ARCS AND WEDGES ON SANDWICHED
SURFACE SINGULARITIES

by Monique LEJEUNE-JALABERT & Ana REGUERA

ABsTRACT . — A wedge on a surface singularity (S, P) is a formal parametrization of
S by power series in two variables, locally at P. A genericity condition, which is expected to
be enough to guarantee that a wedge lifts to the minimal desingularization of the surface, is
proved to be so if the singularity is sandwiched.

To the memory of O. Zariski and to R Samuel

Introduction

The following question is motivated by the challenging problem of understanding
Nash’s families of arcs on a surface singularity in relation with its minimal desingularization
(see [N]).

Does a wedge centered at a “general” arc on a normal surface singularity (S, P) lift to

its minimal desingularization X ?

Let us explain our terminology. An arc on (S, P) is an algebroid curve going through
P on S, given by formal power series in one variable x(r). We say that an arc is general
on (S, P) if its strict transform on X is smooth and intersects transversally the exceptional
curve E at a point lying on a Zariski dense open set of regular points of E. A wedge on (S, P)
is a parametrization of S locally at P by formal power series in two variables x(u;, uz). We
say that a wedge is centered at an arc if its parametrization x(¢) comes from the wedge by

substituting series u; (), u2(1).

The aim of the present paper is to give an affirmative answer to the above question
when (S, P) is a sandwiched singularity. By Zariski’s complete ideal theory, such a singu-
larity is the birational join of finitely many primitive ones. (Definitions are given below.)

Key words : sandwiched surface singularities, arcs, wedges, desingularization.
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2 M. LEJEUNE-JALABERT & A. REGUERA

Most of our discussion consists in extending the combinatorial argument working for toric
surface singularities developed in [L-J] to primitive ones.

A system of approximate roots of a general element in the simple complete ideal I
whose blowing-up py produces the primitive singularity (S, P), or equivalently a generat-
ing sequence for the divisorial valuation v associated to the irreducible exceptional curve
of py, helps us drawing a toric environment. A similar construction has been given inde-
pendently by Golding and Teissier in [G.T]. Roughly speaking, we interpret py and various
modifications of S including its minimal desingularization as being strict transforms by
suitable equivariant modifications between toric varieties. More precisely this goes as fol-

lows.

Pick a generating sequence {xo, ..., Xg+1} for vand set g1 = (By, ..., Bgi1) with
B; = v(x;). First, sending the variable X; to x; defines an embedding of the non singu-
lar algebroid surface % supporting I in Zy = Spec k[[Xo, ..., Xg+1]]. Let X be the fan,
elementary subdivision of the cone Ri'gz by R>06g41, let g : Zsy — Ai"'z be the re-
sulting equivariant modification and let Z/f\zo be the strict transform of .’%g by 9. We may
assume without loss of generality that :%Zo has a unique singular point P. The main result
of [Sp1] may be reformulated by saying that (S, P) and (.%zo, P) have isomorphic formal
neighborhoods.

Next we derive from the explicit formulas giving x;4; in terms of (xo, . . ., x;) that %0
is defined in 20 by a system of g functions which is not degenerate for its Newton polyhe-
dra. Following Khovanskii (Kh], we consider the least fine subdivision X7 of its “Newton
fans” and of 3, and the resulting equivariant modification Zs., — Zs . We show that the
cones o € X7 whose associated orbit O, intersects the strict transform %7— of %20 form a
fan © consisting of o;; = (6, 1,8;) and 05, = (&;,6;) for1 < i < g + 1 and their faces,
where {, ) denotes the cone generated by the vectors written inside, ¢; is the unit vector
on the X;-axis and

0; = (EO,...,Ei,niEir...,ni---ngE,-), 0<i<g+1
withng = 0,n; = ¢;_1/e;,1 < i< gande; = g.c.d.(By,...,B;),0 < i < g. Byremoving
0g+1,2 and Rygéegy) from O, we get the o € X7 such that Plies in the Zariski closure of
the image of O, N X7 in X5,. These cones form another fan = which we call the skeleton
of the primitive singularity. As in [G.L1], the non degeneracy property implies that 27’ isa
partial desingularization of -:%Zo with only toric singularities, namely its intersection points
with the orbits 00”, foro;j € E.

Finally for any regular subdivision X of 27 whose trace on the fan ® above is its
minimal regular subd1v151on, the map Zs, — Zs, is an embedded desingularization of
.’{zo and its strict transform f{zR is its minimal desingularization. This is detailed in sec-
tion 1.
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We begin the next section by relating arcs and wedges on (S, P) with its skeleton.
Indeed, as a trivial consequence of the triangular inequality, the characteristic vector o« =
ord; x;(t)o<i<g+1 of an arc on (S, P) meeting the torus, lies on =. Similarly, p being any
irreducible element in k[[u1, u,]] and v, denoting the p-adic valuation, for any wedge on
(S, P), &p = vpxi(u1, up)o<i<g+1 lies on E. The finitely many «,, # 0 are defined to be the
characteristic vectors of the wedge.

The “general” arcs on (S, P) are exactly those whose characteristic vector belongs to
the minimal generating system of some o € Z (that is of the semigroup o N Z &2\ 0). By
the way, this is a combinatorial translation of Cor. 8.4 [Sp1]. One may also decide whether
a wedge lifts to the minimal desingularization of (S, P) by looking at its characteristic vec-
tors. This happens if and only if there exists a cone T in the minimal regular subdivision
of = which contains them all. So one may read off the skeleton of a primitive singularity,
similar informations about its arcs and wedges to those encoded in the cone giving rise to
a toric surface singularity.

The last part of section 2 is a proposition expressing additional restrictions on the
location of the characteristic vectors of a wedge. This observation is crucial in the proof of
the main theorem, which is given in section 3. The results of this paper were announced in
[L.R].
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Sprinberg, B. Teissier, M. Spivakovsky for their suggestions and encouragement.
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Semester in 97. We are grateful to these institutions for their hospitality and financial
support. The typesetting has been realized by A. Guttin-Lombard with her usual skill and
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0. Terminology, notation

In this preliminary section, we fix our terminology and notation, and we make a

review of some useful results.

0.1. — By a sandwiched (resp. primitive sandwiched, for short primitive in the
sequel) surface singularity, we mean the formal neighborhood Sofa singular point P on a
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surface S obtained by blowing-up a complete (= integrally closed) (resp. simple complete,
for short simple in the sequel) ideal I in the local ring of a closed point O on a non singular
algebraic surface X defined over an algebraically closed field k.

We may assume I to be primary for the maximal ideal of R := Oz, 0. In addi-
tion, Xy and I can be chosen in such a way that P is the only singular point on S and that
any irreducible curve on the minimal desingularization X of S which is mapped onto an
exceptional curve for S — Xy is a (—1)-curve ([Sp2], Cor. I1.1.14).

0.2. — From now on until the end of section 2, we focus our attention on a primi-

tive singularity S.

0.3. — Recall that the exceptional curve of the blowing-up pg : S = X, ofasimple
ideal [ is irreducible. Any minimal generating sequence {x, ..., Xg+1} for the associated
divisorial valuation v enjoys the following geometrical and arithmetical properties:

0.3.1. — Letqg : X — Sbe the minimal desingularization of S. The dual graph I' of
the configuration of irreducible exceptional curves for p := g o p, has the form

w! w? w8
*—e " " " " " " L ] L ] L ] L ] L ] L ] *—e
VO I I I Ug+1
L ] L ] L ]

A

where we have labelled the ends 1°, ..., ¥87! and the stars w', ..., wé. By deleting v8*!

from I', we get the dual graph associated to the exceptional curves for g.

For 0 < i < g+ 1, the strict transform on X of the curve C; defined by x; in
(X0, 0) is smooth and intersects transversally the curve represented by v’ and no other
exceptional curve for p. The curve C = Cg4; is analytically irreducible at O, and has g
Puiseux exponents; Cy is smooth and transversal to C at O, while for 1 < i < g, C; has
i — 1 Puiseux exponents and maximal contact with C.

0.3.2. — The family §; := v(x;), 0 < i < g, is the minimal generating system
for the semigroup v(R \ 0) of the valuation v, and By = v(xg41) = v(I). We set
e =g.cd. (By....B:),0<i<g+1,m=0andn :=e 1/e,1<i< g+ 1. Recall
thatey > e; > - -+ > e; = egy1 = 1 and the following conditions hold:

i) n;B; belongs to the semigroup generated by B,...,8;_,1<i<g+1,
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i) Bi>nimiBii,1<i<g+1,

For 1 < i < g, these conditions characterize the semigroup of a plane curve singularity;
the strict inequality for i = g+ 1 expresses that the blowing-up S of I has a unique singular
point.

In addition, for 1 < i < g+ 1, there exists a unique system of non negative integers

bij, 0 < j < isuchthat b; < njfor1 < j <iandnB; = Y bijB;. In fact, one may
0<j<i
choose x; € R, 0 < i < g + 1, in such a way that they satisfy polynomial identities of the

form

_ L hi big bii_y Yo Yi
Xipl = X' — CiXg" e Xl — § : CiyXy "X

with o < y; < nj,for1 < j <i,and ) y;B; > niB;, and with ¢;y, ¢; € kand ¢; # 0.
j

For details concerning the material of 0.3, see [Ab] and [Sp1]. In particular a proof
of the above assertion follows from [Ab] 9.4 in characteristic 0 and from [Sp1] Remark 8.16
and Lemma 8.10. See also [Z].

0.4. — As far as foric geometry is concerned, we only need the basic elements of
the dictionary given in [T.E] or [Oda], Chap. I and the characterization of the minimal reg-
ular subdivision o of a 2-dimensional cone o through the minimal generating system
G, of the semigroup o N Z?2 \ 0. To be precise, G, consists of the integral points on the
compact edges of the boundary polygon of the convex hull of ¢ N Z? \ 0 and the one
dimensional cones in o are the half lines through the points in G, [G-S].

We denote by Zs the toric variety which corresponds to the fan 3; we denote by O

1

the T-orbit on Zs which corresponds to o € X. The cones oV, o1 are respectively the dual

[e]
and the orthogonal of 0, and o denotes its relative interior.

We set A = Rg;(;z. Two sets of vectors with integral coordinates in A will play a
special role: the unit vector &; on the X;-axis and §; = ([_30, e BBy n ngl_ii),
0<i< g+ 1 Wedenoteby(...,a;...) the cone generated by the a; € A, while (a;, a;)
is used for the usual scalar product of a;, a;.

We consider polynomials F € k[Xo,...,Xg41]. If F = ) caX*, the support of F,
o3

(for short Supp F), is {« € Zg;(;z; cx # 0};its Newton polyhedron A is the convex hull of

U o+ A. Its support function hyr : A — R is defined by
«€Supp F -

hy(n) = inf (m,n).
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1. A toric environment

Let Zy == Zp = A§+2 endowed with its natural T = k*872 action. The formal
neighborhood X, of O in X, is a non singular complete intersection surface in the formal
neighborhood 2, = Spec k[[Xy, . .., Xg+1]] of O in Z defined by the polynomials

Fy= X = X[+ X)X ‘+chyx0 XV, 1<i<g

Indeed by 0.3.1, (xo, x1) is a regular system of parameters of R.

We will successively introduce four subdivisions of A. Each arrow represented on
the diagram below goes from a fan to a subdivision of this fan.

/ =
— s,

For each one of these subdivisions, we then decide which singularities appear on the strict

IR

=t
transform of f%o by the resulting equivariant modification.

1.0. — We begin by an elementary observation which is valid for any subdivision
Y of A. Sincefor0 < i < g + 1, R>¢¢; is both a 1-dimensional face of A and a cone in
3, the map mrs : Zs — Z is an isomorphism over the corresponding orbit in Z,, namely
X, =0, X] # 0, j # i. Now the image of the generic point of C; by the canonical map
.’{0 — ZO — 2, lies in this orbit; so 75 is an isomorphism over %0 N\ O, the exceptlonal
locus of its strict transform ps : %z — %0 is its fiber over O and the only 0 € ¥ in AN A
such that 0, N X5 # 0 are the R>oe,0<i< g+1.

We first deal with the elementary subdivision Xy of A by R>(d¢1.

ProrosiTION 1.1. — The unique singular point P of the strict transform X5, of X

by the equivariant map 1 : Zs, — Z is the closed orbit O (¢, ¢, ,5,.,)- Its formal neigh-

,,,, Eg
borhood in X5, is isomorphic to the formal neighborhood S of S at P.

Proof. — Let us check that the map §Zo — .’%g is the blowing-up p, with center
T:=1 (920. First, by [T.E] Chap. I, th. 10, 17y is the normalized blowing-up of the monomial

ideal J generated by X" = Xj™ -- -X;Lffl with (m,8g+1) >[I B;. On the other
0<i<g+1

hand, ¥ being the divisorial valuation of the function field K (%o) associated to the unique
irreducible exceptional curve for py, for any b € N, one has

1" ={f €R; 9(f) > bByii}.
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Indeed, is simple, complete and the product of any two complete ideals in Ris again com-
plete. Therefore, in view of [Sp1], Th. 8.6, py is the strict transform of .’/{\0 by the blowing-up
of J; but also by 11y because of the normality of its top space. The claim follows except for
the identification of P with a closed orbit for the action of T on Zs,. This will be proved
later in Prop. 1.6, ii). [ ]

1.2. — We now come to the definition of the Newton fan s of (Fy, ..., Fy). Let
N; be the Newton polyhedron of F; and let k' : A — R> be its support function.

For any non empty face @ of V;,
0y = {n € A;(m,n) = h'(n) forany m € p}
is a strongly convex cone in A and the resulting family {0, } is a fan 3 y;, which subdivides

A. Note that
H!:={m € R8*2;(m,n) = h'(n)}

being the supporting hyperplane of V; in the direction 7, one has
(1.2.1) N;N H! = @ ifandonlyif n € &,

The least fine subdivision of the 357, 1 < i < g, is, by definition, the Newton fan Xys
of (Fy,..., Fg). It consists of the intersections of the cones of the fans X ;. We denote by
N 2By — Zo the resulting equlvarlant modification and by pj : X N — 360 the strict
transform of %0 (instead of ps T %z ). Note that 1,/ (O) is the union of the orbits O,

(o)
o € 3y, suchthat o N A # (). We now characterize which one of these orbits intersect
Xy

o
PROPOSITION 1.3. — Leto € Sy such thatc NA # () and foranyi, 1 < i < g, let
0y, be the smallest cone of 2 s, containing o. The following conditions are equivalent:

i) The intersection of the orbit O, with %N is not empty.
ii) Foranyi, 1 < i< g, @; is not a vertex of ;.
iii) o is one of the following 3g + 1 cones (6g, €g41); (6i—1,6:), (€1, 6i), R>06,
1<i<g

iv) Eitherdimo = 1 and O,N §N is isomorphic to k* as a scheme, or dim o = 2
and O, N Xy is a simple point.

Proof. — First we exhibit g functions in the ideal defining O, N Py (0) in Og.
Since 0 C 0;, we have that o, C 0 and a’éi C ot. Moreover, by the definition of o4,
there exists a half-linen C o N (orq,l.. As aconsequence Uéi CopN ot C og.N nt =0}

@i
([0da] Lemma A4), hence Uéf = a},;i N ot.



8 M. LEJEUNE-JALABERT & A. REGUERA

Recall that the ring of regular functions on the affine open set Z, of Zs,, (resp. on
0,) is k[oV N Z8%? (resp. k[ot N Z&*+?)) and the monomials X™ with m € o¥ \ o+

generate the ideal defining the closed orbit O, in Zj.

[e]
Since ¢ N A # (), @; is a compact face of N; and there exists a unique Fip, €
k[Xo, ..., Xg41] such that F; — Fjp, € (X™)men,;~g;- Now pickany m; € @;N Z82and let
Fj (resp. F{,, ) := X~ "™F; (resp. Fip,). Then F] € k[oy N Z& ?|and F] , € k[og, N Z8+7]

by the definition of 0, and F} — F},, € (X™) + because of (1.2.1).

vV
mEO'q,i\a'

It follows from the discussion just above that F{ € k[o¥ N Z&?, F . € k[o+- N
Z8? and F{ — F,, € (X™)peov o, Which implies that (F{,, )1<i<g belong to the ideal

defining O, N Py (0) in O
i) = ii) If p; is a vertex, then F;, is a monomial, hence invertible in k[0].

ii) = iii) The first step in the proof is an elementary observation which does
not depend on the explicit expression of the F; : a subset o of A satisfies the hypothesis
and condition i) if and only if, for each i, 1 < i < g, there exists a compact face @; of

dimension atleast one of \; suchthat | G, #@ando = [\ 0y, Thisequivalence
1<i<g 1<i<g
follows from the definition of X 5 in terms of the ¥ y/, and the following general fact: if a fan

3! is a subdivision of a fan X and if ¢ is the smallest cone in T containing ¢’ € ¥/, then
[e] [e] [e] o
o0 D o'. Note that we also have 0 = N 0.

Before going further, we need to name some compact faces of dimension one and

two of each A\V;, which show up immediately. The hyperplane H' in R§*2 given by
BoXo + - -+ BiXi + niB;Xiy1 = nip;

is the supporting hyperplane of N; in the direction 6§+1 = (Bo,...,Bi»niB;,0,...,0).
The triangle y; whose vertices M7, € {0,1,2}, are such that XM/ = xP0...x"=!
XM = X", XM = X;,1 is the only 2-dimensional compact face of N; in H:. We set
W = M), M}, w! = [M}, M?], y? = [M?, M?]. For i # 1, N; may have other compact
faces of dimension at least one than the above, but we will see that they do not contribute
to o € X meeting 2 which fulfill i7).

The structure of the computation is the following:

a)We prove that () &0 is the relative interior of (5?“, €j41) X Rggj, 1<j<g
1<igj ! -

b) The only compact faces ¢ of dimension > 1 of N1, such that &,, has a non

empty intersection with [ <°qu are (,Ujj,"_1 with* =0,1,2oremptyfor0 < j< g;
<<y

¢) The only compact face ¢ of dimension > 1 of Nj; 41 such that &,, has a non

. . . [e] [e] [e] o] .
empty intersection with ﬂ N oy: N Oy, n---N Tyl with x = 1,2 or empty
1<i<j ! /
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. 1 . .
8@, gy forj+1 < j+k<g.

Proofofa). — Byinduction on j. This is clear for j = 1. Assume the claim for j— 1.
Forany i, 1 < i < g, the cone 0, is contained in the hyperplace B given by
bioXo + - - - bii—1Xi—1 = niX;.

So
_ — it
N Ty C () BN A=Rso(By,.... B;) x RE™.
1<i<j 1<i<j
Since B; > nj_1B;_;, the inductive hypothesis implies that:
3 7 —j+1 o
R>0(Bo:-~~yﬁj)xKgoj C ﬂ O'W?.
1<i<j
Hence
o — — —i+1 o
m UW?ZR>0(ﬁ0,...,Bj)XR§0] ﬂow(j)
1<i<
Now 1 := (B, ... ,Ej, g1, Kgt1) € (OTW? if and only if the face of N} in its supporting

hyperplane Hf; in the direction n is ([J?-. By definition of its support function h/, we have

W (n) = inf (m, n) = mi L 1,niB),
() = inf (m,n) = min(oys1,n/B)
and H{; NnN;j= (,U? ifand only if otj41 > nj[_i ;» which completes the proof of a).

o
Proofofb). — For any n as above in 0,0, we have
]

Wt(n) = inf (m,n)=min ((x 42, g1 01, M1 By inf  (m n))
meNj1 ' et A ]+,m€-’\fj+1\il/j+1 ’

Now either, & 41 > B4, 80

. . j+2 =
inf  (m,n) > inf  (m,&7}7)) > nj1Bin
mENINj meNsw It R

and

W (n) = min(aj2, nj1Bj41)-

P . j+1 .
This implies that Nj1; N Hi" may only be fl, WYjt1 01 P ]-_,‘21; and the following
three equivalences:
o — —
ne O-wj?H = ajp1>Bj and Kjpo = njaBiy
el — —
ne€ oy, < & =Fi and o =niaby

ne O'ngrl = i1 =B and iy > nin B

Or, njB; < &jy1 < Bjy1. The hyperplane given by BoXo+- - -+ B, Xj+ &Xj41Xj41 = njp1tp1
intersects the X;-axis at X; = nj+10(j+1/3i for0 < i < jand the Xj;-axisat Xj11 = njy1.
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On the other hand H/™' N (Xj4» = -+ = Xgy1 = 0) is a supporting hyperplane of
Nipi N (Xjy2 = -+ = Xg41 = 0) and intersects the X;-axis at nj+13j+1/[_3,- foro0 <i <
Jj+1.S0
inf m,n) > Njp1&j41.
me-’vjﬂ\(l’jﬂ( ) jH1R j+1

This implies that Aj4; N H,];H may only be @ jil and the equivalence

o —_ —
ne O_Wj_l'_l i nij < Xjt1 <ﬁj+1 and Kjt2 = Njp1Kj41.

Proofof c). — By induction on k. In addition to our inductive hypothesis, we may
assume that

( o ) o o o
I g, Oy * o s g,
¢ Yin ‘Vjiz wf-ch
1<i<j

is the relative interior of

k. j+k+1 g—j—k . .

Vigr = ]R>06]+1 x RS, if % is empty
ok JFk+1 k1 g—j—k ...
Ot (6 6]+1 >XR20 ifx=1
ok j+k+1 g—j—k .
Oit12t <6J+1 JEj+1) X R, ifx =2

where 8¢ is the vector obtained from &, by replacing its X¢»-components, £/ < £ < g+1,
by 0. For k = 1, this is just what the proof of b) has established. Assume the claim for
k—12>1.Forany n = (&;)o<i<gt1 in A,
R*k(n) = min (0(]-+k+1, inf (m, n))
MEN 11N (Xjppp1="+=Xg41=0)

By using repeatedly the inequalities n;8; < B; +1,J 1< j+ k, itis easily verified that the
intersection point of the X;-axis, 0 < i < j+ k, with any of the two hyperplanes (6§+k, ?) =
n;j- nj+kﬁj and (6]+If, ?) = njy1--- nj+kﬁj+1 lies between 0 and its intersection point
with H/*¥; moreover they coincide if and only if i = j + k and this point is 7j &jy.
Therefore if nhes onv fﬂ , U]’lel or O'J_H 5, then W (n) = min(o&j4 k41, njprcj4x) and
Nien HPF = Wi Son € Oy
the proof of ¢).

vl ifand only if & j4 g+1 = nj4+x&j+r, which completes
J

At last, we get iii) and the following identities:

(N aw)noyn () o)

1<i<j Jj<i<g

is
vj:=Ry6; ifxisemptyand1 < j< g
O_j,l = <6]_1,6]) 1f*=1&ndl§]§g
o2 = (g, 8)) if*x=2and1<j<g

Ogt1 = <5g, Eg+1) lf] =8 +1
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iil) = iv) Set m? = M} — M?, m! = M? — M}!,1 < i < g. Inview of the g

1
equations defining O, N X s in O, previously identified and of the above identities, it is
enough to check that {(m)1<i<j; (m])j<icg ; MY, m}, (resp.mj), (resp.m9 + mj)} isa
Z-basis of vi- N Z&¥?, (resp.aj; N Z8T), (resp. i, N ZET?) for 1 < j < g, and that

{m?}ls i<g is a Z-basis of O'gL_H N Z58%2, Verifications are left to the reader. [ |
CorOLLARY 1.4. — The system (F,, ..., Fy) is non-degenerated for N, ..., Ng.

Proof. — The non degeneracy condition holds if and only if for any o € X which
fulfills condition 7) in 1.3, 05 N x N is the intersection of g non singular hypersurfaces in
0O, meeting transversally; we have just seen that it is defined by g coordinate functions on
the torus Og. [ |

We now derive explicit equivariant modifications of Zs, which “simplify” and ulti-
mately desingularize S.

The following proposition is preparatory.

ProprosiTioN 1.5. — Let2 be a subdivision of the Newton fan 3 »r and let %z be the
strict transform of Xy by ts : Zs — Zy. The following three conditions on T € X such

[e]
that TN A # () are equivalent:
) 0:NXs #0;
ii) o being the smallest cone inX s containing T, Oy N -%N #0;

iii) The scheme O+ N .’%z is isomorphic to k* or a simple point according to whether

dimT = 1or2.

For any T of dimension 1 (resp. 2) with the above properties, the surface iz is
non singular along (resp. is analytically isomorphic to the germ at the closed orbit of the
toric surface Z. v, given by T and the lattice N- induced by Z81? on the real vector space
spanned by T at) O+ N %z.

Proof. — First O is the image of O, by Zs — Zs,,, so i) = ii). The proof of
ii) = iii) is reduced to a mild adjustment of ii) = iv) in 1.3 once one observes that the
smallest cone 0, € X, containing o is also the smallest cone in ¥y, containing 7. Indeed
sincedimo = 1 or2and o~ N Z&*+?is a direct summand in T+ N Z8*2, either these two
lattices coincide; or T+ N Z8+2 ~ (o1 N Z8+2) @ 7Z,s0 k[0+] ~ k[O,][U, U] with U
an indeterminate and the ideals defining O, N .’% A and O N iz in Oy and O+ respectively
are generated by the same functions (F;, )i1<i<g. Finally, recall that the affine open set

Lo
Z. in 25 is isomorphic (not canonically) to 2y, X O, thatis AL x k**!ifdimT = 1,
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and Z;n, X k*¢ if dim T = 2. So the last part of the claim follows from the transversality
property iii). [ |

The first subdivision of 2 5r that we consider is the least fine subdivision X7 of 3 s
and .

ProrosiTION 1.6. — Let .’%7— be the strict transform of %0 byrmr : Zs, = Zy and
let g1 : X7 — Xs, be the induced modification.

i) The collection ® of those T € X7 such that O N .’%7- # () is the fan consisting of
the 2g + 2 cones of dimension two 0;; = (6,-1,8;), 0i2 = (£;,6;),1 < i < g+ 1, and of
their faces.

ii) Let F; be the Zariski closure Of(DRZoéi N .’%7—, 1<i<g+1.Then for1 <i<g,

F; is contracted to the closed orbit O (¢, Sgi1) which is the singular pointﬁ of §:Zo ; while

..... Eg
gt induces an isomorphism from Fg, to the exceptional curve ﬁofl(O) ~ P! on X5,.

i) Let (G;1; (”T,-,g)lsis g+1 be the maximal cones in the elementary subdivision of
Rzzo byRZO (ei—1, E,- — ni_IE,-_l) ordered counterclockwise. Among these cones Gg1 Is
the only one to be regular w.r.t. Z%. The pair (0, Ny, ;) is isomorphic to (G, Z2).

iv) Let O;j := Og,; ;N 537 and let 5,-, ;i be the closed orbit in the toric surface Z&i’j.
The germs (X1, 0;;) and (25, , 0; ;) are analytically isomorphic.

Proof. — The smallest cone in ¥, containing 6;, 0 < i < g, being (&, ..., &,
8g+1), the same holds for every o j except 0g41,2. On the other hand 6g41 € (84, €g41);
hence i) and ii) in view of 1.0, 1.3 and 1.5. Part iii) follows from explicit computations of
7 -basis of the lattices Ngi’j. Let y;, A;, p; be the primitive vectors on the half lines through
8i—1,6;—08;—1,and §;—(B;—n;—1B;_)¢&; respectively. It is easily checked that (y;, A;) (resp.
(pi»€i)) is a Z-basis of Ny, , (resp. Ng,,), and that 0,1 = (y;, ei—1yi + (B; — ni—1Bi_1)A:)
and o; = (e;_1p; + (B; — ni_1B;_1 )&, &). Part iv) follows from iii) and 1.5. []

CoroLLARY 1.7. — The collection = of those T € X7 such that P lies in the Zariski
closure of g7 (0N X ) is the fan obtained by removing 0 g41,, and R>(&g41 from ©.

The isomorphism between § and the formal neighborhood of P'in :%ZT established
in Prop. 1.1, allows us to give

DErINITION 1.8. — We call = the skeleton of the primitive singularity S.

Note that = does not depend on a particular choice of {xq, ..., Xg4+1}.
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1.9. — For any regular subdivision X of X7, the transversality property of %z with
the orbits of the torus in Zs observed in the proof of 1.5 may be reformulated by saying
that Zs — Zs, is an embedded desingularization of .;%20. Note that by applying [T.E],
Remark p. 35, to any subdivision of 7 whose trace on @ is its minimal regular subdivision
O, one gets regular subdivisions X of X7 with the same property; Z% is not uniquely
determined.

PRroPOSITION 1.10. — LetXg be any regular subdivision of ¥ whose trace on ® is
its minimal regular subdivision ©, and let X% be the strict transform of X5, by Zs, —
Zs,. Then Xy, is the minimal desingularization of Xs,.

Proof. — The claim is a direct consequence of any of the two following indepen-
dent remarks.

Remark 1.10.1. — Let p : X — X, be the minimal sequence of point blowing-
ups making IOx invertible as in 0.3.1. One recovers the dual graph I of the exceptional
curves for p from Proj ©x by erasing its ends, namely Proj R>¢¢;, and its adjacent edge,
0<i<g+1.

Proof. — It is based on the equivalence between the Zariski exponents (B, ...,
Bg+1) and the Puiseux exponents (B1, ..., Bg+1) of the valuation v associated to the irre-
ducible exceptional curve on S (see [Sp1], § 6).

Recall that the minimal desingularization of S is the map g : X — S factoring p,
and that the only irreducible curve on X to be exceptional for p and not for g is represented
by vé*tlonT.

Let w',..., w® be the stars of I as shown in 0.3.1. By erasing the edge adjacent to
w' on the linear subgraph of I between w’ and v8t!,1 < i < g, one breaks up I into
g + ldisjoint linear graphsI';, 1 < i < g + 1. It follows from Enriques’s theory that I'; has

3 a](-i) vertices, where
1<j<s;
M — el =) —— L
€i—1 gl)_'_

is the continued fraction expansion(*). (By convention 8y = 0.)

The minimal regular subdivision Sir of the elementary subdivision s of RZ, by
R>o 8= (ei—1, Bi — Bi—1) may also be described from this expansion. To be precise, I'; is

(* ) Our notation does not coincide with that in [Sp1].



14 M. LEJEUNE-JALABERT & A. REGUERA

obtained from Proj ;% by erasing its ends, with w’ = Proj ;. The claim follows from the
equality B; — Bi—1 = E,- — ni_ll_ii_l, 1<i< g+1,and 1.6, iii). [ |

Remark 1.10.2. — Let O (1) be the set of 1-dimensional cones in @ and let ap
denote the primitive vector on £ € @5 (1) (i.e. the generator of the semigroup Z8+2 N £).

(o) ~
IfeN A# (Q(resp. £ = R>o¢;), the Zariski closure E, of O, N X is contracted
to O by Xr — X, (resp. coincides with the strict transform of C;).

Denote by (E3) the self-intersection of Eg if contracted. Then

(Ef)(xg + Z oer =0 (%)

L2'eNy
where Ay = {€' € O (1); €' #£ and (£',£) € Or}.

One has (E5) # —1 unless £ = R>00g41 or equivalently Ey is not contracted on P
in %ZO'

Proof. — First recall that, for any 1-dimensional cone £ € X the vanishing order
of X; along O¢ in Zs, is (&;, og). Because of the transversality property of X% with the
orbits Og, £ € O (1), it follows that

divx; = z (€, e )Epr, 0< i< g+1
»@'E@R(l)

hence the identity (*) by intersecting with Eg.

Because of 1.5 and 1.6, X is the minimal desingularization of X7 So (E3) # -1,
if £ € Or \ ©. Assume now that £ = Rzoéi, 1 < i < g the set Ay has 3 ele-
ments whose primitive vectors «i, &2, x3 lie respectively in 8i+1’1, (OT“ and (OTi,g. Since
Si—1 € {&o,...,&;,6;), the identity (%) implies that &, + a3 lies in the intersection of
(0, ...,€i,6;) with the plane generated by o'+ 1, which is a cone T;41. The primitive vec-
tors ¥iy1, Air1 onR>06;, and on Rxg (841 — 8;) respectively, form a Z-basis of the lattice
Ng,,,,. In this basis 41,1 and T4 are respectively the cones {(1,0), (ei, Bix1 — niB;))
and ((1,0), (e, —niB;)) and ¢ — o1 = (1,0) — &1 & Ti41, 0 (E5) # —1. Similarly,
{84, €g+1} is a Z-basis of Ny, ,; in this basis 8g41 = (1, Bgy1 — ngBg), 80, as expected,
for £ = R>(8g+1, one has (E3) = —1. ]

1.11. — Thenon s1ngular surface %R together with the complement of the excep-
tional curve for ¥ — 3€0 (resp. .’fn — .'fzo) is a strict toroidal embedding (= without
self-intersection). The corresponding rational conical polyhedral complex, as defined in
[T.E], IL.1, carries a natural extra structure of fan, namely the fan 672 (resp. ER), obtained
from the minimal regular subdivision ®x of ® (resp. Zr of Z) by removing the cones of
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which R>¢&;, 0 < i < g, and R>p&gy1 (resp. R>¢6,441) is a face. See also 2.5.1 below for
an interpretation of the map “ord” of [T.E], p. 64.

2. Arcs and wedges on a primitive surface singularity

Before introducing arcs and relating them with the skeleton = of the primitive sin-
gularity S, we draw a straightforward consequence of the description of = in terms of the
Newton fans of (Fy, ..., Fg).

2.1. — Let Abe thelocal ring of Siinviewof 1.1, Ais isomorphic to the completion
of the local ring of X5, at P'with respect to its maximal ideal.

By an order function on A, we mean a function w : A — Z>o U {400} such that
w(k ~0) =0, w(0) = 400, w(xy) = w(x) + w(y) and w(x + y) > min(w(x), w(y))
forallx,y € A, with the convention that n (resp. +00) +00 = +o00 and n < 400 for any
n € Z>o. We will only consider order functions such that w(x;) # +00,0 < i < g+ 1.

PROPOSITION 2.2. — For any order function w on A, &y, := (w(xi))o<i<g+1 lies on
the skeleton = of S.

Proof. — The completion RofR := Oz,,0 is a subring of A and Q= {f €
R; w(f) > 0} is a prime ideal in R If oty # 0, there exists i, 0 < i < g + 1, such that
w(x;) > 0. Now R is a two-dimensional regular local ring. Therefore, either Q is principal;
Xo, - .., Xg+1 being irreducible elements in R xi generates Q and x; € Q for j # i, so
K € Zisoe;.

Or Q is the maximal ideal of R, so &, € Zf{f ? Because of the triangular inequality,
the supporting hyperplane of the Newton polyhedron A; of F; in the direction «,, inter-
sects \; along a compact face @; of dimension at least one and by 1.2.1, &,y € N (qu)i C

0 = [ o0g,; Therefore oy, is the smallest cone of Xy, containing o and any of the
1<i<g
equivalent conditions of Prop. 1.3 holds for o (for more details, go back to ii) = iii) in the

proof of 1.3). Comparing 1.3 iii) with 1.6 i), we get that «, lies on ©.

On the other hand, by 1.6 ii) the singular point P of -%Zo is the closed orbit
O(ey..eq551) ON Bsy- So forany m = (mg,...,mgi1) € {(eo,..., & 0g41)", x" =
[T1x" € A hence w(x™) = (m, ay) > 0and &y € (&, ..., Ogt1). In view of 1.7, &g

lies on =. [ |
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We now come to the definitions of arcs and wedges on S and of their characteristic
vectors w.r.t. the generating system {x, ..., Xg+1 }, via order functions.

DEFINITION 2.3. — Anarc (resp. awedge) on Sisak-local morphism from the local
ring;f of § to the formal power series ring in one (resp. two) variables with coefficients in
k whose kernel is a prime ideal of height one (resp. 0).

Given an arc h (resp. a wedge @) on S, to any discrete valuation of rank one v, non
negative on k[[¢]] (vesp. k[[u1, u2]]), we associate the order function w := voh (resp. vo).
By convention w(f) = +oo if and only if f € Ker h (resp. f = 0). We denote by w, the
t-adic order function; similarly for any irreducible p in k[[u;, u,]], we denote by w), the
p-adic order function.

DEFINITION 2.4. — Givenanarchons$. lying generically outside the total transform
of C;, 0 < i < g, we define the characteristic vector of h, w.r.t. {xo,... ,xg+1}, to be

oy = (w(xi))o<i<g+1-

By 2.2, o, € E. As a consequence, there exists a unique 2-dimensional cone in
the minimal regular subdivision Z¢ of =, which contains «j; hence «j may be written
uniquely as a linear combination with coefficients in Z > of the primitive vectors lying on
its 1-dimensional faces. Taking into account that the set of 1-dimensional cones (1)
in Zx is obtained by removing R>( 841 from © (1), this has the following geometrical

interpretation:

PROPOSITION 2.5.1. — Let h be an arc on S as above and let hr be its strict trans-
form on its minimal desingularization identified with X. With the notation introduced
in 1.10.2, we have

oy = Z (Ee - hr)ae

LEER (1)

where (E; - hgr ) denotes the intersection multiplicity of E¢ with h.

Proof. — Recall that the curve E¢ on Z%R is not exceptional for gr : Z%R — :%20 ~
S, ifand onlyif€ = Ry0¢&;,0 < i < g+ 1,£€ = R>¢6441. These curves are respectively
the strict transforms of C;, 0 < i < g + 1, and the center of the valuation v. Now the arc
hy intersects the exceptional curve of g; so it does not meet the strict transform of Cgt1.

By definition (E - h) is the order in ¢ of the image by hg of the local equation of
E, at the exceptional point of iz . The claim follows from the expression of the divisor of
zeros, div x;, of x; on .'%73 as a linear combination of E,, £ € ©x(1), given in the proof of
1.10.2, since w,(x;) = (divx; - hr). [ ]
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The arc hy intersecting at least one exceptional E, for gz, we have that o), ¢
R>0€:,0 < i < g, and oy, & R>00g41. In view of 0.4, we also get

PROPOSITION-DEFINITION 2.5.2. — Let h be an arc on S as above. Its strict trans-
form on the minimal desingularization of S is smooth and intersects transversally the ex-
ceptional curve E at a regular point of E other than the exceptional points of the center of
the valuation v and of the strict transforms of the C;, 0 < i < g, ifand only if its character-
istic vector &y, belongs to the minimal generating system G, of some o € =. An arc with
the equivalent above properties will be said to be general on Swirt. {x0, ..., Xgs1}.

Proposition 2.2 leads naturally to the following definition of the characteristic vec-
tors of a wedge.

DEFINITION 2.6. — Given a wedge @ on §, we define the characteristic vectors of
@, wrt. {X, ..., Xg41}, to be the non zero &g, := (w,(xi))o<i<g+1, where p runs over all
irreducible elements in k[[uy, u2]] up to multiplication by a unit.

By 2.2, @ has only finitely many characteristic vectors which all lie on =.

PROPOSITION 2.7. — The morphism Spec k[[u1, u;]] — S given by a wedge o lifts
to the minimal desingularization of Sifand only if there exists a cone in the minimal regu-
lar subdivision Zr of = which contains every characteristic vector of .

Proof. — Let3g be as in Prop. 1.10. The lifting property of 2.7 holds iff the mor-
phism Spec k[[uy, up]] = § = Zs, lifts to Z5,, by 1.10. This occurs iff there exists a cone
T € X which contains every characteristic vector of @. Since they all lie in Z, the claim
follows from the definition of X5 . [ |

2.8. — There is an alternative way of proving that the characteristic vectors belong
to Z. The emphasis is made on arcs rather than on functions. To compute the characteristic
vectors of an arc, you have to control the infinitely near points of O shared by its image in
the plane and by C;, 0 < i < g + 1. This may be done with the help of Enriques diagrams
or by using the notion of contact. See [Ab] or [Sp1], § 7 and 8. For wedges, you only have
to observe that, either og , € Zsoe; for some i, 0 < i < g + 1, or the p-adic valuation in
k[[u1, u,]] induces via R — A 25 k[[uy, u,]] a divisorial valuation centered in R. By the
structure theorem for valuations in dimension 2, it is given by the intersection multiplicity
with a general curve in a linear system with infinitely near base condition in the plane;
hence &y, ;, € O as above. Using the same argument as in 2.2, you get that g, € E.
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2.9. — Infact the approach via Newton polyhedrons is needed to get finer restric-
tions, valid for all the characteristic vectors simultaneously. This is what we do in the rest
of this section.

First, observe that the characteristic vectors of a wedge may not all lie on Ry g 1.

beirj —1 . . L ~
Indeed with bg1,;,0 < j < g,asin0.3.2, [| xjg“”x 1 is in the maximal ideal of A and its
j

image by @ would be a unit.

o
Besides, A = ]&g; % must contain at least one of them, otherwise the induced mor-
phism Spec k[[u1, u»]] = X, would be finite. More directly setting &g, , = &, for simplic-

ity, if ot g+1 # 0, then o, € ngz, because xg1 generates IA, xfg“ €,0<i< gbuty

is injective.
The filtration D = (A; := Rao(By, ..., B;) X ]Rg;)iﬂ)os,-sg of A = Ay is strictly
decreasing.

ProrosITION 2.10. — Let A; be the smallest cone in D containing a characteristic
vector of a wedge @ on S. Then one of the following two conditions holds :

i) 041, contains at least one characteristic vector of  and they all lie in the union
ofoiyy1andof o, 1 < k<ij=1,2.

ii) The only characteristic vectors outside 0412 lie on R.g&x with 0<k<i and

biy1x = 0.

Proof. — The explicit computations carried out in the proof of 1.3 have shown that
8_k+l,j C Ak AN Ak+1: 0 S k < 8 ]: 1,2.
We also have that R, 6 and Roperq1 C Ap N\ Agy1,0 < k < g, and that ogq1) C Ag.

Since in addition we know that every o, € Z, i) holds if i = g. Assume now that

i # g. We deduce from the above remarks that every «, belongs to U o,j and
1<k<i+1;j=1,2
no one is on R, 6;4+1. Now recall that

O'k,jz( ﬂ awg)ﬂawiﬂ( m 0%).

1<e<k k<t<g

As a consequence every &p, belongsto o, 1 U0y, 2 . Inview of the definitions of the faces
i+1 i+1

Oyl Op2, of the Newton polygon N+ of Fi+1 (see prop. 1.3, ii) = iii)), this means that

(*) W4 (o) = (ei42, o) = min {nipa (g1, ), Y bigas(es )}

$=0,...,i

< (m ap) forany m € Nigy \ @ipr
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Moreover if &, € Z, this last inequality is strict because the face of A;1; in the supporting
hyperplane of Vi in the direction «), is (/Jl-_}_l, L/Jl-_ZH or Wit+1. Applying @ to the identity
expressing x;4 as a polynomial in xo, . . ., x;+1 (0.3.2), we find that there exist units Uy, U,
Uy in k[[u1, up]] such that

Z biy1,s(es,ap)

H phiﬂ(fxp) =0 H p”i+1(fi+1r —cir1Up H ps - Z Cit1,yUy H P(y'{x”)-
Y p

p P

o]
Since there exists at least one &, € A, the minimum in (*) must be achieved on the same
side by every &p; in other words, either o, 1 oro, » contains all the characteristic vectors
i+1 i+1
of @. (This is what will be used to prove the main theorem in section 3.)

To complete the proof in the first case, note that any « p € A belongs to a or
+d

Uq,l“ This forces such an «), to be on Roo6r, 1 < k < i,in (TH_I 1 orin U Ok,j-
1<k<i,j=1,2
Since €;j+1 € O'w 1 and & € A,+1, i+2 < k < g, every &, is found in the cones listed in

i). Moreover one of them lies in a,+1 1 URs96;, hence i).

In the second case, any o, € A belongs to a 2, Or (OT(,,HI. This forces &), to be in
(Tl_Hg Finally for0 < k < i+ 1,¢&; € oy 1fand0nlyifk =i+1lor0 <k < iand
bi+1,r = 0, hence ii). [ |

Remark that if i # g, either i) or ii) holds. If i = g, the only possible characteristic
vectors of @ in g1 2 lie on R 6g+1 and ii) is a subcase of i).

3. Lifting wedges centered at a general arc
to the minimal desingularization

We give a formal definition of the notion of a wedge being centered at an arc, out-
lined in the introduction.

DerINITION 3.1. — We will say that a wedge @ is centered at an arc h if there exists
a local morphism hy factoring h through .

Geometrically, this means that the arc & on the surface singularity is the image of
an arc in the plane through the origin, by the morphism given by .

We also make precise what we will mean by a general arc on a sandwiched surface
singularity.
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DEFINITION 3.2. — Let S be a sandwiched surface singularity and h an arc on S,
We will say that h is general if its strict transform on the minimal desingularization of Sis
smooth and intersects transversally the exceptional curve E at a regular point of E.

We are now ready to prove:

THEOREM 3.3. — Let @ be a wedge on a sandwiched surface singularity S centered
at a general arc h. Then the morphism Spec k[[u1, u;]] — S induced by @ lifts to the
minimal desingularization of S.

Proof, — Assume first S to be primitive. We choose the non singular surface X
and the simple ideal I as in 0.1. Moreover by changing X, and I if necessary, we may as-
sume that the strict transform of the arc / on the minimal desingularization of S does not
meet the strict transform of the exceptional curve for the blowing-up ofl =1 O/x\o. Indeed,
we may replace X by the affine space A2 and I accordingly; using plumbing, we may con-
struct a non singular algebraic surface X' containing a neighborhood of the exceptional
curve E on the minimal desingularization X of the surface S obtained by blowing-up I and
a (—1)-curve intersecting E transversally at any given regular point of E on its irreducible
component meeting the (—1)-curve on X.

For almost any minimal generating sequence {xo, ..., Xg+1} as in 0.3.2, h will be
general w.r.t. {Xo, ..., Xg+1}. So we are again in the situation discussed in sections 1 and 2,
and we will use the notation introduced then.

Let hy : k[[u1, u2]] = kJ[[¢]] be the local morphism factoring . We have «;, =
> wi(p)ax, with w; = ord; hy(p) € Zso. We will see that @ has only one characteristic
p

vector &, and that w,(p) = 1; in view of 2.7, this is enough to get the claim.

LetA;,0 < i < g, be the smallest cone in the filtration D containing a characteristic
vector of @ as in 2.10. If i) holds, then for any p, g, € 0,1 . Being a convex cone, we get
i+1
that

xp €0y 1 = {ﬂ = (&o,..., Xgy1) € A Xiyp = Nip1Xip1 < (M, ), Vm € /\/i+1}-

[e]
But o, € A, so either j, € g'w 1 oroy € 8’%41‘ As in 2.10, this forces o, to be either in
i+1
Ojt1, Orin U O,j; hence by 2.5 to be in the minimal generating system of one of
1<k<i,j=1,2
these cones.
[e]

Now the coordinate on the Xj-axis of any & € A in the minimal generating system
ngyj of a cone op,jwithl < £ < g+ 1, j = 1,2, is bounded below by n; - -- g (1 if
£ = 1), and above by 7, - - - ng with equality if and only if « € R,(d,. (This follows easily



Arcs and wedges on sandwiched surface singularities 21

from the explicit isomorphism between oy, ; and &y, ; given in 1.6 #ii).) So @ having at least
one characteristic vector in 041,1, we find that &, € Go,, | ;-

On the other hand, we derive from condition i) of 2.10 that &, = o7 + &5 with
& € 0411, 1 # 0and oy € (g,...,&;,6;). Therefore «; lies in the intersection
of (&g, ...,&;,6;) with the plane generated by 0;41,;. We have named this cone T;4; in
the proof of 1.10.2. Furthermore, we have seen there that, in a convenient Z-basis of
the lattice N, , ,, 0+1,1 and T;4 are respectively the cones ((1,0), (e;, B;; — niB;)) and
((1,0), (e;, —n;B;)). S0 0i1+1,1 U Tit1 is again a cone; obviously (1, 0) belongs to its minimal
generating system G. From its characterization by convexity properties, we conclude that
and G

G is the union of G, Tisl

Cit11 Therefore ¢, = 0, and as expected there exists a unique

Kpp # Owith &), = A p.

Assume now that ii) in 2.10 holds. We may assume that i < g, For any p, ag,, €

. o . o o
o,2,8 &, € 0,2 . As above, since &, € A, either oy, € o orxp € Oy,,,- In
Yith Y i+1

2
any case, o lies in 0412 and by 2.5, &, € Go;,,,. On the othelzljrl+llland, we derive from
condition i) of 2.10 that &tj, = &1 + &, with &} € 0412 and &z € (&, ..., ;). Therefore
& lies in the intersection of (g, ..., &;) with the plane generated by ;1 and &;;1; since
i+ 1 < g + 1, its coordinate on the X, -axis may not be zero unless a; = 0. Once again

there exists a unique &g, # 0 with &, = &g p.

In the general case, the non singular surface X, and the complete ideal I being
chosen asin 0.1,let py : S — Xy (resp. g : X — S) be the blowing-up of I (resp. the
minimal desingularization of S). The irreducible exceptional curves (F;);ca for py are in
1-1 correspondence with the simple factors I; of I and our assumption implies that for any
i € A, the unique singular point P of S lies on F; and that its strict transform E; on X is a
(—1)-curve. We have a commutative diagram

x 1 S il %o
8i fi l
Poi
X Si
qi

where py; (resp. g;) is the blowing-up of I; (resp. the minimal desingularization of S;). The
curves F; and E; project respectively onto p;;' (O) on S; and the unique (—1)-curve on X;.
Since g; : X — X; is a composition of point blowing-ups and both curves E; and g;(E;)
have self-intersection —1, g; is a local isomorphism at any point of E;, hence P; := f;(P) is
the unique singular point on S;.

Consider now a regular point Q of g~ !(P); there exists a unique irreducible curve
E C g~ '(P) containing Q. Two things may happen:



22 M. LEJEUNE-JALABERT & A. REGUERA

— either Q is the intersection point of E with some E;; hence g; is a local isomor-
phism at Q and Q; := g;(Q) is a regular point of g; ' (P;).

— or Qs a regular point of p~!(0) with p := pp o g. The morphisms p and p; :=
Poi © g; are again composition of point blowing-ups. Now, I being the product of powers of
I;, I is made invertible as soon as each I; is so. Hence there exists i, not necessarily unique,
such that E projects onto an irreducible exceptional curve for p;. Being contracted on P;
by g;, this curve is also exceptional for g;. Here also, g; is a local isomorphism at Q, which
sends Q on a regular point Q; of ;"' (P;).

In both cases, a wedge on Scentered ata general arc gives rise by composition to a
wedge centered at a general arc on the formal neighborhood S; of S; at P;, which is prim-
itive. This reduces the proof of the theorem for arbitrary sandwiched singularities to the
special case of primitive ones. [ |
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