DECOMPOSITION OF IDEALS AS GALOIS MODULES IN
COMPLETE DISCRETE VALUATION FIELDS

by M.V. BONDARKO, S.V. VOSTOKOV, O0.V. DEMCHENKO

Introduction

This work is a direct continuation of the work [BB3K], in which there were obtained
the necessary and sufficient condition when all the ideals of an abelian p-extension of a
complete discrete valuation field of characteristic p are simultaneously indecomposable
(or, which is the same, the necessary and sufficient condition of the existence of decom-
posable ideals in such p-extension).

The authors are very grateful to Prof. Panchishkin and all the staff of the Fourier
Institute (Grenoble) for their hospitality and the excellent conditions for the creative work.
Remark that the problem of studing of the Galois modules of number and local fields is
due, as many other number problems, to D. Hilbert who in 1897 proved that in an abelian
tame extension K/Q with the Galois group G the ring of integers Uk as Z[G]-module is a
free module of rank 1.

The following generalization of these results in number fields gave only the neces-
sary, not sufficient conditions when the ring of integers € is a free 04[G]-module in the
extension K/k (here Ok and o4 are the rings of integers of the fields K and k correspon-
dently).

Naturally, in the local fields (that is in the complete discrete valuation fields) the
situation should be more easier and really, a complete answer to the corresponding local
question was given by Emmi Neether ([N]) in 1932:

TueoreM. — Let K/k be a finite extension of local fields, G = Gal(K/k). Then

two conditions are equivalent:
1) Ox = 04[G] (we say: Ok has a normal basis over 04.);

2) K/k is tamely ramified.



A more general question, when the given ideal ‘ka in Ok has normal basis over
oy also has a complete answer.

THEOREM. — % = 04[G] as an a4[G]-module if and only if M Nk =
g/ (WL;(

This was proved by S. Ullom in 1970 ([U]) and in explicit form by S. Vostokov in 1976
([v3D).

The following studying of ideals as Galois modules in local fields were developed in
three directions.

The series of works which are due to G.V. Leopoldt ([L]) studied the ring of integers
Ok as module over the corresponding order A in k[G] for the Galois extension K/k with
the Galois group G where

A={A€Kk[G] | AOk C Ok}.

This direction was developed intensively by A.M. Bergé, E Bertrandias, B. Martel, M.T. Fer-
lon and today by Byott, Lettl.

Another approach is to describe the structure of Ok over Z,[G]| rather then over
Uk [G]. The essential role here is played by the circumstance that A. Jones (1962) described
all the indecomposable Z ,[G]-modules, in particular

Number of isomorphism classes of | i’ 1 lig i %; p ZZZ
indecomposable Z [ G]-modules B I
00, otherwise.

Besides, itis used a variant of Krull-Schmidt theorem, proved by Z.I. Borevich and D.K. Fad-
deev.

There are many new results here, due to G.H. Elder and M.L. Madan (see [E], [EM]).
The most interesting observation: if G & Z/p""Z then only finitely many different inde-
composable modules can occur in decomposition of any Tk as a Z ,[G]-module. (This is
true under a restriction of such kind: the first jump of ramification is not too small.)

The third series of papers is aimed to get some information about € (or, more gen-
erally, about 971 %) as an a4[G]-module. We can try to answer as a first step, the following
questions:

A) When M = Mk as ax[G]-modules
B) When 971 % has a non-trivial decomposition into a direct sum of a4 [G]-submodules.

There is a following partial answer to question A) of N. Byott (see [B]).
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TueoreM. — Let K/k be an abelian extension with ramification index p™, k alocal
field. Assume h;(K/k) < % be the first jump of ramification. If m > 2, assume that

G = Gal(K/k) is not cyclic. Then N = M4 overox[G] <= i = jmod p™.

The answer to the second question for abelian extension of local field was given in
the cycle of S. Vostokov’s papers (see [BV], [V1], [V2]). In this case there were determinated
the necessary and sufficient conditions of decomposability of ideals.

The works of Y. Migata (see [M1]-[M3]) should also be mentioned, where there were
obtained some results of [BV], [V1], [V2] in other way. In his recent paper [M4] Y. Migata
considered abelian extension K'/k and K" /k with the same Galois group G and studied
the question in which condition Ok &~ Ok as Ukx[G]-modules.

When we pass on from local fields to arbitrary complete discrete valuation field
then there appear two essential difficulties. Firstly, the residue field becomes an arbitrary
field (of characteristic p) and secondly, for such fields practically there is not the ramifica-
tion theory which is the essential part of the proofs of [V1], [V2].

The difference between this work, the preceding one [BBXK] and the first works
[BV], [V1], [V2] is that here there is the unique approach to the proof of the main results
without difference of the cases when there is or there is not the p-roots in the ground field
as it was in the paper [V1] and [V2].

Besides, the theory of ramification in complete discrete valuation fields is being
developed.

The main theorem of the work [BB3K] is following.

THEOREM A. — Let K/k be an abelian p-extension of complete discretely valuated
fields of characteristic 0 with residue field of characteristic p.

It is assumed that the corresponding extension of residue field is separable. Let G =
Gal(K/k) and let o be the ring of integers in k. Then some of ideals in K are decomposable
as O{G] -modules if and only if the ramification index of K/k divides the different of K/ k.

As we have seen in the formulation of the theorem the condition of decomposability
is connected with the different of the extension or, in other words, with the ramification
jumps. Remark that when the ramification index of the extension divides the different then
there are only two possibilities.

Or p divides all the ramification jumps or all of them are relatively prime to p (see
[EFV], Ch. III, Prop. (2.3)).

We prove the following main result:



THEOREM B. — Under assumptions of the theorem A we have got

1) If p divides all the ramification jumps of the extension K/k then all the ideals
M % in the ring Ok are decomposable as o[ G]-modules.

2) If the ramification index p™ of the extension K/k divides the different Vg sx. of
the extension and all the ramification jumps are relatively prime to p then the ideals ‘WL}<
are decomposable if and only if p divides i or in the p-adic decomposition of i mod p™
there is a digit which is more than e,, where e, is the remainder of division of the absolute
ramification index e of the field k by p — 1 in the positive residue system.

Notation

We use such a notation

p : the fixed prime;

a: the remainder of division an integer a by p;

T, : the primitive n-th root of the unity;

v : the valuation in the given discrete valuated field F;

O, : the ring of integer of the given discrete valuated field F;
M r : the maximal integral of the ring Of;

er: ep = vp(p);ifchar F = 0, char F = p.

1. Auxiliary and also known results

1.0. — In this paragraph we use the following notation:

k : acomplete discrete valuation field of characteristic 0 with arbitrary residue fields
of prime characteristic p;

e : the absolute ramification index p;
ex: the residue e modulo p — 1 in the positive residue system;

K/k : anormal finite p-extension;



p"™ : ramification index of K/k;

G : the Galois group K/k;

V : the different of the extension K/k;

d = vk (V) : the exponent of the different of the extension K/k;
1T : a prime element of the field K

tr = trg k.

1.1. — Ramification subgroups G;, i > 1 (see [Se], Ch. IV or [FV], ch. II, §4) are
defined in such a way

G ={o€G|vg(n?/m—1)>i}.

It is said that the natural number h is a ramification jump for K/k if Gj, # Gj41.

Remark. — The maximal ramification jump for K/k is not more than p™e/(p—1).
This follows from [Se], Ch. IV, § 2, Ex. 3¢ or [FV], Ch. III, Prop. (2.3).

In the work [BBK] there was proved very important for the further considerations
results from the ramification theory of complete discrete valuation fields, namely

ProposITION 1.1. — Let K/k be a normal p-extension, in which the minimal ram-
ification jump is more then 1 if p = 2. Then the following three conditions are equivalent:

1. The differentV = Vi can be divided by p™, thatisd = vg (V) > mep™.

2. The maximal ramification jump h for K/k is such that

h
h— [—] =p" e
p
3. The extension K/k is cyclic with the ramification jump hy < --- < h,, = h such
that
hi i—1 .
hi=|—|=p e i=12,....,m
p
(see [BBK], Prop. 1.5).
CoroLLARY. — Let in the extension K/k p™ divide the different, then the maximal

ramification jump h is such that
h=h(1+p+---+p™ ') modp™
h=emod(p —1).

In particular, if (h, p) = 0 then h = e,.



Proof. — The proposition 1.1 gives
h
[t
in our case; hence B _
pre—h) ("= DR
p—1 p—1

and the congruences of the corollary immediately follow from the last equality.

h =

1.3. — Let F be an intermediate field in the extension K/k such that K/F is the
cyclic extension of power p with the Galois group H = Gal(K/F) = (o) = Z/pZ. Suppose
that the ramification jump £ of the extension K/F is relatively prime to p. Consider ax[H]-
the submodule N in K, having o4 basis like this

N=(EM(0—-1E...,.2,_1(c—1)"1),

where & € K, vi(§) = hmod p,Ay,...,Ap—1 € k, —e < vi(Ap—1) < --- < vi(Ay) <0.

ProrosiTiON 1.3. — The following conditions are equivalent:
a) N is decomposible as ax[H]-module;

b)tr /p(MN) C N, wheretr = trg,r;

o) (pAp—1)~! € Ok, thatisvi(Ap—1) + e > 0.

For the proof see [BBK], lemma 3.1.

1.4. — Let 9" be an ideal of K. Consider a4-modules
M= (Endin(o— )&, ..., App_1(o— 1)PTE),

where v (&) = k+ h—k + pi, 0 < i< p™

vi(&i) + jh—x h—x+ jh+ pi
It’s clear that

—e <vi(Aip-1) < Vi(Aip—2) < - <vi(Ai1) <0

= , =

hence 9; are ax[H|-modules.

Besides, from v(&;) = hmod p we've got that vk ((o — 1)/E;) = v(&;) + jh, 0 <

i < p™ !, 0 < j< p— 1. These numbers form a complete residue system modulo p™,

hence the meanings
vi(Aij(o = 1)E)
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is a transposition of numbers k,k + 1 < k + p™ — 1. Therefore the joining of a4-basis
of all N; is 04-basis of all ideal 970" and hence the ideal 970" has the following ax[H]-

decomposition
p"-1

m* = @fn (1)

PROPOSITION 1.4.

a)Ifp™(e—1) <(p —1)h < p™(e — 1) + p then all N; except N,m—1_, for every
ideal M " in K are decomposable as ax.[H|-modules.

b)If(p — 1)h < p™(e — 1) then allN; for every ideal M " in K are decomposable
as ax[H|-modules.

JIfp™e—1)<(p—1)h<pme—(p—1)or(p—1)h = p"e— (p — 1) and
(p, x) = 1 then M, for every ideal M " in K is the only decomposable ay[H]-module.

The statements can be checked directly using the condition c) of Proposition 1.3
(see also Lemma 3.3 from [BBJK]).

LEmMA 1.4. — Let in the extension K/k the ramification index p™ divide the dif-
ferent and all the ramification jumps of the extension K/k are relatively prime to p. Let for
the ideal M * we've got

0<k<h. (2)
Then in the decomposition (1) there is only one undecomposable ox[H]-module, namely
No.

Proof. — According to Proposition 1.3 the undecomposability of a4 [H]-module
N; is equivalent to the inequality
—vi(Aip—1) <e—1

that is

= i+ (p—
[ K+ pi+(p l)h]<e_1'
p" -

This, in his turn, is equivalent to

h—k+pi+(p—1)h<ple—1. (3)

As p™|V then be have got h — [%] = p™ ! — e hence (p—1)h = p™e — h. Besides, from

(2) we have got

h—k=h—k.
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Taking into consideration these two equality the inequality (3) can be rewritten as
pi—k < —1
and it holds only for i = 1, that is only a4 [H]-module 91, is undecomposable.

The lemma is proved.

1.5. — Let k be an arbitrary field of characteristic char k # p and K/k be a cyclic
extension of degree p”; G = Gal(K/k) = (o).

Suppose that the order of the p-torsion in k* is equal to p*, s > 1.

Denote y = min(n, s), T = Tpu. Let E be a subextension in K/k, [K : E] = p*.
Then K = E(6), where 67" € E.

LemmMa 1.5.1 (see also lemma 4.1.1 from [BBJK]). — Consider E := Ker(apn_“ —
') = EO'. Then k[G]-modules E; are undecomposable when (i, p) = 1.

Proof. — Ttis known that K = k[G] as k[G]-module . On the other hand, the ring

isomorphism
u
pr—1

k[G] = k[X]/(XP — 1) = @B kIX]/(x”"
i=0
makes E; identical to k[X]/(X?"™" — C7). If (i, p) = 1 then the polynomial X*" ™" — ¢’
is undecomposable over k, hence k[X]/(X?"" — C') is a prime k[X]/(X?" — 1) = k[G]-
module and E; is a prime k[G]-module.

u
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u

From this lemma one can immediately obtain the following statement. Let the ini-
tial field k from 1.5 do not contain all the p-th roots of unity.

Suppose k' = k(C,), K' = K(T,)
G' = Gal(K'/K) = Gal(K'/k).

Let E be a subextension in K/k of degree p* and y = min(n, s), p°® is the order of p-torsion
in k'. If E' = E(C,) then K’ = E'(6), where 6" € E'.

LemMma 1.5.2. — Let there is a k[G]-decomposition
K=M®N (4)
and the field E is in one of the decomposition component. Then the decomposition (4) is
a E[Gg]-module decomposition where G = Gal(K/E).

Proof. — If k contains all the p-th roots of the unity then the statement follows
from Lemma 1.5.1. Otherwise, we can consider the extension K’ /k'.



1.6. — Under assumption of 1.1 suppose that K/k is an abelian extension of de-
gree p" and the corresponding extension of the residue field is separable.

Let T be the inertia subfield, Gr = Gal(K/T), O = Ck.

ProposITION 1.6. — Any o[G]-decomposition of an ideal of the field K is also a
Or|Gr)-decomposition.

(See [BByK], Prop. 4.6.1 and 4.6.2.)

1.7. — Let k be a complete discrete valuation field of characteristic 0 with the
residue field of characteristic p, containing an primitive p"-th root of unity ¢ := Z,m and
let K/k be a cyclic extension of degree p™:

K =k(0), 0" € k.
Let K; be subextension in K/k such that [K : K] = p’, G = Gal(K/K;) and let o be

a generator of the Galois group G = Gal(K/k), s = o”""" bea generator of the Galois
group G,

LemMa 1.7. — LetI beanidealinK andI = A® ¥ be an Uk[G|-decomposition.

Consider ' ' _
KD = Ker(s — T') = K, 0

Nk = 1,6
AN K = A0
20k = 2,0
where i = 0 or (i, p) = 1. Then the ideal I,,; of the field K; is the direct sum of ax[G/ G;]-
modules,; and L, ;.

Proof. — We have
Li0'=Ker(s—C: A0 X~ AD ¥)
=Ker(s—C : A= A)@Ker(s—C': L )
=A,..00® £, 0.
Sol;=%A.; ® Z,;asox-module.

Further, 2, ; and %, ; are contained in K, therefore they are stable with respect to
the action of G(").

So now we have to check that ,; and %, ; are G-stable. Really, 2, ;0" and 2, ;0
are G-stable. For every g € G, g(0') = {60’ for some a € Z and * € o4. Lemma is
proved.



1.8. Normal basis lemma. — Let K/k be a cyclic totally ramified extension of de-
gree p™ with the maximal ramification jump & := h,y,, (h, p) = 1 and let the correspond-
ing extension K'/k', k' = k(T,) be radical, that is K’ = k(0), oP" € k';d = [k : k.

LEMMA 1.8.1. — One can take a unit of K' as the radical element 6.

Proof. — Let o be a generator of the Galois group of the extension K'/k, g be a
generator of the Galois group of the extension k’/k. Then we have 0° = €0, g8 = C’,
where T is some primitive p"-th root of unity, r is a generator of the group of the p™-th
roots of unity in the group (Z/p™Z)*. It is obviously that r # 1mod p. Consider the
element ¢ = 0"/08 and check that ¢ € k'. Really,

€7 = 07°/087 = (C0) /T 0% = 07/6% = .

So V'(¢§) = Omodp™, then V' (07/68) = (r — 1)v'(0) = 0Omodp™, then v'(0) =
0 mod p™. Lemma is proved.

LEMMA 1.8.2 (normal basis lemma). — An element x of the field K for which
vk (x) = hmod p™ generates a normal basis in the extension K/k.

Proof. — Prove the lemma by induction in the degree of the extension K/k. If
m = 1 then the elements x, (0 — 1)x,..., (0 — 1)P~1x have the orders which compose
a complete set of residues modulo p. Hence they compose a basis of the extension K/k.
Hence a k[G]-module X, generated by x is equal to K.

Furthermore, decompose an element x in the basis 1, 6, ..., 8”1 of the extension
K/Kli
X=X+ x0+--x,10""", x; € K.
Let X = (x), X; = (x;), 0 < i < p — 1, —k[G]-modules, generated by x, xo, ..., Xp—1
correspondingly.

We have to check that

In the paper [BV] there was proved that
vk(x) + (p—1)h
p

v, (%) = +p" e, 0<i<p—1

so we have got
m—1

Uk, (x;) = hmod p

But h := h,, = hy—1 mod p™~! (see Prop. 1.2), therefore the induction assumption holds
for the elements xo, x1, ..., X, 1 and k[G]-modules X; are equal to K.
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Furthermore, for any element g € G, g(8") = €%6', a € Z holds and % € k.
So k[G]-module, generated by x;0°,0 < i < p — 1is equal to K;0'. It is clear that these
k[G]-modules are contained in X, so X = K. The lemma is proved.

2. The main theorem

2.1. — According to Proposition 1.6 we can suppose that the extension K/k is to-
tally ramified. Throughout this paragraph we suppose that the ramification index p™ of
the extension K/k divides the different V of this extension, hence in particular Prop. 1.2
induces that K/k is cyclic.

Let

K; be a supextension of degree p’ in K/k;

‘M ; be the maximal ideal in the ring of integers of the field K;;
di/x = vk (V) be the exponent of the different

e. be the residue of the absolute ramification index e of the field k modulo (p — 1)
in the positive residue system.

2.2. — Consider the ideal 970" in the field K andletk = kg +Kk1p+---,0<i<p
be the p-adic decomposition.

ProposITION 2.2.1. — Iffor the ideal 9 * we have
1) plk, or

20<kg <0<k <h...,0<kK_o<hx_1>hforl <r< m then there
is a o] G]-decomposition

t
mr = ﬂ( Mm*) @ (Kertrg,x, N MX).

pr
Remark. — The residue % can be changed according to the congruence (5) to be
residue e,.
Proof. — Calculate the powers of the ideals
G = TR a0
J pi :
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We've got
K+h—k+(p—1)h _ K
0= p(P ) -p" le—[;]=K1+PK02+"' (5)

(see [Se], ch.V, §3) because h —k = h— kand b+ (p — 1)h = p™~le.

Similarly ¢, = [%‘] = [p—"z],...,cr = [ﬁ] + 1 because k;_1 > h.

This induces p"c; > i. Hence trg/k, /p” is an idempotent operator on the ideal
M X. This induces the statement of the proposition.

COROLLARY 2.2.2. — Ifh = Z—g then any ideal of the field K is a decomposable
0[G]-module.

The proof is obvious, since in this case # = 0. Taking into consideration Corollary
1 further we can suppose that (h, p) = 1, hence
m m
Pe 1<n<Pl.
p—1 - p—1

2.3.LeMMA 2.3. — Let the ideal 91" be decomposable as a[G]-module, that is
me==Ae &

and0 < k < h = e,. Then one of the decomposition component contains an element x
such that

where H = Gal(K/K;). In this decomposition under our assumption all the ax[H]-
modules 9; are decomposable except N, (see Lemme 1.4). The Krull-Schmidt theorem

[see [BF], § 8] shows
A=Pn, Z=HN

i€l iel
where I C {0,1,...,p™" ! — 1} and M} = N, as ax[H]-modules. Suppose that 0 € I, that
is M = N is a direct summand in .

It's easy to compute that the meaning of tr"Tf"' for the generator &, of the module 9ty
is equal to p [;’;] , really
vi(&) =k + h— k.
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But tr =1+ 0+ ---+ 0P~ = pf(o) + (o — 1)P~1, where f(X) is a polynomial with
the integer coefficients.
Since vi(&p) = hmod p
vi((o = 1)P78) =vi(8o) + (p = Dh =k + h—k+ (p = 1h.

On the other hand,

vi(pf(o)(&)) > p"e+ vi(&) = pTe+k+h—«k.
But (p — 1)h < p™e, hence

vi(tr&) = vi((c = 1)P"'&) =k +h—k+ (p—1)h

The condition h — [%] = p™einduces (p — 1)h = p™e — h. Besides, h — k = h — i in

our case; therefore

t - _
vk(;rfo) =(K+h—K+pme—h)=pme=K—R=p|:%].

On the other hand for all the rest generators &;, i 7 0 we've got

tr
vk(—) > kK
p

because the corresponding @[H]-modules N; are decomposable which is possible ac-
cording to Prop. 1.3 if and only if

tr
;Ei eEN; C m*.
Let £’ be corresponding generators of isomorphic €k [H]-modules ;.

Since all the modules 91, i # o are decomposable because they are isomorphic to
the corresponding modules 2N; then again according to Prop. 1.3

tr
;EQ eEN, C M, i#0.
Then for the ideal t—; M we've got two O-bases:

t t
Tane = (Lg, i=o0,1,...,p" 1 —1)
p p

t
:(Erg'i, i=01,...,p" —1).

In both bases the elements with the positive indexes are contained in the ideal 90". The
first basis contains the only element ‘—;go, which is not from 970“ therefore correspond-
ing to it and also not included in the ideal 777" element %E{) has the same order, that is

vk(t—;gg) = vk(t—;g{]) which induce (see (1.4))

w(8) =[]

Le lemma is proved.
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2.4. — Let the assumptions of 1.3 and 1.4 hold and let T := T, be a p-th root of

unity. Remark, that v (g’ — 1) = ZTm‘i > h. So for any element x of the ring €k which has

the relatively prime to p order in the field K we've got

vi((0 = 1)x) = vi((T'o — 1) (x)),

because L'o — 1 = T/(o — 1) + (' — 1). That’s why in 1.3 and 1.4 we can replace the
operator (o — 1) by (Z'o — 1) and repeating the proof of Prop. 1.3, 1.4, Lemma 1.4.1 and
Lemma 2.3 we get the following result.

LEmMMA 2.4. — Let the ideal M " be decomposable as o G]-module, that means

Mmc=Ac £

and
0<k<h=e,.

Then one of the decomposition component contains an element x; for which the element
vi=(1+Co+ + -+ (To) ") (u)/p

satisfies the condition

K
viln) = p[5]
’ p
2.5. — Here there will be proved the main theorem B (see Introduction). If the

conditions of the theorem B hold then the corresponding ideals are decomposable (see
Prop. 2.2.1).

Prove the converse statement. So, let the ideal 970" of the extension K/k in which
the ramification index p” divides the different of this extension is decomposable. We use
the induction in the degree of the extension. Remark that the extension K/k can be con-
sidered according to Prop. 1.6 as totally ramified, so p™ = [K : k].

Let m = 1. If the ramification jump # can be divided by p then all the ideals in
K/k are decomposable (see Corollary 2.2.2). If (b, p) = 1and 970 is an ideal in K/k then
decomposability of the ideal induces, according to Lemma 1.4 that p |k or k > h. In both
cases the decomposability is proved in Prop. 2.2.1.

2.6. — Furthermore, let
mc=Ae ¥ (6)
be a nontrivial 0] G]-decomposition.

Consider three cases
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A) The field K;,,_; (see 2.1) is included in one of the linear envelopes k2 or k 2.

B) The field K;,— is not included in these linear envelopes and k' = k(&) (the
field k' can coincide with k) does not contain all the p™-th root of unity.

C)The field k' contains all the p™-th roots of unity.

In case A) according to Lemma 1.5.2, decomposition of the linear envelope
k=km‘=AeokL
will be a K,—1[Gk,,_,]-module decomposition where Gg,,_, = Gal(K/Ky—1), hence de-

composition (6) of the ideal 97" will be a C,,_,[Gk,,_,]-module decomposition and we
can apply to it the induction assumption.

2.7. — Inthe case B) any intermediate field is not included in the linear envelopes
kA and k . That’s why the non trivial decomposition (6) induces the nontrivial decom-
position of the following ideals

. trg/k; rg/k; trg /k;
my = L gy = Klig g K @
p p p
in the extensions K;/k,1 <i<m—1
Ml =Kknm=EnA) & KN Z).
Letk = kg + K1p + ---mod p™ where 0 < k; < p — 1. If Ky = 0 or kg > h then the
conditions of Theorem B hold and the proof is finished.

If0 < ko < h then the degree a; is equal to

m—1

a) = k1 + pka + ---mod p
(see (5) from Prop. 2.2.1).

For the ideal M f‘ the induction assumption holds, hence x; = 0 or there exists
ki > h,1 < i< m— 1.Inthe second case for the ideal 971 ° the condition of the Theorem
B holds. In the first case we can pass to the next extension K,/k and the same arguments
give the holding of the conditions of the Theorem B for the ideal 970, or k; = k2 = 0.

So we've got two possibilities: the conditions of the Theorem B hold for the ideal
M or k = kg mod p™, where 0 < ko < h.

In the second case consider for ourideal 9% = 9*0 the ideal 9.7 = Ky N M~
for which on the one hand
by = 1modp™ — 1 (7)

and on the other hand it has a nontrivial decomposition in Kj/k, hence according to the
induction assumption the conditions of Theorem B hold, thatis b, = Oor b, > h > 1
which is contradiction to (7).
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2.8. — For the case C) we need the following lemma. Let K/k be a totally ramified
cyclic extension of degree p™ with the maximal jump

m
hi=hy=-2% 1
p—1
and suppose Cpm € k. Then
K = k(o)

where 07" € k.

LeEmMMA 2.8. — Suppose that in any subextension F/k, F # K, the ideal M, with
p /K is decomposable as o[Gal(F/k)]-module. Let for the ideal M. *, p |, of the field K

we have o[ G]-extension
mc=Ad L--- (8)

If one of the summand (for example, 2{) of this decomposition contains an element k such
that
vi(k) = k — 1 mod p™

then another summand is trivial.

Proof. — If k = Omod p™ then the element x from the lemma will satisfy the
following condition
vi(x) =k — 1= hmod p™

so it generates according to Lemma 1.7 a normal basis of the extension K/k, then the linear

envelope k2 will coincide with K so # = (0).

Ifk = p"ky, (kr, p) = land 1 < r < m — 1 then consider the subextension K/K;
of degree p” and show that the decomposition (8) is €,-decomposition, where &, is the

ring of integers of the field K.

Ifitis so then the element x in the extension K/ K, will satisfy Lemma 1.8 that means
it will generate a normal basis in this extension. So again k2 = K and Z = (0). So we
have to check that decomposition (8) is defined over ;.

Consider the intersections 970% N K0 and 970* N K, where (i, p) = 1. According

to Lemma 1.7 we have
MENKO = Mo =2A,0' & Z;6',
where 2,0 = AN K0!, #;0' = ¥ N K, 0" and there is such a ¢[H,]-decomposition
mi=Ao i,

where H, = Gal(K;/k) since p" |k, ¢; = [ﬁ] = k; Z 0mod p.
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Therefore, according to the condition of our lemma the ideal 972}’ is decompos-
able, so the linear envelope k 71.50" = K,0' lies or in the linear envelope k2l or k .
That's why according to Lemma 1.5.2 decomposition (8) is a [H,]-decomposition. The
lemma is proved.

2.9. — Check the case C) (see 2.5). Consider the intersections of the ideal 970%
and the kernels of the operators s — %, i = 0,1,...,p — 1, where s is a generator of the
Galois group of the extension K/Ky, T := Cp.

Then we have, according to Lemma 1.7
MENKO = M0 =A6"d Z,0'

where _ . .
A;0' =2ANKer(s —C') =AN K 6,

Z:6'= LNKer(s—C') = £NK6.

And there is a €]H,]-decomposition
myi=A® %,

where
H = Gal(K/K) = (s) .

Compute the orders ¢;:

0
K _ il ), it p |«
_)r p
Ci = . (9)
[f] +1-— Wk(e), if pfx.
p p

If ¢; is relatively prime to p then the ideal 970} is decomposable in the extension K;/k
according to the induction assumption, so the linear envelope k 970 ?" 6" = K; 6’ lies or the
linear envelope k2, or in k Z.

Suppose now that p |¢;, the ideal 970" is decomposable in the extension K/j and
the condition of Theorem B for it doesn’t hold, thatis 0 < k < h = e,. Then we can
apply Lemma 2.3.1 for the intersection 90% N K; and Lemma 2.4 for the intersections
M N K 6,1 < i< p—1. According to these lemmas one of the component of the
decomposition M = A @ Z, say 2, contains an element x;, 0 < i < p — 1, for which
yi = (14 Cls + - + (T's)P~1) (x;)/p satisfies the condition vy (y;) = p[g] .So, on one
hand y; is contained in the ¢[G]-module 2 and on the other hand y; € Ker(Z's — 1) =
Ker(Z/(s — T7%)) = K107/, that means y; € 2_;0~". The element z; = y;0 € A_;and
has the order vi(z') = [g] + %.
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But the corresponding ideal 777 f" =A_; ® Z_,hasthe order

ivi (0
C_i:[f]-i-l-i-w
p p

because p fk (see (9)). Hence,
VK (Zi) =c¢ —1

and the conditions of Lemma 2.8 hold. Therefore, #_; = (0) and k %1;™" = K; 0" lies
in k2.

So we've shown that for every i : 0 < i < p — 1 the linear envelope K 8’ lies or in
k2, or in k % and that means that the decomposition K = k2 & k .Z is defined over K,
so M* =A@ L isaoq[H]-decomposition and the theorem is proved.

2.10. — It’sleft the case, when the field k has not all the p-th rooth of unity but the
extension K'/k is radical. In this case consider so called composit-modules defined in the
paper [BBIK].

DErINITION. — An Ok[G']-submodule in K' is called a composit if it is also a
Z [T p]-module.

Remark 1. — If k' = k then composit-modules are the ideals of K'.

Remark 2. — 1If I is an ideal in K then ¢/I is a composit-module in K’.

Applying Prop. 2.3 of [BBK] and repeating the preceding arguments we get our

statement in this case.
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