence, the restriction map
H°(G/B,L) — H°(V,L)is surjective for any effective line bundle L on G/B; moreover, the
higher cohomology groups H {(V, L) vanish for i > 1 (Corollary 6.) Applied to symmetric
spaces and combined with Theorem B of [1], this result implies a version of the Parthasaraty-
Ranga Rao-Varadarajan conjecture, see [1] §6. It extends to certain smooth H-orbit closures,
but not to all of them, see the example in [5] 4.3. In fact, surjectivity of all restriction maps for
spherical G/ H is equivalent to multiplicity-freeness of all H-orbit closures in G/B (Proposition
8.)

In Section 4, we relate our approach to work of Knop [18], [19]. He defined an action of
W on #(X) such that the W-conjugates of the maximal element X are the orbit closures of
maximal rank (in the sense of [19].) Moreover, the isotropy group W x) of this maximal element
is closely related to the “Weyl group of X", as defined in [18]. It is easy to see that all orbit
closures of maximal rank are multiplicity-free, and hence their singularities are rational if X is
regular. In that case, we describe the intersections of B-orbit closures of maximal rank with
G-orbit closures, in terms of W and W x, (Proposition 10.)

This implies two results on the position of W x) in W': firstly, all elements of W of minimal
length in a given W, x)-coset have the same length. Secondly, W) is generated by reflections
or products of two commuting reflections of W. This gives a simple proof of the fact that the
Weyl group of X is generated by reflections [18].

A remarkable example of a spherical homogeneous space where all orbit closures of a Borel
subgroup have maximal rank is the group G viewed as a homogeneous space under G x G. If
moreover G is adjoint, then it has a canonical G X G-equivariant completion X. It is proved in
[9] that the B x B-orbit closures in X are normal, and that their intersections are reduced. This
follows from the fact that X is Frobenius split compatibly with all B x B-orbit closures.

It is tempting to generalize this to any spherical variety X. By [6], X is Frobenius split com-
patibly with all G-orbit closures. But this does not extend to B-orbit closures, since their inter-
sections may be not reduced. This happens, e.g., for the space of all symmetric n X n matrices
of rank n, that is, the symmetric space GL(n)/O(n): consider the subvarieties (a;; = 0) and
(aj1ax — afz = 0). On the other hand, many B-orbit closures in that space are not normal for
n = 5, see [23].



So the present paper generalizes part of the results of [9] to all spherical varieties, by other
methods. It raises many further questions, e.g., is it true that the normalization of any B-orbit
closure in a spherical variety has rational singularities 2 And do our results extend to positive
characteristics (the proof of Theorem 3 uses an equivariant resolution of singularities) ?

Acknowledgements. 1 thank Peter Littelmann, Laurent Manivel, Olivier Mathieu, Stéphane Pin,
Patrick Polo and Tonny Springer for useful discussions or e-mail exchanges.

Notation. Let G be a complex connected reductive algebraic group. Let B, B~ be opposite Borel
subgroups of G, with unipotent radicals U, U~ and common torus T, a maximal torus of G.
Let 2 be the character group of B; we identify & with the character group of T and we choose
a scalar product on &, invariant under the Weyl group W. Let ® be the root system of (G, T),
with the subset ®* of positive roots, i.e., of roots of (B, T'), and its subset A of simple roots.

For @ € A, let s, € W be the corresponding simple reflection, and let Py = B U BsyB be
the corresponding minimal parabolic subgroup. For any subset I of A, let P; be the subgroup
of G generated by the Py, « € I. Themap I — Py is a bijection from subsets of A to subgroups
of G containing B, that is, to standard parabolic subgroups of G.

Let L; be the Levi subgroup of P; that contains T’; let ®; be the root system of (L, T'), with
Weyl group W;. We denote by £ the length function on W and by W the set of all w € W such
that £(wsy) = (w) + 1 for all « € I (this amounts to: w(I) < ®*). Then wlisa system of
representatives of the set of right cosets W /Wj.

1. The weak order and its graph

In the sequel, we denote by X a complex spherical G-variety and by #(X) the set of B-orbit
closures in X. One associates to a given Y € Z(X) several combinatorial invariants, see [19]:
The character group % (Y) is the set of all characters of B that arise as weights of eigenvectors
of Bin the function field C(Y'). Then #(Y) is a free abelian group of finite rank r(Y'), the rank
of Y.

Let Y° be the open B-orbitin Y and let P(Y) be the set of all g € G such that g¥? = Y©;
then P(Y) is a standard parabolic subgroup of G. Let L(Y') be its Levi subgroup that contains
T and let A(Y') be the corresponding subset of A: the set of simple roots of Y .

We note some easy properties of these invariants.

LemMA 1. — (@) #(Y) is isomorphic to the quotient of the group of invertible regular func-
tions on'Y °, by the subgroup of constant non-zero functions.

(ii) The derived subgroup [L(Y ), L(Y')] fixes a point of Y °.

(iii) The group Wx(y) fixes pointwise #(Y ). Equivalently, any simple root of Y is orthogonal to
Z(Y).

Proof. — (i) Let f be an eigenvector of B in C(Y') with weight x( f). Then f restricts to
an invertible regular function on Y°, and is uniquely determined by x( f) up to a constant.
Conversely, let f be an invertible regular function on the B-orbit Y°. Then f pulls back to an
invertible regular function on B, that is, to a scalar multiple of a character of B. Thus, f is an
eigenvector of Bin C(Y).



(ii) Choose y € Y9, Let By (resp. P(Y),) be the isotropy group of y in B (resp. P(Y)). Since
y0= By = P(Y)y,wehave P(Y) = BP(Y),. Thus, P(Y), acts transitively on P(Y')/B, the flag
variety of P(Y). Usinge.g. [10], it follows that P(Y) , contains a maximal connected semisimple
subgroup of P(Y ), thatis, a conjugate of [L(Y), L(Y)].

(iii) follows from [19] Lemma 3.2; it can be deduced from (ii) as well. O

Let 2(X) be the subset of #(X) consisting of all irreducible B-stable divisors that are not
G-stable. The elements of ¥(X) are called colors; they play an important role in the classifi-
cation of spherical embeddings, see [16]. They also allow to describe the parabolic subgroups
associated with G-orbit closures:

LEMMA 2. — LetY be the closure of a G-orbitin X and let 9y (X) be the set of all colors that
containY. Then P(Y) isthe set of allg € G such thatgD = D forany D € 9(X) — 9y (X).
Moreover, there exists y € Y fixed by [L(Y), L(Y)], such that the map R,(P(Y)) x Ty —
Y0 (g x) — gx is an isomorphism. Then the dimension of Ty equals the rank of Y .

Proof. — Let Xy be the complement in X of the union of those colors that do not contain
Y. Then Xj is an open affine B-stable subset of X, and Xy N Y equals Y9 see [16] Theorem
3.1. Let Q be the stabilizer of X; in G, then Q consists of all g € G such that gD = D for all
D € 9(X) — 9y (X). Clearly, Qis a standard parabolic subgroup, contained in P(Y"). It follows
that R, (P(Y)) < R,(Q).

Let M be the standard Levi subgroup of Q. By [18] 2.3 and 2.4, there exists a closed M-
stable subvariety S of Xy such that the product map R, (Q) X S — Xj is an isomorphism; more-
over, [M, M] acts trivially on S N Y0 In particular, forany y € S n Y? the product map
R, (Q) x Ty — Y% isan isomorphism. Since R, (Q) = R, (P(Y))(R,(Q) n [L(Y), L(Y)]) and
since [L(Y'), L(Y')] fixes points of Y9, it follows that R,(Q) = R,(P(Y)), whence Q = P(Y).
Moreover, the character group of Y is isomorphic to that of the torus Ty = T/T,, whence
r(Y) =dim(Ty). O

This description of Y ° as a product of a unipotent group with a torus will be generalized in
Section 4 to all B-orbits of maximal rank.

Returning to arbitrary B-orbit closures, let Y, Y’ € #(X) and let x € A. We say that «
raisesY toY'ifY' = P,Y # Y. Letthen
fra:PuxBY — Py/B

be the homogeneous bundle with fiber the B-variety Y and basis Py /B (isomorphic to projec-
tive line.) Themap Py X Y — X, (p,y) — py factors through a proper morphism

Ty o:PuxBY =Y =Py

that restricts to a finite morphism Py xBy0 PD(YO. In particular, dim(Y") = dim(Y') + 1.
By [24] or [19] Lemma 3.2, one of the following three cases occurs.
e Type U: P,Y° = Y 0uY°and Tty « is birational. Then 2/(Y") = sq (Y ); thus, r(Y") = r(Y).

e Type T PO(Y0 =Yy Oo0uyouy Y9 for some Y. € #(X) of the same dimension as Y, and Y &
is birational. Then r(Y) = r(Y_) = r(Y') — 1.

e Type N: P Y0 = Y ouUY%and Ty  has degree 2. Then r(Y) = r(Y') — 1.



In particular, r(Y) < r(PyY) with equality if and only if « has type U .

Our notation for types differs from that in [24] and [19]; it can be explained as follows.
Choose y € Y° with isotropy group (Py) y in Py. Then (Py)y acts on Py/B = P! with finitely
many orbits, for B acts on Py Y0 = Py /(Py)y with finitely many orbits. By [24] or [19], the image
of (Py)y in Aut(Py/B) = PGL(2) is a torus (resp. the normalizer of a torus) in type T (resp.
N); in type U, this image contains a non-trivial unipotent normal subgroup.

Definition. Let I(X) be the oriented graph with vertices the elements of #(X) and edges la-
beled by A, where Y is joined to Y’ by an edge of label « if that simple root raises Y to Y. This
edge is simple (resp. double) if rry  has degree 1 (resp. 2.) The partial order < on #(X) with
oriented graph I'(X') will be called the weak order.

Observe that the dimension and rank functions are compatible with <. We shall see that
Y,Y' € #(X) satisfy Y <Y’ if and only if there exists w € W such that Y’ equals the closure
BwY (Corollary 1.)

In the case where X = G/P where P is a parabolic subgroup of G, the rank function is zero.
Thus, all edges are of type U; in particular, they are simple.

Here is another example, where double edges occur.

Example 1. Let G = GL(3) with simple roots & and . Let H be the subgroup of G consisting
of matrices of the form

or

S O ¥
S ¥ O
* ¥ %
S % O
oS O ¥
* X X

andlet X = G/H. Itis easy to see that X is spherical of rank one and that I'(X) is as follows:

A
i «

(04

Observe that I'(X) is the same as I'(G/B), except for double edges. But the geometry of B-
orbit closures is very different in both cases: all of them are smooth in G/ B (the flag variety of
P?), whereas X contains a B-stable divisor that is singular in codimension 1.

Specifically, let Z be the closed B-orbitin G/H. We claim that Y = PgPyZ is singular along
PgZ. Indeed, the morphism 77 : Pg xB PyZ — Y is birational, and 'IT_l(PBZ) equals Pg xB 7.
But the restriction Ps x8 Z — P37 has degree two. Now our claim follows from Zariski’s main
theorem.

One checks that r(PgZ) = 1, whereas r(Y') = 0. Thus, the rank function is not compatible
with the inclusion order.



Obviously, all closed B-orbits in a spherical homogeneous space X are minimal elements
for the weak order. In fact, these closed B-orbits are isomorphic, and their codimension is the
maximal length of all oriented paths in I'(X), see e.g. [8] 2.2. If moreover X is symmetric, then
all minimal elements of I'(X) are closed orbits, see [24] Theorem 4.6; equivalently, all maximal
oriented paths in I'( X)) have the same length. But this does not extend to all spherical homoge-
neous spaces, as shown by the following

Example 2. We represent I[(X) for X = GL(3)/H where H consists of all matrices of the form
* 0 x
0 x O
0 0 =

Returning to the general situation, observe that GY is the closure of a G-orbit for any Y €
#(X). Moreover, Y is the source of an oriented path in I'(X') with target GY (for the group G
is generated by the Py, @ € A), and the length of any such path equals dim(GY) — dim(Y).
By [19] Corollary 2.4, we have r(GY) < r(X), so that r(Y) < r(X). It also follows that each
connected component of I'(X) contains a unique G-orbit closure.

The simple roots of Y are determined by I'(X): indeed, « € Aisnotin A(Y) if and only if
« is the label of an edge with endpoint Y. Similarly, if « raises Y then its type is determined
by I(X): itis U (resp. N) if there is a unique edge of label « and target P,Y and this edge is
simple (resp. double); and itis T if there are two such edges. It follows that the ranks of B-orbit
closures are determined by I'(X) and the ranks of G-orbit closures.

There is no restriction on the number of edges in I'( X ) with prescribed endpoints, as shown
by the example below suggested by D. Luna. But we shall see that all such edges have the same

type.

Example 3. Let n be a positive integer. Let G = SL(2) X - - - x SL(2) (n terms) and let H
be the subgroup of G consisting of those n-tuples (é tu_ll) e ((t) tu_nl) where t € C*,
ui,...,up € Cand uy + - - - + u, = 0. One checks that G/ H is spherical; the open H-orbit in
G/B = P! x - - - x P! (nterms) consists of those (zy, ... , z,) such that z; # o for all i, and that
z1 + -+ 2z, = 0. Let Y be the B-stable hypersurface in G/ H corresponding to the H-stable
hypersurface (z; + - - - + 2z, = 0) in G/B. One checks that Y is irreducible and raised to G/ H
by all simple roots of G (there are n of them). Thus, Y is joined to G/ H by n edges of type U.



PROPOSITION 1. — LetY,Y' € #(X) and let , B be distinct simple roots raisingY toY'.
Then either &, B are orthogonal and both of type U, or they are both of type T .

Proof. — We begin with two lemmas that reduce the “local” study of I'(X) to simpler situa-
tions.

LetY € #(X) and let P = P; be a standard parabolic subgroup of G, with radical R(P).
Let Z(P,Y) be the set of all closures in X of B-orbits in PY?; in other words, #(P,Y) is the
setofall Z € #(X) such that PZ = PY. LetI(P, Y) be the oriented graph with set of vertices
#B(P,Y), and with edges those edges of [(X ) that have both endpoints in #(P, Y) and labels
inl.

LEMMA 3. — The quotient PY°/R(P) is a P/R(P)-homogeneous spherical variety with
graphI(P,Y).

Proof. — Since PY? is a unique P-orbit and R(P) is a normal subgroup of P contained in
B, the quotient PY?/R(P) exists and is homogeneous under P/R(P); moreover, any B/R(P)-
orbit in PY?/R(P) pulls back to a unique B-orbit in PY". Let ¢ be a B-orbit in PY° and let
o« € I. Then R(Py) contains R(P), the square

Py xB o - Py O
! !
Py xBOJ/R(P) — PyO/R(P)

is cartesian, and the map Py xBo/R(P) - Py/R(P) xBIR(P) ¢/ R(P) is an isomorphism. Thus,
the type is preserved under pull back. U

Assume now that X is homogeneous under G; write then X = G/H. Let H' be a closed
subgroup of the normalizer Ng(H) such that H' contains H, and that the quotient H'/H is
connected. Let Z(G) be the center of G. Let X' = G/H' Z(G), ahomogeneous spherical variety
under the adjoint group G/Z(G). The natural G-equivariant map p : X — X' is the quotient
by the right action of H' Z(G) on G/ H.

LEMMA 4. — The pull-back under p of any B-orbit in X' is a unique B-orbit in X. This
defines an isomorphism of T(X') ontoT(X).

Proof. — The first assertion follows from [8] Proposition 2.2 (iii). The second assertion is
checked as in the proof of Lemma 3. ]

LEMMA 5. — LetY € B(X),Y = X, and letx € A. IfPyY° = X then « is orthogonal to
A — {a}, and the derived subgroup of La_(«; fixes pointwise X .

Proof. — Let H be the isotropy group in G of a point of Y°. Since P,Y? = X, we have
PyH = G. Equivalently, the map H/Py N H — G/ Py is an isomorphism. But since Y = X, we
have Y? # P,Y?, so that the image of Py N H in Py/R(Py) = PGL(2) is a proper subgroup. It
follows that (Py N H )% is solvable. Thus, H/ Py n H is the flag variety of H 0. Now the connected
automorphism group of this flag variety is the quotient of H°/R(H?) by its center. On the other
hand, the connected automorphism group of G/ Py is G/ Z(G) if «is not orthogonal to A — {«}
(this follows e.g. from [10].) In this case, we have G = Z(G)H 0sothat G/H isa unique B-orbit,
a contradiction. Thus, G/Z(G) is the product of Ly/Z(Ly) with La_{y}/Z(La—{«}), and the



map La_{q}/B N La_{x; — G/Pyis an isomorphism. It follows that the derived subgroup of
LA—{«y is contained in H. |

We now prove Proposition 1. Applying Lemma 3 to Y’ and Py g, we may assume that Y’ =
X = G/H for some subgroup H of G and that A = {«, 8}.

If o has type U, then r(Y) = r(X) whence § has type U as well. We claim that #(X)
consistsof Y and X. Indeed, if Z € #(X) and Z # X, then Z is connected to X by an oriented
path in I(X). Let Z’ be the source of the top edge of this path. That edge cannot have Y as its
target (otherwise Y would be stable under Py or P;); thus, it raises Z "to X. Since « and B have
type U, it follows that Z' = Y, whence Z = Y. Thus, PO(Y0 = X; then « and B are orthogonal
by Lemma 5.

If « has type N, then r(Y) = r(X) — 1, whence B has type N or T. In the former case, we
see as above that X = P,Y° = P;Y°. Thus, « and B are orthogonal by Lemma 5. Using Lemma
4, we may assume that G = PGL(2) x PGL(2) and that H contains a copy of PGL(2). Then
H is conjugate to PGL(2) embedded diagonally in G. But then both « and B have type T, a
contradiction.

If « has type N and B has type T, then there exists y € Y such that (Ps) y is contained
in R(Pg) T. Since the homogeneous spaces Pg/R(Pg) T and R(P3) T/ (Pg)y are affine, the same
holds for Pg/(Pg)y = PBYO. It follows that X — PBYO is pure of codimension 1 in X. But Pg Yo
meets both B-orbits of codimension 1 in X, so that Pg Y0 = X. This case is excluded as above.
Thus, type N does not occur. U

We next study oriented paths in I'(X). Let y be such a path, with source Y and target Y'.
Let (o1, xto, . .. , ¢p) be the sequence of labels of edges of y, where £ = £(y) is the length of the
path. Let £y; (y) (resp. €7 (y), €n(y)) be the number of edges of type U (resp. T, N) in y. Then

Ly (y) + €1 (y) +€n(y) = £(y) =dim(Y") — dim(Y).

Define an element w(y) of W by w(y) = Sx, * * = Sty Sexs -
LEMMA 6. — (@) (so(t,,... »Sops Sxy) 1S a reduced decomposition of w(y); equivalently,
L(w(y)) =4.

(i)l (y)+en(y) = r(Y") — r(Y). In particular, {7 (y) + €n(y) and Ly (y) depend only on the
endpoints of y.

(iii) The morphism G xBy - x: (g, y)B — gy restricts to a morphism Bw(y)B xBy -y’
that is surjective and generically finite of degree 2IND) | I particular, £7(y) and €N (y) depend
only on the endpoints of y and on w(y). Moreover, w(y) isin wAY) and w(y) Yisin waAy?),

(iv) If the stabilizer in G of a point of Y ° is contained in a Borel subgroup of G (e.g., if X = G/H
where H is connected and solvable), then{(y) = 0 so that {1 (y) depends only on the endpoints
of y.

Proof. — (i) Observe that Bsy, Y is dense in Py, Y, as Py, raises Y. By induction, it fol-
lows that Bsy,B - - - Sa, BSy, Y is dense in Y’. Because dim(Y') = dim(Y) + ¢, we must have
dim(Bsy,B - - - Sa, Bsq; B/ B) = £, whence £(sx, - *  So, So;) = 4.

(ii) follows from the fact that r(Y") = r(Y') (resp. r(Y) +1) if Y is the source of an edge with
target Y’ and type U (resp. T, N).



(iii) By (i), the product maps

Py, xB - xB Py, xB Py, ~ Bsa; -+ - Sy S, B

A

are birational for 1 < i < ¥. It follows that the morphism Bw(y)B x® ¥ — X has image Y’;
moreover, its degree is the product of the degrees of the

Tt Py, X5 (Py, |+ - P Y) — Pa;Pa; - - P, Y,

1
that is, 2N ),

Let w = w(y). We show that w™! € wax", Otherwise, there exists ® € A(Y’) such that
£(sqw) = £(w)—1. Thus, BwB = BsyBsxywB,and Y’ = BwY = BsyBsqwY.LetY' = BsawY,
then « raises Y’ to Y. This contradicts the assumption that « € A(Y"). A similar argument
shows that w € W2,

(iv) If £5(y) > 0, then there exists a point x € GY?, a simple root « and a surjective
group homomorphism (Py), — N where N is the normalizer of a torus in PGL(2). Since N
consists of semisimple elements, it is a quotient of (Py) /Ry, (Px)x. By assumption, the latter is
isomorphic to a subgroup of B/U = T. Thus, N is abelian, a contradiction. O

COROLLARY 1. — LetY,Y' € #B(X), thenY < Y' ifand only if there exists w € W such
thatY' = BwY.

Proof. —Recall that BwB (closure in G) is a product of minimal parabolic subgroups. Thus,
Y X BwBY = BwY . The converse has just been proved. ]

For later use, we study the behavior of I'(X) under parabolic induction in the following
sense (see [7] 1.2.) Let P = Py be a standard parabolic subgroup with Levi subgroup L = Lj
and let X’ be a spherical L-variety, then the induced variety is X = G x” X’ where P acts on
X' through its quotient P/R,(P), isomorphic to L. In other words, X is the total space of the
homogeneous bundle over G/P with fiber X'. By [loc. cit], each Y € 2(X) can be written
uniquely as BwY’ for w € W/ and Y’ € #(X’);then r(Y) = r(Y’). We thus identify #(X) to
W x 2(X’). The next result describes the edges of I[(X) in terms of those of [(X").

LEMMA7. — Letx € A, w € WlandY' € #(X');let B = w™'(«). Then the edges of T(X)
with source (w,Y") and label « are as follows:
@) IfB € ®* — 1, join (w,Y") to (sqw,Y') by an edge of type U .

(i) IfB € 1 and Pz N L raisesY', join (w,Y") to (w, (Ps n L)Y") by an edge of the same type as
the edge fromY' to (P n L)Y'.

Proof. — Since w € Wl wehave sqw € Wifand onlyif B ¢ I. In that case, Py raises Y if
and only if £(sqw) = £(w) + 1, thatis, § € ®". Then PyY = BsqwY’ and the map Ty« is the
pull-back of g5, p  under the map BwY’ — BwP/P. Thisyields case (i).

Butif B € I, then sqw = wsg has length £(w) + 1, so that

PyY = BsqBwY’ = BsqwY’ = BwsgY’' = BwBsgY’' = Bw(Pgn L)Y'.

Thus, Py raises Y if and only if Pg N L raises Y'. Then, as sqw = wsg, we can join Y’ to PyY by
two paths: one beginning with £(w) edges of type U followed by an edge from Y to P,Y, and
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another one beginning with an edge from Y’ to (P; n L)Y’ followed by ¢(w) edges of type U.
Using Lemma 6, this yields case (ii). O

For instance, Example 1 is obtained from SL(2) /N by parabolic induction.

Returning to the case where X is an arbitrary spherical G-variety, we shall see that the
numbers £7(y) and £y (y) depend only on the endpoints of the oriented path y in I'(X), if
G is simply-laced (that is, if all roots have the same length for an appropriate choice of the W -
invariant scalar product on &; equivalently, ® is a product of simple root systems of type A, D
or E.) This assumption cannot be omitted, as shown by

Example 4. Let G = SP(4) be the subgroup of GL(4) preserving a non-degenerate symplectic
form, and let H = GL(2) be the subgroup of G preserving two complementary lagrangian
planes. The normalizer Ng(H) contains H as a subgroup of index 2. The graph I(G/H) is as
follows:

And hereisT(G/Ng(H)):

Using parabolic induction, one constructs similar examples for ® of type B, C or F.
To proceed, we need the following definition taken from [7]:

Definition. For Y € #£(X),let W(Y) be the set of all w € W such that the morphism 1ty 5 :
BwBxBY — GY is surjective and generically finite. For w € W (Y ), let d(Y, w) be the degree
of ty .

In other words, W (Y') consists of all w(y) where y is an oriented path from Y to GY'; more-
over, d(Y,w(y)) = 2N ) By Lemma 6, wlewd® forallw € W(Y).

We now introduce a notion of neighbors in W (Y'), and we show that any two elements of
that set are connected by a chain of neighbors. Let «, B be distinct simple roots and let m be a
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positive integer. Let
(so(sl;)(m) = SESa SRS« (m terms.)
Then we have the braid relation (so‘sB)(m(“’B)) = (sBsa)(m(“'B)), where m(«, B) denotes the

order of sysg in W.

Definition. Two elements u and v of W are neighbors if there exist x, y in W together with
distinct &, 8 in A and a positive integer m < m(«, ) such that

= x(s458) ™y, v=x(s550) "™y, and £(u) = L(x) + m+£(y) = L(v).

For example, any two simple reflections are neighbors.

PrROPOSITION 2. — Let Y € #(X) and let u, v be distinct elements of W (Y ). Then there
exists a sequence (U = ugy, Uy, ... , Uy = v) in W(Y') such that each u;iy, is a neighbor of u;.

Proof. — By induction on ¢(u) = £(v) = ¢, the case where £ = 1 being evident.

If there exists & € A such that f(usy) = €(vsy) = £ — 1, then Py raises Y, and usy, vsy are
in W (PyY ). Now the induction assumption for PyY concludes the proof in this case.

Otherwise, we can find distinct «, B € A such that (usy) = €(vsg) = {—1. Then Py and P3
raise Y to subvarieties of Py gY . Let m be the common codimension of PyY and PzY in Py gY,
then we have

PypY = -+« PyPgPyY = B- - - sy8psaY (m terms)

Choose x € W (Px,gY ), then W(Y) contains x(saslg)(’”) and, similarly, x(slgso()(m), as neigh-
bors. Moreover, W(PyY) contains usy and x(sg so()(m’l), whereas W (PY) contains
x(sgsx) ™V and vsg. Now we conclude by the induction assumption for PyY and RgY. [

Neighborsin W (Y) are also close to each other for the Bruhat-Chevalley order < on W:

ProposITION 3. — LetY € #(X). For any neighbors u,v € W(Y), thereexistsw € W
suchthatu < w,v < w, w ! € WX and (w) = (u) +1=L(v) + 1.

Proof. — Write u = x(so‘sB)(’”)y and v = x(sBs,x)(m)y. Let
w= x(saslg)(m)sl;y.

We claim that £(w) equals £(x) + m+ 1+ £(y) = {(u) +1 = £(v) + 1. Otherwise, £(w) <
L(x)+8(y)+m-1 < l(u) and w = uy’lslgy = USy-1(p)- By the strong exchange condition
([14] Theorem 5.8 applied to u), one of the following cases occurs:

Hw= x'(sasB)(m) y where £(x") = £(x) — 1. Comparing both expressions for w, we obtain
x’(so(sl;)(m) = x(saslg)(m)slg. Thus, there exists y € d)&yﬁ such that x’ = xsy. But £(xsy) =
L(xsp) = £(x) + 1, for £(x(sasp) ™ y) = L(x(spse) ™ y) = £(x) + m+£(y). It follows that x(c)
and x(B) are in ®*. Thus, x € W*#. Since Sy € Wy, we have L(x') =L(x) +4(sy) = 4(x),a
contradiction.

(ii) w = xzy where zis obtained from (sxsg) (M) by deleting a simple reflection. Then the equal-
ity z = (sxSg) (’”)SB leads to a braid relation of length at most m < m(«, ), a contradiction.
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(i) w = x(sesp)"™y" where £(y') = £(y) — 1. Theny’ = sgy. But £(sgy) = L(y) + 1, for
£(v) = £(x) + m+ £(y); a contradiction.

By the claim and [14] Theorem 5.10, we have 1 < w and v < w. Write w = w” w’ where
w' € Wyy and (w')7 ! € WAX): then £(w) = €(w') + £(w”). Since u! < w! and
ut e wAX it follows that u~! < (w')~! by [11] Lemma 3.5. Thus, u < w’ and v < w'.
Since u + vand ¥(u) = £(v) = €(w) -1 > €(w') — 1, we must have w = w’, so that
w e warX), |

Recall that r(Y) < r(X) forany Y € #£(X), see [19] Corollary 2.4. If equality holds, then
neighbors in W (Y') have a very simple form:

ProposiTioN 4. — LetY € R(X) such thatr(Y) = r(X); letu,v € W(Y) be neighbors.
Then u = xsxy and v = xsgy wherex,y € W and «, B are orthogonal simple roots such that
£(u) =L€(v) = €(x) +£(y) + 1. Moreover, #(X) contains x(x + ).

Proof. — Write u = x(so‘sB)(m) yand v = x(sBs,x)(m) y as in the definition of neighbors.
Then x(saslg)(’”) and x(sl;so()(m) are neighborsin W (ByY ). Moreover, r(ByY ) >r(Y ), whence
r(ByY) = r(X). Thus, we may assume that y = 1.

LetY' = B(sxsg) ™Y and Y'' = B(sgsy) ™Y, then we obtain similarly: r(Y') = r(Y") =
r(X)andx € W(Y') n W(Y"). If x # 1, write x = s5,x" where y € Aand £(x) = £(x") + 1.
Then Bx'Y' and Bx'Y"" have rank r(X) and are raised to X by y. Thus, Bx'Y’ = Bx'Y"" and, by
induction on £(x), we obtain Y = Y. This subvariety is stable under Py g. Applying Lemmas
3 and 4, we may assume that Y’ = X (i.e., x = 1), A = {«, B} and X = G/H where the center of
G is trivial and H has finite index in its normalizer. Moreover, we have P(X) = B, for Py and Pg
do not stabilize X°.

We claim that any Z € #(X) can be written as
B(sxsg) MY = -+ - PgPyY or B(sgsa) WY = -+ - PyPRY (n terms),

where n = dim(Z) — dim(Y) satisfies 0 < n < m. For this, we argue by induction on the
codimension of Z in X. We may assume that « raises Z. By the induction assumption, we have

PyZ =FBPy---YorPyZ=PyPs---Y (n+1terms).

In the latter case, let Z' = Pg - - - Y (nterms). Since PyZ = PyZ' and r(Z) = r(Z') = 1(PxZ) =
r(Y), it follows that Z = Z’. In the former case, PyZ is stable under G and hence equal to X;
in particular, Z has codimension 1in X. Now X = PyPg - - - Y (m terms), so that we are in the
previous case.

By the claim, all B-orbit closures in X have the same rank, and Y9 is the unique closed
B-orbit. Lety € Y0 we may assume that H = G,,. Since the H-orbit in G/B corresponding
to the B-orbit Y° in G/H is closed, the connected isotropy group B?, is a Borel subgroup of
H°. Ttfollows that r(Y) = r(B) — r(By) = 2 — r(H). On the other hand, r(Y) = r(G/H) by
assumption. Thus, r(G/H) =2 — r(H).

If r(G/H) = 0 then H is a parabolic subgroup of G (in fact, a Borel subgroup as P(G/H) =
B.) Moreover, Y is the B-fixed point in G/H. But then W (Y') consists of a unique element (of
maximal length in W), a contradiction.
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If r(G/H) = 1then r(H) = 1 as well. Using the classification of homogeneous spaces of
rank 1 under semi-simple groups of rank 2 (see e.g. Table 1 of [30]), this forces G = PGL(2) x
PGL(2) and H = PGL(2) embedded diagonally in G. As a consequence, the simple roots
and B are orthogonal, and 2 (G/ H) is generated by « + f3.

If /(G/H) = 2 then r(H) = 0, that is, H is unipotent. Since G/H is spherical, H%is a
maximal unipotent subgroup of G. This contradicts the assumption that H has finite index in
its normalizer. ]

ProPOSITION 5. — If G is simply-laced, then
(i) for any oriented path 'y inT(X), both {1 (y) and € (y) depend only on the endpoints of y.

@ii) forany Y € SRB(X), there exists an oriented path y joining Y to X through a sequence of
simple edges followed by a sequence of double edges.

Proof. — (i) Let Y (resp. Y') be the source (resp. target) of y, and let § be another oriented
path from Y to Y’'. By Lemma 6, it suffices to show that £ (y) = £x(5). Joining Y’ to X by
an oriented path, we reduce to the case where Y’ = X; then w(y) and w(§) are in W(Y). By
Proposition 2, we may assume moreover that w(y) and w(d) are neighbors. Using Lemmas 3
and 4, we reduce to the case where the center of G is trivial, A = {«x, B}, X = G/H where H has
finite index in its normalizer, w(y) = (SD(SB)(m) and w(d) = (s,;so()(m) for some m < m(«x, B).

Since G is simply-laced, we have either G = PGL(2) x PGL(2) and m(x, B) = 2,0r G =
PGL(3) and m(x, B) = 3. In particular, m < 2. If m = 1then {n(y) = €n(5) = 0 by
Proposition 1. If m = 2 then G = PGL(3). Using Lemma 6 (iv), we may assume moreover that
H is not contained in any Borel subgroup. Then we see by inspection that H is conjugate to
PO(@3) orto GL(2).

In the latter case, hereisI'(G/H):

(x/\B
B/<B cx>\0<
7 N N

Thus, {n(y) = €N (5) = 0.

In the former case, we have £y (y) = €5 (8) = 1, since I(G/H) is as follows:

B 16

N

(ii) Let y be an oriented path joining Y to X. We may assume that y contains double edges.
Consider the lowest maximal subpath ¢ of y that consists of double edges only; we may assume
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that the endpoint of § is not X. Let Y’ be the source of the top edge of §, and let « (resp. B)
be the label of that edge (resp. of the next edge of y, a simple edge by assumption.) We claim
that there exists an oriented path y’ joining Y’ to X and beginning with a simple edge; then
assertion (ii) will follow by induction on £(5) + codimx (Y").

To check the claim, it suffices to join Y’ to PygY’ by an oriented path y’ beginning with a
simple edge. As above, we reduce to the case where G equals PGL(2) x PGL(2) or PGL(3),
and H is not contained in a Borel subgroup of G; Moreover, H has finite index in its normalizer.
Using the fact that I'(G/H) contains a double edge followed by a simple edge, one checks that
H is a product of subgroups of PGL(2) if G = PGL(2) x PGL(2); and if G = PGL(3), then H
is conjugate to the subgroup of Example 1, or to its transpose. The path y’ exists in all of these
cases. U

From Proposition 5, we will deduce a criterion for the graph of a spherical variety to contain
simple edges only. To formulate it, we need more notation, and a preliminary result.

Let D € 9(X) be a color; then D is the closure of its intersection with the open G-orbit
G/H. Let D be the preimage in G of D n G/H. Replacing G by a finite cover, we may assume
that D is the divisor of a regular function fp on G. Then fp is an eigenvector of B acting by
left multiplication; let wp be its weight. Since fp is uniquely defined up to multiplication by
a regular invertible function on G, then wp is unique up to addition of a character of G. In
particular, for any & € A, the number (wp, &) is a non-negative integer depending only on D
and «.

LEMMA 8. — (i) The degree d(D, &) of the morphismTp, : Py X8 D — X equals (wp, &) if
Tp,« IS generically finite; otherwise, (wp, &) = 0.

(ii) For any G-orbit closure X' in X and for any D' € %(X'), there exists D € 9(X) such
that D' is an irreducible component of D N X'. Then (wpy, &) < (wp, &) forall x € A.

Proof. — (i) Note that D is Py-stable if and only if fp is an eigenvector of Py, thatis, wp
extends to a character of that group. This amounts to: (wp, &) = 0.

Let V be the H-stable divisor in G/ B corresponding to the B-stable divisor DN G/H. Then
V is the zero scheme of a section of the homogeneous line bundle on G/ B associated with the
character wp of B. Let p: G/B — G/ Py be the natural map, then d (D, «) equals the degree of
the restriction py : V — G/Py. The latter degree is the intersection number of V with a fiber
of p, thatis, (wp, &).

(i) For the first assertion, it suffices to show existence of D € %(X) containing D" and
not containing X'; but this follows from [16] Theorem 3.1. For the second assertion, note that
P, stabilizes D’ if it stabilizes D. Thus, (w, &) = 0if (wp, & = 0. On the other hand, if
(wp, &) = 1then 1rp  is birational. Restricting to Py xB D' it follows that Ty  is birational if
generically finite. U

A direct consequence of Lemma 8 and Proposition 5 is

CoROLLARY 2. — If G is simply-laced, then the following conditions are equivalent:
(i) Each edge of T(X) is simple.

(ii) Forany D € 9(X) andx € A, we have (wp, &) < 1.
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This criterion applies, e.g., to all embeddings of the following symmetric spaces: GL(p +
q)/GL(p) x GL(g),SL(2n)/SP(2n), SO(2n) /GL(n) and Eg/ F,. For this, one uses the explicit
description of colors of symmetric spaces given in [29]. Further applications will be given after
Theorem 3 below.

Note that Corollary 2 does not extend to multiply-laced groups G. Consider, for example,
G = SO(2n + 1) and its subgroup H = O(2n), the stabilizer of a non-degenerate line in C2"*1,
Then the homogeneous space G/H is spherical of rank 1 and its graph consists of a unique
oriented path: a double edge followed by n — 1 simple edges.

2. Orbit closures in regular varieties

Recall from [2] that a variety X with an action of Gis called regularif it satisfies the following
three conditions:

(i) X is smooth and contains a dense G-orbit whose complement is a union of irreducible
smooth divisors (the boundary divisors) with normal crossings.

(ii) Any G-orbit closure in X is the transversal intersection of those boundary divisors that con-
tain it.

(iii) For any x € X, the normal space to the orbit Gx contains a dense orbit of the isotropy
group of x.

Any regular G-variety X contains only finitely many G-orbits. Their closures are the G-
stable subvarieties of X; they are regular G-varieties as well.

Regular varieties are closely related with spherical varieties: any complete regular G-variety
is spherical, and any spherical G-homogeneous space G/H admits an open equivariant em-
bedding into a complete regular G-variety X, see [3] 2.2.

Let Z be a closed G-orbit in complete regular X, then the isotropy group of each point of Z
is a parabolic subgroup of G. Thus, Z contains a unique T-fixed point z such that Bz is open
in Z; we shall call z the base point of Z. In fact, the isotropy group Q = G is opposed to P(X),
seee.g. [3] 2.2.

We next recall the local structure of complete regular varieties, see e.g. [3] 2.3. For such a
variety X, set P = P(X) and L = L(X). Let Xp be the set of all x € X such that Bx is open in Gx.
Then Xj is an open P-stable subset of X: the complement of the union of all colors. Moreover,
there exists an L-stable subvariety S of Xj, fixed pointwise by [L, L], such that the map

R, (P)xS - X
(g x) - gx

is an isomorphism. As a consequence, S is a smooth toric variety (for a quotient of T) of di-
mension r(X), the rank of X; moreover, S meets each G-orbit along a unique T-orbit. Let
@ : Xo = Ry(P) X S — Sbe the second projection, then @ is L-equivariant; it can be seen as
the quotient map by the action of R, (P).

We now turn to B-orbit closures. Let Y € #£(X); since GY is regular, we may assume that
GY = X. Then, by [7] 1.4, Y meets all G-orbit closures properly; moreover, for any closed
G-orbit Z, the irreducible components of Y N Z are the Schubert varieties Bw~1z where w €
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W (Y), and the intersection multiplicity of Y and Z along Bw~1z equals d(Y, w). To describe
the intersection of Y with arbitrary G-orbit closures, we shall study the local structure of Y
along Bw~!z for a fixed w € W (Y). It will be more convenient to consider the translate wY
along wBw™1z.

Note that wY meets Xj (because BwY = X), and that the intersection wY N Xj is stable by
the group wBw ™! n P. The latter contains R, (P) N wU w™! as a normal subgroup. We shall
see that R, (P) n wUw ™! acts freely on wY N Xy, with section

Syw=wY n(UnwU whSs.

Note that U n wU ~w™! is contained in R, (P), because w™! € WP, Thus, Sy,w is a closed
T -stable subvariety of wY N Xj. Let

Qy,w:Syw— S
be the restriction of @ : Xy — S, then @y, is T-equivariant.

PROPOSITION 6. — Keep notation as above.

(i) The map
(RyP)NnwUw™ ) x Sy, — wYnXp
(8 x) > gx
is an isomorphism.

(ii) The variety Sy ,,, is irreducible and meets each G-orbit along a unique T -orbit. In particular,
Sy,w N GY'isa unique T -orbit, dense in Sy ,,, and contained in wY°; and Sy,w N Z = {z} for
any closed G-orbit Z with base point z.

(iii) The morphism @y ,,, is finite surjective of degree d(Y , w).

Proof. — (i) The product map (R,(P) n wUw™!) x (R,(P) n wU w™') — R,(P) is an
isomorphism; moreover, R, (P) N wU “w ! =U n wU w!. Therefore, the product map

(Ry(P) nwUw ) x (UnwU wHs - X,

is an isomorphism. The assertion follows by intersecting with wY .

(ii) and (iii) The union of all G-orbits in X that contain Z in their closure is a G-stable open

subset of X. Thus, we may assume that Z is the unique closed G-orbitin X. Let Dy,..., D;
be the boundary divisors, then r = r(X). Moreover, S is isomorphic to affine space A" with
coordinate functions xy, ... , x,, equationsof D; N S,..., D, N S. The compositions f; = x; o

®,..., [r = xo@areequations of Dy N Xy, . .. , D; N Xp; they generate the ideal of ZN Xy = Bz
in Xg. The map @ : Xy — Sidentifiesto ( fi1,..., f;) : Xo — A". The intersections of G-orbit
closures with Xj are the pull-backs of coordinate subspaces of A",

By (i), Sy, is irreducible. We check that Sy,,, N Z = {z}. For this, note that the product
map
(Ry(P) x wUw ) x (SywnZ) - wY nXonZ=wY nBz

is an isomorphism. Moreover, since Y meets Z properly, with Bw~1z as an irreducible compo-
nent, it follows that wY N Bz is equidimensional, with wBw =1z n Bz = (B N wBw 1)z as an
irreducible component. The latter is isomorphic to R, (P) N wU w~!. Thus, the T-stable set
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Sy,w N Z is finite, so that it consists of T'-fixed points. Since z is the unique T-fixed pointin Bz,
our assertion follows.

The map @y, : Sy, — Sidentifies with (f1,..., f;) : Sy,w — A’. We just saw that the
set-theoretical fiber of 0 is {z}. Since 0 is the unique closed T-orbit in A’, all fibers of @y, are
finite. Thus, Sy, contains a dense T-orbit. Since Sy, is affine and contains a T'-fixed point z,
it follows that @y ,, is finite and that the pull-back of any T-orbitin S is a unique T -orbit. This
implies (ii).

Finally, we check that the degree of @y, equals d(Y, w), that is, the degree of the natural
map BwB xB Y — X. For this, note that the map

UnwU w' - BwB/B, g~ gwB/B

is an open immersion. Thus, d(Y, w) is the degree of the product map (U nwU ~ wHxwy —
X, or, equivalently, of its restriction

p: (UnwU wh) x(wy nXy) - Xo.
The latter map fits into a commutative diagram

UnwU whHxwynX) - X
| !
SY,LU - S;

where the bottom horizontal map is @y, ; indeed,
(UnwU wl) x (wY nXp) = (Ry(P) nwU w) x (Ry(P) nwUw™') x Sy 4

by (i). Moreover, the fibers of the right (resp. left) vertical map are isomorphic to R, (P) (resp.
to (Ry(P) nwU w1 x (R, (P) nwUw™ ') = R,(P).) Thus, the diagram is cartesian, and the
degree of p equals the degree of @y . U

Thus, we can view Sy ;, as a “slice” in wY to wBw 'z = (R,(P) n wUw ')zat z. But Sy, w
may be non transversal to wY at z: indeed, the intersection multiplicity of Sy ;, and wY at z
equals the intersection multiplicity of Z and Y along Bw~!z, and the latter equals d (Y, w) by
[7] 1.4 (alternatively, this can be deduced from Proposition 6 (iii).) On the other hand, it is not
clear whether Sy, is smooth, thatis, Y n w1 X, consists of smooth points of Y; see Corollary
3 below for a partial answer to this question.

We now relate the “slices” associated with both endpoints ofan edge inI'(X). LetY € #(X)
and let « € Araising Y. Choose v € W (PyY), then w = vsy isin W(Y), and £(w) = £(v) + 1.
Thus, v(«) € ®* N w(®7). Let Uy(y) be the corresponding unipotent subgroup of dimension
1, then U, (4 is contained in R, (P) N vU v1,

ProPposITION 7. — With notation as above, Sy, is contained in Uy ) Sp,y,» and the latter
is isomorphic to Uy(x) X Sp,y,r. Denoting by

Py, Sy,w — Spyv v

the corresponding projection, then @y . = Qp,y,v © Py,«. Moreover, Qy  is finite surjective of
degreed(Y, x).
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Proof. — We have

Syw=wY n(UnwU whHs=wY nUyUnvU vHs
S VPYY N Uy (U nvU 0 1S = Uy (vPxY 0 (U N vU v 1)8) = Uy Spyv 0

Moreover, since U, () S Ry (P) N vU v~! the productmap Uyx) X Sp,v,v = Uy(x)Spyy,v is an
isomorphism. Now the equality @y i, = @p,v,v © Py,« follows from the definitions. Together
with Proposition 6 (iii), it implies that @y  is finite surjective of degree d (Y, w)d(PyY,v) ! =
aly, o). O

Using Proposition 6, we analyze the intersection of a B-orbit closure with an arbitrary G-
orbit closure, generalizing [7] Theorem 1.4.

THEOREM 1. — Let X be a complete regular G-variety, letY € #(X) be such that GY = X
and let X" be a G-orbit closure in X. Then W (Y') is the disjoint union of the W (C) where C runs
over all irreducible components of Y n X'. Moreover, for any such C and w € W (C), we have

dlY,w)=d(C,w) i(C,Y -X;X)

where i(C,Y - X'; X) denotes the intersection multiplicity of Y and X' along C in X. As a con-
sequence, this multiplicity is a power of 2.

Proof. — By [7] Lemma 1.3, W (Y') is the union of the W (C). Choose C and w € W (C),
then C n w™!Xj is an irreducible component of Y n w~!Xy n X’. The latter is isomorphic to
(U nw Ry (P)) x w(Sy,,y n X'),and Sy, N X is a unique T-orbit, by Proposition 6. It
follows that Y n w™'Xy n X’ = C n w™'X, is irreducible, so that C is uniquely determined by
w. Equivalently, the W (C) are pairwise disjoint.

Let Z be a closed G-orbitin X', then
A(Y,w)=i(Bwlz,Y - Z;X) = i(Bw lznw 'Xo, Y nw ' Xo) - (Znw ' Xo); w ' Xp),

where the former equality follows from [7] 1.4, and the latter from [13] 8.2. Moreover, we have
by Proposition 6: Bw=1z n w !Xy = Bw 'zand Z n w'Xy = w™!Bz. Thus,

d(Y,w)=i(Bw 'z (Y n wilXo) - w Bz, uleo).

Using the fact that Y n w™ !Xy n X’ = C n w™1X, is irreducible, together with associativity of
intersection multiplicities (see [13] 7.1.8), we obtain

dY,w)=i(Bwlz,(Cnw'Xy) - w'Bzw Xy n X)) i(C,Y - X';X)
=i(Bwlz,C-Z; X)) i(C,Y - X; X)=d(C,w) i(C,Y - X'; X).

O

These results motivate the following

Definition. A B-orbit closure Y in an arbitrary spherical variety X is multiplicity-free if
d(Y,w) = 1forall w € W(Y). Equivalently, the edges of all oriented paths in I'(X) with
source Y are simple.

For example, Y is multiplicity-freeif r(Y) = r(GY), or if the isotropy group in G of a point
of Y9 is contained in a Borel subgroup of G (this follows from Lemma 6.)
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Other examples of multiplicity-free orbit closures arise from parabolic induction: if X =
G x” X’ is induced from X’ and if Y = BwY’ with w € Wland Y’ € #(X’), thenY is
multiplicity-free if and only if Y’ is (this follows from Lemma 7 or, alternatively, from [7] 1.2).

CoROLLARY 3. — Let X be a complete regular G-variety, Y a multiplicity-free B-stable sub-
variety such that GY = X, and X' a G-orbit closure in X. Then all irreducible components of
Y n X' are multiplicity-free B-orbit closures of X', and the corresponding intersection multiplic-
ities equal 1. Moreover, forany w € W (Y ), themap @y, : Sy, — S is an isomorphism. As a
consequence, Y n w~'X, consists of smooth points of Y .

Proof. — The first assertion follows from Theorem 1. By Proposition 6, @y, is finite sur-
jective of degree 1, hence an isomorphism because S is smooth. ]

We next characterize those B-orbit closures that are multiplicity-free, in terms of the inter-
section numbers fX [Y]-[Y']whereY' € £(X).Here fX [Y]-[Y']denotes the degree of the
product of the classes of Y, Y’ in the Chow ring of X. The latter is isomorphic to the integral
cohomology ring of X; it is generated as an abelian group by classes of B-stable subvarieties.

CoROLLARY 4. — Let X be a complete regular G-varietyandletY € #(X) suchthat GY =X.
Then the numbers fX[Y] - [Y'] are powers of 2, forallY' € #(X). Moreover, Y is multiplicity-
freeifandonly if [ [Y]- [Y'] equals0 orl, foranyY' € #(X).

Proof. — LetY' € %(X). By [8] 1.4 Corollary, fX[Y] - [Y'] # 0if and only if: dim(Y) +
dim(Y’) = dim(X), and Y meets wyY'. Under these hypotheses, Y N wyY' consists of a
unique point y, fixed by T. Moreover, the proof of [loc. cit.] shows that wyy € Y . Thus, By
and B~y = wyBwyy = wyY’ meet transversally at y in Gy = GY'. As a consequence, we have

dim(By) = dim(GY') — dim(wpY"') = dim(GY ") + dim(Y) — dim(X) = dim(Y n GY').

It follows that By is the unique irreducible component of Y N GY '’ through y.

Using the projection formula, we obtain

/[Y] - [Y'] =/ ([Y1-[GY']) - [Y']
b'¢ GY’

=d(By;Y - GY';X) By-[Y']=d(By;Y - GY'; X).
GY’
Thus, by Theorem 1, f X [Y]-[Y']isa power of 2; if moreover Y is multiplicity-free, then f X [Y]-
[Y']=1.

Conversely, assume that fX[Y] -[Y']equalsOorlforallY’ € #(X).Letthenw € W(Y);
choose a closed G-orbit Z with base point z and consider Y’ = Bwow~!z. Then dim(Y') =
codimy(Bw=1z) = dim(X) — dim(Y), and Y meets wyY’ at w™'z. Thus, fX[Y] - [Y'] =
d(Y, w) by the argument above. It follows that Y is multiplicity-free. O

We now show that the intersections of B-orbit closures with G-orbit closures in a complete
regular G-variety satisfy Hartshorne’s connectedness theorem, see [12] 18.2. That theorem is
proved there for schemes of depth at least 2; but B-orbit closures may have depth 1 at some
points, see Example 5 in the next section.

20



THEOREM 2. — Let X be a complete regular G-variety, Y a B-orbit closure, and X' a G-orbit
closurein X. ThenY n X' is connected in codimension 1 (that is, the complementinY n X' of
any closed subset of codimension at least 2 is connected.)

Proof. — We may assume that GY = X. If X" = Z is a closed G-orbit, then the assertion
follows from the description of Y n Z in terms of W (Y'), together with Propositions 2 and 3.
Indeed, for any w € W such that w ! e wAX) wehave f(w) = L(w!) = codimz(Bw~1z),
where z is the base point of Z.

For arbitrary X', let Z be a closed G-orbitin X'. Let ¥;’, ¥," be unions of irreducible compo-
nentsof Y N X' suchthatY n X' =Y, UY,. ThenY,’ n Z and Y, n Z are unions of irreducible
components of Y’ n Z (for any irreducible component C of Y n X' meets Z properly in X');
Moreover, their intersection has codimension 1in ¥’ n Z and Y," n Z, by the first step of the
proof. It follows that ¥, N Y, has codimension 1 in both ¥;" and ¥,'. O

3. Singularities of orbit closures

We begin by recalling the notion of rational singularities, see e.g. [15] p. 50.

Let Y be a variety. Choose a resolution of singularities ¢ : Z — Y/, that s, Z is smooth and
@ is proper and birational. Then the sheaves Rip, 0, (i > 0) are independent of the choice
of Z. The singularities of Y are rational if Ri(p>,< Oy = 0foralli > 1and .0y = 0Oy; the
latter condition is equivalent to normality of Y. Varieties with rational singularities are Cohen-
Macaulay.

Let now X be a spherical variety and Y a B-stable subvariety. If Y is G-stable, then its
singularities are rational, see e.g. [6]. But this does not extend to arbitrary Y: generalizing
Example 1 in Section 1, we shall construct examples of B-orbit closures of arbitrary dimension
but of depth 1 at some points. In particular, such orbit closures are neither normal nor Cohen-
Macaulay.

Example 5. Let X be the space of unordered pairs { p, g} of distinct points in projective space
P". The group G = GL(n + 1) acts transitively on X; one checks that X is spherical of rank 1.
Let P be a proper linear subspace of P" of positive dimension m. Consider the space

Ym={{pqgleX|pePmorqgeP"}

a subvariety of X of codimension n — m. The stabilizer P,, of P in G, a maximal parabolic
subgroup, stabilizes Y, as well; in fact, Y, contains an open P,,-orbit (the subset of all { p, g}
such that p € P" but g € P" — P™) and its complement

Y, ={pqt | pgeP", p=q}

is a unique P,,-orbit of codimension n — m in Y;;,. Thus, Y}, is the closure of a B-orbit; one
checks that r(Y,,) = 0 and r(Y,,) = 1.

The ma
’ v: P"xP" - Y,
(pg) -~ {pq}

is an isomorphism over the open P,,-orbit, but has degree 2 over Y,,,. Thus, v is the normaliza-
tion of Y;,,, and the latter is not normal. Moreover, Y,,, is the singular locus of Y.
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Observe that Y;,_; is Cohen-Macaulay, as a divisor in X (for n = 2 and m = 1, we recover
Example 1 in Section 1.) Butif m < n — 1, then Y}, has depth 1 along Y,;l by Serre’s criterion,
see [12] 18.3. In particular, Yy, is not Cohen-Macaulay.

Let «1, ..., &, be the simple roots of G. Then Py,,Y;, = Y41, and «y;, is the unique simple
root raising Y;,,. The corresponding edge in I'(X) is simple, except for m = n — 1. Thus, Y;; is
the source of a unique oriented path with target X, and the top edge of this path is double. In
particular, Y, is not multiplicity-free.

Such examples of bad singularities do not occur for multiplicity-free orbit closures:

THEOREM 3. — Let Y be a multiplicity-free B-orbit closure in a spherical G-variety X. If no
simple normal subgroup of G of type Gy, F, or Eg fixes points of X, then the singularities of Y are
rational.

Proof. — We begin with a reduction to the case where no simple normal subgroup of G
fixes points of X. For this, we may assume that G is the direct product of a torus with a family
of simple, simply connected subgroups; let I be one of them. IfI'is not of type G, F; or Eg,
then there exists a simple, simply connected group I together with a maximal proper parabolic
subgroup P such that a Levi subgroup L has the same adjoint group as T (indeed, add an edge
to the Dynkin diagram of T'to obtain that of ) Then L is the quotient of I'x C* by a finite central
subgroup F. We may assume moreover that C* maps injectively to L, that is, C* N F is trivial.
Then the first projection p; : F — T'is injective.

We claim that the second projection p, : F — C* is injective as well. Indeed, as I'is simply
connected, its Picard group is trivial; as some open subset of T'is the direct product of L with
an affine space, the Picard group of L is trivial as well. But L = (I' x C*)/F is the total space of
the line bundle over I'/ p; (F) associated with the character p» of p; (F) = F, minus the zero
section. Thus, Pic(L) is the quotient of Pic(I'/ p; (F)) by the class of that line bundle. Moreover,
Pic(T/ p; (F)) is isomorphic to the character group of F, asI'is simply connected. Therefore p,
generates the character group of F. Since F is abelian, the claim follows.

By that claim, I' n F is trivial; thus, I'embeds into L as its derived subgroup. We shall treat
p2 : F — C* as an inclusion, which defines an action of F on C*. On the other hand, F acts
on X via p» : F — T, and this action commutes with that of the remaining factors of G. Thus,
X xt C* is a variety with an action of the product I x¥ C* = [ with the remaining factors of
G. This variety is spherical and fibers equivariantly over C*/F = C*, with fiber X. Thus, we
may assume that the action of 'on X extends to an action of L. Now the parabolically induced
variety I x” X contains Y as a multiplicity-free subvariety (Lemma 7) but contains no fixed
point of . Iterating this argument removes the fixed points of all simple normal subgroups of
G.

We now reduce to the case where X is projective. For this, we use embedding theory of
spherical homogeneous spaces, see [16]. We may assume that X contains a unique closed G-
orbit Z (for X is the union of G-stable open subsets, each of which contains a unique closed
G-orbit.) Together with Lemma 2, the assumption that no simple factor of G fixes points of
X amounts to: P(Z) contains no simple factor of G. Let ¥z(X) be the set of all colors D that
contain Z; then we can find an equivariant projective completion X of X such that ¥, (X) <
9z (X) for any G-orbit closure 7' inX. By Lemma 2, it follows that P(Z’) c P(Z), and that no
simple factor of G fixes points of X.
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We next reduce to an affine situation, in the following standard way. Choose an ample G-
linearized line bundle % over X. Replacing % by a positive power, we may assume that % is
very ample and that X is projectively normal in the corresponding projective embedding. Let
X be the affine cone over X. This is a spherical variety under the group G = G x C*, and the
origin 0 is the unique fixed point of any simple normal subgroup of G, since [G, G] = [G, G].
Moreover, the affine cone Y over Y is stable under the Borel subgroup B x C* of G, and is
multiplicity-free. Thus, we may assume that X is affine with a fixed point 0, and we have to
show that Y has rational singularities outside 0.

By [6], the G-variety GY is spherical, with rational singularities, so that we may assume that
GY = X. We argue then by induction on the codimension of Y in X.

Let Ng(Y) be the setof all g € G such that g¥ = Y. This is a proper standard parabolic
subgroup of G, acting on Y by automorphisms. Let

p:Z-Y

be a Ng (Y )-equivariant resolution of singularities. Denote by C[Y ] (resp. C[Z]) the algebra of
regular functions on Y (resp. Z). Then C[Z] is a finite C[Y ]-module. Moreover, we have an
exact sequence of C[Y ]-modules

0-C[Y]-C[Z]-C-0

where the support of C is the non-normal locus N of Y, by Zariski’s main theorem. Note that
Ng(Y) acts on C compatibly with its C[PY ]-module structure. We first show that C is sup-
ported at 0, that is, Y is normal outside 0.

Let « be a simple root raising Y and let P = P,. Let
f=fra:Px8Y - P/B
be the fiber bundle with fiber the B-variety Y'; let
T=mys:PxBY - PY
be the natural morphism. Then the map
m* 1 C[PY] — C[PxP Y]

is injective, and makes C[ P xB v ] afinite C[ PY ]-module. Since Y is multiplicity-free, 77 is bi-
rational and PY is multiplicity-free as well. By the induction assumption, PY is normal outside
0. Therefore, the cokernel of 7t* is supported at 0, by Zariski’s main theorem again.

The B-equivariant resolution ¢ : Z — Y induces a P-equivariant resolution
p:PxBz_pxBy.
Composing with 71, we obtain a P-equivariant birational morphism
:PxP 7~ PY.

As above, the map
i* . C[PY] — C[P xB Z]
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is injective and its cokernel is supported at 0. We shall treat 7t* and 77* as inclusions.

We have
CPxBy1=HYPxBY,Op 5y) = H'(P/B, fsOp,5y).

Moreover, fyOp, sy is the P-linearized sheaf on P/B associated with the (rational, infinite-
dimensional) B-module
H°(f 1 (B/B), Opyy) = C[Y].

We shall use the notation
f* ﬁPXBY = C[Y]

Then
C[PY] < HP/B,C[Y]) < H'(P/B,C[Z]) = C[P xB 7]

and these C[ PY ]-modules coincide outside 0.

Consider the exact sequence of P-linearized sheaves on P/ B:
0-Cl[Y]-C[Z]-C~-0.

Since the restriction map C[PY ] — C[Y ] is surjective, the B-module C[Y ] is the quotient of a
rational P-module. Since P/ B is a projective line, it follows that H L(p/B,C[Y]) = 0. Thus, we
have an exact sequence of C[ PY ]-modules

0 - H°P/B,ClY]) — H°(P/B,C[Z]) — H*(P/B,C) — 0.

It follows that H°(P/B, C) is supported at 0. Now normality of Y outside 0 is a consequence of
the following

LEMMA 9. — Let C be a finite C[Y ]-module with a compatible action of Ng(Y ), such that
the C[PY ]-module H°(P/B, C) is supported at 0 for any minimal parabolic subgroup P that
raises Y . Then C is supported at0.

Proof. — Otherwise, choose an irreducible component Y’ + {0} of the support of C. Let
I(Y') be the ideal of Y in C[Y ]. Define a submodule C’ of C by

C'={ceC|I(Y')c=0}.

Observe that the support of C" is Y’ (indeed, the ideal I(Y ') is a minimal prime of the support
of C; thus, this ideal is an associated prime of C.) Note that N;(Y) stabilizes Y and acts on
C’'. Moreover, H’(P/B,C’) is a C[PY’]-module supported at 0 (as a C[PY ]-submodule of
H°(P/B,C))

We claim that Y’ is G-stable. Otherwise, let & be a simple root raising Y'; then « raises Y .
Define as above the maps

f:PxBy — p/Bandnw’ :PxBYy’ - pY’.

The C[Y’]-module C’ with a compatible B-action induces a P-linearized sheaf ¢ on P x5 Y’,
and we have f, @ = C’ as P-linearized sheaves on P/B. It follows that the C[PY’]-module
H%(P xByY’, @) = H°(P/B,C’) is supported at 0. On the other hand, we have H*(P x?
Y',#) = H'(PY’, T, @'). Moreover, the map v’ : P xBy’ — PY’ is generically finite (as
P raises Y’), and the support of @' is P xB Y’ (as the support of C’ is Y’). Thus, the support
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of 1t} @ is PY’, and the same holds for the support of H*(PY', w,, @') = H°(P/B,C’). This
contradicts the assumption that Y # {0}. The claim is proved.

Let L be the Levi subgroup of P containing T, then P/B = [L,L]/B n [L, L]. Since Y is
G-stable, it is not fixed pointwise by [ L, L] (here we use the assumption that no simple normal
subgroup of G fixes points of X — {0}.) Since Y’ is affine, [L, L] acts non trivially on C[Y"].
Thus, we can find an eigenvector f of B n [L, L] in C[Y'] = C[PY'] of positive weight with
respect to the coroot &. Then f(0) = 0, so that f acts nilpotently on H O(p/B, C’). But f does
not act nilpotently on C’, for the support of this module is Y. Therefore we can choose a finite-
dimensional B N [L, L]-submodule M of C’ such that f"M = 0 for any large integer n. For
such n, all weights of & in "M are positive. It follows that HO([L,L1/Bn[L,L], f"M) =+ 0.
But -

H([L,L]/BN[L,L], f"M) < H(P/B, f"C’) = f"H°(P/B,C).

Since H°(P/B, C’) is supported at 0, we have f”HO(P/B, C’) = 0 for large n, a contradic-
tion. O

Next we fix i > 1 and consider R'@y ¢z, a N (Y )-linearized coherent sheaf on Y. Since Y
is affine, this sheaf is associated with the C[Y ]-module H!(Z, ¢;) endowed with a compatible
action of Ng(Y ). We claim that the C[ PY ]-module HY(P/B,H\(Z, 0y)) is supported at 0.

For this, note that the map 7 : P x8 Z — PY is a resolution of singularities. By the induc-
tion assumption, PY has rational singularities outside 0; thus, the C[ PY ]-modules HY9 (P xB
Z, Upy 8 ,) aresupported at0, forall ¢ > 1. Moreover, 7T = 1o p (recall thatp : P xBz - pxBy
denotes the P-equivariant extension of .) And the fibers of 7 : Px®Y — PY identify to closed
subsets of projective line, as the map (7, f) : P xBY — PY x P/Bis aclosed immersion. Thus,
HP(P xBY, ) =0forany p > 2 and for any coherent sheaf % on P x8 Y. It follows that the
Leray spectral sequence

HP(PxBY,RIpyOpys,) = HPI(P XB Z, Op5,)

degenerates at Ey: then H*(P x8 Y, R9p, 0, 5,) is a quotient of HY(P x8 Z, 0p, 5,,). In par-
ticular, the C[PY ]-module H*(P xB v, R'py Op ) is supported at 0. Moreover, R'py Op, 5,
is the P-linearized sheafon P x? Y associated with the B-linearized sheaf R'p . @. Thus,

HY(PxPY,Rip,0p.5,) = H'(P/B,H(Z, 0)).

This proves the claim.

By Lemma 9, it follows that the C[Y ]-module H iz, 0yz) is supported at 0. Thus, Y has
rational singularities outside 0. U

Combining Theorem 3 with Corollary 2, we obtain examples of spherical varieties where all
B-orbit closures have rational singularities, e.g., all embeddings of the symmetric spaces listed
at the end of Section 1. Here are other examples, of geometric interest.

Example 6. Let 7, be the variety of all complete flags in C". Consider the variety X = P"~! x .,
endowed with the diagonal action of G = GL(#n). Then X is spherical, see e.g. [22]. Clearly, the
isotropy group of any point of X is contained in a Borel subgroup of G; thus, by Lemma 6, all B-
orbit closures in X are multiplicity-free. Applying Theorem 3, it follows that their singularities
are rational. Therefore all GL(n)-orbit closures in P*~! x %, x %, have rational singularities
as well.
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Example 7. Let p, q, nbe positive integers such that p < g < n. Let 9, ,, be the Grassmanian
variety of all p-dimensional linear subspaces of C". Consider the variety X = %, , X 9,4
endowed with the diagonal action of G = GL(n). By [20], X is spherical (see also [22].)

We claim that all edges of I'(X) are simple. Thus, the singularities of all B-orbit closures in
X are rational, and the same holds for closures of GL(n)-orbits in &, p X Gng X In.

To prove the claim, consider a point (E, F) in the open G-orbitin X. Let r = dim(E N F),
then r = max(p+ g — n,0). We can choose a basis (vy,..., vy) of C" such that E n F (resp.
E; F) is spanned by vy,..., v, (resp. vy,...,Vp; V1,..., VU, Uptl, ..., Uptg—r). Then, in the
corresponding decomposition

C"=C"eoCPTecCiTeCr P,

the isotropy group of (E, F) in G consists of the following block matrices:

S O O ¥
S O ¥ *
S *x O %
* % X X

Thus, the orbit G/ G(g r) is induced from GL(n — r)/GL(p — r) x GL(gq — r). Now the claim
follows from Lemma 7 together with Corollary 2.

Remark. The varieties P! x %, x %, and Yn,p X Gn,q X I are examples of “multiple flag
varieties of finite type” in the sense of [22]. There these varieties are classified for G = GL(n).
Do all orbit closures in such varieties have rational singularities ?

Example 8. Let M, ,, be the space of all m X n matrices. This is a spherical variety for the
action of G = GL(m) x GL(n) by left and right multiplication. Arguing as in Example 7, one
checks that all B-orbit closures in M,, , are multiplicity-free (in fact, any Y € #(M,,, ,) satisfies
r(Y) = r(GY)). Hence they have rational singularities, by Theorem 3.

The same result holds for the natural action of GL(7) on the space of antisymmetric n X n
matrices; but it fails in the case of symmetric n X n matrices, if n > 3. Indeed, the subset

an a2 a3
ay = |ap ap as| =0
a3 daz3z ass

is irreducible, stable under the standard Borel subgroup of G, and singular along its divisor
(a11 = a1z = a13 = 0).

THEOREM 4. — Let X be a regular G-variety, let Y be a multiplicity-free B-orbit closure in X
such that GY = X, and let X' be a G-orbit closure in X, transversal intersection of the boundary
divisors D1, ..., D,. Then the singularities of Y are rational, and the scheme-theoretical inter-
sectionY n X' is reduced. Moreover, foranyy € Y n X', local equations of Dy, ... , Dy aty are
a regular sequence in Oy .

Proof. — For rationality of singularities of Y, it is enough to check that X satisfies the as-

sumption of Theorem 3. We may assume that G acts effectively on X. If a simple normal sub-
group I'of G fixes points of X, let X' be a component of the fixed point set. Then X" is G-stable:
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itis the closure of some orbit Gx. Since X is regular, the normal space Ty (X)/ T (Gx) is a direct
sum of [-invariant lines. Since I'is simple and fixes pointwise Gx, it fixes pointwise T (X) as
well. It follows that I'fixes pointwise X, a contradiction.

For the remaining assertions, observe that the local equations of Dy, ..., D, at any point
x € X' are a regular sequence in 0y . Moreover, as noted above, the scheme-theoretical
intersection Y n X’ is equidimensional of codimension r, and generically reduced. Since Y is

Cohen-Macaulay, then Y n X’ is reduced, and the local equations of Dy, ..., D, at any point
y € Y n X’ are aregular sequence in Oy y. O

We now apply these results to orbit closures in flag varieties. For this, we recall a construc-
tion from [7] 1.5. Let G/ H be a spherical homogeneous space, then H acts on the flag variety
G/ B with only finitely many orbits. Let V be a H-orbit closure in G/B and let V be the corre-
sponding B-orbit closure in G/H. Choose a complete regular embedding X of G/H and let Y
be the closure of V in X. Then Y € #(X) and GY = X. Consider the natural morphism

m:GxBy - x
and the projection
f:GxPy - G/B.

The fibers of 7 identify to closed subschemes of G/B via fy. Let x be the image in X of the
base point of G/ H, then 1w~ 1(x) identifies to V. On the other hand, let Z be a closed G-orbit in
X with B-fixed point z, then the set f (1 !(z)) equals

Vo= |J BwywB/B
weW (Y)
where wy denotes the longest element of W. Moreover, we have in the integral cohomology
ring of G/B:
[Vl= Y d(Y,w)[BwwB/B].
weW (Y)

Now Theorem 2 and Proposition 5 imply the following

CoROLLARY 5. — Notation being as above, V}y is connected in codimension 1. If moreover G
is simply-laced, then [V ] = 2IND V] wherey is any oriented path inT(X) joiningY to X.

We shall call V multiplicity-free if Y is. Equivalently, the cohomology class of V' decom-
poses as a sum of Schubert classes with coefficients 0 or 1.

Note that any multiplicity-free H-orbit closure V is irreducible, even if H is not connected.
Indeed, H acts transitively on the set of all irreducible components of V, so that any two such
components have the same cohomology class; but the class of V is indivisible in the integral
cohomology of G/B.

THEOREM 5. — Let G/ H be a spherical homogeneous space, and V a multiplicity-free H -
orbit closure in G/ B. Then the singularities of V are rational.

Moreover, let X be a complete regular embedding of G/H and let Y be the B-orbit closure
in X associated with V, then the natural morphism : G x8Y — X is flat, and its fibers are
reduced.

As a consequence, the fibers of Tt realize a degeneration of V to the reduced subscheme Vy of
G/B.
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Proof. — Note that the singularities of Y are rational by Theorem 4; thus, the same holds
forV.=Y n G/H. Let @ : Z — V be aresolution of singularities; consider the quotient map
gu : G — G/H, the preimage V' = g (V) in G, and the fiber product Z’' = Z xy, V'. Then V'
is smooth, since Z and gy are; the projection ¢’ : Z' — V' is proper and birational, since @ is;
and Rigp, 0y = 0fori > 1, since cohomology commutes with flat base extension. Therefore
the singularities of V' are rational. Now V' = qgl (V) and g3 is a locally trivial fibration, so
that the singularities of V' are rational as well.

For the second assertion, we identify Y to its image B x? ¥ in G x® Y. Since m is G-
equivariant, it is enough to check the statementat y € Y. Let Dy,..., D, be the boundary
divisors containing y, with local equations f,..., fr in Ox . It follows from Theorem 4 that
the pull-backs 7v* fi,..., w* f, are a regular sequence in OgxBy ,y and generate the ideal of
m~1(Gy). Moreover, the restriction of 7 to w~!(Gy) is flat with reduced fibers, as 1 is G-
equivariant. Now we conclude by a local flatness criterion, see [12] Corollary 6.9. O

A direct consequence is the following
CoOROLLARY 6. — Consider a spherical homogeneous space G/ H, a multiplicity-free H -orbit

closureV in G/B and an effective line bundle L on G/ B. Then the restriction map H 0(G/B, L) —
H®(V, L) is surjective, and H(V, L) = 0 forall i > 1.

Indeed, this holds with V replaced by Vj, a union of Schubert varieties (see [21].) The result
follows by semicontinuity of cohomology in a flat family.

We now obtain a partial converse to Corollary 6:

ProprosITION 8. — Let G/ H be a spherical homogeneous space, let V be a H -orbit closure
in G/B and let Y be the corresponding B-orbit closure in G/H. IfY is the source of a dou-

ble edge of T(G/H), then there exists an effective line bundle L on G/ B such that the restriction
H°(G/B,L) — H°(V,L) is not surjective.

Proof. — Let « be the label of a double edge with source Y. Denote by p : G/B — G/Py
the natural map and by py : V — (V) its restriction to V; then pis a projective line bundle,
and py is generically finite of degree 2. Choose an ample line bundle L on G/P,; then p* L is
an effective line bundle on G/B. Now our assertion is a direct consequence of the following
claim: the restriction map

ra s HO(p~ p(V), p* (L") — HO(V, p* (L%™)
is not surjective for large n. To check this, note that
H(p~ ' p(V), p*(L*™) = HO(p(V), L°™), HO(V, p*(L®™)) = H(p(V), L®" & py 4 Oy)
by the projection formula. Thus, r, identifies with the map
H(p(V), L") = HY(p(V), L*" @ pv«Oy)
defined by the inclusion of @)y, into py«@y. Since py has degree 2, the quotient F =

pv Oy | Opv) has rank 1 as a sheaf of @,)-modules. Moreover, since L is ample, the cok-
ernel of r,, is isomorphicto H(p(V'), # ® L®") for large n. This proves the claim. O

28



4. Orbit closures of maximal rank

Let B(X) ax bethesetofallY € &#(X) such that r(Y) = r(X), that is, the set of all B-
orbit closures of maximal rank. Recall that all such orbit closures are multiplicity-free and meet
the open G-orbit. Here is another characterization of them.

ProPOSITION 9. — (i) ForanyY € RB(X)max and w € W (Y'), we have: BwY? = X% and
wl e WAX) | Moreover, W (Y) is disjoint from allW (Y') whereY' € #(X) andY' +Y.

(ii) Conversely, if Y € #(X) and thereexistsw € W such that BwY? = X°, thenY has maximal
rank. If moreover w™' € WX thenw € W (Y), and A(Y) consists of those x € A such that
w(x) € A(X).

Proof. — (i) We prove that BwY? = x° by induction over £(w), the case where £(w) = 0
being evident. If £(w) > 1, we can write w = w’sy for some simple root « and some w’ € W
such that £(w’) = ¢(w) — 1; then BwB = Bw'BsyB. Then X = BwY = Bw'P,Y. Since
£(w) = codimy (Y), it follows that « raises Y and that w’ € W (PyY ). Because Y has maximal
rank, P, Y © consists of two B-orbits, both of maximal rank. But P,Y°? = Y° U Bs,Y? so that
BSO(YO is a unique B-orbit of maximal rank and of codimension #(w’) in X. By the induction
assumption, we have Bw BsyY? = X°, thatis, BwY? = X°. If moreover w € W (Y') for some
Y’ € #(X), then a similar induction shows thatY’ =Y.

If w ! ¢ WAX) then there exists B € A(X) such that {(spw) = £(w) — 1. Thus, BwB =
BsgBsgwB, so that sgBsgwY ? is contained in X°. But s3X° = X°; therefore, BsgwY? = X©,
and BsgwY = X. It follows that codimx (Y) < #(spw) = £(w) — 1, a contradiction.

(ii) Let w be a representative of w in the normalizer of T. By assumption, the map

Uxy? - x0©
(w,y) ~ uwy

is surjective. Thus, it induces an injective homomorphism from the ring C[ X °] of regular func-
tions on X°, to C[U x Y°]. The group of invertible regular functions C[ X 01* is mapped into
C[UxY?]* = C[Y°]*. Quotienting by C* and taking ranks, we obtain r(X) < r(Y) by Lemma
1, whence r(Y) = r(X).

If moreover w—! € WAX) we show that w € W (Y) by induction over £(w); we may

assume that w = 1. Then we can write w = w’'sy wherew’ € W, x € Aand £ (w) = £(w') + 1.
It follows that w(x) € &~

We begin by checking that s, Y° # Y°. Otherwise, by Lemma 1, there exists y € Y fixed
by [Ly, Ly]. Thus, wy € XY is fixed by w[ Ly, L] w~L. Since the unipotent radical of P(X) acts
freely on X0 by Lemma 2, it follows that w(x) € $5x). Thenx € A n w’l(CDZ(X)) which
contradicts the assumption that w™! € W2,

As above, it follows that Bs, Y ° is a B-orbit of maximal rank and of dimension dim(Y ) + 1;
moreover, Buw' BsyxY? = X°. We can write w' = uv where u € Wax), vl e wa&X) and
L(w') = £(u) + £(v). Thus, BwB = BuBvBsyB, and BvBsyY? = X% as u71X° = X°. By
the induction assumption, v € W (Bs,Y ). Moreover, £(vsy) = £(v) + 1, for w = uvsy and
O(w) = £(u) + £(v) + 1. It follows that vs, € W(Y); in particular, sov~! € wAX) | But
wl=syv'utisin WAX) agwell. Thus, u=1and w! € W (Y).
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Let « be a simple root of Y. Then we see as above that w(x) € ®ax). We have wsy =
Sw(c W With sy € Wax) and w! € WAX) Thus, €(wsy) = 0 (s (x)) +£(w) which forces
w(x) € ®F (as U(sqw) = £(w) + 1) and w(x) € A (as €(sy () = 1) We conclude that w(o) is
a simple root of X.

Conversely, let ® € A such that w(x) is a simple root of X. Then f(wsy) = f(w) + 1,
whence

BwBsyY? = BwsyY° = Bsyy (o wY° = Bsy(a BwY? = Bsyya X° = X°.

Let @ be a B-orbit in BsaYO. Then Bwo = X°. By (i), we have ¢ = Y?, whence so(Y0 =Y%and
x e A(Y). O

This preliminary result, combined with those of Section 2, implies a structure theorem for
orbits of maximal rank and their closures in regular varieties:

THEOREM 6. — Let X be a complete regular G-variety, Y € B(X)max and w € W(Y).
Choose a “slice” Sy ,,, as in Proposition 6, so that the product map

(Unw 'Ry(P)w) x w Sy, — Y nw X

is an isomorphism. Then w’ISy,w is fixed pointwise by [L(Y ), L(Y)]. Moreover, Y N w Xy
is P(Y)-stable and meets each G-orbit along a unique B-orbit, of maximal rank in this G-
orbit. In particular, there exists y &€ YO fixed by [L(Y), L(Y)] such that the product map
(U n w 'Ry (P)w) x Ty — YO is an isomorphism.

As a consequence, for each G-orbit closure X' in X, all irreducible components of Y n X’
have maximal rank in X'. Moreover, a given C € #(X') is an irreducible component of Y n X'
ifand only if W (C) is contained in W (Y').

Proof. — With notation as in Section 2, recall that
uflSy,w =YnNnWU nw'lUww's

where S is fixed pointwise by [ L(X ), L(X)]. Now Proposition 9 implies that [ L(Y"), L(Y)] fixes
pointwise S and normalizes U™ N w 'Uw. Thus, [L(Y), L(Y)] stabilizes w‘lSy,w. Moreover,
intersecting that space with those boundary divisors that contain a given closed G-orbit, we
obtain [L(Y), L(Y)]-stable hypersurfaces meeting transversally at a fixed point. Arguing as in
the proof of Theorem 4, it follows that [ L(Y ), L(Y )] fixes pointwise w! Sy, w-

By Proposition 6, w ™! Sy ,, meets each G-orbit along a unique T-orbit. As a consequence,
the intersection of Y n w~! X, with each G-orbit is contained in a unique B-orbit. We apply this
to GY©, the open G-orbitin X. Since Y nw™ ' Xy n GY? = Y n w1 X equals Y ° by Proposition
9, we see that the product map

(Unw 'Ry(P)w) x (w 'Sy ,nY? - v°

is an isomorphism. Moreover, w™ 'Sy ,, N Y is a unique T-orbit of dimension equal to the
rank of X.

It follows that each U-orbit in Y9 is a unique orbit of U N w 'R, (P)w. Indeed, any U -
orbit is isomorphic to some affine space, and its projection to w1 Sy, N Y is a morphism to
atorus, hence is constant.
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Choose yy € Y9 and lety € Y n w~1X,. Since Byy = Y0 is dense in Y n w™1Xy, we
have dim(Uy) < dim(Uyy). The latter equals dim(U N w 'R, (P)w) by the previous step.
Because U N w™ 'R, (P) w acts freely on Y N w~! Xy, it follows that (U n w™ 'R, (P)w)y is open
in Uy. But both are affine spaces, so that they are equal. Thus, Y n w1 Xy is B-stable. It is even
P(Y)-stable, because P(Y) < w1 Pw by Proposition 9.

Since w™! Sy, meets each G-orbit along a unique T-orbit, ¥ N w~! Xy meets each G-orbit
along a unique B-orbit. Let y € Y n w~ !Xy, then wBy < X; and, therefore, wBy < (Gy)°. By
Proposition 9 again, we have r(By) = r(Gy).

The remaining assertions follow from Theorem 1 together with Proposition 9. U

As a consequence, we determine all B-orbit closures Y’ such that f x[Y1-[Y'] # 0; by
Corollary 4, this amounts to fX[Y] [Y']1=1.

COROLLARY 7. — LetY be a B-orbit closure of maximal rank in a complete regular G-variety
X andletY' € 2B(X). Then the intersection number fX[Y] - [Y'] equals 1 ifand only ifY' =

Bwow~1z for some w € W (Y) and some closed G-orbit Z with base point z.

Proof. — IffX[Y] -[Y']=1,thenY nwyY  consists of a unique T-fixed point y € on,O,
and By is an irreducible component of Y n GY’, by the proof of Corollary 4. Therefore, By has
maximal rank in GY’ = Gy’. But r(By) = 0 because y is fixed by T. Thus Gy, being a G-orbit
of rank 0, is closed in X. Let z be its base point, then y = w1z for some w € W (Y), so that
Y’ = Buwyy = Bwyw1z. The converse is clear. O

We now describe the intersections of B-orbit closures of maximal rank with G-orbit clo-
sures, in terms of Knop’s action of the Weyl group W on the set #(X). This action can be
defined as follows.

Letax € Aand Y € #(X), then sy fixes Y, except in the following cases:
e Type U: PyY° =Y U Z%for Z € #(X) with r(Z) = r(Y). Then s, exchanges Y and Z.

e Type T: P,Y° = YO U YO U 2% for Z € #B(X) with r(Y) = r(Y.) = r(Z) — 1. Then sy
exchangesY and Y_.

By [19, §4], this defines indeed a W -action (that is, the braid relations hold); moreover,
Z(w(Y)) = w(Z(Y)) forall w € W. In particular, this action preserves the rank.

ForY € #B(X)maxand w € W (Y ), we have w(Y ) = X. Thus, % (X) ;ax is the W -orbit of
X in #(X).

Let W x) be the isotropy group of X; then Wy, acts on #(X). Observe that W x) contains
Wa(x). The latter acts trivially on #(X) by Lemma 1. In fact, Wy, stabilizes ®,x) (indeed,
®A(x) consists of all roots that are orthogonal to 2 (X), if X is non-degenerate in the sense of
[18]; and the general case reduces to that one, by [18] §5.)

The normalizer of ®5(x) in W is the semi-direct product of W x) with the normalizer of
A(X). Therefore, W) is the semi-direct product of Wx x) with

Wy ={weW|wlX)=Xand wA(X)) = A(X)}.

The latter identifies to the image of Wy, in Aut 2/(X), that is, to the “Weyl group of X”, see
[19] Theorem 6.2.
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In fact, Wy is the set of all w € W) such that w(p) — p € #(X), where p denotes the half
sum of positive roots (see [17] 6.5); we shall not need this result.

Let
WX =(wew | Lwu) >Lw) Y ue Wyl

the set of all elements of minimal length in their right W x)-coset.
ProposITION 10. — Notation being as above, we have
w® = {wewr® | L(wu) > L(w) ¥ u e Wy},
and, foranyw € W,

WwXx) ={vew|v!ew® nwwyl.

As a consequence, all elements of minimal length in a given left W x)-coset have the same
length and are contained in a left Wy -coset. Moreover, the subsets W(Y), Y € RB(X) max, are
exactly the subsets of all elements of minimal length in a given left W x -coset.

If moreover X is regular, then we have for any G-orbit closure X' in X :

wX)nX = U w' (X).
W,GW(X)QWVV(X)

Proof. — Clearly, WX) is contained in W), And since Wy stabilizes A(X), the set
w2 is stable under right multiplication by Wy . This implies the first assertion.

Let Y = w(X) and observe that codimx (Y) < #(w) with equality if and only if wl e
W (Y) (indeed, a reduced decomposition of w defines a non-oriented path in I'(X) with end-
points Y and X).

Letv € W(Y). Since v(Y) = X, we have v} € wWy,. Moreover, £(v™!) = £(v) =
codimy (Y) < #(w). Since we can change w in its right W x)-coset, it follows that view®,

Conversely, let # € W such that u™! € W™ n wWx). Then u(Y) = X, whence £(u) >
{(v) and u € Wx)v. Since u ! € W) this forces £(u) = £(v) and then u € W (Y). This
proves the first assertion. Together with Theorem 6, this implies the second assertion. U

Example 9. Let G be a connected reductive group. Consider the group G = G X G acting on
X = Gby (x,y) - z= xzy '. Then X is a spherical homogeneous space: consider the Borel
subgroup B = B X B~ of G, where B and B™ are opposed Borel subgroups of G. With evident
notation, the B-orbits in X are the BwB~, w € W. This identifies (X ) to W. Moreover, all
B-orbits have maximal rank, and the Weyl group W = W x W actson W by (u, v)w = uwvL,
Thus, A(X) is empty, Wy is the diagonalin W x W, and W X {1} is a system of representatives

of W/Wx). One checks that
WX = ((u,v) e WX W | L(u)+£(v) =L(uv '}
In particular, (w,1) € W™ for all w € W. Moreover,

wX A (w, DWix) = {(u,v) € W X W | uv ' =wand l(u) +£(v) = L(w)}.
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This identifies W) n (w, 1)W(x, to the set of all u € W such that u < w for the right order
on W.

Remark. Let X be a complete regular G-variety, Y a B-orbit closure of maximal rank, and X’
a G-orbit closure in X. Then the number of irreducible components of Y n X’ is at most the
order of Wy by Proposition 10. If moreover X has rank 1, then Wy is trivial or has order 2, so
that Y n X' has at most 2 components.

Returning to an arbitrary spherical variety X, we shall deduce from Proposition 4 the fol-
lowing

THEOREM 7. — The group W x) is generated by reflections sy where « is a root such that
x € dpx) orthat2a € #(X), and by products sy sg where , B are orthogonal roots such that
x+ B e XX).

Proof. — Let w € W(x). We choose a reduced decomposition w = sy, - * * Sx, Sy and we
argue by induction on £.

If ¢; € A(X) then sy, is areflection in Wix), so that sy, - - - Sa, € W(x). Now we conclude
by the induction assumption.

If ¢y ¢ A(X) then sy, (X) has codimension 1 in X. Let i be the largest integer such that
codimy sy, - = - oy (X) = i. LetY = sy, - - - 50q (X) = i, thenY € #(X)paxand sy, - - - Sy €
W(Y).

If Py;,, Y =Y then sy, (Y) = Y by definition of the W-action and maximality of i. Let
X = So; * + - Sa; (Xj+1). Then sy is a reflection of W), and w = Sy, = - * Sapp Sex; * * * Sy S If
®iy1 € A(Y), then x € A(X) by Proposition 9. Otherwise, PaHlYO/R(PaM) is isomorphic
to PGL(2)/T or to PGL(2)/N; it follows that 2x;+; € 2(Y ), and that 2 € 2(X). Now we
conclude by the induction assumption.

If Py,,,Y # Y then x4 raises Y to (say) Y'. Choose u € W(Y"), then £(u) = i — 1 and
Usy,,, € W(Y). Moreover, usy;,,Sx; * * * Say € Wix). Wehave w = vusy,,,S«; * * - Soy fOr some
v € Wx) such that £(vu) = € — i — 1. Thus, £(v) < ¥(vu) + £(u) = £ — 2. Therefore, we
may assume that there exist Y € #(X)uqx and wy, wo € W(Y) such that w = wywy L By
Proposition 2, we may assume moreover that w; and w» are neighbors. Then we conclude by
Proposition 4. ]

As a direct consequence, we recover the following result of Knop, see [18] and [19].

CoRrOLLARY 8. — The image of Wx in Aut % (X) is generated by reflections.
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