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Résumé

Soit G un groupe abélien localement compact et w un poids défini sur G; le but de ce
travail est I'étude des éléments presque périodiques a poids dans les G-modules et L., (G)-
modules.

Abstract

Let G be alocally compact abelian group and w be a weight function on G; this study is
concerned with the weighted almost periodic elements of G-modules and L}U (G)-modules
and the relationship between the various definitions.

1. INTRODUCTION

In the study of almost periodic functions the translation is generally an isometry ([1], [2],
[5], [9]). But in the weighted normed space it is impossible to obtain an isometry by the trans-
lation operators.

Let G be a locally compact abelian group, a Banach space E is said to be a G-module if G
actson E i.e. there exists amap L, from G into the invertible bounded operators of E such that
Ly =1dentity and Ly+y = Ly L,. Whenever || Ly|| = 1 forevery x € G, in the study of the almost
periodicity, L' (G)-modules are the natural spaces ([4], [9], [10]).

In the present work, Ly is not necessarily to be an isometry and the correspondent spaces
are the L(IU(G)-modules where L}U(G) is a Banach algebra under the convolution and w is a
weight function, for example, w(x) = max{1,l|Lyll}, ([11], [13]). First the fundamental defini-
tions and the properties of the G-modules and the L}U (G)-modules are presented, then the de-
finition of weighted almost periodicity is given. The relationships between various definitions
in G-modules of L}U (G)-modules are studied.

As an application, it is shown that if G is not compact and lim,_..w(x) = +oo there is no
non-null weighted almost periodic function in Lf,(G), 1< pg oo
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2. NOTATIONS AND GENERAL FRAMEWORK

2.1. G-module
A Banach space E is called a G-module if there exists a group representation L of G into the
group of the invertible operators of E with Ly = I (identity) and Ly+y = Ly © Ly.
Given such a G-module E, denote by
Ep={e € E | sup{llLyell, x € G} < =}
E.={e € E | x — Lyeis continuous}
Eyc = {e € E | x — Lyeis uniformly continuous}
Ecp=EcNEp, Eycp = Euc N Ep .
All these spaces are Banach sub-G-modules of E.

Let w be a (continuous, measurable) nonnegative function defined on G; by Proposition
1 of Spector ([13]) w can be continuous without loss of generality. Denote by L (G) = { f |
fw € LP(G)}, 1 £ p £ o, with the natural norm || flipw = Il fwllp, L('Z,(G) is a Banach

space. Its dual space is LZ,I (G) with % + # =landl < p < .

Let w be a weight (continuous, measurable) function on G, i.e.

wx)>1,VxeG

wx+y Kwx)w(y), Vxye G.

In this case Lf)(G) c LP(G) and Lf,(G) isa G-module, 1 < p < oo, for (Ly f)(y) = f(y — x)
with || Ly]| € w(x).For p=1, L}U(G) is a Banach algebra under the convolution.

Throughout this paper, w always denotes a weight function.

2.2, L‘lu(G)-module

A Banach space E is called a L}U(G)—module if there exists an algebra representation T
(continuous) of L}U (G) into L(E,E) the algebra of bounded operators of E into itself with

ITFI< I flvw

Tf*g = Tf Ty where * is the convolution productin L}U (G).ForeinE, ( Tf) (e) isdenoted f *e.

A L}U(G)—module E is order free if for each e € E, e = 0 there exists f & L}U(G) such that

f * e+ 0.Thesubspace Egeg = {e € E, f xe=0,V f € LL (G)} is called the degenerate
part of E.

For an L}, (G)-module E its essential part is defined by

Eess={f>ke, feL}U(G),eeE}

={eeE, limua*e=e},
(64



where {4}« is @ bounded approximate identity (b.a.i.) of L}U (G). For the existence of a b.a.i.
see Gaudry ([8, Lemma 3]).

Eess is a Banach subspace of E and the precedent equivalence is obtained by Cohen’s fac-
torization theorem. A L}U (G)-module E is called “essential” if Eess = E. The subspace Eegg is an
order free L}U (G)-module.

2.3. Compatible translation

A L}U(G)-module E has a G-action if E is also a G-module with Ly Ty = TrLy = T( fx)
where fi(y) = f(y —x) =Ly f,Vx,y € G,V f € L (G).

Let us remark that if E is a G-module then
w(x) = max{l,||L|l}

is a weight (measurable) function, E, is a L}U (G)-module with G-action, the L}U (G)-action is
given by

feLlG ~ f>|<e=/Lxe(f(x) dx

G
with

I f*elg </ [ Lxelll f(x)| dx
G
< IIeII/ L f O] | Ly |l dx
G

< IIeII/ [ f(xX)w(x)dx =1 fll1ellell .
G

And also if E is a G-module and w is a weight function such that || Ly|| < w(x) then E; is a
L}U (G)-module with G-action.

In the same way an essential L}U(G)—module has a G-action defined by if e = f; * ey,
fi € LL(G), e € E then:

Lye= (Ly f1) x e1 = li(an(Lxua) * e

where (L)« is a b.a.i. ofL}U(G).
In this case it follows || Ly || < w(x).

Comparison between E; and Eggg :

LEmwMA 2.3.1. — Let E be an order free L}U (G)-module with a G-action then:

i) Ifey is acluster point of {Lix * e} x Where {ly}x isab.a.i.then e = e and e € Eegg.
ii) Ife is acluster point of {Lye;} whenx — 0 thene; = eande € E.

Proof. — (i) Let f € L}U(G).There exists a subnet ug such thatlimg f *ug*xe= f *e =
limg(ug * f) * e= f * e.Itfollowsthat f x (e —e;) =0 ie. e — e = Egeg = {0}.

(ii) can be deduced in the same way. O



DEFINITION 2.3.2. — A G-action and a L}U (G)-action are said to be compatible if there exist
a,b € R™ such that

) Ly(fxe)=foxe=fxLe, x€G ecE, felLl(G).
ii) allLyll < w(x) < bllLill, x € G.

THEOREM 2.3.3. — Assume that x — || Lyl is locally bounded on G, then E, is an essential
L}U (G)-module with a compatible G-action for the weight w(x) = max{1,{L,ll}.

Proof. — It is clear that E is a L}U(G)—module with a compatible G-action. Let us show
that E, is essential. It suffices, by Cohen’s factorization theorem, to show that for a b.a.i. {1} «
of L}U (G), every e € E, satisfies

lim|luy —e—el|| =0.
04

Let V be a compact (symmetric) neighborhood of zero in G. There exists a non-negative (conti-
nuous) function fy with compact support V such that fy (0) = 1and || fy ll; = 1; the family
{uv = fv, V C K} where K is a fixed compact neighborhood is a b.a.i. with [[uy 1,6, <
sup{w(x), x € K}. It follows that:

II/ Lyeduy — el = | / (Lye —e) duy |l
G G

< llpv i, supillLye —ell, x € V'}

<

supfw(x),x € VisupillLye —ell, x € V}.

luy * e — ell

Since x — || Lyl islocally bounded and e € E,,
lim *xe—el=0.
im | o |
O

COROLLARY 2.3.4. — Let w be a measurable, locally bounded weight function and E be a
L}U (G)-module with a compatible G-action. Then the equality Eess = E. holds.

Proof. — Since w is a locally bounded weight functionthen x € G — Ly f € L. (G)isa
continuous map and then Eqgq C E.

Conversely, since the G-action is compatible then the function x — ||L,|| is locally boun-
ded, so that E, C Eegs. |

2.4. Dual module

The dual E’ ofa L}U (G)-module E is also on L}U (G)-module for the action defined by:
(fxé,e)y=(e,fxe), feL(G),e cE, eckE.

It is the same for a G-module.

The degenerate part (E”)geg in E’ is the orthogonal of Eess and E” is order free if and only if
E is essential.



2.5. Examples

Lf)(G) ={f € Llloc, fw € Lf,(G), Il fllpw =l fewlip}, 1 < p < o is an essential-
module and the translation is a compatible G-action, here w is a locally bounded mea-
surable weight function.

LG ={f el,L er(GIfllor =1L} 1< r < wisan order free
L}U (G)-module and the translation is a compatible G-action.

Forl < r < o, L;,l is an essential L}U(G)-module.

If w(x) is continuous then { f bounded and uniformly continuous } C (Li,1 )ess-

If w(x) is continuous and lim,_g w(x) = o then {f bounded and continuous } C
(Lz—l )ESS'

Let E be a Banach space and T is an invertible, bounded operator of E, then E is an
essential #}U(Z)-module with compatible G-action where w(x) = max{||T"|,||T~ "}

and the E}U(G)-action isgivenby a = a, € B}U(Z), axe= Y, a,T"e, the G-action is
nez
given by Lya = T"e.

3. HOMOMORPHISMS

3.1. General case

Because of the two structures on the essential part of a Banach L}U (G)-module there exist

also two homomorphism notions for an operator: Let E be a L}U (G)-module; a bounded linear
operator T from E into E is:

— invariant if T commutes with the “translation operators”, TL, = L, T, Vx € G, thatis

T € Homg(E,E);

- multiplier if T commutes with the “convolution operators” T f = fxT (TTp=T¢T),
V f € L},(G), thatis T € Hom,1,, (E,E).

The equivalence of this two notions in the general case is a classical problem of harmonic

analysis.

THEOREM 3.1.1. — Let E and F be two L}U (G)-modules with G-compatible translation then

HomL}U(E,F) C Homg(E,F).

IfF is an order free L}U (G)-module then

HomL&)(E,F) = Homg(E,F).
Proof. — The proof may be found, for example in [4]. U

3.2. Particular case

The following statement is important for the definition of the weighted almost periodic

function.



Let B be an order free L}, (G)-module with compatible G-action. Throughout this part the
space
Homg (L., (G), E) = Hom;1,, (L. (G), E)

is denoted by (L}U (G), E). Itis obvious that (L}U (G),E)isa L}U (G)-module with a compatible
G-action and since L}U (G) * L}U(G) = L(IU(G), (L(IU (G), E) is order free.

Since E is an order free L}U(G)-module, the natural continuous homomorphism j : E —
(LY, (G), E), with j(e)(f) = f * eisinjective.

In the general case j(E) is different from (L} (G), E) (for example (L (G), L. (G)) =
M, (G), where M, (G) is the space of measures u such that pw is bounded), ([8]).

LEmMMA 3.2.2. — j(E) isdensein (L}U (G), E) for the strong operator topology with

(LL(G), E) C (LY (G), Eess).

Proof. — Let T bein (L}U(G), E), (uy)x beab.a.i. ofL}U(G) then
(Tf) =liOI}1T(ua * f) =liglf * (Tu),
since (Tuy) € Eand (Tuy) * f € Eegs the result follows. |

THEOREM 3.2.3. — Let E bea L}U (G)-module, the L}U (G)-module isomorphisms follow:

i) (Ly(G), E) = (L}, (G), Eess)

i) (LY (G), E)ess = Fess
iii) (LY, (G),(LL(G), E)) = (L, (G), E)
iv) (LL,(G),E") = (Eess)'.

Proof. — By the Lemma 2.3.1, (i) and (ii) are obvious. From (i) and (ii) it follows
(Ly(G),(Liy(G), E)) = (L, (G),(Ly (G), E)ess) = (L (G), Eess) = (Liy(G), E).

The classical result Hy (X,Y') = (X ®4 Y)’, (see, for example [11]) gives here:

I

Homyy (Ley (G), E') = (Ly(G) @11 E)' = (Ly, % B)' = (Eess)".

CoRroLLARY 3.2.4. — IfE isan essentialL}U(G)-module, then (L}U(G), E') = E'.

IfE is an order free and reflexive L}U (G)-module then E is essential with (L}U (G),E) = E.

Proof.

— (LL(G), E') = (Eess)' = E
- (LL(G), E) = (LL,(E")) = ((E")ess)’ = (E') = E.



3.3. Examples

() (LL(G), LE(G) = LE(G), 1 < p < .
(i) (Ley(G), L2 (G)) = (Ley(G)) = L2, (G).

4. WEIGHTED ALMOST PERIODICITY

The classical concept of the Bochner almost periodicity (normal function, [1]) fore € E C“’ is
defined for a G-module as e is almost periodic if {Lye, x € G} is relatively compact. But when
the G-action Ly is not an isometry, it will be defined as the following:

DEerINITION 4.1. — Let E be a G-module and e € E,, e is called weighted G-almost periodic
element if {ﬁ’ x € G} isrelatively compactin E.

Denote by Ej), is the set of all the weighted G-almost periodic elements. It is clear that Ej),
is a G-submodule of E. The definition of E,;”p can be defined in the frame of the L}U (G) with a
compatible G-action by the following equivalent conditions

o) {HLL%QH’ X € G} is relatively compact;

(ii) {%, x e G} is relatively compact.

Indeed, (i) and (ii) are equivalent to (respectively)

Lye
{2\ ||Lx & x € G, A € I compactinterval of [R},
X

L
A € ,X € G, A € I compactinterval of R
w (x)

are relatively compact. Since the G-action is compatible it follows

L L L
{A xe,xeG,Ae[O,a]}C{ iad xeG}c{A xe,xeG,Ae[O,b]}

w(x) | Lell’ w(x)
by the all Ly |l < w(x) < bllLyll.

Lye
w(x)’

REMARK 4.2. — Note thatif {L,e, x € G} is relatively compact than {
relatively compact.

X € G} is also

As the case w = 1, the following classical result is obtained ([5], [9]):

THEOREM 4.3. — Let E be an order free L}U (G)-module with a compatible G-action where w
is a continuous weight function, for e € E the following statements are equivalent:
. . L.e . . .
(i) e € E satisfies {ﬁ, X € G} is relatively compact;

@ii) jle): f € L}U(G) — [ % e € E isacompact multiplier.

REMARK 4.4. — Note that the condition (i) implies that e is in E; by Lemma 2.3.1 and (ii)
that eisin Eegg, by the Theorem 2.3.3 and Corollary 2.3.4, the existence of a compatible G-action
in the hypothesis is redundant.



Clearly, E4 ) is an essential L}U (G)-module with a compactible G-action contained in Ep,.

COROLLARY 4.5. — Let E be an L}U(G)-module with the compatible G-action and T be a
compact multiplier from L}U (G) into E, then there exists e € Egp suchthatT = f(e).

Proof of'the corollary. — Let {uq}« beab.a.i. of L}U (G), then for every &, T (Uy) = ey isin
Eqp and

T(ua * f) = f *ex= jlex)(f).

Since {py}« is bounded then { T (uy) } « is contained in a compact of E and let e be an adherent
element of {ey}, so

Iim fxex=lmT(uxx f)=Tf=fxe.
6 6

Since E, p is essential, it is order free and e is unique.

O

Ly,
Proof of the theorem. — The condition (i) is equivalent to the convex hull { E aiﬁ;f),
1
1

> lail < 1} is relatively compact or {Z aiLye, Y lajlw(x;) < 1} is relatively compact.
i

To show the theorem it is sufficient to prove that A = {Z aiLy,e, dlailw(x;) < 1} and
i

B= {f xe [ e L}U(G), I fll1e < 1} have the same closure in E. This statement is classic for
the case w(x) =1 (see [5], [9], [12]).

(i) = (ii): Let f bein L(IU(G) with || fll1,0 < 1, without lost of generality, f can be chosen
with support compact K.

Note that by the remark, e is in Eess = E; and on the compact K, the maps x — Lye and
x — w(x) are uniformly continuous then for all ¢ > 0 there exists a finite family of x; € K,
i=12,...,n K;Borelsets, i = 1,...,nsuch that:

x,-+K,-mxj+Kj=®,i¢j

n
- Uxi+Ki=K
i=1
lw(xi+h) —w(x) <& heK;
= Ly, +pe — Lyell <& h €K

Let us start to show

/ inef(x) dx
xi+K;

n

ey

i—1

n
Z/ (Lye — Ly,e) f(x) dx
i=1 xi+K;
n

<o [ irwiar<eisih<e sl <e
i—1 xi+K;



Denote «; = fxi+Ki f(x) dx, it follows:

n
> lailw(x) < Z/ | f () |w(x;) dx
i=1 i XK

<Z/ |f(x)||w(x,~)—w(x)|dx+/ | f(x)w(x) dx
: xi+K; x+

K
S flhho el flli <Ml +e).

it follows:

Lol (x;)
D lailw) <y === < flhw <1

o
Ifxe=) jailgel <If*e=) cilyel +1) ailye - ——Lel
1
<e+ ||Zcx,~Lxl.e|| (1- =)
|| er|< 3 )
et ; : —
Z' |w (x;) \1+¢

Denote a; = 1+E,

1 +eE Il Ly
e+ gllell sup )
1+¢ x w(x)
Since the action is compatible there exist a and bsuch that0 < a < (‘UL’;“) < bandso |l f * e —

Z aiLy;ell < &(1+ blle|l) and then the closure of A contains B.
As the same way, mutadis mutandis

(i) = (i):Let ) a;Ly,e be an element of A with > lailw(x;) < 1, without loss generality, it
is accepted that the sum is finite. As the precedent there exists a finite family x;, 1 = 1,2,...,n
and K; open, relatively compactseti = 1,2, ...,n such that:

—x,-+K,-mxj+Kj=®
- lw(xi+h) —wx)| <& heKk;
- ||in+he - in” < & h e Ki'

Hence

n

X +K; (X) Xx;+K; (%)
Z“z% Zm/ﬂ( o [dxH <Q_lail [ lLge = Leel == dx
1

i=1 xitK;

n n
<ed lal <&y lalw(x) <e
i=1 i=1

n Xxi+K; (),
Denote g(x) = Z aiW’ it follows:

n n
/Ig(x)lw(x) dx = Z il X0 () - () dx+ 3 Il ()

ke Kl P

EZ la;l +1 < Z lajlw(x;)(e+1) < 1+

i=1



Denote f(x) = £ it follows with [| £l < 1:

n
HZaiine— f>|<eH< Z“iine_g*e +llgxe— f el
i=1

1

Let 1-——)-lle
< e+ lglhwl 1+€) el

£
Le(l+e)— —=¢€(1+]el),
< & ) Ttz ( llell)

so the closure of B contains A. O
5. BOHR WEIGHTED ALMOST PERIODIC ELEMENT

The classical definition of Bohr almost periodic function is based on the notion of “almost
period” ([1], [2]).

It is known that Bohr and Bocher continuous almost periodic functions are the same ([5],
[6]). The notation of Furshtenberg ([6]) for the uniformly recurrent function motivates the fol-
lowing definition:

DEFINITION 5.1. — An element e of a G-module is said “weighted uniformly recurrent” if for
every € > 0 there exists a compact set K of G such that for every x € G there exists k € K such
that
Lye Lye

Ll ILgll

Denote the set of these elements by E ;..
THEOREM 5.2. — Let E be a G-module. Then

EY = ES N E..

Proof. — Let us show the inclusion E;fp C Ey, N E.. First, by Remark 4.4 E;;;, is contained

in E.. Now, let e € Ez‘l"p. Since { ”LL—);e”, x € G} is relatively compact, then, for every ¢ there exists

afinite family {x; € E, i = 1,...,n} such that for every x € G there exists i with
' Lye Lye
ILxll Nl Lyl

andtake K = {x;,i=1,...,n}.

To show that E) N E; C E;’p, lete € EJ). N E,, and € > 0, there exists a compact set K such

that for every x € G there exists k € K with

ILell Il Ll

Lye Lie
i i <

since e € E. the map x — Lye is continuous then A = {ALye, x € K, A € [0,1]} is a compact
set. So for every € > 0 there exists a compact set A such that

Lye Lye
,xe G C , xe K+ +B(0,e) c A+¢
(I Lyl (I Lyl

10




where B(0,6) = {e; € E, |le;l] < ¢} it follows that { T ”, X e G} is paracompact, i.e. it is
relatively compact. U

REMARK 5.3. — Note that if{ﬁf—fh, x € G} and {M x € G} are relatively compact then

I Lxll”
{Lx‘(l‘ﬂlez) , X € G} is also relatively compact but if e, e; € Ey perhaps e; + e may not be in

Eyur.

REMARK 5.4. — Let E be a L}, (G)-module with compatible G-action, ife € Ey, and f €
L}U(G) then f x eisin Eyr N E; = E(;"p. ItfollowsE;’p SEN < (L E

6. APPLICATION

let E = Lf,, 1 < p < +o, it is known that Lf,(G) is a L}U(G)—module with compatible
G-action. If w = 1, it is shown that Lf)(G), (1 £ p < o) have no non null almost periodic
element if and only if G is compact ([3], [5], [14]). Now it will be denoted that:

THEOREM 6.1. — Let G be locally compact, non-compact, abelian group and w be a (conti-
nuous) weight function with
limy_ o 0 (x) = +00

then(Lp ={0},1 < p< .

REMARK 6.2. — Note thatin thecasew =1, (L°°(G))ap + {0}. Theconditionﬁxﬁww(x) =
oo Is essential.

) fo
ap’ w(x)’

_ p
{h(x,y) = '%}C)ﬂ , X € G}

is relatively compact in LY(G) and also by the Fourier transform the set {ﬁ(x,y), x € G}isalso
relatively compact in Gy (G). It follows

A - p —_—
h(x,y>=/ (M> ) dy
G

w (x)

Proof. — Let f bein (L}
Lf) (G) then the set

1 < p < o, since { X € G} is relatively compact in

x) du.

Alxy) = <’;’( iy T ).
f

If g=1limy,- “L)%xn) withlimy, .. w(xy) = +co then |g|Pisin Ll(G) and

18P0 | = Jim 1) < [[1£17]]y Jim =

i.e.g=0.

anf
w(xp) pw

, p » 1/p
/(|fo|) wP(y) dy = (/ Flww(u+x) |pdu> N (/ (;) |f(u)|pdu>
w(x) w (x) w(—u)

11

+ 0. It follows:

On the other hand it will be shown that li_mxnﬂoo ‘




and for every compact K of G:

1/p
‘L"f > ! (/ If(u)lpdu> .
B sup{w(—k), k € K} K

w(x)
It is easy to choose K such that the second side is not zero. By the hypothesis limyegw(x) =
an f

w(xy)’

+oo there exists a sequence {x,} nen such thatlimy, .. w(x,) = + and the sequence
n € N} have not limit point.

So the only weight almost periodic function in Lf) (G) is the null function.

Case p = +oo,let f bein (L %p and @ € L}U c L! the Fourier transform of h(x,y) =

@) w(y) f&;f) satisfies

ﬁ(x,y) = / () fy—x)yy)w(y)

w (x)

_ w(u+x) ——
dy = (y,x>/<p(u+x)f(u)7<y,u) du.
w (x)

. 1
[h(x,y)| < —/ lp(u+ )| f(uw)lw(u+x)du
w(x)

N 1
IRyl $ —— I flleo [l @]

w(x) Le:

Let x, a sequence such that limy,_.. w(x,) = +c then the only possible limit of h(x,,y) is
Zero.

If g = limy, tf)?;cy]:) it follows for every ¢ € L}U(G) 0 = limy, qow(f)’;')’cr]:) = pwgie.
g = 0. On the other hand
| f(u)l (y — x) w(u+x) L
/ <‘fy w(y)‘=)f(u) \‘ 2
w(u) w(x) w(x) W(X) [ 0,00
and if f # 0 thenitis not possible that
L
fn M 1
xp—o W (Xy)
So the only weight almost periodic function in L7, (G) is the null function. O
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