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Abstract

We study the stability of spatially periodic solutions to the Kawahara equation, a fifth
order, nonlinear partial differential equation. The equation models the propagation of
nonlinear water-waves in the long-wavelength regime, for Weber numbers close to 1/3
where the approximate description through the Korteweg-de Vries (KdV) equation breaks
down. Beyond threshold, Weber number larger than 1/3, this equation possesses solitary
waves just as the KdV approximation. Before threshold, true solitary waves typically do
not exist. In this case, the origin is surrounded by a family of periodic solutions and only
generalized solitary waves exist which are asymptotic to one of these periodic solutions at

infinity. We show that these periodic solutions are spectrally stable at small amplitude.
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1 Introduction

We consider the Kawahara equation
du = 0u — €du + udyu, (1.1)

in which e is a real parameter. This equation has been derived by Kawahara [11] as a model for
water waves in the long-wave regime for moderate values of surface tension, Weber numbers
close to 1/3; see [18] for a rigorous result on its validity in the water-wave problem. For such
Weber numbers the usual description of long water waves via the Korteweg-de Vries (KdV)
equation fails since the cubic term in the linear dispersion relation vanishes and fifth order
dispersion becomes relevant at leading order, w(k) = k® +¢k®. Positive (resp. negative) values
of the parameter € in (1.1) correspond to Weber numbers larger (resp. smaller) than 1/3. The

linear dispersion relation is monotone for positive € and possesses two extrema for negative e.

The Kawahara equation (1.1) gives an appropriate description of several phenomena observed
in the dynamics of the water-wave problem for Weber numbers close to 1/3. We refer, in par-
ticular, to questions concerning solitary-wave dynamics. In the water-wave problem, solitary
waves exist for Weber numbers larger than 1/3; see [1]. These solitary waves are similar to the
ones found in the KdV equation, and therefore often referred to as PKdV-like solitary, waves
or true solitary waves. For Weber numbers smaller than 1/3, true solitary waves typically do
not exist [9, 21]. The speed of small-amplitude solitary waves would be close to the group
velocity w'(0) = 0 of large-wavelength perturbations. In this parameter regime, this speed is
in resonance with the phase speed of periodic wave trains that correspond to the nontrivial
zeroes of the linear dispersion relation (k = j:\/ﬂ , for € < 0). Therefore, instead of solitary
waves that decay to a constant amplitude, we find here generalized solitary waves that decay
towards these small periodic waves at their tails [8, 20]. Actually, these generalized solitary
waves exist for very small amplitudes of the background periodic wave trains: with respect to
the speed of the solitary wave ¢, the amplitude of the solitary wave scales with ¢, whereas the
amplitude of the background waves can be chosen to be exponentially small in ¢ (but not zero).
The same situation, existence and non-existence of solitary waves, and existence of generalized
solitary waves, is observed in the Kawahara equation (1.1) for positive and negative values of

€, respectively; see [2, 5, 10].

The dynamics of KdV-like solitary waves has been studied in much detail in the context
of the KdV equation; see for example [16, 12]. Some stability results are also available for
the Kawahara equation [6] and the water-wave problem [4, 13]. We are not aware of results

concerning the dynamics of generalized solitary waves beyond their mere existence.

A first step towards a stability analysis for this type of waves is the study of stability prop-



erties for the periodic waves arising at their tails. In dissipative systems, stability of periodic
waves has been studied both with periodic boundary conditions and with respect to localized
perturbations on the real line; see [3, 15, 19] for Evans function approaches to linearized sta-
bility and [17, 14] for approaches to a nonlinear stability analysis. In dispersive equations,
the Hamiltonian structure can provide energy-type stability criteria when periodic boundary
conditions are imposed. Little seems to be known in the physically more interesting case of
spatially localized (in particular aperiodic) perturbations of the underlying periodic pattern.
In particular, for the Kawahara equation above, we are not aware of any stability result for

periodic waves, neither in a spatially periodic setup, nor on the unbounded real line.

The purpose of this paper is to investigate the spectral stability of the periodic wave trains
at the tail of the generalized solitary waves of the Kawahara equation (1.1), with respect to
localized and bounded perturbations. We prove that periodic travelling waves with speed ¢ are
spectrally stable, that is, the spectrum of the linearization about these waves is contained in
the imaginary axis, provided their amplitude A satisfies A = o(|¢[?/4). Outside this parameter
regime, instabilities may occur, but detecting them turns out to be a very difficult task. The
spectral analysis of the linearized operator is performed in L2(R) and Cy(R), implying that
the perturbations are either localized or uniformly continuous on the unbounded real line,
respectively. In fact the spectra coincide in both cases, and they can be described as the
union of the point spectra to a family of operators with periodic boundary conditions using
Bloch wave decomposition. We find the point spectra of the latter operators employing mainly
perturbation arguments, a careful analysis of the linear dispersion relation, and a bifurcation
analysis for small eigenvalues. The method presented here may be applied to other dispersive
equations as well. For the KdV equation, our method shows that periodic travelling waves are
spectrally stable at small amplitude (see Remark 3.1). The crucial ingredients to the analysis,
besides a proper general setup, reduce to a spectral gap argument for large eigenvalues (Lemma

4.2), and the computation of an Evans function type determinant (Lemma 6.7 (vi)).

The paper is organized as follows. The existence of periodic waves is stated in Section 2.
In Section 3 we formulate the main result on spectral stability and describe the spectrum of
the linearization about the periodic waves with the help of the Bloch wave decomposition.
The linear dispersion relation is analyzed in Section 4. We locate the spectrum for Bloch
wavenumbers bounded away from zero in Section 5, and for small Bloch wavenumbers in

Section 6.
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2 Existence of periodic waves

In this section, we recall the existence result for periodic solutions to the Kawahara equation
(1.1).

We consider (1.1) with € < 0, and rescale z, t, and u such that e = —1. We look for solutions
travelling with constant speed c¢ from right to left. In a comoving frame, replacing x + ¢t by

x, these solutions are stationary solutions to
Oiu = —cOzu + Bgu + Biu + udzu, (2.1)

and therefore satisfy

1
—cu + Ogu + O2u + §u2 =C,

in which C is an arbitrary constant. As a remnant of the Galilean invariance of the equation
(2.1), u = u+ a, ¢ — ¢+ a, in the equation above the constant C' can be set to 0. In the

following, we therefore restrict to
1
—cu+ Otu + Ou + 5u2 =0. (2.2)

We point out that this choice of coordinates and scalings is actually used in the construction of
generalized solitary waves. They are found for ¢ > 0, as homoclinic orbits connecting periodic
orbits of small amplitude. In the next theorem we state the existence of these periodic orbits,
together with some properties which are needed in our stability analysis. We give a short
proof of this result for (2.2), and refer to [10, Chapter 4] for an existence result in a more

general context.

Theorem 1 There ezist positive constants c¢o and ag such that for any ¢ € (—cp,cp), the
equation (2.2) has a one-parameter family of even, periodic solutions ($a.c)ac(—ag,a0) Of the
form

facl®) = Pac(ka), (2.3)
in which k = k(a, c) and p, is 2w-periodic in its argument. Moreover, the following properties
hold.

(i) The map k: (—ao,a0) X (—co,co) = R is analytic and
k(a,¢) = ko(c) + ck(a,c),

where

Eo(c) = (ﬂ)“

: L Ma,0 =S n(@a®, [R5, (29)

n>1 Po

for any a, ¢, and some positive constants Ky and pg > ap.
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(ii) The map (a,c) > pac: (—ag,a0) x (—co,co) — H*H(R/27Z,R) is analytic and

Pa,c(z) = accos(z) + ¢ E Prm(c) eln—m)zgnim (2.5)
n,m2>0,n+m>2
n—m#=+1

in which pp m(c) are real numbers such that pp m(c) = pmn(c) with
o

|§n,m(c)| < pEH—m’ (26)

for any ¢, and some positive constant Cy.

(iii) The Fourier coefficients py(a,c) of the 2w-periodic function pgc,

Pac(z) = 3 Pyla, ),

q€Z
are real and satisfy Po(a,c) = O(ca®) and py(a,c) = O(cla|?l), ¢ # 0, as a — 0.

Moreover, the map a — py(a,c) is even (resp. odd) for even (resp. odd) values of q.

Proof. We look for periodic solutions to (2.2) with wavenumber k. We normalize the period

to 27 by setting z = kz, and find the equation
1
—cu + k*dtu + k20%u + §u2 =0. (2.7)

The linear part of this equation defines a closed linear operator L(c, k) on the space L%(R/27Z)
of 2m-periodic functions which are locally square integrable, with domain H*(R/27Z). For
¢ ~ 0, ¢ # 0 this operator has a two-dimensional kernel spanned by e** if k& = ko(c), where
ko(c) is given by (2.4). We construct periodic solutions to (2.7) by using a Lyapunov-Schmidt

reduction for k close to ko(c).

We set k = ko(c) + ck, and
1, o, 1
u(z) = EAcez + iAce ? + cv(z), (2.8)
in which A € C, and v € H*(R/27Z) satisfies
Vg1 = 1 /7T v(z)eT?dz =0
2 J_, )
By substituting (2.8) into (2.7) we obtain an equation of the form
Low=N(v,A Ak,c), (2.9)

where

L= ,
c




and N(0,0, O,%, ¢) = 0. Here the operators L. are defined for ¢ # 0 only. We transform (2.9)

into a system which is well defined at ¢ = 0 as well.

The kernel of L, is two-dimensional and spanned by et?. We denote by P the spectral
projection onto the kernel of L., defined for any v € L?(R/27Z) by Pu = u1€”* + u_1e ¥,
where %4 are the Fourier coefficients of u corresponding to the modes e*?. Since Pv = 0,

the equation (2.9) is equivalent to
Lo =(id— P)N(v,A, A k,c), 0=PN(v,A,A4,kc). (2.10)

The restriction of L. to (id— P)H*(R/2nZ), the space orthogonal to the kernel, has a bounded

inverse given by

v, ;
Lo =—Tp+ ) ryow S O e
o ko(c)in® — ko(c)?n? — ¢

for any v € (id — P)L?(R/27Z), v = D onttl Dpel™?. This formula shows that the inverse L
can be extended to ¢ = 0, and that the operators L;! form a family of bounded operators

depending analytically upon c. Therefore, the system (2.10) is equivalent to

v=L;'(id — P)N(v, A, A, k, c) (2.11)
0= PN(v, A, A k,c) (2.12)

which is well defined for any ¢ in some neighborhood of the origin.

With the help of the implicit function theorem, we may solve (2.11). We find a unique
solution v = Vi (4, 4, k,¢) € (id — P)H*(R/2xZ) that depends analytically upon (4, 4, k, ¢)
in a neighborhood of the origin of diag(C?) x R?. Here, diag(C?) = {(z,z) € C?} ~ R2.

Furthermore, the uniqueness of this solution implies that
V.(0,0,k,c) = 0.

The invariance of (2.7) under translations z + z+ ¢ and under the reflection z — —z enforces

the relations

Vi(A Ak e)(z+a) = V*(Aeio‘,fiefio‘,g, c)(z), Vi(A, A k,c)(—z) =Vi(A, Ak, c)(2).

By substituting the solution Vi (4, 4, k,¢) of (2.11) into (2.12) and using the explicit formula

for the projection P we obtain the solvability conditions

L Aeis+Ae—isN

5 (Vi, A, A, k,c)(s)ds = 0 (2.13)

Jc(A’ Aa 7‘;’ C) = /

—T

s T Aels — Ae—is o
LMAJﬂz/ A N, A AR ¢)()ds = 0. (2.14)

—T



The invariances of (2.7) mentioned above imply that J, and J; satisfy

Eoll

J(Ae®, Ae™® &, c) = Jo(
Jo (A€, Ae™ k., c) = J,(

Aafia ,C) = JC( A
A,A,’V,C) = _Js

) A’ E’ C)7
(A, A, k, c).

By taking o = —2argA in the equalities for J; we obtain

so that J; = 0 and the condition (2.14) is always satisfied.

In the equalities for J, we set @ = —argA and find Jo(4, 4, k,¢) = J.(|4],|A|, k,c), so that
the solvability condition (2.13) becomes

where a belongs to a neighborhood of the origin in R By using the explicit formula for N
and the symmetries of V, we find that

Je(a,a,k,¢) = —a? (w(dko()* — 2ko(c)k + J(a,k,¢)) ,
in which J is analytic in its arguments, even with respect to a, and satisfies J(0,0,¢) =
0;J(0,0,¢c) = 0. By arguing again with the implicit function theorem, we obtain a solution
k. (a,c) of Jc(a,a,E, ¢) = 0 for small a and ¢. Furthermore, k,.(a,c) is even in a, so that the

function k(a, c) = ko(c) + cks(a, ) verifies the properties stated in part (i) of the theorem.

The arguments above show that (2.11)—(2.12) has a unique solution
(v,k) = (Vi(4, 4, k. (|A], ¢), ¢), ke (4], €)),

for any small complex number A and real c¢. Substitution of v = V*(A,A,E*(|A|,c),c) into
(2.8) yields a 2m-periodic solution to (2.7). The periodic solutions p, . in the theorem are the

ones obtained by restricting to A € R,

Pa,c(z) = accos(z) + cvge(2), Vac(z) = Vi(a, a, ks (a,c¢),c).
The properties of pg . stated in (ii) are deduced from the analyticity and the symmetries of

the function V, (A, Ak, c). Finally, (iii) is a consequence of the expansion (2.5). |

Remark 2.1 (i) Note that in the result and proof, we restricted the amplitude A < cag to
a small sector of (A,c)-plane. This is sufficient for our purpose of a description of the
waves at the tail of the generalized solitary waves. However, it is not difficult to derive a

full bifurcation diagram for the existence of periodic solutions. The unfolding near ¢ = 0
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(iii)

can be studied using Lyapunov-Schmidt reduction on the kernel of the linearization in
the subspace of even functions, spanned by cosx and 1. The bifurcation equations for

u = ag + a1 cos ¢ + h.o.t can be solved for a;:
a? = —2(0k* — %)+ 0(3), ag = c— 26k +a3/96 + O(2),

where 0k = k — 1. In particular, there are unique periodic solutions inside two sectors
in the (c,8k)—plane bounded by two analytic curves with tangent vectors ¢ = +dk in
¢ = 6k = 0. However, we do not know whether all these periodic solutions are stable.
Our stability results below are concerned with waves in a sufficiently small sector along

the boundary of the two cones.

The formula (2.5) shows, in particular, that p_q c(2) = pa,c(z +7), so the periodic solu-
tions found for a < 0 are translations by a half-period of the ones for a > 0. Therefore,

we can, without loss of generality, take a > 0.

In Theorem 1, the family of periodic waves is parameterized by the amplitude a (see
(2.5)). We may equivalently parameterize the family by the wavenumber k, since the

map U : (0,a0) X (—co,co) — R2 defined through
Y(a,c) = (k(a,c),c),

is locally invertible and injective on (0,a9) % (0,co) and on (0,a0) x (—co,0).

3 The main result

We state our main result, that claims spectral stability of the family of periodic solutions

which are described in Theorem 1, and gives a detailed characterization of the spectrum of

the linearization at these periodic solutions.

We are interested in the stability of the periodic solutions in Theorem 1 as steady solutions

to the evolution problem (2.1). We set

u(:c,t) = (Pa,c(x) + U(:L‘,t),

and obtain the evolution problem for the perturbations v,

8trU = Aa,cU +N(U)a

in which the linear terms A, (v and the nonlinear terms A (v) are given by

Agcv = v + 30 — 0y + 05(pacv), N(v) = vpv.
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We regard A, as a linear operator acting on a Banach space X of z-dependent functions.
There are several possible choices for this Banach space, each of them corresponds to a certain
class of perturbations v. Here, we take either X = L2(R), for spatially localized perturbations,

or X = Cp(R), for bounded uniformly continuous perturbations.

The main result in this paper is the following theorem on the spectrum of the linear operator
Agqc. Spectral stability of the periodic solutions ¢, for sufficiently small a and ¢ is an

immediate consequence.

Theorem 2 There exist positive constants ¢1 and ay, such that for any ¢ € (—c1,¢1) and
a € (—ay|e|*, a1]c|t/*) the spectrum of the linear operator Aq . in L2(R), or Cyh(R), lies on

the imaginary azis.

Remark 3.1 (Wave trains in the KdV equation) A similar result of spectral stability

can be obtained for the periodic travelling waves of the KdV equation
dyu = O3u + udyu.

In this case the analysis is much simpler, in particular since the speed of the wave can be scaled
out of the equation. Indeed, in the frame of reference moving with the speed c of the wave the
equation becomes

ou = —cOpu + Bgu + udzu,

in which x + ct has been replaced by  just like in the equation (2.1). In contrast to (2.1), here

we can eliminate ¢ by setting u(z,t) = |clv(|c|'/?z, |c[3/%t). We find the rescaled equation
O = B3v — sign(c)Opv + v0,v, (3.1)

in which we may take sign(c) = —1, since the sign of the coefficient of O,v in (3.1) is changed
by the translation v — v + 2sign(c). The steady solutions of (3.1) are easily found — and

well-known — by a phase-plane analysis for the corresponding ODE,
2 L,
Oyv+v+ gV = 0.
One finds a homoclinic connection to —2,
9 [T
h(z) = —2 + 3sech (5) ,

which corresponds to the KdV solitary wave, and a one-parameter family of periodic orbits

surrounding the origin and filling the region inside this homoclinic orbit,

¢a(z) = pa(k(a)z),  pa(z) = acosz+0(a®),  k(a) =1+ 0(a’),



in which p, is 2m-periodic in its argument. (Notice that the choice sign(c) = 1 is preferred when
solitary waves are analyzed, since then the corresponding homoclinic orbit is a connection to
the origin.) Spectral stability of the wave trains in the KdV equation can be studied along the
lines of this paper, giving stability for all small amplitude waves. This confirms formal results
by Whitham for large-wavelength perturbations, derived by means of an asymptotic expansion
of the associated Lagrangian (the so-called variational method). We emphasize that the proof
for the KdV equation is much simpler, partly because of the simpler, cubic dispersion relation,
but also because a scaling symmetry allows for a parameterization of the waves by only one

parameter, the amplitude a, largely simplifying the Blochwave analysis in Section 6.

The remainder of this paper is occupied with the proof of Theorem 2. The proof relies on a
bifurcation analysis for the linearized problem. Since the coefficients of the operator A, . are
periodic, the spectrum can be described as the union of point spectra to a family of operators
with compact resolvent using Bloch wave decomposition. We then trace the point spectrum

out of the bifurcation point a = ¢ = 0 for all possible Bloch wavenumbers 7.

We first normalize the period of the waves to 27 by replacing kx by x. In the scaled coordinates,

we have to study the operator
Aacv = k020 + k3030 — ckdyv + k0y(pa,cv), (3.2)

in which k£ = k(a,c) and p, are given by Theorem 1. In particular, both k£ and p, . depend
analytically upon a and c¢. We consider the operator A, . as a closed linear operator in L%(R)
with domain of definition H®(R), and in Cp,(R) with domain C{(R). We denote by specyz(Aq,c)
and specg, (Aq,c) its spectrum in L?*(R) and Cy,(R), respectively. The following result, which
holds for general differential operators with periodic coefficients, shows that the two spectra
coincide. Moreover, it gives a simple characterization of these sets in terms of the kernel of
Aqc — Aid in Cp(R); see for example [3] for a proof of this result in the case of Cp(R), which
can be easily adapted to L%(R).

Proposition 3.2 The following equalities hold

specr2(Aqc) = specg, (Aa,e) = {A € C; kerg, (Age — Aid) # {0} }.

Furthermore, A € C belongs to one of these sets if and only if there exists a nonzero function
v € CY(R) of the form v(z) = u(x)e"®, with u 2m—periodic and v € [—1,1), such that
Agecv — v =0.

This proposition shows that in order to determine the spectrum of Ag., we have to find all

values of A\ € C such that there exists a nontrivial solution to the linear non-autonomous
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ordinary differential equation
M = Ag v = k%050 + k3030 — ckdyv + k0y(pa,cv), (3.3)

of the form v(x) = u(x)e”®, with a 27-periodic function u and some real parameter v €
[—%, %) Equivalently, we may determine all values A € C such that there is a nontrivial

27-periodic solution to the equation
M= k°(0y +17)°u + k> (8, +17)%u — ck(0y + iy)u + k(9 + 1) (Pa,cu), (3.4)

for some vy € [— % %) We denote by L, 4. the linear operator defined by the right hand side
of the equation (3.4). We consider this operator as a closed operator in the space L*(R/27Z)
with domain H®(R/27Z). The following result is then a direct consequence of Proposition
3.2.

Corollary 3.3 Consider the linear operator L, 4. : H>(R/21Z) — L*(R/27Z) defined by
Loy act = k(9 +17)°u + k*(0y + i)*u — ck(0y + iy)u + k(0y + 1Y) (Pa,cur),
fory € [—1,1) and X € C. Then the spectrum of L4 satisfies
spec(Ly,a.c) = {A € C; ker(L, 4. — Aid) # {0}}.
Moreover, we have that

specp2(Aa,c) = spec, (Aac) = U spec(Lya,c)-

76[_%7%)

From now on we denote by spec(Ag ) the spectrum of A, in both L?(R) and C, since the
two spectra coincide. This corollary shows that in order to determine the spectrum of the

operators Ag . we have to solve (3.4) for A € C and v € [-3,1) in H3(R/27Z). Theorem 2

22
then follows from the following proposition.

Proposition 3.4 (i) For every v* € (0,1) there exists ¢ > 0 ! such that for any ¢ €

2
(—cg,cg), a € (—ag,ap), and vy € [—%, %) with |y| > ~*, we have

spec(Ly,q.c) C iR

(ii) There exist positive constants cs,as,ys3 such that for any ¢ € (—cs,c3), v € (—73,73),

and a € (—azc|*/*, az|c|'/*), we have

spec(Lq,.c) C iR

L For the rest of the paper we distinguish constants depending upon ~v* € (0, ) by the superscript *
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To prove this proposition we regard the operator L. ,. as a perturbation of a skew adjoint

0 1

T v,a,c With small periodic coeflicients,

operator with constant coefficients L by an operator L

more precisely, we write

v,a,c 7,a,¢?
with

LY e =K (8 +17)%u + k3 (0, + 17)%u — ck(8z + i7)u,

L}Y,a,cu = k(0z + 7)(Pa,cu)-
Note that L° and L' depend implicitly on a and ¢ via k = k(a,c). Section 4 is devoted to
the study of Lg,a’c. In Section 5 we compute the spectrum of L, 4. for v bounded away from

zero (Proposition 3.4 (i)), and in Section 6 we consider values of ~y close to zero (Proposition
3.4 (ii)).

Remark 3.5 (i) The spectrum of L. 4. is symmetric with respect to the imaginary azis.

More precisely, we have
A€spec(Lyge) < —A€Espec(Lyqe) < —A€Espec(L_yac),
where we exploited that p, . is real and even in the first and second relation, respectively.

(ii) Assume thata # 0 and ¢ # 0. Then, the derivative with respect to & of pa . satisfies (3.4)
with vy = 0 and A = 0, due to translation invariance of (2.1) in x. Consequently, 0 always
belongs to the spectrum of Log. and Ag.. Furthermore, the geometric multiplicity of
0 as an eigenvalue of Lo 15 at least two, and its algebraic multiplicity at least three.
A principal eigenvector is given by the constant function 1/k(a,c), k(a,c) being the
wavenumber of the periodic wave. A second principal eigenvector is the derivative of the
periodic wave with respect to the speed c in the parameterization of the family of periodic
solutions by the wavenumber k and the speed ¢ (see Remark 2.1). We write pgc = q.c,

so that qy . satisfies
K502k . + k202qk,c — ckOyr e + kqk Ozqrc = 0.
By differentiating this equality with respect to ¢ we find
Lo k,c (Ocqr,c) = kOzr,c,

50 Ocqrc/k is a principal vector to the eigenvalue O of Logc. Of course, the difference
Ocqr,c — 1 belongs to the kernel of Lg ., which is then two-dimensional, at least, since
Ocqr,c—1 s an even function and the derivative with respect to x of pa . an odd function.
We prove later, Lemma 6.7, that for a # 0 and ¢ # 0, the geometric and algebraic

multiplicities of 0 are precisely two and three, respectively.
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4 Study of the unperturbed operator

This section is devoted to the study of the unperturbed operator L7 ac- Classical results

from linear operator theory and a standard Fourier analysis show that L7 a,c has the following

properties.

Lemma 4.1 Assume that ¢ € (—cg, o), a € (—ag,a0), and v € [—3, 3).

(i) The linear operator LY , . is a closed linear operator in L?(R/2nZ) with dense domain

H5(R/27Z).

v,a,c

(ii) LY ,. is skew-adjoint and has compact resolvent.

(iii) The spectrum of L’y a,c consists of a countable number of purely imaginary eigenvalues

with finite multiplicities.

(iv) Any eigenvalue A € spec(L?Y,a,c) is semi-simple, and it is given by A = iwd(v,a,c) in
which
w(v,a,¢) = k(v +n)° = k(v +n)® — ck(y +n), (4.1)

for some n € Z. The unique (up to scalar multiples) eigenvector associated to iwd (v, a, c)
is en?,

(v) The resolvent operator RS , .(X) = (Xid — LWZC)_1 is given by

BaeD =2 5000 Wo XL

where f € L2(R/27Z), and ﬁ, represent the Fourier coefficients of f, f = > fneim’
nez

A more detailed analysis of the dispersion relation (4.1) yields the following result on the

relative position on the imaginary axis of the eigenvalues A = iwd(7) in the spectrum of L,(i’a’c

Lemma 4.2 (i) There exist positive constants cs and my4 such that for any n,p € Z with
n#p and [n| > 2 or p| > 2, and for any c € (—cu,ca), a € (—ao,a0), and v € [—3, 3),
the following inequality holds:

lwn(7,a,¢) = wp(v,a,¢)| = ma(1 + [pl)(1 + [n]).

(ii) For every ~v* € (0, ) there exist c; > 0 and m5 > 0 such for any n,p € Z with n # p,
any ¢ € (—ck,ct), a € (—ag,ap), and vy € [—1 oL 2) with v* < |v|, the following inequality
holds:

lwn (7, a,€) —wp(7,a,¢)] = mi(1+ [p|)(1 + [n]).
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Using Fourier analysis, we deduce immediately from this lemma the following corollary.

Corollary 4.3 Let \° be an eigenvalue of L9y7a7c, X =iwl(v,a,c), n € Z, and assume that
either In| >2, y€ [—%, %), a € (—ag,ap), c€ (—cq,cq), (H1)
or Y€ [_%7 %)7 |’Y| > ’7* >0, a€ (_a07a0)7 cE (_Cgac;)' (H2)

Then, the following properties hold.

0
7,a,¢

T

(i) A0 is a simple eigenvalue and the kernel of L — \%d is spanned by €. The corre-

sponding spectral projection 11, is given by

= & ([t as) .

(ii) The restriction of iwl(y,a,c)id — L8 . . to the space orthogonal to its kernel, H, =

7,8,¢
(id — T1,,) L?(R/27Z), has a bounded inverse Rg,a,c,n given by
f eipx
Rg,a,c,n(f) = Z ¢

pn iwg(f)/a a, C) - iwg(% a, C) ’

where f € (id — I1,) L?(R/27Z), and f;, represent the Fourier coefficients of f, f

> ﬁ,eipm. Furthermore,

p#N o
0 0
||R'y,a,c,n |[,(Hn,Vn1) < 1+ |TL|, (42)
in which V;} = (id — I, ) HY(R/27Z) and
My = m%u under hypothesis (H1),
My = "1;, under hypothesis (H2).

Here my and my are the constants defined in Lemma 4.2.

The resolvent estimate (4.2) guarantees robustness of spectral gaps under perturbations with
growth O(n) in the Fourier mode, which is precisely the type of perturbation encountered
by the derivative kpg.O,u. It is a direct consequence of the spectral gaps between large
eigenvalues provided in Lemma 4.2, and the central (and basically only) ingredient to the

proof of absence of unstable eigenvalues outside a neighborhood of the origin.

The rest of this section is occupied by the proof of Lemma 4.2.

Proof. [of Lemma 4.2.] We first compute a lower bound for |wp(7,a,¢) — wp(v,a,c)|, for
n,p € Z,n#p,and [n| >3 or |p| >3. Weset N=n++, P=p++, and R? = N? + P2. We
then have

|UJ2(’7,(1,C) - wg(’}/’a’ac)l = k5|n _p‘ ‘A5 - ElfA:i - k%—| )

14



where

N2 P2 2
As = N*+ P*+ N2P2 f NP(N2 + P?) > N*+P*4+N2P2— "+ P

2
_ NPt (NP PP R
N 2 = 4 4
and ) )
N2+ P2 3
0<A3:N2+P2+NP§N2+P2++:§R2.

Since |[n —p| > 1, k = 14 O(c) by (2.4), and since for |n| >3 or |p| > 3, and any v € [—1, 1),
we have R? > 24—5, we obtain

1 3 1 Ie|
0 0 54
lwn(7,a,€) —wp(7,8,0)] 2 k°R (Z T 2K2R2 KAR®

16 16|c\>> 1o (4.3)

4 25k 25%k%) <200
for |c| sufficiently small, and any a € (—ag, ag). Moreover,

1+ |n|
2 )

1
1+ [N =1+[n+y[21+[n[—]7]| 25 +n] 2

so that
(1+[n[)(1 + [p])

4
Combining (4.3) and (4.4) we obtain,

<A+ |NDA+|P)) < (2+N?+P%) =2+ R% (4.4)

wn(y,a,¢) —wp(va0)l 1 RY
(1+|n[)(1+|p|) ~ 800 2+R2 =

mg > 0, (4.5)

for some positive constant my4. This inequality holds for |¢| sufficiently small, a € (—ay, ag),

v €[-3,3), and n,p € Z with n # p, and |n| > 3 or |p| > 3.

To finish the proof of the lemma it remains to find a positive lower bound for the modulus of

Qnp(7,a,¢) == wl(v,a,c) — wg(’y,a,c) for |n| <2, |p| <2, and n # p. Observing that

Qn,P(’% a, C) = _Qp,n(f}/a a, C) = _an,fp(_'ya a, C)a (46)

we only have to consider €2y g, 1 _1, and {23, for —2 < p < 1. We give the calculations for
Q51 and 2y g, the other quantities can be treated in a similar way.

11

For Qy 1, we set 2 = 1++ > 1, and find, for |c| sufficiently small, a € (—ao,a0), and v € [—3, 3)

that

Q21(7,a,¢) = k3(5z* + 1023 + 1022 + 5z + 1) — k3(322 + 3z + 1) — ck
= 5k%z% + 10k°23 + k3(10k% — 3)2? + k3(5k? — 3)z + k® — k3 — ck
>I2+2—-1>1>0,

where we have used the fact that k = 1+ O(c).
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For €1, we only need a lower bound for |y| > 4*. We have
Q1.0(7,a,¢) = 5k5y* + 10k5~3 + +%(10k° — 3k3) + k3y(5k? — 3) + k° — k% — ck,
and
4 3 2 3
©1,0(7,a,0) = [57" + 107" + 77" + 9] = ¢hl,
for v € [-3, 1). Since

o 0

)

9 (7,a,c)

1Q1,0(7,a,¢) —Q1,0(7,a,0)| < sup |e| =: M]|¢],

la|<ao,/v|<3

se|<eo

we find
3 * *
|Q,0(7,a,¢)] > [Q1,0(7,a,0)] — [Q10(7,a,¢) — Qo(7y,a,0)] > gl’vl — M|c| > mzy™,

for any |y| > v*, a € (—ap, ap), ¢ € (—c*, ¢*) with ¢* = ¢*(v*) sufficiently small. [

5 Spectrum for v bounded away from zero

This section is devoted to the proof of Proposition 3.4 (i): we show that for v bounded away
from zero the spectrum of L, 4. is contained in the imaginary axis. This result is proved
in two steps. First, we locate the spectrum of L, 4. in a neighborhood of the spectrum of
Lg,a,c (Lemma 5.1), and then show the absence of spectrum outside of this neighborhood
(Lemma 5.2). Notice that for these values of v the spectrum of L,(;’a’c consists only of simple
eigenvalues. However, we cannot use classical perturbation results, since we have here infinitely

many eigenvalues.

Notation: We write B(z,r) for the ball of radius r centered at z in the complex plane.

Lemma 5.1 For every v* € (0, %) there exist cg > 0 and rg > 0 such that for every ¢ €
(—c§,ct), a € (—ag,a0), v € [—%,%) with |y| > ~*, and every n € 7Z, the operator L. g,
has a unique eigenvalue iwy(7,a,c) in B(iwd(7y,a,c),rg(1+|n|)) and this eigenvalue is purely
imaginary. Moreover, the map (a,c) — wn(7,a,c) is analytic, and wy(7,0,0) = wl(v,0,0) =
(n+7)° = (n+7)°

Lemma 5.2 For every v* € (0, %) there exist ¢& > 0 such that for every ¢ € (—c%,c%),

a € (—ag,ap), vy € [—%, %) with |y| > ~*, the spectrum of L. 4. satisfies

spec(Ly,a,c) C U B(iwg(’y,a,c),rg(l + |n|)),
neZ

in which 7§ is the constant given in Lemma 5.1. Consequently, spec(Ly q.) C iR.
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Proposition 3.4 (i) is a direct consequence of Lemma 5.1 and 5.2. The remainder of this section
is occupied by the proofs of these two lemmas. The key point in Lemma 5.1 is that ¢§ > 0

and rg > 0 only depend upon 7* and not upon n.

Proof. [of Lemma 5.1] We fix v* € (0, 3), v € [—3, 3) with |y| > v*, a € (—aq,a0) and n € Z.
Then iw? (v, a, c) has the properties stated in Corollary 4.3. In particular, the restriction of
iwd(v,a,¢) id — LY , . to H, = (id — I1,,) L2(R/27Z) has a bounded inverse R?

7’a7c ’Y’a7c7n,

bound in L(H,,V!) given by m, where V! = (id — II,,) H'(R/27Z). We denote by

un(z) = e™ the eigenvector associated with the eigenvalue iw?(y, a,c) of Lg,(m.

with a

In order to determine the eigenvalues of L, 4 in some neighborhood B (iwd(v, a, ¢), 7*(1+|n|))
of the eigenvalue iwl(v,a,c), we have to find pairs (\,u) € C x H5(R/27Z), with u # 0,
A —iwl(y,a,c)| < r* (1+]|n|), and

Lygcu—Au=0. (5.1)

The key point of this analysis is that we want to solve this equation for 7* and |¢| < c¢*

sufficiently small depending only upon «v* and, in particular, not upon n.

Notice that (iwd(y,a,0),uy) verifies (5.1) at ¢ = 0, since Ly 40 = Lg,a,o- We therefore seek
(A, u) in the form
A=id(v,a,¢) + (14 [n)p, u=au, +v, (5.2)

in which y, a € C and II,,v = 0. By substituting (5.2) into (5.1) we find the equivalent system

,L} , (cup +v) — pu(1 + |n))au, =0

’Y,a7c

(LS 0c — iwn (758, ¢))v + (id = T ) L 4 o(@un +v) — p(1 + |n|)v = 0.

’Y’aﬂc 77a7c

1

Here, the linear operator L , .

is a relatively bounded perturbation of Lg’M, with norm
I3 aell cqar L2y < Malel, (5.3)

for some positive constant M, and any v € [—1,1), a € (—ag,a0), and ¢ € (—cy,¢p). Since

the restriction of iwl(v, a, c)id — LY , . to H, is invertible we can rewrite the system above as

’Y’aﬂc
1 1
= ——m,L} —m, L} 5.4
ap 1 + |7‘L|7rn ')',a,cv + 1 + |n|7rn 'y,a,c(aun) ( )
v = Rg,a,c,n ((ld - HH)L'ly,a,c - (1 + |’I’l|)/J,) v+ Rg,a,c,n(id - Hn)Lfly,a,c(aun)a (55)

in which RS, ., is given by Corollary 4.3 (ii), and where for f € Ly(R/27Z), mn(f) = Fo =
% ffﬂ f(s)e "sds.

We claim that a # 0. Indeed, if @ = 0, we deduce from (5.5), (5.3) and (4.2) that

1 ( M; ||

mi \1+ |n|

1
vl 2 < +ul ) vl 5 < — (Malel + |p]) [[v]] 4 -
mg
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Hence, for |c| < % and |p| < mT; the unique solution of (5.4), (5.5) is v = 0 which yields a
solution u = 0 to (5.1).

Since a # 0 and the equation (5.1) is linear, we may assume without loss of generality that
a = 1. Then, (5.4), (5.5) read

(;u'a U) = Nn,'y,a(ﬁ"a v; C)a (5.6)
where N, , o is analytic from Cx H! (R/27Z)x (—c}, ct) into Cx H® (R/2nZ) C Cx H' (R/27Z).
In particular, if (u,v) € C x HY(R/27Z) satisfies (5.6), then v lies in H>(R/27Z). Thus we

can only look for solutions (u,v) of (5.6) in C x H!(R/27Z). Here u may be chosen small,
|u| < r*, but not v which belongs to the entire space H'(R/27Z). However, if

ms ms
<> < -3
|C| — 4:M]_, |l’t| — 4 bl

we can solve (5.5) for v, v = v(u), and find an a priori bound

2M1|C|

Iolln < 5%

Consequently, it suffices to solve (5.6) for

— : — 2M;c*
(w,v) eU* =B (O, nf) x B <O, ml*c > C C x HY(R/27Z),
5

and sufficiently small ¢ € (—c*,c*). We do this by a fixed point argument. Indeed, a di-

rect calculation using the estimates for the linear operators R? and L} shows that

7,a,C, T 7,a,¢?

Nnvyals5¢) - U* — U* is well defined for ¢* sufficiently small. In addition, for any (u1,v1)
and (p2,v2) in U*, we find

M1 C
Woma(i1, 035 €) — Nomia (s 035 st < Milelllor — wallzs + 2290 oy — vyl
mg

1 1
+m_;||vl||H1 |1 — pa| + m_;|“2|”vl — 2| g

2Mic*

1 1
<(1+ —*) Mic*Jor — vall s + Sllon — vallazs + 228
( mg 4 (m5)2

so that Ny 4 q(:,;¢) is a contraction on U* provided ¢* is small enough.

From the arguments above, we conclude that there exist ¢ sufficiently small, 5 = mTE, such
that for any ¢ € (—c, c§), a € (—ao,a0), ¥ € [—3, 3) with |y| > ~*, and any n € Z, the system
(5.6) admits a unique solution (g, v) := (uh(7,a,¢),vh(7,a,¢)) in B(0,r3) x H'(R/27Z). This
solution yields a unique eigenvalue iw? (7, a, ¢)+puL. (v, a, ¢) of Ly 4. in B(iwd(y, a, ), 7§ (1+|n|)).
Finally, the symmetry of the spectrum of L., 4 . (see Remark 3.5 (i)) implies that this eigenvalue

is purely imaginary. ]
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Proof. [of Lemma 5.2] As in the proof of Lemma 5.1, we write Ly 4. = LY , .+ L} Assume

’Y’a,c ’Y’a,c-
that A & U B(iwd(7,a,¢),7¢(1 + |n|)). Then
nez

A —iwn(7)] = r5(1 + [nl),

for every n € 7, and Lemma 4.1 (v) ensures that Aid — LY , . is invertible with

. _ 1

”()‘ld_Lg,a,c) 1||L:(L2,H1) < T‘_*

This estimate and the inequality (5.3) imply that Aid — L. 4 . is invertible for sufficiently small
¢ € (—c%,c%), and the lemma is proved. Notice that the constant ¢} only depends upon v*
and does not depend upon a, A and 7 with |y| > +*, since r§ and the constant M; in (5.3) are

independent of v, a, ¢, and . |

6 Spectrum for v close to zero

This section is devoted to the proof of Proposition 3.4 (ii): we prove that for 7 close to zero the

spectrum of L, 4 is included in the imaginary axis. We use again a perturbation argument,

by regarding L, g as a perturbation of LY , . by L} , .. The main difference between || small
0

~,a,c has only simple isolated eigenvalues in the second

has three eigenvalues which are arbitrary close and which

and v bounded away from zero is that L

0
7,a,¢

coincide at v = 0. In order to determine the spectrum of L, , . for |y| small, we proceed in

case whereas in the first case, L

three steps. We first show in Section 6.1 that for |y| small, the spectrum of L, 4. separates

into two parts,

SpeC(L%a,c) = 01 U o9, o1 C B(O, 1), o9 CC \ B(O, 1).

Next, we analyze o9 in Section 6.2. We argue as in Section 5 for v bounded away from
zero, and show that o2 consists of simple, isolated eigenvalues which are all purely imaginary.
Finally, in Section 6.3, a careful bifurcation analysis enables us to determine o; by unfolding

the triple zero eigenvalue of Lg,a,c at vy =0.

6.1 Separation of spectrum

From the dispersion relation (4.1) we deduce the following separation property for the spectrum
of LY

’Y!a7c-

Lemma 6.1 There ezist positive constants cg and g such that for any ¢ € (—cg,cg), a €

0 0

(—ao,ap), and v € (—9s,7s), the eigenvalues iwd = iwd(vy,a,c) of L3 o Satisfy

{iwd, iw),iw®} € B(0,3), {iws; n€Z, |n|>2}C C\B(0,2).

n
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This lemma provides us with a spectral decomposition through the circle C(0,1). Inside this
circle we find the three eigenvalues iw, iw?, iw?, the remaining eigenvalues being simple and
located outside this circle. We denote by E the invariant subspace spanned by the eigenvectors
iz

1, €% and e ', associated to the three eigenvalues iwg, iw?, and iw?,, respectively. Let

II° : L?(R/27Z) — E be the corresponding spectral projection,

I0(f) = mo(f) + m1(f)e® + m_1(f)e ™,

in which

~ 1 ~ 1

=5 | f() z, m11(f)=fu= 5=

™
Fiz
o 77rf(:z:)e dz.

We also consider the spaces H = (id—l'IO)L2 (R/27Z) and V = HNH5(R/27Z), and decompose
the resolvent operator,
RS (X)) = RO() + R 4 (V) (6.1)
in which
e ~ en®
nzo:il A= 1{:0(%‘1 c)’ Frac M) = |nz>:2 %
Notice that the space E and the projection IT° do not depend upon v, a, and c.

We now turn back to the operator L, 4 .. This operator is a relatively bounded perturbation
of Lg a,c With small relative bound O(c). Classical perturbation theory for linear operators

shows that the three eigenvalues of LY inside the circle C(0, 1) persist as the only spectral

v,a,c

values of L, . inside this circle. More precisely, we have the following result.

Lemma 6.2 There exists a positive constant cg < cg, such that for any ¢ € (—cg,c9), a €

(—ao,a0), and v € (—8,78), the linear operator L. q . has the following properties.

(i) The circle C(0,1) separates the spectrum of L 4. into two disjoint parts,
spec(Ly,q,c) = 01 U 09, o1 C B(0,1), o9 C C\ B(0,1).
Inside this circle there are exactly three eigenvalues, counted with multiplicities.

(ii) The three dimensional space E. 4. associated to the three spectral values inside the circle

C(0,1), and the corresponding spectral projection Il, 4. are analytic in v, a and c.
(iii) The three eigenvalues inside the circle C(0,1) are the solutions A of the equation
det (ML g ¢ — I1y g.cLy,a.cllya,c) = 0, (6.2)
where the operator in the parentheses is considered as linear map from E. 4. into itself.
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(iv) The projection I1, . satisfies the equality

l
H'y,a,c = 271'1 / Z Y0, c 'y,a cRg,a c()‘)) d)‘7 (63)

C(0,1) y>1

wn which Rgac()\) s the resolvent of L7a c- Hence, IL, 4 . is analytic with respect to

(v, a,c).

Proof. The first three statements follow from the results in [7, Chapter IV, § 3.5]. Finally,

the last statement is obtained from the formula for the resolvent R, 4 () of Ly 4,

£
R’y,a,C(A) Rgac()‘) (ld L'lyacR'yac()‘)) - Rgac ZRvac 'yacRg,a c()‘)) ’
1

and the Dunford integral formula for the projection. |

6.2 Spectrum of L, , . outside B(0,1)

In this section we prove that the spectrum oy of L, , . outside B(0,1) is included in the imag-
inary axis. This part of the spectrum of L, , . is located in a neighborhood of the eigenvalues
iwd(v,a,¢), |n| > 2, of L7 ac- For sufficiently small ¢ these eigenvalues satisfy Hypothesis
H1 in Corollary 4.3, and therefore share spectral gap properties with the eigenvalues for vy
bounded away from zero. Consequently, in order to locate o3, we can proceed as in Section 5

for v bounded away from zero. We have the following two results.

Lemma 6.3 There ezist positive constants c1g < cg and r1g such that for any ¢ € (—c9, c10),
a € (—ag,a0), v € (—8,78), and any n € Z with |n| > 2, the operator L, q. has a unique
eigenvalue iwn(7, a,c) in B(iwd(y,a,c),m10(1 + |n|)) and this eigenvalue is purely imaginary.
Moreover, the map (a,c) — wn(7,a,¢) is analytic, and wy(7,0,0) = w3(7,0,0) = (n + )5 —
(n+7)°.

Lemma 6.4 There ezists a positive constant c1; < c19 a such that for any ¢ € (—c11,c11),

a € (—ag,ap), and v € (—78,78), the spectrum of L. 4. satisfies
3 = 5pec(Lyae) N{C\ B(0,1)} C | J B(iwd(v,a,¢),m10(1+ [n])).
In|>2

Consequently, oo C iR

The proofs of these two results are very similar to the ones of Lemma 5.1 and Lemma 5.2 in
Section 5, and we therefore omit the details. They both rely on the resolvent estimate (4.2),

in which we take My = — here while My =
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6.3 Spectrum of L, , . inside B(0,1)

This last section is devoted to the study of the spectrum of L. 4. inside the circle C(0,1).
This part of the spectrum consists of precisely three eigenvalues counted with multiplicities.
These eigenvalues are solutions of the equation (6.2), and they can be located provided one
can compute and solve (6.2). This turns out to be a rather difficult task, in particular due to
the fact that the range E, 4. of the projection IL, ;. is a three dimensional space depending
upon the parameters 7, a, and ¢. Such a direct calculation can be performed for the (much
simpler) KdV equation (see Remark 3.1), using the Taylor expansions in the two parameters
v and a of the different quantities involved in (6.2). The presence of a third parameter ¢,
and the more complicated structure of the Kawahara equation make this calculation much
harder. Therefore, we choose here a slightly different approach. Instead of working in the
parameter dependent space E, , ., we work in the fixed space E spanned by the functions 1,
i i

, and e”'*. In other words, we replace the spectral subspace E, 4. associated to Ly 4 by

0

~v.a,c- This can be achieved via the next lemma.

the spectral subspace E to L

0
77a7c

, associated to the three eigenvalues iwg, iw?, and iw®,, respectively, and TI° the

Lemma 6.5 Consider the spectral subspace E to L spanned by the eigenvectors 1, e'®,

and e”'®
corresponding spectral projection, defined in Section 6.1. There exists a positive constant c1o <
c11 such that for every c € (—ci2,c12), a € (—ag,ap), and v € (—7s,7s), the projections IL, 4 .
and TI° realize isomorphisms between E — Eyqc and E, o — E, respectively. Consequently,

the three eigenvalues of L q . inside the circle C(0,1) are the solutions X of the equation
det (II°(AILyq,c — Loy,a,e1ly,0,)T1°) = 0, (6.4)

where again the operator in the parentheses is considered as a map from Ey to Ey.

Proof. The two projections IL, . and I1° have finite-dimensional range and verify

1 n
I, e — T = H—/ R, .\ (L, R, (M) d)\H
Tae 2m c(o,1)nz£1 7,3,€ ( 7,8,C7 7,a,C )
< Ml <mi 1 1
= A s, o))

for sufficiently small |¢|, and some positive constant M, since on the circle C(0, 1) the resolvent
R) . ¢(X) is uniformly bounded (see Lemma 4.1 (v) and Lemma 6.1), and since ||L7 , .|| = O(lc])
(see equation (5.3)). This inequality together with the result in Appendix B, imply that IL, ;.

and II° realize isomorphisms between their images, and the lemma is proved. ]

We now use (6.4) to locate the position of the three eigenvalues of L, inside the circle

C(0,1). Notice that the right hand side of this formula is a polynomial in A of degree 3, with
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coefficients depending analytically upon +, a, and ¢ (see Lemma 6.2 (iv)). We denote this

polynomial by D(v, a, c)[A], so that (6.4) reads

D(7y,a,¢)[A] := det (T°(X\ — Ly,q,¢)1y,0,I1%) = 0. (6.5)

Remark 6.6 From the symmetry properties of the linear operators L q. we deduce that if
D(v,a,c)[A] =0, then

D(v,a,c)[-A\] =0, D(—v,a,c)[-A] =0, D(—~,a,c)[A]=0.

Lemma 6.7 For every ¢ € (—ci2,c12), a € (—ag,a9), and v € (—~s,7s), the polynomial

D(v,a,c)[\ has the following properties.

(i) The coefficients of D depend analytically upon (7, a,c) in some neighborhood of 0 in R3.
(i) D(~,a,0)[\] = —D(y,0,0)[-] and D(v,~a,c)[\] = D(y,a,¢) \].
(iii) At a = 0, the three Toots of D(v,0,c)[\] are iwd(v,0,¢c), n =0, +1.
(iv) At~y =0, zero is a triple root of D(0,a,c)[)], and D(0,a,c)[\] = a3 with a = 1+0(a%c).
(v) Set A\ = ikv with k = k(a,c) given in Theorem 1. Then
D(y,a,¢)likv] = (ik)*a(v, a,¢)A' (7, a, ) [V,

where A'(7y, a,c)[v] is a polynomial in v of degree 3 with real coefficients which depend
analytically upon (7,a,c) in some neighborhood of 0 in R3. Moreover, a(y,a,c) = 1+
O(a?[c| + 7))

(vi) There exist positive constants c13 < c12, a13, and y13 < ~g, such that for any ¢ €
(—c13,¢13), a € (—asle|*, ars|c|*/*), and v € (—y13,m3), the polynomial A'(v,a,c)[v]
has three real roots. Consequently, the three roots of the polynomial D(vy,a,c)[\] are

purely imaginary.

The last part of this lemma shows that the three eigenvalues of L, , . inside C(0, 1) are purely
imaginary. Consequently, the spectrum of L, ,. in a neighborhood of the origin is purely

imaginary. This observation concludes the proof of Theorem 2.

Remark 6.8 A direct calculation using the explicit formulae (6.5), (6.3), and (6.1) shows
that in fact the coefficient a(y, a, ¢) is also real. However, we do not need this fact in the proof

of the lemma.
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Remark 6.9 The regime where A,y ~ 0 is usually referred to as the long-wavelength, small
frequency regime, where modulation equations can be derived. Our results so far show that,
on the linear level, all instabilities necessarily derive from instabilities in this long-wavelength
regime. A particular wedge of this long-wavelength regime is captured (formally) by the Witham
equations [22, §16.15].

Proof. [of Lemma 6.7] (i) Theorem 1 and Lemma 6.2 ensures that I, ;. and L, 4. depend

analytically on (7, a,c). Hence this is also true for D(v,a,c).

(ii) Set Ay qc[A] = o\ — Lma’c)Hma,cHO, and we use the same notation for the 3 x 3 matrix
associated to this operator in the basis {1,e'®,e"%}. Since L., 4 anti-commutes with the
reflection operator Sf(x) = f(—2), L_yacS = —SLyqa., we also have I1_, ;.S = ST, o .
Consequently A_, ,.[A]S = —SA, qc[—A], from which we deduce the first equality. Notice

that the matrix associated with the reflector S in the basis above is

100
S=]1001|. (6.6)
010

The second equality is obtained in the same way by arguing with the translation T'f(z) =
f(z + ) instead of S (see Remark 2.1 (i)).

The statement (iii) is an immediate consequence of the fact that L, g, = L2707C.

For a # 0 and ¢ # 0, the first part of (iv) follows from the Remark 3.5 (ii) which shows that
zero is an eigenvalue of Lg 4 . with algebraic multiplicity three, at least, and the fact that Lo
has exactly three eigenvalues inside the circle C(0,1). Then D(0,a,c)[\] = aA3, and a direct
calculation using (6.5), (6.3), and (6.1) shows that o = 1+ O(a?c). For a =0 or ¢ = 0, (iv) is

obtained by direct explicit computations since L g, = Lg,o,c and Ly 0 = Lg,a,o-

(v) We set A\ = ikv with k = k(a,c) given in Theorem 1. Since % is close to 1 and therefore
different from 0, we can write D(y, a,c)[ikv] = (ik)*A(y, a,c)[v], in which A(y,a,c)[v] is a

polynomial in v of degree three,
A(7,a,c)[v] = aav® + bar? + cav + da. (6.7)

Here, the coefficients aa, ba, ca, and da depend analytically upon +, a, ¢. The result in (iv)

implies that ap = 1+ O(a?|¢| + |v]), so that we can write
A(va, ] = asA(na, )y Ay a, 0] =18 + Uar? 4 av - ds.  (68)

For any root A = ikv of D(v,a,c)[\], we have that v is a root of A'(v,a,c)[v], and from
the Remark 6.6, we find that if v is a root of A’(y,a,c)[v] then 7 is a root of A'(7,a,c)[V]

24



3 in the polynomial A’(y,a,c)[v] is 1, we

as well. Since the coefficient of the leading term v
conclude that this polynomial has real coefficients, and (v) is proved. Moreover, since k and
the coefficients of D depend analytically on (v, a, ¢) this is also true for the coefficients of A

and A’.

(vi) From (ii) we find that the coefficients ba and da of the polynomial A(7,a,c)[v]| are odd
in v, that aa and ca are even in v, and that aa, ba, ca, da are even in a. Therefore, by
and d/y are odd in v, ¢/ is even in v, and b/y, ¢/, d/y are even in a. Next, from (iv), we have

that b/, = ¢/, =d)y =0 at v =0, so that we can write
A=bar+O0(?), p=cAr* +0(vy"), dy=dxy+dry* +0(P),

in which b}, ¢4, and d’\ depend upon a and ¢ and are even in a.

The polynomial A’(y,a,c)[v] has three real roots if the discriminant
8(7,a,¢) = 18V\chdp + bECE — ab3d\ —4c3 —27d3,

is positive. Notice that §(v,a,c) is analytic with respect to (v, a,c) and even with respect to

both v and a.
We prove in Appendix A that di = 0, so that 6(vy,a,c) = O(v%). From (iii) we find

8(7,0,¢) = 313672 + O(|c|y® + +19).

Next, since L, q0 = Lg’o,o, we have §(y,a,0) = §(7,0,0), so that in the Taylor expansion of
d with respect to v, a, ¢ there is no monomial of the form 4"a™ with m > 1. Finally, we take

into account the parity properties of §, and obtain the expansion

8(v,a,¢) = agg a?ey® + s a2 + aui atey® + auge a*c?y® + 313648

(6.9)
+0(a?[c[3y® + a*[c[*y5 + a®|c|y® + |c|y® +410).

We calculate the coefficients ampg in (6.9) in the following way.

1. We first compute explicitly, the coefficients Ezj (¢) and pp m(c) of the power series (2.4)
and (2.5) for j < 2 and n+m < 4, and obtain the expansion for the frequency k and the
periodic orbit p, . up to order a*. This is achieved by induction when identifying the
powers of a in (2.7) in which k and pg . have been replaced by their power series (2.4)
and (2.5).

2. Next, using these explicit formulae for k¥ and p,. up to order a*, we deduce explicit

: 4 0 1 0
formulae, here again up to order a®, for Ly, ., L), ., Ry,

and finally for D(v,a,c)
and 6(v,a,c). The expression obtained for §(v,a,c) is exact with respect to v and ¢,

and up to order 4 in a.
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3. Expanding this last formula with respect to v and ¢ we finally compute ampe explicitly
for m <4 and p < 2.

These long computations have been performed with the help of MAPLE. We finally get

308

ag1e =0, 226 = 5 Q16 = 0, ase =0,

so that
308
8(1,0,¢) = =a’c*y" +31367° + O(a”|e[*y" + a’|e[*° + a®lely” + [ely® +777).

This quantity is positive if |c| is sufficiently small and a = o(|c|*/4), which we assumed in the

last part of the lemma. |

Remark 6.10 Instabilities (corresponding to a negative discriminant 6(y,a,c)) occur for 1 >
a> |c|i if one of the coefficients 16 of a™cy® in the Taylor expansion of 5(v,a,c) does not
vanish. The explicit computation of these coefficients for m > 6 turns out to be completely

intractable and we found no theoretical evidence that they should all vanish.

Appendix A

We show that the coefficient d in the proof of Lemma 6.7 vanishes. The coefficient dy in
(6.7) is obtained from

detA, 4 c[0] = D(v,a,¢)[0] = (ik)*anA' (v, a,¢c)[0] = (ik)*andh,

so that we have to show that the coefficient of the O(7y) term in the expansion of detA, 4 [0]

vanishes.
We write

A%a,c[o] = _HOL’Y,G CH%G CHO HO(LS a,c + L'ly a, c)(HO + H'ly a, C)HO

= -, n°-nrc, (m+m, ) — L9, 0l 100
in which IT} , . denotes the sum in the right hand side of (6.3),
H}r,a ¢ / Z RO,G,C L}r,a cR'y,a c(s))n ds.
C(0,1) n>1
Recall that L , . = k(0% +17)(pa,c'). Then, we can write
A’Y,a,C[O] = 'y a, cHO (al‘ + iV)HOBHO: (Al)
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in which B is a bounded linear operator. Here, we have used the fact that each term in the

sum in the explicit formula for II} . . contains at least one factor L} and that (0, + iv)

’77a’c 77a’c,
commutes with TI° and RY , .(s). From (A.1), we obtain
Y7o0,0 Y7o,1 YM0,-1
Ayacl0] =ik [ (y+mo (v+Dma (v+Dm-—1 |, (A.2)

(y=Dn10 (y=1)n-11 (y—1)mn,1

in which the coefficients 7, ; depend analytically upon 7, a, and c¢. Then detA,,.[0] =
(ik)3vy(y2—1)det(n;,j), so that the O(v) term in det A, 4 .[0] vanishes if the determinant det(; ;)
vanishes at v = 0. From the relation A_, ;.[0]S = —SA, 4.[0] and the explicit form (6.6) of

S, a direct calculation implies that at 7 = 0 the matrix (7; ;) has the form

0 0 0
Moo "o1 "o

. — 0 0 0

(m,])|7:0— Mo Ma1 M1 |-

)

77?,0 77?,—1 7)?,1
and a sufficient condition for its determinant to vanish is that 7 ; = 7{ ;. We compute these

two coefficients with the help of Agq4c[A], and show that they are equal, so that det(r; ;) = 0.
By arguing as for (A.2) we find

v 0 0

Avaclikv] =ik | vado+ndy  vd) +ndy w8 404 |,
’/50—1,0 - 77?,0 V50—1,1 - 77?,—1 V50—1,—1 - 77?,1
in which §; ; are analytic functions in a and ¢, and 7}?, ; are precisely the coefficients before.
Since detAg qc[\] = aA3, the coefficient of the linear term in v in detAg 4 [ikv] vanishes, so
that we have (77?71)2 = (n?,71)2. The Taylor expansion in (a, ¢) of 77?,1 —l—n?,,l can be computed
from the Taylor expansion of the periodic wave p, . and the explicit formulae (6.5), (6.3), and
(6.1). At second order in a, we find

1
77?,1 + 77?,,1 = Ea%z + O(a®c+ a®c?),

so that 77?71 + 77?,,1 does not vanish in some open set of sufficiently small values of a and c.
Then 77?,1 — 77?’_1 = 0 in this open set, and we conclude that 77?,1 — 7](1)7_1 = 0 due to analyticity.
Appendix B

Lemma B.1 Let X be a Banach space and let II and II' be two projections in L(X). Denote
by E and E' the range of II and II', respectively.
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If 11 has finite rank and

1 1
|- I| y, < min , ,
£ Moo, T,

then the two projections I1 and II' realize isomorphisms between E' — E and E — E', respec-

tively. In particular, they have the same finite rank.

Proof. Observe that IIoIl' o II € £L(FE) and that
Ooll'ol=idg + o (II' — ) o II.
Then, since II|, = idg we get that

||H © (HI - H) © HH[,(E) < ||H||L(X) H(H, - H) <L

lece)
Thus, IT1 o IT' o IT is one to one from E onto E. In particular,
E=TloIl' oII(E) =M o II'(E) CII(E') C E,

so that
I(E'") =E, dimE < dim E’ < 0.

Similarly we prove
' (E) = F', dimE' <dim E < co.

This ensures that II and II' have the same finite rank and realize isomorphisms between

E' — E and E — F’, respectively.
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