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ABSTRACT. We present a K-theoritic approach to the Guillemin-Sternberg
conjecture [15], about the commutativity of geometric quantization and sym-
plectic reduction, which was proved by Meinrenken [22, 23] and Tian-Zhang
[27]. Besides providing a new proof of this conjecture for the full non-abelian
group action case, our methods lead to a generalisation for compact Lie group
actions on manifolds that are not symplectic. Instead, these manifolds carry
an invariant almost complex structure and an abstract moment map.
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Consider a compact manifold M on which a compact Lie group G acts. If M

carries a G-invariant almost complex structure J, we have a quantization map

RR” (M, -) : Ka(M) = R(G) ,

from the equivariant K-theory of complex vector bundles over M to the character

ring of G. Let g be the Lie algebra of G.

Let L —+ M be a G-equivariant Hermitian line bundle over M. The choice of an

Hermitian connection V¥ on L defines a map f, : M — g* such that
£L(X)—V§M:l<fL,X>, Xeg;

where £L(X) is the infinitesimal action of X on the section of L — M (in [8][section
7.1] they call f, the ‘moment’), and X is the vector field on M generated by X € g.
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We will work under the following assumptions.
Assumption 1: 0 is a regular value of f, .

Under this first assumption, Z := f1(0) is a smooth submanifold of M which
carries a locally free action of G, and we consider the orbifold reduced space M .q =
f10)/G-

Assumption 2 We have the following decomposition of the tangent space TM
under Z: TM|z =TZ® J(gz), where gz = {Xz, X € g}.

Under this second assumption, the almost complex structure J induces an almost
complex structure Jp..q on Mieq. We have then a quantization map
RR7re4(Myeq, —) : K(Myeq) = Z. Let Lyeqg — Myeq be the orbifold line bun-
dle induced by L.

Under these two assumptions we prove in this paper the following

Theorem A We have the equality'

G k

k
[RRG”(M, L®)| = RR’ra (Mmd, Lﬁd), k€N,

if any of the following hold:

(i) G =T is a torus; or

(i3) k € N is large enough , so that the connected component containing 0 of the
set of regular values of f, contains %(wp —p) for all w in the Weyl group W of G,
where p = %E(DO a is half the sum of the positive roots of G.

A similar result was proved by Jeffrey-Kirwan [17] when (M, w) is a symplectic
manifold, L is the prequantum line bundle, f, is the moment map associated to an
Hamiltonian action of G on M, but where one relax the condition of positivity of
J with respect to the symplectic form w.

In this paper, we start from a (abstract) moment map? f, : M — g (see Def-
inition 6.1). An equivariant vector bundle E is called f,-positive (see [27]) if the
following hold: for any m € M, such that f,(m) = § with 8y(m) = 0, we have

(1.1) (¢8)2>0

for any weights £ of the Tg-action on E,, (Tg is the torus of G generated by
exp, (t.8), t € R). An equivariant vector bundle E is called f,-strictly positive
when furthermore the inequality (1.1) is strict for any 8 # 0. Note that any
Hermitian line bundle L is strictly positive for its ‘moment’ f, .

Theorem B Let f, be an abstract moment map satisfying the Assump-
tions 1) and 2). For any f, -strictly positive G-complex vector E — M we have the
equality

&7 517 Jred ®
RR =~ (M,E®)| = RR’- <Mred>Ered)> k€N,
if any of the following hold:

(i) G =T 1is a torus; or
(i) k is large enough.

1[V]¢ means the G-invariants of V.
2We identify g and g* with a G-invariant scalar product.
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In this paper we look also to the Hamiltonian case where the moment map f, and
the almost complex structure J are related by means of a G-invariant symplectic
2-form w :

i) f, is the moment map of an Hamiltonian of G over (M,w) : d{f,,X) =
w(Xpr,—) , for X € g, and

ii) The data (w,J) are compatible : (v,w) = w(Jv,w) is a Riemannian metric
on M.

Note that in this case, Assumption 2 is automatically fulfilled if 0 is a regular
value of f,. More precisely, the compatible data (w,.J) induces compatible data
(wred; Jred) on Mred-

In this situation, we recover the results of Meinrenken [23] and Tian-Zhang [27].

Theorem C Let f, the moment map of an Hamiltonian action of G over
(M,w), and suppose that (w,J) are compatible. We suppose furthermore that 0 is
a regular value of f,. Let E be a G-complex vector bundle over M.

1. If0 ¢ f, (M) and E is f-strictly positive, we have
G
[RRG'J(M, E)] =0.
2. If0 € f,(M) and E is f,-positive, we have

G
I:RRG’J (M; E)] = RRJMd (Mrecb Ered)-

We now turn to an introduction to our method. We associate to the abstract
moment map f, the vector field

Hm = [fe(m)]e-m, meM,

and we denote C7¢ the set where # vanishes. There are two important cases. First,
when the map f, is constant equal to an element v in the centre of g, the set C/c
corresponds to the submanifold M of fixed points for the infinitesimal action of v
on M. Witten [30] introduces, in the Hamiltonian case, the vector field H to realise,
in the context of equivariant cohomology, a localisation on the set Cr(|| f, ||?) of
critical points of the function || f, ||?. Here H is the Hamiltonian vector field of
I £ |12, hence Ca = Cr(|| £, |1.

Using a deformation argument in the context of transversally elliptic operator
introduced by Atiyah [1] and Vergne [29], we proved in section 4 that the map?
RR° can be localised near Cfe. More precisely, we have the finite decomposition*
Cfo = Ugep, Cy with C5 = G(MP N £;(8)), and

RR°(M,E)= Y RR,(M,E),
BEB,,

where each term RRZ (M, E) is a generalised character of G which only depends
of the behaviour of the data M, E, J, f, near the subset CZ. In fact, RR; (M, E)
is defined as the index of transversally elliptic operator defined in an open neigh-
bourhood of Cg.

. . G .
3We fix one for once a G-invariant almost complex structure J and denote RR~ the quantiza-
tion map.
4B, is a finite set in the Lie algebra of a maximal torus of G.
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The major work of this paper is the analysis of the localised Riemann-Roch
character RRZ (M,-): Kag(M) - R~>(G) for g € B,,. We consider three different
situations® :

Situation 1 : § =0,
Situation 2 : 8 # 0 and Gg =G,
Situation 3 : Gg #G.

We work out Situation 1 in subsection 6.1. Here the generalised character
RRg (M, E) is localised near COG = f,1(0), and we compute it under Assumptions
1) and 2). We proved in particular that the multiplicity of the trivial representation
in RRy (M, E) is RR7"4(Myeq, Eyeq)-

Situation 2is studied in section 5 for the particular case f, =  and in subsection
6.2 for the general case. We proved then a localisation formula on the (G-invariant)
submanifold M? which relates the map RRZ (M, —) with the map RR; (MPB,-).

With this localisation formula in hand we show that [RRZ (M, E)]G = 0 if the
vector bundle is f,-strictly positive.

The subsection 6.3 is devoted to Situation 3. The most important result is the
induction formula proved in Theorem 6.11 and Corollary 6.12, between RR; (M, E)

and the generalised character RRZE (M, E), defined for G, which is localised near
M8 N fG_ﬂl(ﬁ). As (B is a central element in Gp, the induction formula reduces
the analysis of Situation & to the one of Situation 2. But when we look at the
multiplicities we loose some information. If the vector bundle E is f,-strictly
positive, we see that E|ys is fGa -strictly positive, so from the result proved in
I

Situation 2, we see that [RRZﬁ (MP,E) = 0. But this does not implies in

G
general that [RR; (M, E)] = 0. We have to take the tensor product of E (so that
a
k k
E® becomes more and more fa,-strictly positive) to see that [RRZ (M,E®)| =0,

when k is large enough. In the Hamiltonian situation considered in section 7,
we refine this induction formula by using the symplectic slice at 3, and prove

el
that [RRZ (M, E)] = 0 holds for any f,-positive complex vector bundle E if
0€ f,(M).
Acknowledgments. I am grateful to Michele Vergne for her interest in this

work, especially for the useful discussions and insightful suggestions on a prelimi-
nary version of this paper.

2. QUANTIZATION OF COMPACT MANIFOLDS

Let M be a smooth compact manifold provided with an action of a compact
connected Lie group G. A G-invariant almost complex structure J on M defines
a map RRG’J(M ,—) : Kg(M) — R(G) from the equivariant K-theory of complex
vector bundles over M to the character ring of G.

5Gﬁ is the stabiliser of 8 in G.
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Let us recall the definition of this map. The almost complex structure on M
gives the decomposition A*T*M ® C = @; ;AT*M of the bundle of differential
forms. Using hermitian structure in the tangent bundle TM of M, and in the fibres
of E, we define a twisted Dirac operator

,DE‘ . AO,even(M, E) N AO’Odd(M, E)

where A% (M, E) := T'(M,A%T*M ®c E) is the space of E-valued forms of type
(i,7). The Riemann-Roch character RRG’J(M ,E) is defined as the index of the
elliptic operator D

RR"’ (M, E) = [KerDj}] — [CokerDj,).

In fact the virtual character RR™"” (M, E) is independent of the choice of the her-
mitian metrics on the vector bundles TM and E.

If M is a compact complex analytic manifold, and E is an holomorphic complex
vector bundle, we have

q=dimM
RR™ (M E)= Y (-1)'[HI(M,O(E))],

q=0

where H(M,O(E)) is the g-th cohomology group of the sheaf O(E) of the holo-
morphic sections of E over M.

In this paper, we will use an equivalent definition of the map RR®’. We associate
to an invariant almost complex structure J on M the symbol Thomg(M,J) €
Kg(TM) defined as follow. Consider a Riemannian structure ¢ on M such that the
endomorphism J is orthogonal relatively to ¢, and let h be the following hermitian
structure on T, M : h(v,w) = q(v,w) —1g9(Jv,w) for v,w € T, M. Let p: TM —
M be the canonical projection. The symbol Thomg(M,J) : p*(AF*"TM) —
p* (AT M) is equal, at (z,v) € TM, to the Clifford map

(22) Clz (U) : p* (/\(?:venTM) | (z,v) — p* (/\(((]:ddTM) |(z,v)7

where Cl,(v)w = v A w — cp(v)w for w € AZT, M. Here c(v) : AZT, M —
A*1T,M denotes the contraction map relatively to h : for w € T,M we have
ch(v)w = h(w,v). Note that (TM,J) is considered as a complex vector bundle
over M.

The symbol Thomg(M,J) determines the Thom isomorphism Thomy
Kg(M) — Kg(TM) by Thomy(E) := Thomg(M,J) ® p*(E), E € Kg(M).
To make the notation clearer, Thom;(E) is the symbol 7 : p*(AF*"TM Q E) —
p* (A TM ® E) with

(2.3) 0% (z,v) := Cl,(v) ® Idg (z,v) € TM,

z )

where F, is the fibre of E at x € M.

Consider the index map Index$; : Kq(T*M) — R(G) where T* M is the cotan-
gent bundle of M. Using a G-invariant auxiliary metric on TM, we can identify the
vector bundle T*M and TM, and produce an ‘index’ map Index$, : Ko(TM) —
R(G). We verify easily that this map is independent of the choice of the metric on
TM.
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Lemma 2.1. We have the following commutative diagram

(2.4) Ko (M) — Lhoms

Ka(TM)
lIndexf,,

R(G) .

RR

Proof: If we use the natural identification (T%'M,s) = (TM,.J) of complex
vector bundles over M, we see that the principal symbol of the operator D]LE is
equal to o® modulo some constant (see [11]).

We will conclude with the following Lemma. Let J° J' be two G-invariant

0 1
almost complex structures on M, and let RR®’ ,RRG’J be the respective quan-

tization maps.

Lemma 2.2. The maps RRG’J0 and RRG’J1 are identical in the following cases:
i) There exists a G-invariant section A € T'(M,End(TM)), homotopic to the iden-
tity in (M, End(TM)) such that A, is invertible, and A,.JO = JL. A, for every
r€eEM.

ii) There exists an homotopy Jt, t € [0,1] of G-invariant almost complex structures
between J° and J'.

Proof of i) : Take a riemannian structure ¢* on M such that J' € O(q!) and
define another riemannian structure ¢° by ¢°(v,w) = ¢*(Av, Aw) so that J° €
0(q°). Hence the section A defines a bundle unitary map A : (TM,J° k) —
(TM,J ', hY), (z,v) = (x,A;v), where hl(.,.) :==¢'(.,.) —1¢'(J.,.), I =0,1. This
gives an isomorphism A2 : AjoT;M — Aj1T,M such that the following diagram
is commutative

Cl,
oM — Ao, M
x| |
Cly(Ag.v)

ApToM ——=22 AT, M .

Then A" induces an isomorphism between the symbols Thomg (M, J°) and
A*(Thomg(M,JY)) : (z,v) = Thomg(M, J')(z, A,.v). Here A* : Kg(TM) —
Kg(TM) is the map induced by the isomorphism A. Thus the complexes
Thomg (M, J°) and A*(Thomeg (M, J')) defines the same class in Kg(TM). We
have supposed that A is homotopic to the identity, thus A* = Identity. We have
proved that Thomg (M, J°) = Thomg (M, J!) in Kg(TM), and by Lemma 2.1 this

1

shows that RR™" = RR®"".

Proof of ii) : We construct A as in 4). Take first A0 := Id — J'.J° and remark
that A19.J% = J'. AL0. Here we consider the homotopy AL? := Id — uJ'J?, u €
[0,1]. If —J1JO is close to Id, for example |Id + J'J°| < 1/2, the bundle map
ALY will be invertible for every u € [0,1]. Then we can conclude with Point ). In
general we use the homotopy J, t € [0,1]. First we decompose the interval [0, 1] in
0=ty <ty <---<tp_1 <tr=1and consider the maps Al+v:t := Jd — Jh+1 Jht
with the corresponding homotopy for AZ+V", v € [0,1], for I = 0,...,k — 1.
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Because —Jt+1 Jt — Jd when t — t', the bundle maps A%+ are invertible for
all u € [0,1] if ;41 — #; is small enough. Then we take the G-equivariant bundle
map A := TTE-} Af+0t with the homotopy A, := IFZLAY+0% 4 € [0,1]. We have
A.J° = J'.A and A, is invertible for every u € [0,1], hence we conclude with the
point ¢). O

3. TRANSVERSALLY ELLIPTIC SYMBOLS

We give here a brief review of the material we need in the next sections. The
references are [1, 9, 10, 29].

Let M be a smooth manifold provided with an action of a compact connected
Lie group G, with Lie algebra g.

Assumption 3.1. In this section we assume that M is compact, or is an open
subset of a compact manifold.

Like in the previous section, we identify the tangent bundle TM and the cotan-
gent bundle T*M via a G-invariant metric (.,.),, on TM. For any X € g, we
denote X the following vector field : for m € M, Xp(m) := % exp(—tX).m|¢—o.

If E°FE' are G-equivariant vector bundles over M, a morphism
o € T(TM,hom(p*E°, p*E")) of G-equivariant complex vector bundles will be
called a symbol. The subset of all (z,v) € TM where o(z,v) : EC — E. is not
invertible will be called the characteristic set of o, and will be denoted Char(o).

We denote Tg M the following subset of TM :

TgM = {(z,v) € TM, (v,Xp(m)),, =0 forall X € g}.

A symbol ¢ will be called elliptic if o is invertible outside a compact subset of TM
(Char(o) is compact), and it will be called transversally elliptic if the restriction
of o to TgM is invertible outside a compact subset of Te¢M (Char(c) N TeM is
compact). An elliptic symbol o defines an element of Kg(T M), and the index of o
is a virtual finite dimensional representation of G [2, 3, 4, 5]. A transversally elliptic
symbol o defines an element of Kg(TgM), and the index of ¢ is defined (see [1]
for the analytic index and [9, 10] for the cohomological one) and is a trace class
virtual representation of G. Remark that any elliptic symbol of TM is transversally
elliptic, hence we have a restriction map Kg(TM) - Kg(TgM).

Let R(G) be the representation ring of G, and let R~°(G) be the set of gen-
eralised characters of G. Let H be a maximal torus of G with Lie algebra h, and
A =ker{expy : h = H} C t the integral lattice. By the choice of a positive Weyl
chamber b7 , we label the irreducible representations of G' by the set of dominant
weights AT = ANt}.

An element h € R~*°(G) (resp. h € R(Q)) is of the form

(3.5) h=>" mx¢,

where the map A — my, A%} — Z, has at most polynomial growth (resp. the map
is zero almost everywhere). We have a natural embedding of R(G) in R™*°(QG),
and of R~*°(Q) in the set C~*°(G)Y of generalised functions over G, invariant by
conjugation.

We have the following commutative diagram
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(3.6) Ko(TM) —— Kg(ToM)
Indexf/,l lIndexI\GJ
R(G) ———= R~ >(G) .

3.1. Excision lemma. Let i : U < M be the inclusion map of a G-invariant
open subset, and denote i, : Kg(TgU) = Kg(TgM) the direct image map. We
have two index maps Index$; : Ko(TeM) - R~°(G), and Index : Kq(TgU) —
R~°°(@) such that Index$; oi, = Index{. Suppose that o is a transversally elliptic
symbol on TM with characteristic set contained in TM|y. Then, the restriction
oly of o to TU is a transversally elliptic symbol on TU, and

(37) ’I,*(O'|U) =0 in Kg(TgM)

In particular, this gives Index$; () = Index§ (o|y)-

3.2. Free action case. Let G and H compact Lie groups and let M be a compact
G x H manifold where H acts freely. Consider the principal bundle 7 : M — M/H,
then the map = is G-equivariant. In this situation we have TgxgM=1*(Tg(M/H)),
and thus a morphism

(38) T K(;(Tg(M/H)) _>KG’><H(TG><HM)

We rephrase now Theorem 3.1 of Atiyah in [1]. Let {W,,a € H} be a completed
set of inequivalent irreducible representations of H. To each W,, we associate the
complex vector bundle W, := M xg W, on M/H and denote W its dual. The
group G acts trivially on W, this makes W a G-vector bundle.

Theorem 3.2. If 0 € Kg(Tg(M/H)), then we have the following equality in
R~°(G x H)

(3.9 Index§H (7%0) = Z Indexﬁ;,f/H(a QW).W,
aEI:I
e

In particular the H-invariant part of Index 7*0) is Index$, /(o).

An interesting example is when M = H, G = H, acts by right multiplications
on H, and H = H; acts by left multiplications on H. Then the zero map oq :
H x C — H x {0} define a H, x H;-transversally elliptic symbol associated to the
zero differential operator C*°(H) — 0. This symbol is equal to the pullback of
C € Ky, (Ty, {point})=R(H,). In this case Indexa **! (0y) is equal to L?(H), the
L?-index of the zero operator on C*(H). The H,-vector bundle W} — {point}
is just the vector space W/ with the canonical action of H,. Finally, the equality
(3.9) is the Peter-Weyl decomposition of L2(H) in R~*°(H, x H;): L?(H) =
S it Wi ® Wo.
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3.3. Induction. We will now introduced the induction map. Let i : H — G be
a closed subgroup with Lie algebra b, and ) be a smooth H-manifold (satisfying
Assumption 3.1). We will now define, for X := G xg Y, a map

(3.10) Ty :KH(THy) — Kg(TgX) ,

which is an isomorphism.
First we notice that T(G xg Y)=G x g (g/h @ TY). This identity comes from
the following G x H-equivariant isomorphism of vector bundle over G x ):

(3.11) TG xY) — G x(g/hdTY)
d
(g,m; %‘tzo(g'etx) + 'Um) — (gam;prg/h(X) + Um) 5

where pry/p : g — g/b is the orthogonal projection. Starting from a H invariant
metric on T)Y, and a H-invariant scalar product on g/h, we construct a G-invariant
metric on T(G x g)) that makes the bundles G x i (g/h) and G xg TY orthogonal.
Then, we have

Tg(G XH y)EG XH (THJJ)

The map 4, : Kg(Tr)Y) - Ka(G xg (TrY)) is canonically defined as follow. At
the level of vector bundles, it associates a (continuous) H-vector bundle E over
TgY to the (continuous) G-vector bundle G xg E over G xg Tg). For an H-
equivariant smooth symbol ¢ € T'(TY,hom(E°, E')), where E°, E' are smooth
H-equivariant vector bundles over T), and ¢ is H-transversally elliptic, the map
ix is defined similarly. First we extend trivially o to g/h & TY, and we define
i+(0) € T(G 1 (a/bSTY), hom(G x 1 E®, Gx g E")) by i () ([g: £, 7,v]) = o(z,v)
for g€ G, £ € g/h and (z,v) € TY.

To express the G-index of i,(o) in terms of the H-index of o, we need the
induction map

(3.12) Ind, :C ®(H)" — ¢ ~(G)7,

where C~°°(H) is the set of generalised functions on H, and the H and G invariants

are taken with the conjugation action. The map Indz is defined as follow : for
¢ € C~°(H)H, we have

| @0 ta)da = T [ 01
G

vol

for every f € C®(G)C.
We can now recall Theorem 4.1 of Atiyah in [1].

Theorem 3.3. Let i : H — G the inclusion of a closed subgroup, let ) be a H-
manifold satisfying Assumption 3.1, and set X = G xg Y. Then we have the
commutative diagram

Ku(TgY) —> Kg(TgX)
Indexy l llndexg

C-o(H)H —— C(G)Y .
IndH
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3.4. Reduction. Let us recall a multiplicative property of the index for the prod-
uct of manifold. Let a compact Lie group G acts smoothly on two manifolds X and
Y, and assume that another compact Lie group H acts smoothly on ) commuting
with the action of G. The external product of complexes on TX and T) induces
a multiplication (see [1] and [29], section 2):

(3.13) Kg(TX) x Kgxun(TY) — Kaxu(T(X x)))
(0'1,0'2) — 01 ®09 .

Let us recall the definition of this external product. Let E*, F* be G-equivariant
Hermitian vector bundles over X and )Y respectively, and let oy : Et — E—,
o2 : FT — F~ be G-equivariant symbols. We consider the G-equivariant symbol

0100 EY®@FteE QF —E QFt@ETQF~
defined by

(3.14) U1®02=(01®I —I®02> )

I®O’2 O'T(X)I

We see that the set Char(oy ® o) C TX x TY is equal to Char(oy) x Char(os).
This exterior product defines the R(G)-module structure on Kg(TX), by taking
Y = point and H = {e}. If we take X = Y and H = {e}, the product on Kg(TX)
is defined by

(3.15) 01003 := 8% (01 ® 02) ,

where s, : TX — TX x TX is the diagonal map.
In the transversally elliptic case we need to be careful in the definition of the
exterior product, because Tgx g (X x V) # TgX x Tu).

Definition 3.4. Let o be a H-transversally elliptic symbol on TY. This symbol is
call H -transversally-good if the characteristic set of o intersects Ty) in a compact
subset of Y.

Recall Lemma 3.4 and Theorem 3.5 of Atiyah in [1]. Let o1 be a G-transversally
elliptic symbol on TX, and o3 be a H-transversally elliptic symbol on T that is G-
equivariant. Suppose furthermore that o5 is H-transversally-good, then the product
01 ® 09 is G x H-transversally elliptic. Because every class of Kgx g (Tg)) can be
represented by an H-transversally-good elliptic symbol, we have a multiplication

(3.16) Kg(TgX) x Kgxu(TuY) — Koxua(Texu(X x)))
(0’1,0’2) — 01 ®oy .

Suppose now that the manifolds X and ) satisfy Assumption 3.1: the index
maps Index§ : Kg(TaX) - R~°(G), Index$* " : Kgxn(TrY) - R~=(G x H),
and Indexgig : Kexa(Taxma(X xY)) - R™°(G x H) are well defined. After
Theorem 3.5 of [1], we know that

(3.17) Indexgig(al ® 03) = Index$(o1) -IndexﬁXH(ag) in R™™(GxH),

for o1 € Kg(Tg./Y) and o9 € KG’XH(TH(X X H))
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In the rest of this subsection we suppose that the subgroup H C G is the central-
izer of an element -y € g.

We define now a map T Kg(TgX) » Kg(TgX) for every G-manifold X.
We consider the manifold X x G with two actions of G x H: for (g,h) € G x H
and (z,a) € X x G
1

- we have (g,h).(z,a) := (g.x,gah™!) on X x G, and
2

- we have (g,h).(z,a) := (h.x,gah™!) on X x G.

2 1
The map © : X x G - X x G, (z,a) = (a.r,a) is G x H-equivariant, and
1 2
induces ©* : Kgxu(Taxu(X x G)) = Kexu(Taxa(X X G)). The action of G
2 2
is free on X x @, then the quotient map 7 : X x G — X induces a isomorphism

2
T KH(THX) - KGXH(TGXH(X X G))

We consider the manifold G/H with the G-invariant complex structure J, de-
fined by the element . At e € G/H, the map J,(e) equals ad(y).\/—ad(y)? on
T.(G/H) = g/h. We denote o/ € Kgxu(TuG) the pullback of the Thom class
Thomg(G/H, J,) € Kq(T(G/H)), via the quotient map G — G/H.

Consider the manifold ) = G with the action of G x H defined by (g,h).a =
gah~! for a € G, (g,h) € G x H. As the symbol o,y is H-transversally good on

TG, the product by o;’ /b induces, by Equation 3.16, the map

Kg(TgX) — KGxH(TGxH(X;(G))
o — UQUg/h .
Definition 3.5. The map r} , : Kg(TgX) — Ku(TuX) is defined for every
g e Kg(Tg.X) by
Y . (o) = (7)o ®* (o @U;/h) .

Theorem 4.2 in [1] tells us that the following diagram is commutative

,,.‘Y
(3.18) Kg(TgX) —22 S~ Ky(TuX)
Index$ Index}
Indg

C—°(G)¢ ~—2—— C-°(H)H.

We show now a more explicit description of the map r? .. Consider the moment

map
e T*X = g*

for the (canonical) Hamiltonian action of G on the symplectic manifold T*X. If we
identify the tangent bundle TX with the cotangent bundle T*X via a G-invariant
metric, and g with g* via a G-invariant scalar product the ‘moment map’ is a map
pe @ TX — g defined as follow. If El ... |E! is an orthonormal basis of g, we
have p(z,v) = >, (Ey(x),v),, E* for (z,v) € TX. We have for the moment
map the decomposition p, = p, + g, , relative to the H-invariant orthogonal
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decomposition of the Lie algebra g = h @ h~. It is important to note that TgX =
pgt(0), TuX = p'(0), and TeX = TpX N ,u;/lH (0).

The real vector space g/h is endowed with the complex structure defined by 7.
Consider over TX the H-equivariant symbol

agiH :TX x AZ"g/hy — TX x /\f’cddg/b
(Il]',’l);’ll)) — (xav;wl) s

with w' = Cl(pg,, (z,v)).w. Here ht ~ g/b, and CI(X) : Acg/h — Acsg/b,
X € g/b, denotes the Clifford action. This symbol has u;/lH (0) for characteristic

set. For any symbol o over TX, with characteristic set Char(c), the product
a(f)agi o> defined at Equation (3.15), is a symbol over TA with characteristic set

Char(o ® 07 ) = Char(o)Np ', (0). Then if o is a G-transversally elliptic symbol
over TX, the product ¢ ® af}  is a H-transversally elliptic symbol.

Proposition 3.6. The restriction v, : Kg(TgX) = Ku(TuX) has the follow-
ing equivalent definition: for every o € Kg(TgX)

T‘g’H(U):G(T)O'giH in Kg(TgX).

Proof : We have to show that for every ¢ € Kg(TgdX), oGoy, =
(7)o ®*(oc ® oa/) in Ku(TaX). Recall first that o}  : pf, (G x AZ*"g/b) —
p5 (G x Agg/h), with p, : TG — G the canonical projection, and oy, (a, Z) =
Cl(Zy)y) for (a,Z) € TG ~ G x g, where Zy ), is the g/h- component of Z € g.

Consider o : pyEo — pyEi, a G-transversally elliptic symbol on TX, where
Ey, Ey are G-complex vector bundles over X, and px : TX — X is the canonical
projection. The product o © o acts on the bundles p3FE, ® PE(G x A2g/h) at
(z,v;a,Z) € T(X x G) by

o(x,v) © Cl(Zy/p).
The pullback o, := ©*(0 ® 045) acts on the bundle G x (p% Ee ® A2g/h) (here we
identify T(X x G) with G x (g ® TX)). At (z,v;a,Z) € T(X x G) we have

oo(2,v;0,Z) =0 @ ogp(a.x,v';a,Z"), with

o —1 .
(UI,Zl) = ([T(z,a)(")] ) (’U, Z). Here T(z,a)® : T(z,a) (X X G) — T(a.w,a) (X X G) 18
the tangent map of © at (z,a), and [T (4,0)0]* : T(4.5,0) (X X G) = T (4,0)(X X G) its
transpose. A small computation shows that Z' = Z + p (v) and v' = a.v. Finally,
we get

0o(z,v50,Z) = 0(a.z,a.v) © ClZysp + P, (V)

Hence, the symbol (7*)~!(o,) acts on the bundle p% Ee. ® Alg/h by

(1) (00) (2,v) = 0(2,v) @ Cl(g, 4 (v))-
O

For any G-invariant function ¢ € C*®(G)%, we denoted ¢ € C®(H)H, the

restriction to H = G. The Weyl integration formula can be written in the following
way

(3.19) ¢ =Ind, (¢‘H.det € (- h)) in C-=(GQ)C .

Equation (3.19) remains true for any ¢ € C~*°(G) that admits a restriction to H.
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Lemma 3.7. Let o be a G-transversally elliptic symbol. Suppose furthermore that
o is H-transversally elliptic. This symbol defines two classes 0 € Kg(TgX) and
oiu € Kg(TgX) with the relation®

18 (0) = olm ® Azg/b.

Hence for the generalised character ITndex$(c) € R™°(G) we have a ‘Weyl inte-
gration’ formula

G
(3.20) Index$ (o) = Ind., (Indexg (o)) det €, (1 — h)) .

Proof : If o is H-transversally elliptic, the symbol (z,v) — o(z,v) © Cl(pg, ,, (v))
is homotopic to (z,v) — o(z,v) © CI(0) in Ku(TxX). Hence ojp © 0y, =
og ® Azg/h in Kg(TgX). Equation (3.20) follows from the diagram (3.18). O

Corollary 3.8. Let o be a G-transversally elliptic symbol which furthermore is H -
transversally elliptic, and let ¢ € C~°(G)® which admits a restriction to H. We
have

¢ = Index$(0) <= d g = Indexg(am) .

In fact, if we come back to the definition of the analytic index given by Atiyah [1],
one can show the following stronger result. Let o be a G-transversally elliptic sym-
bol, and suppose that ¢ is H-transversally elliptic. Then Index$(c) € C~°°(G)¢
admits a restriction to H equal to Index? (o)) € C™°(H)H.

4. LOCALISATION - THE GENERAL PROCEDURE

We recall briefly the notations. Let (M, J,G) be a compact G-manifold provided
with a G-invariant almost complex structure. We denote RR” : Kg(M) = R(G)
(or simply RRG), the corresponding quantization map. We choose an G-invariant
Riemannian metric (.,.),, on M.

We define in this section a general procedure to localise the quantization map
RR® : Kg(M) — R(G) through the use of a G-equivariant vector field A. This
idea of localisation goes back, when G is a circle group, to Atiyah [1] (see Lecture
6) and Vergne [29] (see part II).

We denote by @y : M — g* the map defined by (®x(m), X) := (Am, Xarlm) u
for X € g. We denote by o#(m,v), (m,v) € TM the elliptic symbol associated to
Thomg (M) @ p*(E) for E € Kg(M) (see section 2).

Let of be the following G-invariant elliptic symbol

(4.21) of (m,v) := 0B (m,v— Ap), (m,v) € TM.

The symbol o is obviously homotopic to 0¥ and then defines the same class
in Kg(TM). The characteristic set Char(¢®) is M C TM, but we see easily that
Char(of) is equal to the graph of the vector field A, and

Char(of)NTegM = {(m,A\p,) € TM, m € {®) =0}}.
We will now decompose the elliptic symbol ¢F in Kg(TgM) near

C,\ = {‘I),\ZO} .

8Here we note o g ® Age/b for the difference o1y ® AG*"g/h — ojg ® /\%ddg/h.
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If a G-invariant subset C' is a union of connected components of C'y there exists
a G-invariant open neighbourhood U¢ C M of C such that 4N Cy\ = C and
UNCy = (). We associated to the subset C the symbol 0& := 6 |y € Kg(TalU°)
which is the restriction of of to TUC. It is well defined because Char(of |ye) N
TagU¢ = {(m,\n,) € TM, m € C} is compact.

Proposition 4.1. Let C*,a € A, be a finite collection of disjoint G-invariant sub-
sets of Cy, each of them being a union of connected components of Cx, and let
0&a € Kqg(TagUU®) be the localised symbols. If Cy = U,C%, we have

UEZZi:(Uga) in Kg(TagM),
a€A

where i* : U* — M is the inclusion and i¢ : Kg(TqU®) — Kg(TaM) is the
corresponding direct image.

Proof : This a consequence of the property of excision. We consider disjoint
neighbourhoods U® of C?, and take i : U = U,UU* — M. Let x, € C*°(M)% be a
test function (i.e. 0 < x, < 1) with compact support on U® such that x,(m) # 0 if
m € C®. Then the function x := )", xa is a G-invariant test function with support
in U such that x never vanishes on C).

We consider the G-equivariant symbol on M

% (m,v) := o (m, x(m)v — Am),

for (m,v) € TM.

We will prove the following :
i) the symbol 0¥ is G-transversally elliptic and Char(o¥) C TM |y,
ii) the symbols 0¥ and of are equal in Kg(TgM), and
iii) the restrictions o¥ |y and of |y are equal in Kg(Tgl).

With Point i) we can apply the excision property to of, hence 0¥ = i.(c¥ |u).
By ii) and iii), the last equality gives o = i.(of |u) =Y, i%(08).

Proof of i). The point (m,v) belongs to Char(c¥) if and only if x(m)v = A, (%).
If m is not included in U, we have x(m) = 0 and the equality (*) becomes A, = 0.
But {A = 0} € Cx C U, thus Char(cf) C TM|y. The point (m,v) belongs to
Char(of) N TeM if and only if x(m)v = A, and v is orthogonal to the G-orbit
in m. This imposes m € C), and finally we see that Char(¢f) N TagM ~ C) is
compact because the function x never vanishes on Cl.

Proof of ii). We use the homotopy of, t € [0, 1], defined by

ot (m,v) = o (m, (t + (1 = )x(m))v — Am).

We see as before that the symbols of , ¢t € [0, 1], are G-transversally elliptic on TM.
Proof of iii). Here we use the homotopy of |, t € [0,1].
O
Because RR® (M, E) = Index$,(07) € R(G), we obtain from Proposition 4.1 the
following decomposition

(4.22) RR°(M,E) = ) Indexfa(08.) in R *(G).
a€cA
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The rest of this article is devoted to the description, in some particular cases, of
the localised Riemann-Roch character near C'*:

(4.23) RRG.(M,-) : Ka(M) — R™(G)
E +— Index§.(cZ.).

5. LOCALISATION ON M?"

Let (M, J,G) be a compact G-manifold provided with a G-invariant almost com-
plex structure. We denote RR® : Kg(M) - R(G) the quantization map. Let 3
be an element in the centre of the Lie algebra of G, and consider the G-invariant
vector field A := (s generated by the infinitesimal action of . In this case we have
obviously

{®p, =0} = {8 =0} = M7 .

In this section, we compute the localisation of the quantization map on the
submanifold M7 following the technique explained in the section 4. We need first
to understand the case of a vector space. Most of the ideas are taken from Vergne
[29][Part II], where the same computation was carried out in the Spin case with an
action of the circle group.

5.1. Action on a vector space. Let (V,q,J) a real vector space equipped with a
complex structure J and an euclidean metric ¢ such that J € O(q). Suppose that
a compact Lie group G acts on (V,¢,J) in a unitary way, and that there exists 8
in the centre of g := Lie(G) such that

VP ={0}.

We denote T the subtorus generated by exp(t.(),t € R, and tg its Lie algebra.
The complex Thomeg(V, J) does not define an element in Kg(TV) because its
characteristic set is V.

Definition 5.1. Let Thomg (V) € Kag(TgV) be the G-transversally elliptic com-
plex defined by

Thom? (V) (z,v) := Thomg (V) (z,v — By (z)) for (z,v)€ TV.

We see easily that Char(Thomg(V)) NTeV = {(0,0)}.

The aim of this section is the computation of the index of Thomg(V). We
denote by p the action of G in the unitary group of (V,q,J). This G-action and
the complex structure J are extended canonically on the complexified vector space
V ® C. We denote z ¥ v := zv + y.J(v), z = z +1y € C, the action of C on
the complex vector space (V,J) or (V ® C,J). For a € tj;, we denote V() (resp.
(V ® C)(a)) the following subspace of V' (resp. V ® C)

V(a) == {v € V, plexpX)(0) = X% L, VX € tg}

(resp. (V@ C)() := {v € V®C, plexp X)) = e*X) T 4 VX € t3}). The
subspaces V(a) and (V ® C)(a) inherit the action of G and the complex structure
J.
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An element a € t}, is called a weight for the action of Tg on (V,J) (resp. on
(Ve CJ)) if V(ia) # 0 (resp. (V@ C)(a) # 0). We denote A(Tg,V) (resp.
A(Tg,V ® C)) the set of weights for the action of Tg on V (resp. V ® C).

Definition 5.2. We denote VPt the following G-stable subspace of V'
vht= N V(e

a€A4(Tg,V)
where Ay (Tg,V) = {a € A(Tg,V), (o, B) > 0}. In the same way, we denote (V@
C)P+ the following G-stable subspace of V@ C: (V @ C)%+ := Yacrs (ver(V®
C)(a), where A4 (Tg,V & C) = {a € A(Ts, V& 0), (,6) >0},

Remark 5.3. The vector space V51 can be either equal to {0} or to V, but (V ®
C)8+ satisfies Vo C= (Ve C)P5t o (Ve C)Prl+.
For any representation W of G, we denote det W the representation AZ**W.

In the same way, if W — M is a G complex vector bundle we denote det W the
corresponding line bundle.

Proposition 5.4. We have the following equality in R~°°(G) :
Index (Thom,(V)) = (=1)4mc V"™ det VO+ @ 3 S*(V @ ©)F)
keN
where S¥((V ® C)P1) is the k-th symmetric product over C of (V @ C)P:+.

The generalised function x := Indexg(Thomg(V)) is an inverse, in R~ °°(G) of
the function g € G — dety,c(1 —g71).

The rest of this subsection is devoted to the proof of Proposition 5.4. The case
VA+ =V or VP+ = {0} is considered by Atiyah [1] (see Lecture 6) and Vergne
[29] (see Lemma 6, Part IT).

Let H be a maximal torus of G containing Tg. The symbol Thomg(V) is also H-
transversally elliptic and let Thom%(V) be the corresponding class in Kg(TgV).
Following Corollary 3.8, we can reduce the proof of Proposition 5.4 to the case
where the group G is equal to the torus H.

Proof of Th. 5.4 for a torus action.

We first recall the index theorem of Atiyah. Let T,, the circle group act on C with
the representation t™, m > 0. We have two classes Thom%m (©) € Kt, (T, (C)
that correspond respectively to 8 = 41 € Lie(S'). Atiyah denotes these elements
7.

Lemma 5.5 (Atiyah). We have, for m > 0, the following equalities in R~°°(T,):

+
Tndexim(Thom} (C)) = [H;_m] = =ty
keN
Indext™(Thomy _(C)) =[H1_m] = Y
keN

Here we follow the notation of Atiyah: [——=]" and [{—==]~ are the Laurent

1—t—m
expansions of the meromorphic function t € C — H;—m around t =0 and t = ©

respectively.
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From this Lemma we can compute the index of Thomqutm (€) when m < 0. Sup-
pose m < 0 and consider the morphism & : Ty, = T)ppy), ¢ — t~!. Using the induced
morphism «* : K, (Tt (C)) = Kr,,(TT,,(C)), We see that /c*(Thom%lml((C)) =
Thom{ (C). This gives Index?rcm(Thom}'m ©) = /@*(ZkeN(t_W')k) = pen(™™)*
and Indexg™(Thomy (C)) = &*(—t™L 3", ((t™)E) = —tm 3, ((E™)E.

We can summarize these different cases as follow.

Lemma 5.6. Let T, be the circle group act on C with the representation t — t*
for a € Z\ {0}. Let g € Lie(T,) =~ R a non-zero element. We have the following
equalities in R~°(T,):

Index[ (Thomga(@) (t)

Il

| —
—

lt—l
5

-
| I
e ™
4
2

where € is the sign of {(a, 3).

We decompose now the vector space V in an orthogonal sum V' = @;c;C,, , where
Co; is a H-stable subspace of dimension 1 over C equipped with the representation
t € H— t* € C. Here the set I parametrizes the weights for the action of H on
V', counted with their multiplicities. Consider the circle group T; with the trivial
action on @®;x;C,, and with the canonical action on C,;. We consider V' equipped
with the action of H x II;Ty. The symbol ThomZ(V) is H x II;Ty-equivariant
and is either H-transversally elliptic, H x II;Tg-transversally elliptic (we denote
op the corresponding class), and II;Ty-transversally elliptic (we denote o4 the
corresponding class). We have the following canonical morphisms :

(5.24) KH(THV) — KHkaTk(THV) — KHka'JFk(THka'Jl‘kV)
Thom? (V) +— o8B, — op ,

Kuxmyr(Tuxmr,V) ¢ Koxnr,(To,r,V) = Koty (T, V)
oB < OB, —>0A -

We consider the following characters:
- ¢(t) € R=°°(H) the H-index of Thom? (V),
- ¢B(t,t1, - ,t) € R™°(H x II;Ty) the H x II;Ti-index of op (the same for op,
and 0p,).
- ¢A(t1, s ,tl) € R_oo(Hka) the I, Tg-index of o 4.
They satisfy the relations
1) ¢(t) = ¢B(t7 17 T 1) and ¢B(17t17 T 7tl) = ¢A(t17 T 7tl)'
11) ¢B(tu,t1u_a1, s ,tlu_al) = ¢B(t, t1, - ,tl), for all u € H.
Point i) is a consequence of the morphisms (5.24). Point ii) follows from the fact
that the elements (u,u=%,--- ,u~*), u € H act trivially on V.
The symbol o4 can be expressed through the map

KTl(TT1(Ca1) X KT2(TT2(CO¢2) XX KTt(TTl(Cal) — KHka(THkaV)
(017027"' aal) — 010020 0o .
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Here we have 04 = @_, Thom* (Cy,,) in K1, (Tm,t,V), where ¢y is the sign
of (ag, ). Finally, we get

¢(u) = ¢B(u717"'71):¢B(17ua17"'7ua1)

1 ek
= gaw™,--u) =1l [7]
T—t 1],
To finish the proof, it suffices to note that we have the following identification
of H-vector spaces : VAT ~ @, 50C,, and (V & O+ ~ @;C.pq,. O

5.2. Localisation of the quantization map on M?. We decompose the fixed
point set M? in connected components P,, a € F. The almost complex structure
J on M induces an almost complex structure J, on each submanifold P,. We have
then the quantization maps RR® (P,,—) : Kg(P,) = R(QG) for each a € F.

Let N, be the normal bundle of P, in M. For m € P,, we have the decom-
position T, M = T, P, ® Ng|pm. The linear action of 8 on T,,M precises this
decomposition. The map LM (8) : T,,M — T,, M commutes with the map .J and
satisfies T, P, = ker(£LM(3)). Here we take N,|, := Image(£M(8)), then the
almost complex structure J induces a G-invariant complex structure Jy, on the
fibre of N, = P,. The subgroup Tg generated by exp(¢.3), t € R acts linearly on
the fibre of the complex vector bundle A,. Thus we associate as in the previous
section the polarized complex G-vector bundles N2+ and (N, ® C)%+.

Theorem 5.7. For every E € Kg(M), we have the following equality in
R(Q) :

RR°(M,E) = Y (=1)"® 3" RR (P,, Blp, ® AF“ NI+ @ SH(N, © ©)FF)
a€F keN

where n,(B) is the complex rank of NB.

Note that Theorem 5.7 gives a proof of some rigidity properties (see [6, 24]). Let
T be a maximal torus of G. Following Meinrenken and Sjamaar, a G-equivariant
complex vector bundle E — M is called rigid if the action of T' on E|yr is trivial.
Take 3 € t such that MP = M7, and apply Theorem 5.7, with 3 and —f, to
RR" (M, E), with E rigid.

If we take +03, Theorem 5.7 shows that t € T — RR' (M, E)(t) is of the form
teT =Y, cjnat® with

ng #0=>(a,8) > 0.

(see Lemma 9.4). If we take —f3, we find RR" (M, E)(t) = Y i Mat®, with
ng, # 0= —(a,B) > 0. Comparing the two results, and using the genericity of 3,
we see that RR' (M, E) is a constant function on T (RRG (M, E) is then a constant

function on G). We can now rewrite the equation of Theorem 5.7, where we keep
on the right hand side the constant terms:

(5.25) RR°(M,E)= Y RR(F,Elr).
FcMp-+
Here the summation is over all connected components F of M7 such that N £’+ =0

(i.e. we have (£, 3) > 0 for all weights £ of the T-action on the normal bundle Mg
of F).
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Proof of Theorem 5.7 :

We know from section 4 that we have to study the modified symbol of (m,v) —
Thomg (M) ® p*(E)(m,v — Bum|m) in the neighbourhood of each submanifold P,.
Here a G-invariant neighbourhood U, of P, in M is diffeomorphic to a G-invariant
neighbourhood V, of P, in the bundle A,. We study here the G-transversally
elliptic symbol

Thom?,(V,, J)(n,w) := Thomg (Va, J)(n,w — By, (n)),  (n,w) € TV,,

where we still denote J the almost complex structure transported on V, via the
diffeomorphism U, ~ V),

If we note p, : Ny — P, the canonical projection, we have an isomorphism of
G-vector bundles over N,:
(5.26) TN, — pi(TP,®N,)

w — Tpu(w)® (w)”

Here w — (w)Y, TN, — piN, is the projection which associates to a tangent
vector its vertical part (see [8][section 7] or [25][section 4.1]). The map J := p¥(J, ®
Jy,) defines an almost complex structure on the manifold A, which is constant
over the fibre of p,. With this new almost complex structure J we construct the
G-transversally elliptic symbol over N,

Thom?,(N,) (n,w) = Thome(Ny, J)(n,w — B, (n)), (m,w) € TN,.

We denote i : V, = N, the inclusion map, and i, : Kg(TgV,) = Kg(TgN,) the
induced map.

Lemma 5.8. For any G-complex vector bundle E over V,, we have
ix(Thom?,(V,, J) ® E) = Thom%(N,) ® p’(E|p,) in Kg(TN,).

Proof : We proceed like in Lemma, 2.2. The complex structure J,, n € V, and
jn, m € N, are equal when n € P,, and are related by the homotopy J&M) =
J(z,t.0), w € [0,1] for n = (z,v) € V,. Then, as in Lemma 2.2, we can construct an
invertible bundle map A € T'(V,, End(TV,)®, which is homotopic to the identity
and such that A.J = J.4 on V,. We conclude as in Lemma 2.2 that the symbols

Thom'g(Va, J)® E and Thomg(/\/'a) ® pi(E|p,)|Va are equal in Kg(TV,). O

We consider now the Hermitian vector bundle N, — P, with the action of GxTjg.
First we use the decomposition N, = &, N2 relatively to the unitary action of Tg
on the fibres of V,. Let N& be an Hermitian vector space of dimension equal to the
rank of N, equipped with the representation ¢ — t* of Tg. Let U, be the group
of Tg-equivariant unitary maps of vector space N, := ®,Ng, and let R, be the
Tg-equivariant unitary frame of (N,, Jy, ) framed on N,. Note that R, is provided
with a U, x G-action and a trivial action of Ty : for € P,, any element of R,|,
is a Ty-equivariant unitary map from N¢ to A,|,. The manifold N, is isomorphic
to R, Xy, N,, where G acts on R, and Ty acts on N,.

Here the symbol Thomg (Na) is G x Tg-equivariant, and it can be considered as
a G, G x T, or Tg-transversally elliptic symbol. Now we consider Thomg (ML) as
an element of Kgx1,(Tt,(Rs Xy, Na)). Recall that we have two isomorphisms

(5.27) N Kaxt:(Trs(Ra Xv, No))—KaxTsxU. (TTsxv, (Ra X Na)),
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(5.28) 7 : Kqg(TP,)—Kgxv,(Tuv, R.),

where 7 : Ry X Ny = R, Xy, Ny and 7 : R, — R,/U, ~ P, are the quotient
maps relative to the free U, action. We have also an operation

(5.29)
k: Kaxv,(Tu,Ra) X Ktyxv, (TT;,Na) — KaxTsxU. (TTsxv, (Ra X Na))

We have three different Thom classes :
- Thomg(/\/'a) € KGXTE(TTE(RG Xy, Na),
- Thom ;. (Na) € K1 yxv, (T1,N,), and
- Thomg(Pa) € Kg(TPa).
These Thom classes are related by the following equality in
K x1yxv, (T1oxv, (Ra X Na)) -

(5.30) % (Thomg (Na)) =k (w*(Thomg(Pa)), Thom? ;. (Na)) .

We will justify the equality (5.30) later.
Following Theorem 3.5 of Atiyah [1], equality (5.30) gives, after taking the index,
the following equality in R~°(G x Tg x U,) :

Index®*T#*Ua (W}‘V Thom?, (N, )) =
(5.31) Index®*V+ (7* Thomg(P,)) .Index#* U (Thomgﬁx,}a (Na)) .

The equalities (5.30) and (5.31) are still true if we replace, for any E € Kg(M),
Thom?,(N,) by Thom?(N,) ® pz(E|p,) and Thomg(P,) by Thomg(P,) ® E|p,.

Now we conclude using Theorem 3.1 of Atiyah (see also subsection 3.2) and the
computation of Index" #*Us (Thomgﬁan (N,)) given in Proposition 5.4.

Using Theorem 3.2, the index of Thomg(/\fa) ® pi(E|p,) is equal to the U,-

invariant part of Index®*T#*Ua (W}‘V(Thomg(/\fa) ® piE|p,)), and the index of
m*(Thomg(P,) ® ptE|p,) is equal to

> RR® (P, Elp, @ W)).W;
iel,
where {W;}; is a complete set of inequivalent irreducible representations of U,. In

the last equality, RR® (P,,E|p, ® W}) belongs to R(G). It suffices now to observe
that for any L € R(U,), the U,-invariant part of

S RR°(Pu,Elp, W) W; ® L
iela
is equal to RR® (Pa, E|lp, ® L) where L = R, Xy, L.

We give now an explanation for equation (5.30), which is a direct consequence
of the fact that the almost complex structure J admits the decomposition J =
Pi(J, ® Jy,). Hence AcT,N, equipped with the map Cl,(v— Bx,(n)), v € T,N,
is isomorphic to AcTz P, ® AcN, | equipped with Cl, (v1) @ Cly (v2 — Bar, (n)) where
T = pu(n), and the vector v € T,N, is decomposed, following the isomorphism
(5.26), in = vy + vy with v; € TP, and vs € N,|,. Note that the vector w =
B, (n) € TN, is vertical, that is w = (w)Y. O



LOCALIZATION OF THE RIEMANN-ROCH CHARACTER 21

6. LOCALISATION VIA A MOMENT MAP

Let (M, J,G) be a compact G-manifold provided with a G-invariant almost com-
plex structure. We denote RR” : Kg(M) —» R(G) the quantization map. Here we
suppose that the G-manifold is equipped with a a moment map f, : M — g* in
the following sense (see [12, 13, 18]) :

Definition 6.1. A smooth map f, : M — g* is called a moment map if

- the map f, is equivariant for the action of the group G, and

- for every Lie subgroup H C G with Lie algebra by, the induced map f,, : M — b*
is locally constant on the submanifold MY of fived points for the action of H ( the
map f, is the composition of f, with the projection g* — h*).

The terminology “moment map” is usually used when we work in the case of
an Hamiltonian action. More precisely, when the manifold is equipped with a
symplectic 2-form w that is invariant for the G-action, a moment map p: M — g*
relative to w is a G-equivariant map satisfying d{(u, X) = w(Xup,—), X € g. We
note that (when it exists) a moment map is uniquely defined up to a constant
¢ e (g9)°.

In [13], Ginzburg, Guillemin and Karshon study G-manifolds with the additional
structure of an (abstract) moment map. When G is a torus they give a necessary
and sufficient condition for a G-manifold to admit a (abstract) moment map.

For the rest of this paper we make the choice of a G-invariant scalar product
over g*. This defines an identification g* ~ g, and we work with a given moment
map f,: M — g.

Definition 6.2. Let H® the G-invariant vector field over M defined by
Hy, o= (fo(m)ar)m, YV m e M.

The aim of this section is to compute the localisation, as in section 4, with the
G-invariant vector field H~ . We know that the Riemann-Roch character is localised
near the set {®, ¢ = 0}, but we see that {®,c =0} = {’HG = 0}. We will denote
C’e this set. Let H be a maximal torus of G, with Lie algebra b, and let b, be a
Weyl chamber in b.

Lemma 6.3. There exist a finite subset B, C h4, such that

Cle = |J €5, with Cj=G.(M"nf1(B)).
BeB,

Proof : We first observe that ’an = 0 if and only if f_(m) = 8’ and B);|m =0,
that is m € MP N (8", for some 3' € g. For every 3’ € g, there exists 3 € by,
with ' = g.8 for some g € G. Hence M7 N f71(8") = g.(MP n £;1(8)). We
have shown that Cfe = Uﬁeh+ Cg, and we need to prove that the set B, := {f €

by, MP N f1(B) # 0} is finite. Consider the set {Hy,---,H;} of stabilisers for
the action of the torus H on the compact manifold M. For each 8 € ) we denote
Tps the subtorus of H generated by exp(t.5), t € R, and we observe that

MPNf Y (B) #0 <= 3H; suchthat Tg C H; and M*™in f 1(8) #0
<= 3H; such that 8 € f,(M") N Lie(H;).
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But f, (M) N Lie(H;) C f, (M*:) is a finite set after Definition 6.1. The proof
is now completed. O

Definition 6.4. Let Thomé[ﬁ](M) € KG(TGuG’ﬁ) defined by

Thom, (M)(2,v) := Thomg (M)(z,v — H,), for (z,v) € TU " .

1]
Here i°” :U°" < M is any G-invariant neighbourhood of Cg such that U®* N
cla = Cj.

Definition 6.5. For every § € B, we denote RR; (M,-) : Kag(M) - R~*°(Q)
the localised Riemann-Roch character near Cg, defined as in equation (4.23), by

RRj (M, E) = IndexSa s (Thomé’[B](M) ®E‘uc,ﬁ) :
for E € Kg(M).
After Proposition 4.1, we have the partition RR" (M, -) = ¥ seB, RR; (M,-)
and the rest of this article is devoted to the analysis of the maps RRZ (M,-), B e
B,.

In the next section, we compute the map RRg (M,-) : Kg(M) - R~>°(Q)
when 0 is a regular value of the moment map f,.

6.1. The map RRg. Recall that the map RRg (M,-) : Kg(M) - R~°(G) is
the localisation of the Riemann-Roch character near C; = f.1(0) (see Definition
6.5). In particular, RRS (M, —) is the zero map if 0 does not belong to f,(M).

We assume in this subsection that 0 is a regular value of f,. Then the sub-
manifold Z := f_1(0) carries a locally free action of G (see [18][Lemma 7.1]). Let
M;ed := Z /G be the corresponding ‘reduced’ space, and we denote 7 : £ — Meq
the projection map.

Let {W,, a € G} be a completed set of inequivalent irreducible representations
of G.

Proposition 6.6. There exists an elliptic symbol 07¢¢ € K(T M,eq) such that

RRy (M,E) = Y Indexp,,, (0" ® Ereq ® Wo*)Wa in R™°(G) ,
aelG
for every E € Kg(M). Here E..q € K(M,yeq) is the reduced vector bundle on
Mieq induced by E, and W, = Z xXg W,. In particular, the G-invariant part of
RR; (M, E) is equal to Indexp,_, (07 ® Eyeq) € 7.

Proof: The map RRg (M,=): Kg(M) - R °°(Q) is defined by Thomé,[o](M) €
Kg (TGuG'O) (see Definition 6.5), where U isa (small) neighbourhood of Z in M.
As 0 is a regular value of f, U’ is diffeomorphic to Z x g. The moment map f,
the vector field HG, and Thomé’[o](M ) are transported by this diffeomorphism to
Z x g. In a neighbourhood of Z in Z x g, the moment map is equal to the projection
f:Zxg— g, and we denote 0z € Kg(Tg(Z % g)) the symbol corresponding to
Thomé’[o](M ) through the diffeomorphism U =z xg.

Let Indexg><g : Kg(Tg(Z x g)) =& R™°(G) be the index map on Z x g. The

map RRg is defined by RRS (M,E) = Indexgxg(az ® f*(Ez))
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Following Atiyah, the inclusion map j : Z — Z x g induces an R(G)-module
morphism ji : Kg(TgZ) - Kg(Tg(Z X g)), with the commutative diagram

(6.32) Kg(TGz) Tg(Z X g .
lIndexZ a
Index3

(see [1][Theorem 4.3]).

Note that the map 4 : Kg(TgZ) — Kg(Tg)) is defined by Atiyah for any
embedding 7 : Z — Y of G-manifolds with Z compact. Consider now the case
where i is the zero-section of a G-vector bundle p, : £ —+ Z. In general the map 4
is mot an isomorphism.

If the G-action is locally free over Z, then TgZ — Z (resp. TgE — &) is
a subbundle of TZ — Z (resp. TE — &), and the projection TgE — TgZ is
a vector bundle isomorphic to s*(TE) (where s : T¢Z — TZ is the inclusion).
Hence the vector bundle Tg€ — T Z inherits a complex structure over the fibres
(coming from the complex vector bundle T — TZ). In this situation, the map
i: Kg(TgZ) - Kg(TgE) is the Thom isomorphism.

In the case of the (trivial) vector bundle f : Zxg — Z, the map ji : Kg(TgZ) —
Kg(Tg(Z x g)) is then an isomorphism. Take 6z = (ji)"'(0z), and from the
commutative diagram (6.32) we have RRg (M,E) = Index$ (6z ® E|z). From
Theorem 3.2 we get

Index% (07 ® E|z) = ) Index, ., (07" @ Ereq ® Wo*). W, ,
aEé

where 07 € K(TM,eq) correspond to &z through the isomorphism
K(TMTed) - KG(TGZ)' o

Proposition 6.7. Suppose that Assumption 2 of the Introduction is satisfied. Then,
Meq inherits an almost complex structure Jy.q, and the elliptic symbol o™ of
Proposition 6.6 is equal to Thom(M .eq, Jreq) in K(TM,eq). We have

(633) RRO M E Z RR red;Ered ®%*)'Wa in Rim(G) ]
€@

for every E € Kg(M). In particular [RRS (M, E)]9 is equal to RR(Meq, Ereq).

The equality (6.33) has been obtain by Vergne [29][Part II] in the case of an
Hamiltonian action of the circle group on a compact symplectic manifold.

Proof of Proposition 6.7 : The action of G is locally free over Z then TZ =
TgZ @ gz, where gz := {Xz,X € g} is the tangent space of the G-orbits in Z.
With the Assumption 2 one get the following decomposition of TM |z :

(6.34) TM|z =TgZ®gz ® J(gz) -

The subspace gz ® J(gz) is J-stable, hence the subspace T Z is equipped with
the G-invariant almost complex structure Jy..q = pr o J where pr : TM|z - TgZ
is the projection relative to the decomposition (6.34). In this context we can define
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the symbol Thom(M eq, Jred) € K(TMyeq) =2 K(TgZ) (see Eq. (2.2)), and the
quantization map
RR(Mreda _) : K(Mred) -7,
by RR(Mred, 5) = Indexpq, ., (ThOm(Mred, de) ® g)
Proposition 6.7 follows immediately from

Lemma 6.8. We have
jro (m)* (Thom(Myed, Jred)) = 02
in Kg(Tq(Z x g)).

Proof of the Lemma : We still denotes J the almost complex structure trans-
ported on Zxg. Recall that 7* (T M,..q) is identified with T Z. The decomposition
of Equation (6.34) can be rewritten

T(Zxg)|lz=TgZ®gc x Z,

with the isomorphism gc x Z 2 gz @ J(gz), (X +Y;2) = J.(Xz|,) — Yz|,. On
T(Z x g)|z, the almost almost complex structure J is equal to Jy.eq X (2) (we denote
(1) the multiplication by 2 on gc). We extend Jyeq X (2) to a complex structure J
on Z X g which is constant on the fibres of the map f : Z x g — Z. The almost
complex structures J and J are then homotopic near Z. Hence the complex oz
can be defined on Z x g with J, but

NST(Z x g) = (A},.,TcZ® (A*gc x Z)) x g .

Hence for v; € TgZ|,, (X +1Y;2,£) € gc X Z x g, the map oz(z,&v; + X +1Y)
acts on (m)* (A*TMeq) |» ® A®ge as the product

Cl,(v1) @Cl(X + (Y +9)) .

Note that the vector field H° satisfies ’H(GZ,E) = — for any (z,§) € Z x g.
Now we see that the map Cl(v1) ® Cleg(X + oY + &)) is homotopic, as a G-
transversally elliptic symbol, to Cl,(v1) ® Cl¢(X +1£) which is the symbol map of
Jjro (m)* (Thom(M,.q)) (see the construction of the map ji in [1][Lecture 4]). We
have shown that ji o (m)* (Thom(M,.q)) = 0z in Kg(Tg(Z x g)). O

6.2. The map RRZ with Gg = G. When 8 # 0 is in the centre of g, the map
RRZ (M,-) : Kg(M) - R™°°(QG) is the Riemann-Roch character localised near
MP f7H(B).

On the manifold M7, the almost complex structure J and the moment map
fo + M — g restrict to an almost complex structure Jg and a moment map f,|ps :
MP — g. Here the set M? N f71(B8) = (fs|ms) () is a component of the
critical set of C%clm? | and we denote RR; (MP,-) : Kg(MP) - R~°(Q) the
localisation of the Riemann-Roch character RR® (MP,-) : Kg(MP) = R(G) near
the component (f,|as) ' (8) (see Definition 6.5).

Here we proceed like in the section 5. Let A be the normal bundle of M7 in M.
The subgroup Tg — G generated by exp(t.3), ¢t € R acts linearly on the fibre of the
complex vector bundle N. Thus we associate, like in Theorem 5.7, the polarized
complex G-vector bundles N?* and (N ® C)P:+.



LOCALIZATION OF THE RIEMANN-ROCH CHARACTER 25

Proposition 6.9. For every E € Kg(M), we have the following equality in R~°°(Q)

RRG (M, E) = (=1)’ 3" RRy (M”, E|pe ® det NP+ @ SH(W @ ©)FF)
keN

where Ty is the locally constant function on MP equal to the complex rank of NP+ .

Consider the decomposition of RR; (M, E) in irreducible character x¢, A € A},
G
(6.35) RR;(M,E) =Y mgA(E).x{, mp(E)€L.
A

If E is a f,-strictly positive complex vector bundle over M, the vector bundle
E| s is then f,|pze-strictly positive. If Z is a connected component of M# which
intersects f;l(ﬂ), every weight a of the Tg-action on the fibres of the complex
vector bundle E|z ® det NoF @ S*((N ® C)P+ satisfy (a,8) > 0.

Lemma 9.4 and Corollary 9.5, applied to this situation, show that

mpA(E) #0 = (A, 0) >0,
for any f,-strictly positive complex vector bundle E. Moreover, if we consider

Mg s = infe{a,B), where a runs over the set of weights for the Tg-action on the
fibres of the complex vector bundles E|z with Z N f;1(8) # 0, we get

(6.36) maa(E®) £0 = (\B) > ka, , .

Note that 7, , > 0, for every 3 € B, — {0}, when E is f-strictly positive.
Finally, we obtain

Corollary 6.10. Let E be a f,-strictly positive complex vector bundle over M.
For any B € BG,ﬁ #0, with Gg = G, the G-invariant part of RRZ (M, E) is equal
to 0.

Proof of Proposition 6.9 : Here we proceed as in the proof of Theorem 5.7. The
almost complex structure J induces an almost complex structure Jz on M” and a
complex structure Jy on the fibres of vector bundle p : N' - MF. The G x Tg-
vector bundle p : N' — MP? is isomorphic to R xy N — M? = R/U, where R is
the Tg-equivariant unitary frame of (N, Jy) frame on N.

Let U°” be a neighbourhood of C’; in M, and consider the G-transversally
elliptic symbol Thomé’[ﬂ](M ) € Kg(Tad™") introduced in Definition 6.4. Here
we choose U®"” diffeomorphic to an open subset of N of the form V := {n = (z,v) €
N, x € Y and |v| < €}, where U is a neighbourhood of (f,|xs)~1(3) in MP. The
moment map f,, the vector field ’HG, and Thomg,[m(M ) are transported by this
diffeomorphism to V (we keep the same symbol for these elements).

We defined now the homogeneous vector field HY on N by

~G
(6.37) o = (F6m) (), n € N
Using the isomorphism TN 5p*(TMP @ N) (see Eq. (5.26)) we endowed the

manifold NV with the almost complex structure J := p*(Jz @ Jy). With the data
J, H° ), we construct the following G-transversally elliptic symbol over N :

(6.38) Thomé,[ﬁ](/\/)(n,w) := Thomg (N, j)(n,w—ﬁi), for (n,w) € TN .
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Let us now verify that
Thom, (M) = Thomf, 4 (N) in Kg(TgV) .

The invariance of the Thom class after the modification of the almost complex
structure is carried out in Lemma 5.8 : the class of Thomé [ﬂ](M ) is equal in
Kg(TgV) to the class of the symbol

o1(n,w) := Thomg(/\/,j)(n,w—’}-[:), (n,w) € TV.

Using now the family of vectors field ’Hf (n) == (fG (x,t.v))v(n), t € [0,1],

n = (z,v) € V, we construct the homotopy
oi(n,w) := Thomy (N, J)(n,w —”HtG (n)), (n,w) € TV

of G-transversally elliptic symbol between o4 and Thomgi[ a] (N) (one easily verifies
that Char(oy) N TgV = C’g for every t € [0,1]). Finally, we have shown that

Thom, 4 (V) = Thom, (M) in K(TgV), thus

G,[8] B8]

G *
RRj (E) = Tndex$/ (Thomg,[ sV ®p (ElMﬁ))
for every E € Kg(M) (here p: N'— M? denotes the projection).

Now we proceed as follows. For every (n,w) € TV, the Clifford action

Thomg 3] (N)(n,w) = Cly(w —H. ) on AcT,V is equal to the exterior product

(6.39) Cla(wy — [H)1) © Cly(ws — [, ))

acting on Ac T, MP ® AcN|;, where x = p(n). Here w — wy, T,V — T,MPF is the
tangent map Tp|,, and w — wy = [w]", T,V — N, is the ‘vertical’ map. Here
we see that [’Hih =, is the vector field on M? generated by the moment map

xz

folme (see Definition 6.2).
Suppose that the exterior product (6.39) can be modified in

(6.40) Cly(wy —Hy ) © Cly(ws — Bxln),

without changing the K-theoric class. This will prove a modified version of the
equality (530) in KG’XTEXU(TGX'JTEXU(R X N)) :

641) @y (Thomé’w] (N)) =k (w*(Thomé’w](Mﬁ)), ThomgﬁxU(N)) .

where 7y : RXxN = Ry xy N = N and 7 : R — R/U = MP? are the quotient maps

relative to the free U-action. The symbols Thomg’[ﬁ] N), Thomé’[ﬂ](Mﬁ) and

ThomgﬂxU(N) belong respectively to Kgxt,(Taxt;(R xv N)), Ka(Ta(R/U)),
and K'JI‘gXU(TTngN)-

The Proposition 6.9 follows after taking the index, and the U-invariants, in the
equality (6.41).

Finally we explain why the change of [7—73]2 in G|, can be done in the tensor
product (6.39) without changing the class of Thomé,[ﬁ] (WN).
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Let upV : g — ['(MP End(N)) be the ‘moment’ relative to the choice of a
connection on ' — MP (see Definition 7.5 in [8]). Then, for every X € g we have

[Xn(z,0)]Y = —pN (X)), (z,0) € N

(see Proposition 7.6 in [8]). When X = (3, the vector field 8xr is vertical, hence we
have N (8)|z.v = LY (8)|2.v = —Bn(x,v), where £V (B) is the infinitesimal action
of B on the fibre of N' = M?. We have also [H, ]o = —pN (f, (z))|s.v, for every
n=(z,v) €N.

Note that the quadratic form v € N, — |£LV(8)|,.v|* is positive definite for
x € MP. Hence, for every X € g close enough to 3, the quadratic form v € N, —
(1N (B8)|z-v, N (X)|-v) is positive definite for 2 € MP.

Consider now the homotopy

ot(n,w) := Clz(wl—'H:)QClz(wg—t.[ﬁih—(l—t).ﬁN|n), (n,v) €V te]o,1].

We see that (n,w) € Char(c*) N TgV if and only if

D) w =H,,

ii) wy = #[H,, ]2 + (1 — )3 (n), and

iii) (w1, X8 (2)) + (wa, [Xa(z,v)]Y) =0 for all X € g.
Take now X = f, () in iii). With i) and ii), we get

’ +t. |pN(fG (a:))|wv|2 +(1-%).2(z,v) =0,

with S(z,0) := (1 (8)]2 .0, 1 (£5 (@) ]20)-
If 2 € M” is sufficiently close to (f,|ae) 1(8) , the term ¥(z,v) is positive for

all v € NM,. In this case, Equality (6.42) gives ’H: = 0 and X(z,v) = 0, which
insures that « € Cg and v = 0.
We have proved that Char(c!) N TgV = Cg for every t € [0,1] if V is ‘small’

enough. Hence o! is an homotopy of G-transversally elliptic symbols over TV
between the exterior products of Equations 6.39 and 6.40. O

(6.42) ‘H:

6.3. Induction formula. We prove in this section an induction formula which
compare the map RR,(Gi (M, —) with the similar localised Riemann-Roch character
defined for the maximal torus. The idea of this induction comes from a previous
paper of the author [26] where we prove a similar induction formula in the context
of equivariant cohomology.

Consider the restriction f, : M — b of the moment map f, to the maximal
torus H with Lie algebra h. In this situation we use the vector field HH|m =
fu (M) pt|m,m € M to decompose the map RR"(M,-) : Ky(M) — R(H) near
the set C/n = {HH = 0}. From Lemma 6.3 there exists a finite subset B,, C b,
such that

Cln = |J €y, with Cy=Mnf;1(B).
BEB,,

Like in Definition 6.5, we define for every 8 € B,,, the map RRZ (M,-): Kg(M) —

R~°°(H) which is the localised Riemann-Roch character near Cg .
Let W be the Weyl group of (G, H). Note that B,, is a W-stable subset of b,
and that B, C B, Nhy.
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Theorem 6.11. We have, for every 8 € B, the following induction formula be-
tween RR; (M, -) and RR; (M,—). For every E € Kg(M), we have”

1
Wl
where W is the stabilizer of B in W.

RR; (M, E) Tnd,, (RR;’(M,E).detR (l—h)) in C~°(G)C,

g/b

We can use the previous induction formula between G and H index maps to
produce an induction formula between G' and Gg index maps. Consider the re-
striction fGB : M — gg of the moment map to the stabiliser Gg of 3 in G. Let

RRZE (M,-) : Kg,(M) — R™%°(Gj) be the localised Riemann-Roch character
near Cy” = M? N B8

Corollary 6.12. For every 8 € B, and every E € Kg(M), we have

G G G . — 00
REj (M, B) = Ind,,_ (RRﬁ‘* (M,E).detﬂ;/gﬁ(l—h)) in (G,

Proof of the Corollary : Tt comes immediately by applying the induction formula
of Theorem 6.11 to the couples (G, H) and (Gg, H).

Corollary 6.13. For every complex vector bundle E — M, we have
G

G k
[RRﬂ (M,E®)| =0,

if k € N is large enough, and E is f,-strictly positive.

Corollary 6.14. Let L — M be an Hermitian line bundle on M, such that f, is
equal to its moment f, (see the introduction). We have

r 1G
G
[RRﬂ (M, L®)] =0,

if k € N is large enough, so that k. || B ||>|| wp — p || for all w in the Weyl group
W of G, where p = %Za>0 a is half the sum of the positive roots of G.

Proof of Corollary 6.13 :
G
Using the holomorphic induction map Hol as (see equation 9.54 in Appendix B),
the equality of Corollary 6.12 can be rewritten

G k el fel ke o 0000
RR;(M,E®) = Hol,, (RRﬁﬁ (M, E®).det o/es(1— h)) .

k k
First write the decomposition® RRZB (M,E®) = Z)\eA; mA,B(E‘g’)Xfﬂ,
k
my3(E®) € Z, in irreducible character of Gg. We know from equation (6.36)
that there exists 7 > 0 such that

mag(E®) £0 = (\B)>kn keN.

"See Eq. (3.12) for the definition of the induction map IndIG1T :CT(H)H — (k)¢
8Note that M”A N fg; (8) = M8 N fG_l(ﬁ) because fGﬁ = f, on MB.
9We choose a set A% | of dominant weight for G that contains the set A% of dominant weight

for G.
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. . Gp . RO ¢ &
Each irreducible character x ” is equal to Hol ~ (h"), then RR;(M,E®) =
Holz ((Ekmx,g(E‘X’)h")HaeA(g/gﬁ)(l — h*"‘)) where A(g/gp) is the set of H-

G

weight on g/gg'®. We know from Appendix B that Hol,, (R*') is either 0 or the

(K is equal to £1 (

G
character of an irreducible representation; in particular Hol ,
Y <0 for every X € hy

1 is the character of the trivial representation) only if (A, X
k

in the Weyl chamber. The generalised character RRZ (M, E®) is the sum of terms of

k
the form m g(E®) Holz (hA~01) with af = ) ; @ where T is a subset of A(g/gs)-
Let k, € N such that

ko > Y (o).
a€A(g/gp)
Then for every k > k,,

k
mk’,@(E(g)) ;é 0 = (Aaﬂ) Z kn Z ko'n
= (A—app)>0 forall IC A(g/es)
— Hol, (W27) #+1 forall IC A(g/gp) -

G
k
We have proved that [RRZ (M, E®)] =0ifk>k, O

Proof of Corollary 6.14 :

Using the holomorphic induction map Holi (see equation 9.54 in Appendix B),
the equality of Corollary 6.11 can be rewritten

|WB| weW
k k k
First write the decomposition RRZ (M, L®) = Y5 M3 5(L2) WA, mil 5 (L®) € Z,
in irreducible character of H. We know from equation (6.36) that

M (LE) #0 = (AB) k[ 4]
= IAIzk 18]

(Heren, , =[| 8 ||*). We know from Lemma 9.1 that Holf{ (R is equal to £1 if only
if w.(\' 4+ p) —p =0 for some w € W: this implies in particular || ' ||=|| w.p —p ||-

k
The generalised character RRZ (M, L®) is the sum of terms of the form
k G
my! 5(L®) Hol,, (h**) with w € W. Let k, € N such that
ko I BI > lw'p=pll,
for all w' € W. Then for every k > k,,
k
mag(E®) #0 = [[A[IZk Bl Z ko | B
= [wA||>||w.p—p]| foral w,w eW
= Hol, (h**) #+1 forall weW .

10The complex structure on g/gg is defined by 8, so that {(a, 8) > 0 for all & € A(g/gg).
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x 1G
We have proved that [RRZ (M, L®)] =0if k> ko. O

The rest of this section is devoted to the proof of Theorem 6.11. Consider the
map 1), , : Kg(TgM) = Ku(TgM) defined with v € b in the interior of the Weyl
chamber, so that G, = H (see subsection 3.4).

The map RRZ (M, —) is defined through the symbol Thomg 8] (M) € KG(TGuG’ﬁ)

where i°” : U°” — M is any G-invariant neighbourhood of C’g such that U’ N
Cle = Cg (see Definition 6.4). We define in the same way the localised Thom
complex Thom}; [ﬂ](M) € KH(THUH’E).

For notational convenience, we will note in the same way the direct image of
Thomgi[ﬁ](M) (resp. Thom};’[ﬁ](M)) in Kg(TgM) (resp. Kg(TuM)) via il
Ko(Tal"") = Ka(ToM) (resp. i, : Ku(TuUd"") = Ku(TrM)).

Then we have RR; (M, E) = Indexfjy(Thom/, ,(M) ® E) for E € Ka(M).
The Weyl group acts on Ky(TygM) and we remark that w.Thomf_I L@’](M ) =

Thomf{’[ (M) for every B € B,,, and w € W.

w.f]
Lemma 6.15. We have the following equality

B'ew.
This Lemma implies that
G G H
RR;(M,E) = Ind, |( YRRy (M, E)).det§,(1—h)
pBew.p
1 "
= —Ind, {( Y RRg (M, E).det¥, (1 h)
4 sews
1 G H R
= s (RRg (M, E).det ®, (1 - h)) .

The second equality is due to the fact that > 5y 5 RRZ, (M, E) is a W-invariant

2
_ C

element of R™°°(H) and }__y €. detg s (1—h) = ‘det o1 h)‘ = det’y ), (1—h).

The last equality follows from the fact that w.Thom}; 8] (M) = Thom}; [w. ﬁ](M ),

and h — det 15 "/ (1—h) is W-invariant. So, we have proved that Lemma 6.15 implies

Theorem 6.11.
Proof of Lemma 6.15 : Consider a G-invariant open neighbourhood U’ of Cg

such that U°? N Cfe = Cg. We know from Proposition 3.6 that the symbol of

0=Tg (Thomg [ﬂ](M )) is the restriction on TU""” of the symbol

a1(m,v) = Cly(v = Hy) © Cllpg,, (v),  (m,v) € TM .
Let f : M — g/b (resp. f, : M — b) the g/h-part (resp. the h-part) of the

G/H
G

moment map f. Note that (i, (H ), fo,u), = |HG|12VI —H°, 1), (%), where
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the equality HE = 1" + 1" comes from the decomposition f, = f, + fg,4-
Note that the vector field " belongs to the H-orbits and consider the family of
H-equivariant symbol oy, 6 € [0, 1], defined on TM by
G
og(m,v) = Cly(v—H,,) © Cl (Bp,,,,(v) + (1 = 0)f,,, (m)), (m,v) € TM .

We see that (m,v) € Char(oy) <= v = H,Gn and GNG/H(H;) +(1=0)fs,(m) =0.

The equality (%) shows that Char(op) N TgM C {’HG = 0}, for every 6 € [0,1].
By this way we prove have proved that o7, c.s is homotopic to the H-transversally
elliptic symbol 077, ,¢.,e where

o11(m,v) = Cly(v — H,,) © CU(f,,,(m)),  (m,v) € TM .

We transform now oy via the following homotopy of H-transversally elliptic sym-
bols

G/H

g% (m,v) := Cly(v — Hyy — uHyy ) @ CU(fy (M), (m,v) € TM ,

m

for u € [0,1]. We see here that Char(c*) N TgM = {H" = 0}n {fe,u = 0} for
all u € [0,1], hence 071, e.s is homotopic to the H-transversally elliptic symbol
(71[[|uc,ﬁ where

or11(m,v) = Cly(v — Hp) © Cl(fy, (m)),  (m,v) € TM .

At this stage we have proved that or|,,c.s = 0111|008 in KH(THZ/{G’ﬂ).
Note that we have

Char(0111|uc,;a) n THUG’ﬁ = G.(Mﬁ N f;l(ﬁ)) ﬂ{fG/H = 0}
U M nr ),
B'ew.B
because G.6NH = W.5. Let i : U — U°” be a H-invariant neighbourhood of

Ug/ew,gMﬂ’ n f;l(ﬂ') such that U N {'HH =0} = UgleWﬂMﬁ’ n f;l(ﬁ') The
symbol orrr|y is H-transversally elliptic and

(6.43) i*(0111|u) = 0111|uc,ﬁ in KH(THUG’B) .
As in the proof of Proposition 4.1, Equality (6.43) is an immediate consequence of
the excision property.

The symbol (m,v) — Cly(v — ’H:]) is H-transversally elliptic on TY, and
equal (by definition) to > 5y 5 Thomz,[ﬁ,](M ). Hence orrr|y is homotopic, in
Ku(TrlU), to (m,v) = Cly(v —H) ® 0g/5, where Oy/p is the zero map from
Agemg/h to AZ%g/h. Finally we have shown that orrr|y = Y prew.s Thomgy[ﬁ,] (M)®
A&g/b in Ky (TgHU), and Equality (6.43) finish the proof. O

7. THE HAMILTONIAN CASE

In this section, we assume that (M,w) is a compact symplectic manifold with
a Hamiltonian action of a compact Lie group G. The corresponding moment map
te M — g* = g is defined by

(7.44) dpg, X) =w(Xyu,—), VX E€Eg,
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In this situation, the manifold always carries an almost complex structure J
compatible with w, that is :

We (J2v, Jow) = we(v,w) T€ M,

for every v,w € T,M, and the symmetric bilinear form w,(J.,.) is definite posi-
tive on T, M. Moreover two compatible almost complex structures on (M, w) are
homotopic.

We fix once for all a compatible almost complex structure J, and we denote
(1) := w(J.,.) the corresponding Riemannian metric. Let RR” (M, —) : K (M) —
R(G) be the quantization map defined with the compatible almost complex struc-
ture J (note that this map does not depend of the choice of J).

Here the vector field H° is the hamiltonian vector field of the function [t
M — R, and {’HG = 0} is the set of critical points of |, |2. We know from the begin-
ning of section 6 that we have the decomposition RR” (M, =) =3 pen, RRZ (M, -),

where RRZ (M,-) : Kg(M) - R~°(G) is the localisation of the Riemann-Roch

character near the critical set Cg = G(MP N p *(B)). In this section we will prove
in particular the following

L, 2,
5 :

Theorem 7.1. Let E — M a G-equivariant vector bundle over M. Suppose
that 0 is a regular value of u,. The G-invariant part of RRS (M,E) is equal to
RR(Myed, Erea). If E is pg-positive and p_'(0) # 0, the G-invariant part of
RRZ(M, E) is equal to 0 for 8 € Bg,B # 0.

The map RRS

We assume here that 0 is a regular value of p,. In the Hamiltonian case the
compatibility of J with w insures that

(T (J(Xa)), X) = w(Xar, J(Xmr)) = = || Xar [P
In particular Ty, (J(Xar)) # 0 on Z = p7'(0) if X # 0, hence TZN J(gz) = {0}.

So the Assumption 2 is fulfilled, and the map RRS is determined by the Proposition
6.7: for any E € Kg(M),

RRy (M,E) = Y RR(Myed, Erea @ Wo*).Wa in R=°(G) .
aeé

In particular, the G-invariant part of RRS (M, E) is equal to RR(Meq, Ereq) € Z
(see subsection 6.1 for the notations).

The map RR; with G = G

When (3 # 0 is in the centre of g, recall the localisation formula on M# obtain in
Proposition 6.9. For every E € Kg(M), we have the following equality in R~°°(G)

RRG (M, E) = (—-1)’* YRR (M*, E| s ® det NOF ® S¥(N @ C)P)
keN

where 7,/ is the locally constant function on M? equal to the complex rank of
NB:+,

In the Hamiltonian case we can refined Corollary 6.10.

UEquality 7.44 gives 3d|pg |2 = w(?—LG y—)
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Lemma 7.2. Let E be a complex vector bundle over M and let 3 € BG,/B #0 be
a central element in g.

1) Suppose that {u.,B) 1(0) is not empty. Then the G-invariant part of
RRZ (M, E) is equal to 0 if E is p,,-positive.

2) In general, the G-invariant part of RRZ (M,E) is equal to 0 if E is p,, -strictly
positive.

The point 2) is proved in Corollary 6.10. For the first point we need just the
following fact. If {u,,3)~1(0) is not empty, the vector bundle N?+ — Z is not
trivial on each connected component Z of M7 which intersects ,ugl(ﬂ). The reason
is the following. Consider the set of weights {a;, ¢ € I'} for the action of Ts on the
fibres of the vector bundle N — Z. We have then the following description of the
function (u,, ) in the neighbourhood of Z. For v € N, with the decomposition
v = ®;v;, we have if |v| is small enough

(e 8)(a,0) = 18 — 5 (s, Dol
el
We know from Lemma 5.1 of [14] that the map (u,,3) : M — R admits a unique
local minimum. But if (a;, 3) < 0 for every i € I, we have {u,,8) > |8]*> in a
neighbourhood of Z, so ||? will be the unique local minimum of {(u,,3) on M;
and it contradicts the fact that (i, ) vanishes on M. Hence {a;, 3) > 0 for some
i1el. O

The map RR; with G # G

We consider the situation of 3 € Bg with stabiliser Gg # G. Here the Riemann-
Roch character is localised near C§ = G(M* n p;'(8)).

The symplectic slice at the point S is a symplectic (locally closed) subman-
ifold Y, of M with an induced G Hamiltonian action (see [16][Theorem 26.7],
[21][Definition 3.1]). Here we take

Y, =g ({E€9g, 1€ — Bl <e})
with € > 0 small enough, and
B
2, = D) ﬁ] .
Recall that a G-invariant open neighbourhood of Cg in M is isomorphic to Gxg, Y,
and Z, = (G xg, Y,)? is an open neighbourhood of M” N pu_*(B) in MP.

The open subset Z, of M A inherits a symplectic structure w, and an Hamiltonian
action of the group Gg. The moment map pg, : Z, — gg is the restriction of
pe to Z,. A w,-compatible almost complex structure on Z, (says J,) defines a
quantization map RR™* (25,—) : Kg,(Z2,) = R(Gp). With the moment map ug,
we define o

RR;"(Z,,-): Kg,(Z,) » R">°(Gp)
which is the Riemann-Roch character localised near u&i (B) = MP npzt(B) (see
Definition 6.5).

Let AV be the normal bundle of Z, in ,. The subgroup Tg < Gg generated

by exp(t.3), t € R acts linearly on the fibre of the complex vector bundle N'. Thus

we associate the polarized complex Gg-vector bundles NB+ and (N @ C)P+. (see
subsection 5).
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The next theorem determines RRZ (M, —) in terms of RRZB (Z5,-)-

Theorem 7.3. For every E € Kg(M), we have

RRZ(M,E):Indzﬂ (é(E)(g)detg/gﬁ(l—g)) in C~®(G)%,

where O(E) € R-°(Gp) is determined by

8(E) = (-1~ YRR}’ (zﬁ \Elz, ® det N9 @ S5 (W @ (C)ﬁ’+) .
keN

Here rnr € N is the locally constant function on Z, equal to the complex rank of

NBH+,
Corollary 7.4. If the vector bundle E — M 1is p,-positive we have
. G
[RR[, (M, E)] =0,
for every B € B, with Gg # G.

Proof of Corollary : Using the holomorphic induction map HOIZB (see equation
9.54 in Appendix B), the first equality of Theorem 7.3 can be rewritten

G G ~
RE;(M,E) = Hol,_(8(E)) .
The second equality of Theorem 7.3 and Corollary 9.5 shows that (:)(E)
G .
Yoext mas(BE)x,”, map(E) € Z, with
map(E) #0 = (A, 8) > 0.

Like in the proof of Lemma, 7.2, we use here the fact that NB+ is not equal to 0.
e~
Finally Lemma 9.3 of Appendix B tells us that Hol an (O(FE)) does not contains
the trivial representation. O

Proof of Theorem 7.3 : We know from Proposition 6.9 and Corollary 6.12 that

RRj (M, B) = Ind,, (RR‘;"(M,E)@)detlR (1- g)) in C®(G)%,

9/9p
and
RRy’ (M,E) = (1"~ YRRy’ (M, E|ys ® det N+ @ S¥(N @ O)F+)
kEN
where N' = MP? is the normal bundle of M? in M. The proof will be completed if

we show that!?

det§/g, (1—g h).(-1)™ > RRZ'B (MP,E|ys ® det NP @ S¥(W & ©)FT))
keN

= (-)V YRRy’ (Zﬁ,E|zﬁ ® det NP+ @ SH(N ® (C)ﬁ,+)) '
i€EN

12Note that det®

BMEUAy):|¢%C (179N2:d%gmﬁufg)d&gmﬁlngL

/93
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For any G g-complex vector W — M” the generalised character RRZﬂ (MP, W)
can be computed as the index of a Gg-transversally elliptic symbol with support in
Z,. The excision Lemma (see subsection 3.1) tells us that

RRy’ (M?,W) = RRy’ (2,,W|z,) .

The symplectic slice J, has an induced symplectic two form wy),, whit a moment
map py, : YV, — gg equal to the restriction of ug, : M — gg to J,. Let Jy, be a
wy,-compatible almost complex structure on J,.

The complex structure on the fibres of the vector bundle A/ and N are induces re-
spectively by the compatible almost complex structure J and Jyﬁ on the symplectic
manifold G XGp yﬁ and yﬁ.

The symplectic form w, when restricted to on G Xg, J,, can be written in terms
of the moment map py, and the symplectic form wy),:

(7'45) w[g,y](X +v,Y + w) = _(l‘l’yﬁ (y)a [X’ Y]) + Wy, ‘y (an) ’

where X,Y € g/gs, and v,w € T,Y, '3. With the complex structure Jz on
G/Gp determined by (3, we form the almost complex structure J := Jg x Jy, on

G xg,Y,. Equation (7.45) shows that J is compatible with w on G x, Y, , hence J
is homotopic to J on G x¢g s Vs We see then that the computation of the localised

Riemann-Roch character RRZ (M, E) can be carried out with J, and that we can

take on the fibres of bundles A" and N the complex structures induces respectively
by the compatible almost complex structure J and Jyﬁ
Under this modification of the complex structures, we have on Z, the follow-

ing decomposition of the normal bundle N' — M” in sum of two complex vector
bundles:

(7.46) N =[g/gs] @ N,

Here [g/gs] — Z, is the trivial complex vector bundle isomorphic to g/gs x Z,:
for any m € Z,, [g/g9p]lm = {Xzﬁ|m, m € g/gp}. The complex structures on the

fibres of [g/gs] is defined by Jg, and the Tg-weights on [g/gg] are all positive for
B, that is [g/gs]”" = [9/g5) and ([g/gs] @ O)7F = [g/gg].

Equality 7.46 gives N2 = [g/gg] @ NP+ and (NP+ @ C) = [g/gs]® (N @C)P-.
We have now the following decomposition

()™~ > RRZ" (25,E|z, ® det NP+ @ SH(N @ C)PT)) = (—1)™ x
keN
> RRy (25,2, © det AP+ 9 S'(V © O°F) @ detlg/as] © 5 (/a0 )
i,jEN

= A[g/gﬁ]'(_l)ﬁZRRgﬁ (ZB;E|ZE ® det V9 @ SH (N ® (C)ﬁ,+)) ’

i€EN

13We use here the identification T(G XGy V) 2 G Xg, (/88 © TY;) (see Eq. 3.11).
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with A[g/gﬂ]gcg) = (=1)dimc(e/s0) det‘g/gﬁ (9)- 2 jen Trsi(g/as)(9)- But
Alg/g51(9)-detg g, (1 — g~ 1) =1, hence
det §/q,(1—g™H).(-1)™¥ 3 RRZ” (25, E|z, ® det NPF @ S* (N @ ©)P))
kEN

€N

8. APPENDIX A: G=SU(2)

We restrict our attention to an action of G = SU(2) on a compact manifold M.
We suppose that M is endowed with a G-invariant almost complex structure J and
a moment map f : M — g. In this situation, the decomposition RR® (M,-) =
ZﬂEBG RRZ (M, —) become simple.

Let S' be the maximal torus of SU(2), and f, : M — R the induced mo-

ment map for the S'-action. The critical set {HG = 0} has a particularly simple
expression

H =0y=7'0U (J GF .

FcMmSt
fs1(F)>0

Hence the set B, is {f,, (F) >0, F € MS'} U {0}. Let M5 be the union of the
connected components F C M S with fs1(F)>0

The non-symplectic case

. st . _ 1
Note that the critical set {H{~ = 0} is equal to fsl1 (0) U M5, then the set

B, is {f(F),F € MSI} U {0}. Here the induction formula of Theorem 6.11, and
Proposition 6.9 gives

(8.47) RR®(M,E) = RR; (M,E) +Tnd_, (@(E) ). [1-¢ |2)
where O(E) € R~°°(S!) is determined by

1 1
(8.48) ©1(E)=(-1)™: S" RR® (M} By ® det N @ SH(W @ O)F))
kEN
where N — M_fl is the normal bundle of M_fl in M.

The Hamiltonian case

Here we suppose that (M,w) is a symplectic manifold, with moment map g and
w-compatible almost complex structure J. Let Y = u~'(Rso) be the symplectic
slice associated to the interior of the Weyl chamber Rs¢ C Lie(S1).

The induction formula of Theorem 7.3 gives

(8.49) RR®(M,E) = RRy (M,E) +Tnd_, (é(E) (t).(1 - t2))
where O(E) € R—°°(S") is determined by

(850) 8(E) = (1% Y RR" (M5, |yt @ det N+ @ SN @ OF))
keEN
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where N — Mfl is the normal of Mfl in ).

Recall that the irreducible characters ¢, of G = SU(2) are labelled by Z >, and
are completely determined by the relation

b =Tnd,, (t".(1=#3)) in R"(G)

(See Lemma, 9.1). This explains the important differences between Equation 8.47
where the term (1 — #2)(1 — ¢t=2) appears, and Equation 8.49 where we have ‘only’
(1—1¢2).
G

Hence the component Ind_, (@(E) t).[1-#
tains the trivial character ¢ if @(E) € R~°°(S') is of the form O(E) = 3", .7 ant"
with
(8.51) ap #0=mn>3.

Now, we look at Equation (8.47), and we notice that Equation (8.51) is satisfied if
the weights for the action of S* in the fibre of the complex vector bundle E| st ®
+

det N T — Mfl are all bigger than 3.
rl;’he _conditions are weaker in the ‘Hamiltonian’ situation. — The term
Ind | (@(E)(t)(l - t2)) of Equation (8.49) does not contains the trivial character
S
o if O(E) € R~>(8') is of the form O(E) =), o ant™ with
(8.52) an#0=n2>1,
and this condition is fulfilled if the weights for the action of S! in the fibre of the
complex vector bundle E|, s1 ® det N T M fl are all bigger than 1. But we have
+

|2 ) of Equation (8.47) does not con-

here another important difference (noticed in the Proof of Lemma 7.2): the vector
bundle N't — Mfl is not equal to the zero bundle if 0 € u(M).

We see finally that, in the Hamiltonian case, the condition ‘E is p-positive’
implies

el G a G
0€ M) = [RR (M,E)] - [RRO (M,E)] .

9. APPENDIX B: INDUCTION MAP AND MULTIPLICITIES

Let G be a compact connected Lie group, with maximal torus H, and b3 C h* =
(¢*)H some choice of the positive Weyl chamber. We denote SR the associated
system of positive roots, and we label the irreducible representations of G by the
set A% = A* N b} of dominants weights. For any weights a € A* we denote
H — C*, h+— h® the corresponding character!*.

Let W be the Weyl group of (G, H), and L?(H) be the vector space of square
integrable complex functions on H. For f € L2(H), we consider following [7][Section
7.4]

I =D (D wf,
weWw
where W — {1,—1}, w — (=1)¥, is the signature operator and w.f € L?(H) is
defined by w.f(h) = f(w='.h), h € H. The map |1W|J is the orthogonal projection
from L2(H) to the space of W-anti-invariant elements of L2(H).

MFor any X € b, (exp(X))* = e¥{*X),
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Let p € bh* be the half sum of the positive roots. The function H — C*, h +— h*
is well defined as an element of L2(H) (even if p is not a weight). The Weyl’s
character formula can be written in the following way. For any dominant weight
A € A7, the corresponding irreducible character x, satisfies the relation!®

(9.53) J(h?).x,\ g = J(R*P) in L*(H) .

For our purpose we give an expression of the character x, through the induction
map Indi :C~®(H) = C~°(GQ)% (see equation 3.12). Following [24] [Section 2], we
consider the affine action of the weyl group on the set of weights : wol = w.(A+p)—p
for we W and A € A*.

Lemma 9.1. 1) For any dominant weight X € A%, the character X, is determined
by the relation

X, =Ind, (h* II a —ha)) in C~°(G)% .

acRy

2) For A\ € A and w € W, we have Indi (R gem, (1 — %)) =
(—1)*Ind|, (P aem, (1 — h2)).
3) For any weight A, the following statements are equivalent :

a) Tnd, (A Maem, (1 —h%)) =0

b) WoldNnAy =0,

¢) The element A+ p is not a regular element of h*.

Proof of 1) : This relation was already given in the Corollaire 4, section 7.4 of
[7]. To prove it, we need the following relations in L?(H) :

i) J(h?)=h"* Haeim.(l —h®), i) J(h?).J(h*) = [[4em(l = h%).
Let dg and dt be the normalized Haar measures on G and H respectively. For
any f € C*(G)Y we have

[ 0@ 1@ds = g [ xla W) Taen(=1%) fla () dn i}
_ ﬁ /H T(0) TP f|u (k) dh 2]
_ /H W0 TR £l (k) dh [3]
- /H W oo, (1 — h®) fla(h) dh . [4]

The first equality is the Weyl integration formula. The equality [2] comes from
ii) and (9.53). The fact that the map ﬁJ is the orthogonal projection on

L2(H)W —anti—invariant jmplieg the third equality, because the map h — J(h?) f|r(h)
is W-anti-invariant. The equality [4] comes from i).

Proof of 2) : From i), wee see that h"°*,em, (1 — h®) = h*O+0) J(he) =
(-1 w L (WP J(he)) = (1) w L. (W gem, (1 — h*)), hence the relation 2) is
proved.

Proof of 8) : The implication a) = b) is an immediate consequence of 1)
and 2). Proposition 3, section 7.4 of [7] tells us that {J(h**?), X € Ay} s
an orthogonal basis of the Hilbert space L2(H)W—anti—invariant — For )\ € A*

15y, |m is the restriction of x, € C*(G) to H.
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and X' € A% we have < J(WM?), J(WN+P) >pa= [W| < J(WMP), AN 4P >pa=
WS wew(=1) [ t°*~X'dt. Thus, the condition WoANA% = 0 is equivalent to
J(A**?) = 0. But the point 2) gives Ind, (A Maem, (1 — %)) =
qInd,, (J(BAF)h PHaem, (1 — h?)), hence J(hA*+?) = 0 implies the point a).
We have proved that b) = a). Finally we see that J(h*?) = 0 < Jw €
W,w.(A+ p) = A+ p <= XA+ p is not a regular value of h*. We have proved that
b) <=c¢). O

From the previous Lemma, we see that v — Indj (v(h)aem, (1 — h%)) is the

holomorphic induction functor Holz : R(H) - R(G) (which is denote Indi in
[24][Section 2]).

We arrive now to the principal result of this appendix. Let 8 € h, 8 # 0, such
that {a, 8) > 0 for every a € R
Lemma 9.2. Let A(h) = Y, . mih> be an element of R™°°(H), and consider
B= Holi (A) the induced element of R~°(G). Suppose that mi # 0= (A,[) >
n >0, then B = ZAeAjr mEx, withmf #0=|| A ||>n" > 0, where the constant

n' is equal ”%” In particular, B does not contains the trivial representation.

Proof : Lemma 9.1 shows that m? = Yy (=1)"mj., for every A € A},
hence m? # 0 only if m2,, # 0 for some w € W. The condition {(w o X,3) > n
can be rewritten (w.\,8) > n+ (p — w.p,B). A small computation shows that
P—WPp =D 0mw-1.a<o® hence (p—w.p,3) > 0. Finally the condition m? # 0
implies that (w.\, 8) > n for some w € W, but || A || . || B [|> {(w.A, B), so the proof
is completed. O

Consider now the stabiliser Gg of the non-zero element 8 € h. The subgroup
H is also a maximal torus of Gg. The Weyl group Wj of (Gg, H) is identified with
{w e W, w.8 = 8}. We consider a Weyl chamber b5+ C b* for G that contains

the Weyl chamber h% of G. The irreducible representations xfﬁ, A€AL  of Gg
are labelled by the set A} , = A*Nbj , of dominant weights.

We have a unique ‘holomorphic’ induction map Holzﬁ : R(Gg) = R(G) such
G [e] Gg . . . .
that Hol . = Hol a5 © Hol " . This map is defined precisely by the equation®®

(9.54) Holzﬁ (v) = Indzﬁ (v(g) det S (1~ g)) in C~®(G)%,
for every v € R(Gp).

Lemma 9.2 can rewritten in the case of the (extended) map Holzﬁ : R™>°(Gg) —
R~°(Q).
Lemma 9.3. Let A = Z)\EAE,+ mixy” be an element of R~*(Gpg), and consider
B = Holzﬁ (A) the induced element of R~*°(G). Suppose that ms # 0= (A, ) >
n > 0, then B has a decomposition B = ZA€A1 mTx, with mf #0 = A ||>
n' > 0, where 0’ is equal ﬁ In particular, B does not contains the trivial repre-
sentation.

16We take on g/ gg the complex structure defined by 3.
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Proof : Lemma 9.1 says that x5 = Holiﬁ (h*) for every \ € A% ., then B =

Holzﬂ (A) is equal to HOIE(E,\eA; . m# h*) and we conclude with Lemma 9.2. O

We finish now this appendix with some general remark about P-transversally
elliptic on a compact manifold M, when a subgroup T in the centre of P acts
trivially on M.

More precisely, let H be a compact maximal torus in P, h; be a choice of a
positive Weyl chamber in the Lie algebra § of H, and let 8 € b, be a non-zero
element in the centre of Lie algebra p'”. We suppose here that the subtorus T C H,
which is equal to the closure of {exp(¢.3), t € R} , acts trivially on M.

Every P-equivariant complex vector bundle £ — M can be decomposed rel-
atively to the T-action: E = ®,.+E* ® C,, where E* := homy(E,C;)'® is a
P-complex vector bundle with a trivial action of T. Then, each P-equivariant sym-
bol o : p*(E1) — p*(E2) where E;, E» are P-equivariant complex vector bundles
over M, and where p : TM — M is the canonical projection, admits the finite
P x T-equivariant decomposition

(9.55) 7= 0"®C,.
acT
Here 0% : p*(E¢) — p*(E$) is a P-equivariant symbol, trivial for the T-action.
Let us consider the inclusion map i : T — H, with the induced maps ¢ : Lie(T) —
h at the level of Lie algebra and i* : h* — Lie(T)*. Note that i*(\) is a weight for
T if A is a weight for H.

Lemma 9.4. Let M be a P-manifold with the same properties as above. Let o :
p*(E1) = p*(E2) be a P-equivariant transversally elliptic symbol over M and denote
ma (o), A € AL |, the multiplicities of its index : Index); (o) = ZAeA; L (o)x?.
Then, if mx(c) # 0, the weight a = i*(\) occurs in the decomposition (9.55).

Corollary 9.5. Suppose that the weights a € T which occur in the decomposition
(9.55) satisfy {a,B) >n > 0. Then, for the multiplicities, we get

ma(o) #0=(X,08) 27 .
In particular, Indexf,f (o) does not contains the trivial representation.

Remark 9.6. The previous Lemma and Corollary remain true if M is a P-invariant
open subset of a compact P-manifold.

For the Corollary, we have just to notice that °* (\,8) = (a,8) for a = i*()\).
Then, if we have {(a,8) > n > 0 for all T-weights occurring in o, we get (A, 8) > 5
for every A such that mx(c) # 0.

Proof of the Lemma: Let P' be a Lie subgroup of P such that » : T x P’ —
P, r(t,g) = t.g, is a finite cover of P. The map r induces 7* : Kp(TpM) —
Kyyp(TprM)? and an injective map r* : R=°°(P) - R=°(T x P'), such that
IndexL " (r*o) = r*(Index} ().

17The Lie group P is supposed connected then 8 € (p)F.

18The torus T acts on the complex line C, with the representation ¢ — 2.
19We use the same notations for 8 € Lie(T) and i(3) € b.

20Note that Tpr M = TpM because T acts trivially on M.
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The decomposition (9.55) can be read through the identification K1y p/(Tp M) =
Kp(Tp M) ® R(T): we have r*o =) _+0*® C, with 0® € Kp/(Tp M). Hence

(9.56) Index), " (r*o)(t,g) = > _ Indexh; (0%)(g)-t* , (t,9) € Tx P'.

aet
The irreducible characters x? satisfy r*x* (t,9) = x?|p/(g)- ") If we start from
the decomposition Index}; (o) = 32 AeAy , M (0)x? relative to the irreducible char-
acters of P, we get
(9.57)

(IndexTxp( )) =3 3 mO)xle(9) ] t*, (tg)eTxP .

aeT \@*(N)=a

If we compare Equations 9.56 and 9.57, we get Index’ (59) = i ()=a M (O)XE [P
The map r* : R™°°(P) = R™*°(T x P') is injective, 50 }_,. y)—, mx(0)xZ|p = 0
if and only if max (o) = 0 for every \ satisfying i*(\) = a. Hence if the multiplic-
ity ma (o) is non zero, the element a = *(\) is a weight for the action of T on
o :p*(E1) = p*(Ez). O
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