MINIMAL SIEGEL MODULAR THREEFOLDS

VALERI GRITSENKO! AND KLAUS HULEK

ABSTRACT. In this paper we study the maximal extension I'} of the subgroup I'; of
Sp, (Q) which is conjugate to the paramodular group. The index of this extension
is 2v(t) where v(t) is the number of prime divisors of ¢. The group I'} defines the
minimal modular threefold A} which is a finite quotient of the moduli space A; of
(1,%)-polarized abelian surfaces. We show that a certain degree 2 quotient of .A;
is a moduli space of lattice polarized K3 surfaces. Using the action of I'f on the
space of Jacobi forms we show that many spaces between A; and A} posess a non-
trivial 3-form, i.e. the Kodaira dimension of these spaces is non-negative. Finally
we determine the divisorial part of the ramification locus of the finite map A; — Af
which is a union of Humbert surfaces. We interprete the corresponding Humbert
surfaces as Hilbert modular surfaces.

INTRODUCTION

The moduli space A; of abelian surfaces with a (1,¢)-polarization is the quotient
of the Siegel upper half plane Hy by a subgroup I'; of Sp,(Q) which is conjugate to
the paramodular group I, In § 1 we define an isomorphism between the symplectic
group and the special orthogonal group SO(3,2) over the integers.

This exhibits I';/{£+E4} as a subgroup of the orthogonal group SO(L;) where
L; is the lattice of rank 5 equipped with the form < 2t > $2U (here U denotes
the hyperbolic plane). Let Et be the dual lattice of L;. The image of I'; in O(Ly)
acts trivially on zt/Lt. The orthogonal group O(Et/Lt) is isomorphic to (Z/QZ)”(t)
where v(t) is the number of prime divisors of ¢. For every d||t (i.e. d|t and (d,t/d) =
1) we construct an element V; in Sp,(R). These elements V; define a normal
extension I'f of I'y of index 2“(!) such that I'} /T, = O(Et/Lt). It turns out that
I’} is the maximal normal extension of I'y as an arithmetic group. Hence we can
consider the moduli space I'; \Hy as “minimal” Siegel modular threefolds. In § 1 we
also give a geometric interpretation of the action of V; on the moduli space A;. In
particular V; identifies a polarized abelian surface with its dual. It also turns out
that the space (I'y UT' V;)\Hy is isomorphic to the moduli space of lattice polarized
K3 surfaces with a polarization of type < 2¢t > & 2Fs(—1). Lattice polarized K3
surfaces have been studied by Dolgachev [D] and Nikulin [N2]. They play a role in
mirror symmetry for K3 surfaces.

In § 2 we study the action of the elements V; on the space of Jacobi forms.
This gives rise to a decomposition of the space of Jacobi forms which was originally
found by Eichler and Zagier [EZ]. Using lifting results due to the first author this
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enables us to prove that many moduli spaces lying between A; and the minimal
Siegel modular threefold A} are not unirational, resp. have non-negative Kodaira
dimension. This method, however, unfortunately does not give us information
about the Kodaira dimension of A} itself.

If one wants to determine the Kodaira dimension of A} one needs precise infor-
mation about the ramification locus of the finite map A; — A;. This turns out to
be a difficult problem. In § 3 we determine the divisorial part of this ramification
locus for square free t (the general case can be treated by the same method). The
divisorial part of this ramification locus is a finite union of Humbert surfaces. To
determine these surfaces we reexamine the theory of Humbert surfaces from the
point of view of the orthogonal group. This turns out to be a very useful way of
studying Humbert surfaces. An example, originally due to Brasch, shows that the
ramification locus can also contain curve components. We finally interprete the
Humbert surfaces in the ramification locus as Hilbert modular surfaces.

§ 1. THE SYMPLECTIC AND ORTHOGONAL GROUPS

The local isomorphism between the symplectic group Sp,(R) and the special
orthogonal group SO(3,2)r of signature (3,2) is well known. In this section we
define this isomorphism over Z.

Let us fix a lattice

L = €1Z D GQZ D 632 D €4Z.

We identify [ € L with a column-vector in the basis {¢;}. L? = L A L is the lattice
of integral bivectors, which is isomorphic to the lattice of integral skew-symmetric
matrices. The bivector e; Ae; corresponds to the elementary skew-symmetric matrix
E;;, which has only two non-zero elements e;; = 1 and e¢j; = —1. Any linear
transformation g : L — L induces a linear map A?g : LA L — L A L on the Z-

lattice of bivectors. If g is represented with respect to the basis {¢;} by the matrix
G, then

(A*g)(X) =GX'G for any X=Z:0ijei/\ej e LAL.
1<j

One can define a symmetric bilinear form (X,Y) on LA L
XAY =(X,Y)es Aea Aes Aeg € A*L.

It is known, that (X, X) = 2Pf(X), where Pf(X) is the Pfaffian of the matrix X,
and Pf(MX'M) = Pf(X) det M.

Definition. The group
T, = {9:L—L| N>g(W,)=W,, where W, =¢; Aez+tes Aeyg} (1.1)

is called the integral paramodular group of level ¢.

The lattice Ly = W/ consisting of all elements of L A L orthogonal to W; has
the following basis

Lt = (61 /\62, €9 /\637 €1 /\63 —t€2 A €4, €4 /\617 €4 /\63)25.



We fix this basis for the rest of the paper. The symmetric bilinear form (-, -) defines
a quadratic form S of signature (3,2) on the lattice L;, which has the following
form in the given basis

0o 0 0 0 -1
0 0 0 -1 0

Ss=[o0o o 20 0o o0 . (1.2)
0 -1 0 0 0
-1 0 0 0 0

The group of the real points of the paramodular group is conjugate to Sp,(R).
Thus the determinant of any element of the paramodular group equals one and A%g
keeps the bilinear form on L A L.

It gives us a homomorphism from the symplectic group in the orthogonal group
of the isometries of the lattice L;

/\2 : ft — O(Lt)

The paramodular group T, is conjugate to a subgroup of the usual rational sym-
plectic group:

* * * 1k
o tx * tx 1%
T := 1T = b | €5P4(Q) ¢

t~ e % *

where all entries * denote integers and I; = diag (1,1, 1,¢).
The quotient space
At - Pt\HQ

is the coarse moduli space of abelian surfaces with a polarization of type (1,1).
The composition of the conjugation with the homomorphism A? defines a homo-
morphism

U:Ty — O(Ly) where U(g) = /\Z(Itgft_l). (1.3)

One can extend ¥ to the real symplectic group I';(R) = Sp,(R).
Let Ly ={u € Li® Q| VY1 € L, (Il,u) € Z} be the dual lattice of L;. The
discriminant group

Api=L,/L = (2t)"'Z)Z = 7|27
is a finite abelian group equipped with a quadratic form
g Agx A — (2t)7'Z)2Z ¢(1,1) = (1,1)7, mod 2Z
(see [N1] for a general definition). Any g € O(L;) acts on the finite group A;. By
O(L)={geO(L)|VeLl, gt—(€ L}

we denote the subgroup of the orthogonal group consisting of elements which act
identically on the discriminant group.
One can easily prove the next lemma (see [G1]).
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Lemma 1.1. The following relations are valid
2. Ker ¥ = {£+E,}.
The finite orthogonal group O(A¢) can be described as follows. For every d||t

t
(i.e. d|t and (d

, 8) = 1) there exists a unique (mod 2t) integer £, satisfying

i =—1mod 2d, &;=1mod 2t/d.
All such &4 form the group
Z(t) = {€mod 2t | €2 = 1mod 4t} = (Z/2Z)"D, (1.4)

where v(t) is the number of prime divisors of ¢. It is evident that O(A4,) = =(¢).

One can take an element in SO(L;) realising the multiplication by {4 on A;. It
gives us an element in Sp,(R) with integral ¥-image. For example, for every d||t
we can define x,y € Z (which are not uniquely determined) such that

t
xd —yty =1 where tg = 7

The matrix

de -1 0 0
~ |-yt 4 0 0
Va=| o o 4 yt
0 0 1 dz

is an integral symplectic similitude of degree d. We put
Vi= ¥ € Spy(R)
d= NG d Pg\% ).

Vi has the following ¥-image

1 0 0 0 O
0 d —2yt yity 0
U(Va)=|0 -1 de+4tgy —zy O (1.5)
0 ty —2tx z?d 0
0 0 0 0 1

We note here that
xd + tgy = —1 mod 2d and xd + tgy = 1 mod 2t4,

thus Vy induces the multiplication by £; on A;.
It is easy to see, that for all V; (d||t)

Vierl,, VT, vV, =Ty

L.e. V4 are involutions modulo I';. Therefore one can define the following normal
extension of the paramodular group I'y.



Definition. I'} is the group generated by the elements of I'; and Vj for all d||t.

In accordance with Lemma 1.1 any element in U(V;I';) defines the same auto-
morphism of A;, thus

I /T, = O(Ly/Ly) = =(t) = (Z)22)" ), (1.6)

The real orthogonal group Ogr(L{) = O(L; ® R) acts on a domain lieing on a
projective quadric, more exactly on

PH? = PHS, ={Z e P(L,@ Q)| (Z,2) =0, (Z,7Z) < 0} = PH} UPH, ,
where
IF’]I-]I;F ={Z = t((tzg — z123), Z3, Z2, 21, 1) - 20 € Hi’ | Im (z1) > 0}. (1.7)

This is a classical homogeneuos domain of type IV. The condition (Z,Z) < 0 is
equivalent to
yiys —tys >0 where y; = Im (z;).

Taking zp = 1 one gets the corresponding cylindric domain in the affine coordinates
(Zi)1§i§3

Hj— = {Z = t<237 zZ9, Zl) c (C3 | Y13 _tyg > 0’ Yy = Im(gl) > 0}

The domain H for t = 1 coincides with the Siegel upper half-plane H,. For a
general ¢ one can define the following isomorphism of the complex domains

o Hy — Hf ;z)t((“ T2>)=t(7—3, 2. (1.8)

T2 T3

The linear action of the real orthogonal group Og(L;) on PH; defines “fractional-
linear” transformations on H . By Oﬁg(Lt) we denote the subgroup of index 2 of
the orthogonal group consisting of elements which leave PH; invariant. (This is
the subgroup of the elements with real spin norm equal one.)

Proposition 1.2. Let t be square free. Then ¥ defines the following t1somorphisms
U TF/{+E,} = SOT(Ly),

where SOT (L) = SO(L,) N OF (L), and
U: T, /{+E) — SO (L),

where SO (Ly) = SO+ (L) N SO(L,). Moreover the following diagram is commu-

tative
HQ L} HQ

o u

Hj— U(g) Hj



Proof. The diagram is commutative for any ¢ € Sp,(R). To prove this one has to
calculate the images of standard generators of Sp,(R) under ¥.

It is known that for a square free ¢, the group PI'; = 'y /{+E4} is a maximal
discrete subgroup of the group of the analytical automorphisms of H, and
[T : Ty] = 2¥) (see for example [Al], [Gu]). From the description of the finite
orthogonal group O(A4;) given in (1.4) we obtain that [SOT(L,) : S/(\)+(Lt)] = 2v(1),
The statement of the proposition about the isomorphism of the groups follows from
the maximality of I'} and Lemma 1.1.

O

The coset V; I'; (in the case d = ¢t we may take x = 0,y = —1) can also be written
in the form

0o Vil 0 0
VvVt o0 0 0
T, = T,.
Vil 0 0 0 Vil
0 0 Vi' o0

According to (1.3) and (1.5) ¥(V;) defines the multiplication by —1 on z\t/Lt, ie.
Vi corresponds to the element £ = —1 of Z(¢) (see (1.4)). Therefore

—U(V;) € O(Ly).
Elements M and —M € O(L;) define the same transformation of the domain H; .

Thus we have

Corollary 1.3. Let t be square free. The groups
U, UT Vi) and  O*(Ly) = O(Ly) N OF (L)

coincide, if we consider them as groups of analytic transformations of PHY .

Proposition 1.4. The quotient
(T, Ul V) \ Hy

18 1somorphic to the moduli space of polarized K3 surfaces with a polarization of
type < 2t > G 2Eg(—1).

Proof. 1t is known that a moduli space of polarized K3 surfaces is a quotient of
a 19-dimensional homogeneous domain of type IV by an arithmetic group. In
the proposition we consider polarized K3 surfaces with a condition on the Picard
group or equivalently on the lattice of its trancendental cycles. To formulate these
conditions we need some definitions (see [D], [N2]).

Let X be a K3 surface. Let us take a sublattice D; =< 2t > & Eg(—1)& Eg(—1)
of the lattice

Lxs=UaUaU& Es(-1) & Es(-1) = H*(X,Z),

where < 2t > (¢t € Z) denotes the one dimensional lattice generated by a vector [
such that [? = 2¢, U is the hyperbolic plane with quadratic form (2 (1)) and Eg(—1)
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is the even unimodular lattice of dimension 8 with the negative definite quadratic
form. We note that sign (D;) = (1, 16) and DtJ‘ 2UgUB < =2t >= L), = Li(-1).
(Notation L;(—1) means that we multiply the quadratic form S; on the lattice L,
by —1.) We recall (see [N1]) that the orthogonal group

O(Dy, Lxs) =1{¢9:Lkxs = L3 | g|p, =id}
is isomorphic to the group
O(L)={g: L L, |VIel, gi—1eL}

A marked D;-polarized K3-surface is defined by the following datum (see [D]
and [N2] for more details): a surface X, a fundamental domain C'(M)™T of a group
generated by some 2-reflections of the lattice D, acting on a connected component
V(D) of the cone V(D;) = {v € D; ® R | (v,v) > 0} and an isomorphism of
the lattices ¢ : H*(X,Z) — Lgs, such that ¢='(D;) C Pic(X), ¢~ (V(Dy)") C
V(X)T and ¢~ 1(C(M)*) contains at least one numerically effective divisor class.
By V(X)* one denotes the connected component of the cone

V(X)={ve Hy'(X) | (v, v) >0}

containing the cohomology class of a Kahler form on X.
Let us denote by wx a holomorphic 2-form which generates H*°(X). Its image
under the isometry ¢ belongs to the following domain in the projective space P*

Hwx) €Dy ={veP(L;®C): (v,v)=0, (v,v)>0}.

This domain is an example of the domains of type IV. Its connected components
are isomorphic to the domain H;" introduced in (1.7).
The quotient
M(< 2t > B2Eg(—1)) = O (L)) \ H

is the moduli space of isomorphic classes of < 2t > @ 2FEs(—1)-polarized K3 sur-
faces. In accordance with Corollary 1.3

M(< 2t > @2Es(—1)) 2 (T, UT,V}) \ H,.

i

Our next aim is to interprete the involutions V; geometrically. Because of Propo-
sition 1.2 V; induces a map from A; to itself.
Let (A, H) be a (1,t)-polarized abelian surface. The polarization H defines an
isogeny
Ag: A— A=Pi°A
T LR L]

where £ is a line bundle representing H and 7, denotes translation by z. The
map Ay only depends on H, not on the line bundle £. There is a (non-canonical)
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isomorphism ker Ay = 7, X Zy. For every divisor d of ¢ there is a unique subgroup
G(d) C ker A\ which is isomorphic to Zg x Zg4. This subgroup defines a quotient

N A— A/G(d)=A.
If A is given by the period matrix

Q= (1 0 1 T2> = <T1 7'2) EHQ
0 t 72 73 ’ 72 T3
then A’ is given by
Q/—<d 0 dTl 72 )
o 0 td T2 Tg/d '

The abelian surface A’ carries a uniquely determined polarization H' with
dH = \3(H').

The polarization H' is of type e (1,t/e*) where ¢ = (d,4). Altogether this shows
that we have a morphism of moduli spaces

P=0(d): A — Ay
(A,H) — (A", H").
If d =t we obtain as a special case the map
O(t): A — A
(A, H) — (A, H)
which maps an abelian surface to its dual polarized abelian surface.
Proposition 1.5. Let d be a divisor of t with (d,tq) = 1. Then the map
O(d): A — A

18 the map induced by Vy.

Proof. For 7 = <Tl E

T2 T3

B T -1 dry Ty xr  —ytg
Vd<T>_<—ytd d)<7'2 T3/d> <—1 d )

Now consider the matrix

) € H; we have the following formula for the action

1 tg O 0
y xd 0 0
0 0 =z —yts € SL4(Z).
0 0 -1 d

This matrix transforms the symplectic form de; A eg 4 tgea A eq into Wy (see (1.1)).
The claim now follows from the equality

t¢ O 0

T -1 d 0 dry 7 zd 0 0
<—ytd d><0 ta T T3/d> 0 = —ytg

0 -1 d

— oo =

1 0
—<0 tVd<T>
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§ 2. NONUNIRATIONALITY OF SOME QUOTIENT SPACES

In accordance with Proposition 1.4 a moduli space of special K3 surfaces is
a quotient of a moduli space of polarized abelian surfaces. It gives us a double
covering

At — (Ft U Pt‘/t) \ HQ.

The degree of the covering A; — Af = T'F \ Hy has order 2, where v(t) is
the number of prime divisors of t. Since for square free ¢ the extension PI'} is
the maximal discrete subgroup of PSp,(Z) containing PT'; the quotient A} is the
minimal Siegel threefold associated to the polarization (1,1).

There are 2"(Y) — 2 other threefolds between A; and A¥. Let us take for example
two primes p # ¢ and let ¢ = pg. The involutions V}, and V, give rise to the following
moduli spaces

AP = Ay ) <V >, A = Ay | <Vy>, Ar = A/ <V,,Vy>=T; \H,
resp. a commutative diagram

AP‘I

Ve N\
Ay Ay
N\ e
A

where all maps are 2:1. Using the modular forms constructed in [G1] we can obtain
information about the geometrical type of some of these moduli spaces.
By J,'°”" we denote the space of Jacobi cusp forms of weight k and index t. In

[G1] a lifting was constructed which associates to a Jacobi form ® € J. " a cusp

form Fg € ./\/ik(ft) of weight k with respect to the group

*  tx % *

=~ e

I'y= . €5p,(Q) ¢,
tx  tx ik

where all entries * denote integers.
The groups T'; and I['; are conjugate. Indeed if C; = diag(1,¢~!, 1, ¢) then
Pt == CtFtCt_l. For

0 Vi o0 0
-1
~ t 0 0 0
V, =V, = _
e 0 0 0 i
0 0 Vvt 0

it was proved in [G1, formula (2.8)] that
Fo(Z) = (=) Folx Vi(2).
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or equivalently
1 72 i tT3 72
F(I)((TQ T3>)_F¢(<T2 t_1T1>).
In this section we describe the behavior of Fg with respect to the group
Iy =<, Vol dllt >,

where Vd = C’tVdCt_l.
Eichler and Zagier [EZ, § 5], have constructed a decomposition of the space of

cusp __ €
Jk,t - @ Jk,t
€

where € runs over all characters of the group

Jacobi forms

2(t) = {mod 2t | €2 = 1mod 4t } = (Z/2Z)"")

satisfying €(—1) = (—1)*. For any d with d||t one can define an operator Wy acting
on Ji ¢ in the following way [EZ, §5]. For

®(71, ) = Z f(n,Dexp(2ri(nr +172)) € J,?:;Sp
n,lEZ
4nt>1?

we put

(@|Wa)(ri,72) = > F(0', I exp(2mi(nm + 1)) € J74
n,lEZ
ant>1?

where I’,n' are determined by
I'=—lmod2d, I!'=1mod?2t/d, 4n't—1?=4nt— 1>

All Wy are involutions. They form a group isomorphic to =(¢). The subspaces Jf ,
are eigenspaces of the operation W, namely

Jea =12 € 7P | @[ Wy = e(Wy) 2}
Note that if

(I)(71772) = Z @u(Tl)et,u(Tlvﬁ) € Jlg,t

pmod 2t

is the standard decomposition of the Jacobi form & with respect to the theta-
functions 6; , (71, 72) then for £; € Z(¢)

Pean(m1) = €(€a)pu(r).
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Theorem 2.1. Let ® € Jg ; be a Jacobi form and Fo € Mk(ft) be its lifting. For
any divisor d of t with (d,tq) =1 the following equality holds

Fo |1 Vi = e(éq)Fs.
Proof. Let us recall the definition of the lifting Fg in terms of the Fourier expansion
(G2]. If

O(ry,72) = Z f(n,D)exp(2ri(nr +I72)) € JCUSP

n,lEZ
4nt>l2

then

Z b(N)exp(2mi tr(NZ))
Ne,

where summation is taken over all positive definite symmetric matrices of the fol-

B n /2
NE%—{<1/2 mt> >0|n,l,m€Z}

b(<z72 Zj)): > ak_lf(%?é).

al(n,l,m)
The action of Vd on Fg is given by

lowing form

and

(Falk Va)(Z) = Fa(d™ Ay Z 'Ay)  where A, = <f°"; :;)
or
(FolkVa)(Z2) = Y b(N)exp(2ri tr(d™' 'A4NA,Z))
Ne2,
= Y b(d™" "AgNAy)exp(2ni tr(NZ))
Ne,

d t
y dx

). Let N = d~! tANA, = <~n 112>. Clearly
/2 mt

det N = det N. It is casy to see that the elements n, [, m and 7, I, m have the
same set of common divisors. Moreover

where Ay = dA(;l = (

I =1(ytqy + dx) 4+ 2(nt + zymt) and [

{ —l mod 2d
[ mod 2t4
Hence, by the definition of J , we have

b(d™! tjldeld) = Z a* =t f ( I i) = €(£a)b(N)
a|(n,l,m) a
which proves the theorem.

O

This result can be used to gain some information on the Kodaira dimension
of moduli spaces. Whenever we speak of the Kodaira dimension of some moduli
space A we mean the Kodaira dimension of a desingularization of a projective
compactification of A.

13



Corollary 2.2. Let p # q be primes > 5. Then the Kodaira dimension of at least
one of the spaces A](f;) or A](ﬂ]‘) s > 0.

Proof. The Eichler-Zagier decomposition gives a decomposition

J3,pq — J’(+1_) @ J(_7+)

3,pq 3,pq

If p,q > 5 then there exists a cusp form in J3 ,, and hence in J?E:;;I_) or J?E;;I—H. By

[G1], [G2] this can be lifted to a weight 3 cusp form with respect to < I'y, V}, >,
resp. < I'y, V, >. By Freitag’s extension theorem this defines a differential form
on any desingularization of a projective compactification of Aj(g];), resp. .,4](9%). This
gives the result.

O
For any integer ¢ let us take a character of the group =(¢) isomorphic to the
orthogonal group of the discriminant group of L; (see (1.4))
€: =(t) = {1}
We define a set U(e) ={V; € I']| €(£4) = 1} and a subgroup
[f=<Ty, &a|lacUle) >C T}
of I'f. Theorem 2.1 and the method of the proof of Corollary 2.2 gives us the next

result

Corollary 2.3. Ifdim(J5 ;) > 0, then the Kodaira dimension of the quotient space

1$ nonnegative.
Remark. Corollary 2.3 gives information about A§ only if V; ¢ Ul(e). If ¢(V;) =
e(—1) = 1, then dim (J5 ;) = 0.

Corollary 2.4. Let t > 21 (t # 30, 36) and let its number of prime divisors
v(t) > 2. Then there exists a finite quotient of A; of degree 2" =1 which is not
unirational.

Proof. For any integer ¢t from the corollary the dimension of chjfp is positive. Thus

there is a character e of =(¢) such that v({) = —1 and dim J5, > 0. =(4) =
(Z/QZ)"(t) therefore [I'¢ : T'y] = 2O 1,
O

Using dimension formulae for the spaces J; , one can obtain more precise results.
It is easy to get an exact dimension formula using the trace formula of the operator
Wy on the space J; ', given in [SZ]. By definition of Wy we have

tr (Wa, J549°%) =Y e(&a) dim (Js ),

€
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where the sum is taken over all characters of =(¢). Therefore
dim (J5,) = 27" ) " e(€a) tr (Wa, J55).
d||t

For weight 3 the trace formula of W; on J?)cjfp (we recall that d|t and (d,t4) = 1,

t
where t; = p ) proved in [SZ, Theorem 1] can be reduced to the following expression

b (Wa, J537) = ﬁ; Hiy(—4e) — > B+ > (Ha(0) — H,,(0))
(Fa(ta) Ha(4) — 52 (d) Hy, () + (63 ta) Ha(=3) — 53(d) Ho, (~3))

+ (@200 - @200

N | —

_|_

We denote by Q(n) the greatest integer whose square divides n; §,(b) = 1 or 0 if a|b
ora fband H,(A) is a generalization of the Hurwitz-Kronecker class number, i.e
H,(0) = - % and Hy(A) for A < 0 is the number of equivalence classes with respect
to SLy(Z) of integral, positive definite, binary quadratic forms of discriminant A,
counting forms equivalent to a multiple of 2% + y? (resp. 2% + zy + y?) with

multiplicity 1 (resp. ). For n > 2 with (n, A) = b and square free b

AJa?b?
a26< n//‘;% )Hl(A/azbz) if a2b?|A

0 otherwise,

Ha(A) =

where (—) is the generalized Kronecker symbol.
We note that the trace formula has the simplest form for square free ¢ coprime
to 6:

b (W, T80 = sz; <_t—j€)H1(—4e) -y (‘36/)111(—45)) 4l - d

e’|td

Example 2.5. The calculation gives us only thirteen different threefolds of type
A¢ with ¢ having only two prime divisors (¢t = p®¢®), whose geometric genus could
be equal to zero. They correspond to the following trivial subspaces of J?)cjfp of
type J3J;;'b (this notation means that €({y.) = —1 and €({) = 1):

Tzt Jaziss Japde Tagde Janss Jaaie
Topis Japas Dpde Tasns Di5se agas T
We may add to this list twenty threefolds A; with ¢t =1, ... ,12, 14, 15, 16, 18, 20,
24, 30, 36 (see [G2]) whose geometric genus could be zero. According to classical

results and new results of M. Gross and S. Popescu (see [GP]) it really is for
t=1,...,12, 14, 16, 18, 20.
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Example 2.6. We have the following quotients of order 4 and 8 which are not
unirational. One has
dim J5 43 = dim J, 357 = 1.

Thus for Aff;’?’) =< V5, V3 >\ A42 we obtain h?”O(Ag’?’)) > 1.
The geometric genus of all four threefolds of type < V,, V3, V.. > \ Az210, where
a, b, c €42, 3,5, 7} is positive.

§ 3. THE HUMBERT SURFACES AND THE RAMIFICATION LOCUS

If one wants to determine the Kodaira dimension of the variety A; = 'y \H, it
is important to know the ramification locus of the covering map A; — A7, i.e. the
locus where the stabilizer of the finite group I'; /T is not trivial. Unfortunately
this turns out to be a difficult question. Here we shall give a partial answer, i.e.
we shall determine the divisorial part of the ramification locus which is a union of
a finite numbers of Humbert surfaces. We shall restrict ourselves to t square free.

First we collect some known facts about divisors on the homogeneous domain

[ED]I-]I;". For any v € L; @ R we set
Ho={Z e PHf | v- Z =0},

where v-u = (v, u) is the bilinear product corresponding to the quadratic form S;

(see (1.2)).

Lemma 3.1.
1. Hyy = g~ "H, for any g € OF (Ly).
2. Let v # 0, then H, # @ if and only if v2 > 0.
2

3. Ho N Hy # D of and only of the matriz (UU u Uu2u> 18 positive define.

Proof. 1. The first property is trivial.

2. The orthogonal group Oﬁg(Lt) acts transitively on PHY. Thus any Z € PH/
can be reduced to Z; = *(1,7,0,4,1) in the coordinates (z;) from (1.7). If v =
(a,b,e,d,e) and v-Z; = 0, then a = —e and b = —d. Thus v? = 2a% +2b* +2tc* > 0.

Let L; @ R = Rv@ VL. One has Sign(VJ‘) = (2,2). The group SO+(VJ‘) =
SOZ (2,2) is locally isomorphic to SLa(R) x SLy(R). Thus

H, = PH}, = H & H,

where H is the usual upper half-plane. This proves the second statement.

3. Let us suppose that H, N H, # @. It follows from (zu — v)? > 0 that the
matrix in 3 is positive definite.

If the symmetric bilinear form on the plane P = Rv & Ru is positive definite,
then sign (P1) = (1,2). The group SO*(P+) = SO™(1,2)g is locally isomorphic
to SLy(R) and

H,NH, ZPH), = Hy.

0
Remark. For I € Ly (1> > 0) the group S/(\)+(ZJ‘) is isomorphic to a subgroup of
SLy(Z) x SLy(Z) or to a subgroup of a Hilbert modular group.
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Definition. Let ¢ € Zt be a vector in the dual lattice. The Humbert surface Hy is
defined by

Hf:ﬂ-( U %!]f)7

9€50 (L)

<~t . .
where 7 : PH — SO (L;) \ PH! is the natural projection.
‘H¢ depends only on the one dimensional lattice Z/¢, thus we can restrict ourselves
to primitive vectors £ € L;. The primitivity means that ¢/d ¢ L, for any interger
d > 1. The first statement of Lemma 3.1 says that there is a one to one correspon-

dence between the S/E)+(Lt)—orbits of primitive vectors ¢ € L, with positive norm
and the Humbert surfaces.

It is well known that for any even integral lattice L with two hyperbolic planes
(in particular for L;) the S/(\)(L)—orbit of any | € L depends only on the norm of
[ and its canonical image [* := [/div(l) in the discriminant group L/L, where the
divisor div (1) € N of [ is the positive generator of the ideal {(z,l)r | + € L}. As a
corollary we have

Lemma 3.2. Let (4, {5 € L, be two primitive vectors with the same image in the
discriminant group (i.e. £y —{ly € L;). If (3 = (3, then Hy, = Hy,.

Proof. T£ £y — Uy € Ly, then div (2t0,) = div (2¢65) and SO (L) &1 = SO (Ly) o.
0

Definition. Let ¢ be a primitive vector of L;. The integer A(() = 2t/* is called
the discriminant of H,.

From the isomorphism Zt/Lt = 7. /2t7 one gets

Corollary 3.3. The number of surfaces H; with fized discriminant A = 2t(2,
which are not I'y-equivalent, 1s equal to the number of solutions

# {bmod 2t | b* = Amod 4t}.
The standard definition of the Humbert surfaces (see [vdG], [F]) is given in terms
of the moduli space of abelian surfaces with polarization (1,¢). Let us compare both
definitions.

According to (1.8) and Proposition 1.2 we may rewrite the definition of H, with
(= (e, a, —%,c,f) € L; ((e,a,b,c, f) = 1) in coordinates (7;) of Hy:

H, = (He) ={ <2 Z) EHy | (1173 — 73)f + em3 + by +tary +te =0},
where x = (te,ta,b, ¢, f). The number
2t0% = b* — 4f(te) — 4c(ta) = A(H,).
is by definition the discriminant of H/.. Let us introduce a lattice
Ny ={(e,a,b,c,f) € Z°| e, a = 0mod t}.
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In accordance with Proposition 1.2 and Lemma 3.1 we have the following decom-
position of the usual (in sense of [vdG], [F]) Humbert surface Ha C A, =T\ Hy:

Hp =m ( U H, ) = ( U U Hoe ),

rE€N;, primitive 2t02=A g€§5+(Lt:)
A(z)=A

where one takes the summation over representatives ¢ from the distinct orbits and
7 is the natural projection 7y : Hy — A;. Thus the surface H, defined above

corresponds to an irreducible component of surface Ha. Corollary 3.3 tells us that
the number of the irreducible components of the Ha is equal to

# {bmod 2t| b* = Amod 4t}.

This gives a new proof of Theorem 2.4 in [vdG] (see p. 212).
In § 1 we fixed a basis of the lattice L; such that

Li=U(-)aU(-1)& < 2t >,

where U(—1) is the integral hyperbolic plane with the quadratic form ( _01 _01 ) and

< 2t > is the one dimensional Z-lattice with even quadratic form 2¢. By LE?’) we
denote the orthogonal component in L, of the first hyperbolic plane

ng) = <€2 A €3, €1 N €3 — t€2 N €4, €4 A 61)23 C Lt.

It is easy to see that in any orbit S/b(Lt)E there is a vector from ng) and
/\+ ———
SO (L)l = SO(L¢)¢. Thus any Humbert surfaces can be given in the form

He = {az +bzy + cz3 =0} C PW, A(He) = 2t0*
or
H, = {tar; 4+ by + cr3 = 0} C Hy, A(HL) = b* — dtac = 2t0*

where ¢ = (0, a, —%,C,O) €L,and z = (ta,b,c) € Ny.

For any d||t we define the following subgroup of I'} and the corresponding quo-
tient space of the moduli space A;

rY =T, UT,Vy, AD =T\ H.

The ramification locus of the map A; — AE‘“ can consist of components of different

dimension. In the next theorem we describe its divisorial part D,Ed).
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t
Theorem 3.4. Let t be square free, d > 1 and tg = 7 Then
d
Hy,UH; if <—> =1

) d d
Hay if (E) #1 and (E) =1,

a . . . .
where <5> 18 the generalized Kronecker symbol of the quadratic residue.

Remarks. 1. For d =1

Hyy UH; if t=1mod4
pi = { Hut 1 1= e

Hyy otherwise.

In particular D,(ft) is irreducible if t = 2 or 3mod 4 (see Corollary 3.3).
2. For d = 1 Theorem 3.4 is still true if we denote by D,(fl) the divisorial part of

the branch locus of the covering Hy — A;. We note that Dgl) was found in [Br] by
another method.

Corollary 3.5. Let t be square free. The divisorial part D} of the ramification
locus of the map Ay — Aj, where A} = T'; \ Hy is the “minimal” Siegel modular
threefold corresponding to polarization of type (1,t), is the union of the following
Humbert surfaces

D; = (e1(d)Haa U e2(d)Hy),
dlt

d
in all other cases. Moreover none of the above Humbert surfaces are I'¢-equivalent.

d d
where e1(d) = 1 if <a> =1, e2(d) =1 if d 1s odd and <E> =1 and they equal 0

Proof of Corollary. We have to prove only the last statement. If /1 and /5 € Et are
two primitive vectors with norms (3 = 2/t,,, €3 = 1/(2t4,), then (3 # (3, since ¢ is
square free.

O

We break up the proof of Theorem 3.4 into several lemmas.
Let us consider a reflection with respect to a vector v € Ly ® R:

It is known that o, € Oﬁg(Lt) if and only if v2 > 0. (This follows from the definition
of the real spin norm.) If o, € OI'RE(Lt), then the set Fix py+ (0,) of fix points of o,

on PH is a complex surface H,. The opposite statement is also true.
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Lemma 3.6. Let us suppose that the set of fix points of o € SOI'RE(Lt) on PH s
a complex surface. Then —o is a reflection with respect to a vector v € Ly @ R.

Proof. Over R one can reduce the quadratic form S; to S = diag (E3, —E3). The
maximal compact subgroup K of the orthogonal group SOI'RE (S) is isomorphic to
SO(3) x SO(2) consisting of all elements which fix the point Z; = *(0,0,0,,1) €
PH,. Since the group SOﬁg(S) acts transitively on the homogeneous domain we can
suppose that o = diag (A, B) € K where A € SO(3) and B € SO(2). If B # +E,,
then B has only one fix point i = (¢,1) on the projective line. If o = diag (A, B)
has at least three fixed points, then B has an eigenvalue A of order two. A and B
are orthogonal, thus all eigenvalues of ¢ are equal to +1.
There are two possibilities for the set of eigenvalues of o

{\o)} ={1,-1,-1,-1,-1} or {1,1,1,—1,—1}.

In the first case —o is a reflection. In the second case o can be written as a product
of two reflections o,0, with orthogonal v and v. Thus Fix P (o) = Hy NH,y and
we have proved the lemma for non-trivial B.

If B = +F,, then the same arguments show that o is conjugate to

B, 0 0
D=0 +1 0 By € SO(2) (3.1)
0 0 +E,

if o has at least two fixed points. If By # +E,, then Fixpg+ (D) is a subset
of H, N'H,, where z and y form an orthogonal basis of the plzine of rotation of
B, € S0O(2).

O

Lemma 3.7. There s a one to one correspondence between the irreducible com-

ponents H of the divisorial part ng) and the surfaces Hy; defined by reflections
oy € FtVd.

Proof. By ‘H we denote an irreducible surface in Hy whose image is H. Let us
suppose that H = Fixg, (G) with G € I';Vy. In accordance with Proposition 1.2
and Lemma 3.6 ¥(G) = oy is a reflection. Moreover ¢, (H) = H¢ C PW and oy
induces multiplication by &4 on the discrimnant group Ay.

The reflection
2(x, L)
(¢,0)
depends only on the line < ¢ > defined by ¢ € L;. It follows from the definition
that o, keeps the lattice L, invariant if and only if ¢* |2D where D = div ({)
(see the definition before Lemma 3.1). The surface H depends only on the class
{7Gy~' |y €T} and

oe(z) =a —

U(yGy ') = BB~ = op (veTy, B=U(y) € S/E)Jr(Lt))-
|

Therefore in order to find all Humbert surfaces in the divisorial part we have to
classify the SO(L;)-orbits of vectors ¢ € L; with the additional condition ¢?| 2div ().
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Lemma 3.8. Let t be an arbitrary positive integer and d||t. There is a one to one

correspondence between the S/(\)(Lt)-conjugacy classes of reflections oy in the coset
(=T'4Va) and the orbits of the primitive vectors in L, which satisfy the following
conditions:

div(0) =2ty if <i> =1

4t4

2 =2d and p
div (£) = t4 if <—> =1.
tq

Proof. One can suppose that ¢ = *(0,a,b,¢,0) € L; and (a,b,¢) = 1. For such ¢
the matrix of o, has the following form

10 0 0 0
0 142 _4th 22 g

oe=|0 ot 2 g f
0 g e 342
0 0 0 0 1

where (2 = 2tb?> —2ac. —oy € SO;Rg if and only if 2 > 0. On the discriminant group
—oy¢ defines multiplication by

4t
£E(0) = E_sz — 1.
By definition D = div (¢) = (a, 2tb, ¢), therefore D |2t and D |(* |2D. We put

2tb

6 — t(O, .Da17 b, _Dcl,o) Wlth (a17 37 Cl) = ]_

We have to consider four cases:

*=D or (*=2D and D|t or D/jt.

1
1). Let us suppose that D |t (tp = 5) Then we have

t
(*=2D < 1=tpb’ — Dajc; < (D,tﬂ:l&(%) =1,
—1 mod 2¢p

— -0V, T
1 mod 2D ot o=t

E(—oy) =2tpb® — 1 = {

(see (1.5)). The case £* = D leads trivially to a contradiction.

t
2). Let us suppose that D |2t, but D ¢ 7. In this case D = 2Dy, Dy|t and tp,
is odd. For such D we have

t
* =D <= 1=tpb® —4Djasc; < (Dy,tp,) =1& (tp, odd) & <£> =1,
1

—1 mod 2tp,

= —or € Vy, I'y.
1 mod 2D, ot oy Tt

&(—oy) =2tp,b* — 1= {
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The case £? = 2D leads to a contradiction to the primitivity of /.
O

l
For square free t the system of the surfaces { Hy }, where (* = T (0 and {
iv

satisfies the condition of Lemma 3.8, contains all irreducible components of the
Humbert surfaces from Theorem 3.4. This finishes the proof of Theorem 3.4.
O

The next corollary follows immediately from the proof of Lemma 3.8.

Corollary 3.9. Let t be square free and d||t. If <ti> =1 and (%) # 1 then
d d

. . . . . d
there is, up to conjugation with respect to I'y, exactly one, and if (4—> =1 then

there are ezactly two involutions in TyVy. They are $~1(—0oy, ) (in the both cases),
and U1 (—ay,) (in the second case), where

b ~
61 :t(07a17i76170)€[/t7 (alablacl):L db%_tdalclzl

b N
62 = t(O,CLQ, i,CQ,O) € Lt, (az,bQ,CQ) = ]_, dbg - 4tda262 =1.

Remarks. 1. It is possible to apply Lemma 3.8, which has been proved for any
integer ¢, to classify the divisorial part of the ramification locus of the covering
A; — A7 for any integer t.

2. Using the same method one can construct divisors on a homogeneous domain
of type IV of any dimension n.

The ramification locus can also have components of smaller dimension. The
proof of Lemma 3.6 shows us that the orthogonal group can contain a rotation in
the positive definite subplane of the lattice Ly.

Example. (Brasch) The following example is due to Brasch. It shows that in
general the ramification locus of the map A; — A} contains other components
apart from the divisorial part described above. Let ¢ = 1 mod 4. For an integer
f>0put

c=—ft—1, ¢g=f.

Then the matrix

—fVt 1/V/E 0 Vvt
N | ot 0 iVt vt
T eVt 0 iVt —cevt

0 1/Vt =1/t 0

is an element of I'f. One immediately checks that N? = —E,. The fixed point set
Fix N isacurve (cf. [B, Hilfssatz 2.5.3]). Moreover the curve Fix N is not contained
in the fixed point set Fix I of an involution I in I'}. This would namely imply that
IN = —NI. Now using the explicit form for N which follows from [B, Hilfssatz

2.8], a lengthy but straightforward calculation shows ¢ = —1, a contradiction.
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As a next step we want to interprete the surfaces Hy, resp. Hy; as moduli
spaces of abelian surfaces with real multiplication. It is well known that there is a
close connection between Hilbert modular surfaces and Humbert surfaces [F], [vdG,
chapter IX]. Here we want to determine precisely which Hilbert modular surfaces
correspond to Hy, resp. Hy,. Consider the ring o of integers in the number field

Q(v/t) and recall that

1
0 =72+ Zw, w:§(1—|—\/5) if t =1mod4

resp.

0=7Z+7%Zw, w=+t ift#lmod4.
The Hilbert modular group SLa(0) acts on Hy x H; by

a 3 az; + 08 o'z + 4
(Zl ’ 22) = ’ li l
v 9 vz +387 A'za+ 6
where / denotes the Galois automorphism v/ — —v/%. The quotient space

Y = SLy(0)\H; x H, is the standard Hilbert modular surface associated to Q(v/%).

Let o be the involution which interchanges the two factors of Hy x Hj, i.e.

o(z1,22) = (22,21).
Then the symmetric Hilbert modular group is
SL7(0) = SL3(0) U o SLy(0)

and Y7 = SL7 (0)\H; x Hj is the corresponding symmetric Hilbert modular surface.
We shall first consider the Humbert surface H,. In particular we assume that
t = 1mod4. To every point (z1,22) € Hy x Hy one can associate the lattice

s (2)0(0) -2 2) 2 (1) 2 (GF) 2 ()

where 1 = v/tw. The form

Bl(os o) = o (228 2282

Imz;  Imzy

defines a Riemann form for A;. With respect to the basis given above this is just
the alternating form W;. The torus

A(ZLZQ) = (C2 /A(Zuzz)

is hence a (1,t)-polarized abelian surface with real multiplication in 0. The Hilbert
modular surface Y is the moduli space of these objects. The 2:1 cover Y — Y7 iden-
tifies abelian surfaces whose real multiplication differs by the Galois conjugation.

We have a “forgetful” map
d:Y? —» At.
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Theorem 3.10. Assume t = 1mod4. The Humbert surface Hy 1s the image of the
symmetric Hilbert modular surface Y7 under the natural morphism ® : Y7 — A,
which s of degree 1 onto its image.

Before giving the proof we turn to the Humbert surfaces Hy¢. Consider the ring

0y = Z + ZVt.
Note that this is an order in o if ¢t = 1 mod 4, whereas 0 = 0y if ¢ Z 1mod 4. Let

1, 1
6y = 5%+ 5\/52, 0, =27+ 2V1Z.

The group
SL2(02,52):{<CCL Z) | a,d €0y, bE Gy, c€0;", ad —be=1}

acts on H; x H; as well as its symmetric counterpart
SL;(OZ, 62) = SLQ(OQ, 62) U O'SLQ(OQ, 62)

Let
i} = SLQ(OQ,SZ)\Hl X Hl, 57-0' = SL;(OZ,GQ)\Hl X Hl

be the corresponding Hilbert modular surfaces. Again the Riemann form E induces
a (1,t)-polarization on the tori

Asy z) = C A2y )

where for t = 1 mod 4
_ Z1 2nz1 —n' [Vt vi/2
Azy,zn) = 2 <22> e <277/22> T < n/Vt e —V1/2
resp. t  lmod4
s Wz 1/2 w/2
A(Zl,ZQ) =17 <22> ‘|‘Z <w/22> ‘|‘Z <1/2> ‘|‘Z <w//2>

Hence 17, resp. Y are moduli spaces of (1,t)-polarized abelian surfaces with real
multiplication in 0, and as before we have a canonical map

&)I?U—}At.
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Theorem 3.11. The Humbert surface Hyy 1s the image of the symmetric Hilbert
modular surface Y under the natural map ®: Y7 = A, which is of degree 1 onto
its 1mage.

Proof of Theorems 3.10 and 8.11. We shall treat the case of Hyy and t = 1mod4
in detail and then comment on the other cases. The proof is similar to the proofs

in [HL §0], cf. also [F, Abschnitt 3]. Let
_ (1 2n
= (1 2n’>

EI\)IHl XH1—>H2

(Zl,ZQ)F—> tR<201 0>R

z2

and consider the map

Then R
Im® = {—(t* —t)r +2try — 73 =0} = H),

and modulo

100 0
t 10 0
=10 o1 )t
000 1

this is equivalent to Hyy = {try — 73 = 0}. Let Az

associated to the period matrix

<fﬂ<% 2o 1))

are isomorphic as polarized abelian surfaces since

) be the abelian surface

Then A(., .,y and Acp(z 22)

(2 3 ) (e A6 )

Hence @ is a lift of the map ®. Next we consider the homomorphism

\II( aq bl an bg ) o tR 0 d(al,ag) d(bl,bg) tR 0
C1 dl ’ C3 dz - 0 R_l d(Cl, CZ) d(dl,dz) 0 R
where d(ay,a2) = <a1 c? >, etc. Via the embedding

SL(Q(Vt)) — SLa(R) x SLy(R)

(@ 3)~ & D) (5
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this also defines a homomorphism

U : SLy(Q(V1)) — Sp,(R).

For J = (01) we find that

10
‘RIR-1 0
5= ( 0 R—1JR> €l

Clearly S is an involution. Setting \/I}(O') = S we can extend U to a homomorphism
¥, : SLE(Q(v1)) = Spy(R)

and one checks easily that d is \/I\la—equivariant. Let G, resp. Ggr be the stabilizer
of H), in I'y, resp. Sp,(R). As in [HL, Lemma 0.8], cf. also [F, Korollar 3.2.8] one
shows that G is the group generated by the image of ¥ and S. The result follows

if we can prove that G = ¥,(SL7(02,02)). For this it is now enough to prove the
following.

a; b

c; d;
o tR 0 d(al,ag) d(bl,bz) tR_l 0
lw o ( 0 R_l > <d(€1,€2) d(dl,dz) 0 R < Pt'

Then ay,d; € 09, by € 02, ¢1 € 52_1 and ay = ay, by =b\, co =¢}, dy =dj.

Lemma 3.12. Let ( ) € SLy(R); ¢ = 1,2 and assume that

Proof of the lemma. We write M = <é g) Straightforward calculation gives
A= # 2n'a1 — 2nay —a1 + ag
2(n' —n) \4nm'(ar —a2) —2na; +2n'ay )

From Ajy € Z we find (ay — as)/(2Vt) € Z, i.e.
as = a1 +2nVt, nez.
A1y € Z gives a1w' + asw € Z. Hence
a; + 2nvtw' = ay (w+ w/) + 2Vt = ayw + asw’ € 7. (3.2)

Le. a1 € Z+7Z\/t = 05. We can write a; = a+ vt with a, 3 € Z. By (3.2) we have
ai +n(v/t+1t) € Z and hence 3 = —n. But then ay = a; — 26Vt = a — B/t = d).

Z Z) . Similarly we obtain

Note also that for a; € 05 and az = o one has A € (tZ 7

B — bl + bg 27][)1 + 277:])2
o 27761 + 277/62 477261 + 477 2[)2 '
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Since By; € Z we find that by = n — by for some n € Z. Using this and By, € tZ
one concludes that
Y

(blw — bzw/) € ;Z

Hence

t
by —nw' =bi(w+w') —nw =bjw—bw' € %Z. (3.3)

This shows by, by € d5. Writing b; = (a + 3v/t)/2 with a, 3 € Z one has from (3.3)

t
—|—§\/E—TLUJ’E%Z

o
2
ie. @« =n. Hence by = n —b; = (o — ﬁﬂ)/? = b}. Conversely if b; € 02 and

bzzb’l,thenB€<Z iz

‘7 tZ>' For C' one computes

4t —2n'er — 2ncy ¢y + ¢y

O 1 <4r]12c1 +4n?c; —2n'cy — 277c2>
A4t '

Comparing this with the situation for B one finds that ¢; € 85, ¢y = ¢}. Finally

D _ ]- 277/d1 — 277d2 47]77/(d1 — dz)
- 2(n' —n) —d; + dy —2ndy +2n'dy |-

This case is analogous to A and one obtains dy € 03, dy = d}. This proves Lemma

3.12.

O
The case of the Humbert surface H;, t = 1mod4 can be treated in the same
manner if we choose R = 1 :77, . This is analogous to [HL, §0] where the case

t = 5 was done. Finally we have to deal with Hy; in case t # 1 mod 4. Here we can

choose R = (1 :j,) ,w = /t. In this case

Im® = {tr) — 73 =0} = Huyy
and the above arguments go through essentially unchanged.
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