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���H���`�H�]�H�:�.&��!�N�����.�H�t�]���������(�N�D���L�T�����t�[�¡ £¢��D £�N¤T�t�*�7¥¦�D���[���[¢>�£�����3�§�P�N�
C+ ¨ �£�©�N�ª o�L�§�D�ª����� t�r�Q�t�ª�D�¡�ª���H�7�[�N�ª���D���£�¡�N���¦#3�t�����©�����§�[«����[���[¢¬�t�������ª�

A3  ��®o���°¯r�L�N�D�¦�E±r�D�£�N�ª o��� xnz = P (y) ²�§���©�N�
P
�ª�X���� o�D�© o�D�(�Q�£�r�c�] t�P���� o¤¦���t�t�§�ª�N�3�[�ª¤¦�����:�N r £�N��³X´��:�E�£�ª���N�D��¤  ���D�©�Q�£�ª��µ©�E��#��t�D�ª���ª�©�§�[«B��[���[¢>�t�©����³U,.�[�ª�  �N�D�.�����E�t�� £¢{¶ ·7¸`���������[�©�N�ª¯]�.�N�����[�.�[���[¢>�£�����§�t��¹D¯]�©��¯��D�H���ª���� 7®��©�§�£���7¥¦�D�.���ª����§�P�N�º�£�
r ¨ ¢¬ o���� t�N�  �ª�c³�»��������{�  �ª®����[ t¤¦���©¼��D�ª�ª���P�§��¤½¯]���D���ª�  �{ £¢:�[�D�Q���[���[¢>�£�����§�ª�B�N ½�t���£¥¦����[�D�t���o³�¾X�ª�H�£�ª�ª�����3�Q�H�7�Q�t�©�N���N��µ©�¡�N�� o�[�3�[���[¢>�t�©���$�§�P�N�¿���[�N��®B���t�1Àº�t«t�£� ¨ 0y��¤T�£�D 7®T�ª��®t�£�N���£�B�E³

ÁºÂ.Ã�Ä�Å*Ã�Ä�Æ
O�GyCE57F1IX9*?�CE=@FHG Y
W]Ç S.=>;:5£ADCE=@FHG*R�ADG*I

C+ È AH?�CE=@FHG*R�FHG�G*FH5EÉÊAD<ËA�ÌÍG*KLR79:5�Î[AH?rKrR Ï
YXÇ�Ð K�G*K�5£AD<>=>ÑBKrI+ÒºADG:=@K�<@K�ÓTR7Ôc=.Õc9:5�ÎNAH?rKrR Ö
ÒºKo×*G:=>CE=@FHG+ADG*I�KoØ*ADÉÙ8:<@KrR�FDÎ

GDS
Ö

Ú�Û*K¿S.=@KrR7K�<@K�5T8:57KrR7K�GcC£ADCE=@FHG+FDÎ¡A
GDS ÜÚ�Û*Kº=>G*I:KoØ�FDÎ3A

GDS Ý^XÇ�Ð K�G*K�5£AD<>=>ÑBKrI+ÒºADG:=@K�<@K�ÓTR7Ôc=$R79:5�Î[AH?rKrR�ADG*I+A�ÌÍG*K¿ÉÍFcIX=¬×U?BADCE=@FHG*R WB\Ï Ç�Ð K�G*K�5£AD<>=>ÑBKrI+ÒºADG:=@K�<@K�ÓTR7Ôc=$R79:5�Î[AH?rKLAHR7R£Fc?�=ÞADC7KrI�C7FÍAÙÓ�K�=>ß]ÛyC7KrIà57FcFHC7KrI�CE57KrK W Ï4357K�<>=>ÉÙ=>GUAD5E=@KrR�FHG�57FcFHC7KrI�CE57KrKrR Ç W Ïá ÌÍG*K¿R7?7Û*K�ÉÍK°AHR7R7F1?�=ÞADC7KrI�C7FÊA°Ó�K�=>ß]ÛcC7KrIà57F1FHC7KrI�CE57KrK W ÖS.=>57REC¦8:57FH8�K�5ECE=@KrR�FDÎ�CEÛ*K¿R7?7Û*K�ÉÍKrR
VΓ,w

W Ü
C+ È AH?�CE=@FHG*R�FHG�CEÛ*K GDS MPR VΓ,w

Y]YS.=>;{K�57KrI�ÉÍF1IX=¬×U?BADCE=@FHG*R�FDÎ3A
GDS VΓ,w

Y]^Ö Çãâ Éä;{KrI:IX=>G:ß`R�FDÎ.ß`K�G*K�5£AD<>=>ÑBKrI+Ò¿ADG:=@K�<@K�ÓTREÔc=ËRE9:5�Î[AH?rKrR Y]V
VXÇ GDS

MPRTÓ¦=>CEÛàA�CE5E=>å1=ÞAD<§æJADÔ]AD5 ÈQç =>ÉÊADG*F�å�=>Gyå]AD5E=ÞADGyC ^]Yè�KoÎ[K�57K�G*?rKrR ^]é

ê

êEë�ì�ìoì½íäî£ï|ðDñ�ò¦îtï>ó>ô©õ3öD÷�ø¬ù7ñ[ô©ï�ú*ûªîtõNõNó ü{ôNîtï>ó>ýtþ`ÿ��������	� ² ��� %�
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Ú�Û*K�æ ADÔHAD5 ÈQç =>ÉÊADG*F�å ML (V )
FDÎLAJG*FH5EÉÊAD<�A�ÌÍG*K�RE9:5�ÎNAH?rK

V =
Õc8�Kr?

(B)
=@RÍI:Ko×*G*KrI AHR�CEÛ*K

=>GyC7K�57R£Kr?�CE=@FHG =>G
B

FDÎLAD<><¦CEÛ*K�=>Gyå]AD5E=ÞADGyC
5E=>G:ß`RÍFDÎ
C+ È AH?�CE=@FHG FHG

V Ç O�G åc=@K�Ó FDÎºCEÛ*K�Ó�K�<><�ÔcG*F�Ó¦G
?rFH5E57KrRE8�FHG*I:K�G*?rK°;{K�C�Ó�KrK�G AD<>ß`K�;:5£AD=@?

C+ È AH?�CE=@FHG FHG
V

ADG*I+<@Fc?BAD<><��àG:=><>8{FHC7K�GcCºI:K�5E=>å]ADCE=@FHG FDÎ�CEÛ*K
C ÈAD<>ß`K�;:5£A

B  ML (V )
=@RTCEÛ*K!=>GyC7K�57R7Kr?�CE=@FHG FDÎ3AD<><ËÔ`K�5EG*K�<@R�FDÎ3<@F1?BAD<><���G:=><>8{FHC7K�GcC�I:K�5E=>å]ADCE=@FHG*R�FDÎ

B Ç"! K
R£A#��CEÛUADC

V
ÛUAHRËA�CE5E=>å1=ÞAD<cæ ADÔHAD5 ÈQç =>ÉÊADG*FBåL=>GcåHAD5E=ÞADGcC Z FH5ËCEÛUADC V =@R$ADG

ML
iQ�tl1m�jr~`}£p _ =¬Î ML (V ) = C ÇO�G%$ Ý'& ADG*I($ WB\ & æJADÔ]AD5 ÈQç =>ÉÊADG*FBåÍ?BAD<@?�9:<ÞADC7KrI ML (V )

Î(FH5¡AD<><UÒ¿ADG:=@K�<@K�ÓTREÔ1=*RE9:5�ÎNAH?rKrR
V = VP,n  ß]=>å`K�G;)��CEÛ*K¿K+*c9UADCE=@FHG*R

xnz = P (y)
=>G

A3
C

Z $ ^ & _oÇ O�G�8UAD5ECE=@?�9:<ÞAD5  Û*K¿KrR7C£AD;:<>=@REÛ*KrI�CEÛ*KºÎ[FH<><@FBÓ¦=>G:ß Ç
,.-�/)0�12/436587:9 ~HwUn[poz@poh��<;�n��tl1m�jr~`}£p

V = VP,n
a1~D��~ b(mon>=�n(~Hz@?J~A;H~HmtiCB�nu�Í~Hw�k'=+n�w�=D~Hmtn[~HwUb�n j�~]w�D

kHw*zFEÍn j
n = 1

~Hw�D
deg (P ) ≥ 1

q
O�GäCEÛ*K¦R£ADÉÍK½8UAD8�K�57R  æ ADÔHAD5 ÈQç =>ÉÊADG*F�åÍAD<@R7F�?BAD<@?�9:<ÞADC7KrR¡CEÛ*KTAD9:C7FHÉÍFH5E8:Û:=@REÉ ß]57FH9:8 á 9:C

(VP,n)
FDÎ�A

Ò¿ADG:=@K�<@K�ÓTREÔ1=*RE9:5�Î[AH?rK
VP,n

Ç O�G°?BAHR£K n = 1  CEÛ*K¦RG�cÉÙÉÍK�CE5H�ä;{K�C�Ó�KrK�G x ADG*I z =>ÉÙ8:<>=@KrR3CEÛUADC�CEÛ*K�ß]57FH9:8á 9:C
(VP,1)

=@R�M ;:=>ßJI Ç æJFH57Käß`K�G*K�5£AD<><��  =¬Î½AÙG*FH5EÉÊAD<¡A�ÌÍG*K�RE9:5�ÎNAH?rK V ÛUAHR¿AÊCE5E=>åc=ÞAD<�æ ADÔHAD5 ÈQç =>ÉÊADG*F�å=>Gyå]AD5E=ÞADGyCäCEÛ*K�G =>CºÎ[FH<><@FBÓTR¿Î(57FHÉK$ Ü2& Z R7KrKÍAD<@R£FL$ W & ADG*I6$ Ï & _ CEÛUADCLCEÛ*K�ß]57FH9:8 á 9:C
(V )

ÛUAHR°ANM�AD5E=@REÔ1=
I:K�G*R7KLFH5E;:=>C�Ó¦=>CEÛ�×*G:=>C7K!?rFHÉÙ8:<@K�ÉÍK�GyC Ç
O�G!CEÛ:=@R.8UAD8{K�5.Ó�K½=>GcCE57FcIX9*?rK¦A�?�<ÞAHR7RËFDÎ�G*FH5EÉÊAD<:A�ÌÍG*K½RE9:5�ÎNAH?rKrR.Ó¦Û:=@?7Û�ß`K�G*K�5£AD<>=>ÑBKrR�CEÛ*K�G*FHG*R7=>G:ß]9:<ÞAD5

Ò¿ADG:=@K�<@K�ÓTREÔ1=$RE9:5�ÎNAH?rKrR Ç
� /PORQTSVUWSX0�QY5 á G*FH5EÉÊAD<�A�ÌÍG*KÊRE9:5�Î[AH?rK

V =
Õc8�Kr?

(B)
Ó¦=>CEÛ A

C+ È AH?�CE=@FHG =@RL?BAD<><@KrI A�ß`K�G*K�5£AD<>=>ÑBKrI
Ò¿ADG:=@K�<@K�ÓTREÔ1=$RE9:5�ÎNAH?rK Z A GDS Î[FH5TREÛ*FH5EC _ =¬Î�CEÛ*KºÎ[FH<><@FBÓ¦=>G:ßÊ?rFHG*IX=>CE=@FHG*R�Û*FH<@I Ç
W�_ Ú�Û*K!AD<>ß`K�;:5£A BC+

FDÎ.=>GcåHAD5E=ÞADGcCTÎ(9:G*?�CE=@FHG*RT=@R�A°8�FH<��1G*FHÉÙ=ÞAD<§5E=>G:ßÍ=>G�FHG*K¿å]AD5E=ÞAD;:<@K Ç
Y`_ Ú�Û*KZ*c9*FHCE=@K�GyC�ÉÍFH5E8:Û:=@REÉ q : V → Z =

Õc8�Kr? (
BC+

)

' A1
C

ÛUAHR¦57KrIX9*?rKrI�×*;{K�57R Ç
^`_ Ú�Û*K�57K°KoØX=@REC7RºAÊ?�<@F]R£KrI+8�FH=>GyC

z0 ∈ Z
RE9*?7Û CEÛUADC

q−1 (Z \ {z0})
=@R�K+*c9:=>åHAD5E=ÞADGcCE<��+=@R£FHÉÍFH5E8:Û:=@?

C7F
(Z \ {z0}) × A1

C

Ó¦=>CEÛ
C+

AH?�CE=>G:ßÍ;)��CE5£ADG*RE<ÞADCE=@FHG*R�FHG�CEÛ*K¿R7Kr?rFHG*I�ÎNAH?�C7FH5 Ç
Ú�Û*K�FH57IX=>GUAD5H�!G*FHG*RE=>G:ß]9:<ÞAD5¡Ò¿ADG:=@K�<@K�ÓTREÔ1=:RE9:5�ÎNAH?rKrR.RtADCE=@R�ÎX�!CEÛ:=@R.I:Ko×*G:=>CE=@FHG Ç O�G*I:KrKrI  RE9*?£ÛÙA�RE9:5�ÎNAH?rK

V = VP,n
AHIXÉÙ=>C7RLAÊG*FHGyCE5E=>å1=ÞAD<¡AD<>ß`K�;:5£AD=@?

C+ È AH?�CE=@FHG I:Ko×*G*KrIJ;)��CEÛ*KäCE5E=ÞADG:ß]9:<ÞAD5¿<@F1?BAD<><���G:=><>8{FHC7K�GcC
C [x] È I:K�5E=>å]ADCE=@FHG+FDÎ

C [x, y, z]

Z[\XÇ>W�_ ∂ := xn∂y + P ′ (y) ∂z

Ó¦Û:=@?7Û ADG:G:=>Û:=><ÞADC7KrR
xnz − P (y) Ç Ú�Û*K!=>G*?�<>9*RE=@FHG FDÎ¡AD<>ß`K�;:5£AHR

C [x] = C [V ]C+ = [ K�5 (∂) ⊂ C [V ]�1=@K�<@I:RÍA\*c9*FHCE=@K�GyCÙÉÍFH5E8:Û:=@R7É
q : V → Z =

Õc8�Kr? (
C [V ]C+

)

' A1
C

Ç^] å`K�5 Z∗ = Z \ {0}
CEÛ*K

ÉÍFH5E8:Û:=@REÉ
Z∗ × A1 → V
(x, y) 7→

(

x, y, x−1P (y)
)

57KrRECE5E=@?�C7R!C7FàADG K+*c9:=>åHAD5E=ÞADGcC!=@R7FHÉÍFH5E8:Û:=@REÉ
q−1 (Z∗) ' Z∗ × A1  Ó¦Û*K�57K C+

AH?�C7RL;��JCE5£ADG*R7<ÞADCE=@FHG*R
FHG CEÛ*K+R7Kr?rFHG*I ÎNAH?�C7FH5 Ç OQÎ

deg (P ) = 1
CEÛ*K�G

VP,n
=@RÊ=@R7FHÉÍFH5E8:Û:=@?�C7F

A2 Ç_] CEÛ*K�5EÓ¦=@R£K�CEÛ*K�×*;�K�5
F0 = q−1 (0)

=@RT57KrIX9*?rKrI  57KrIX9*?�=>;:<@K  ?rFHG*RE=@R7CE=>G:ßÊFDÎ deg (P ) ≥ 2
?rFHÉÙ8{FHG*K�GcC7R Ç

Ú�Û*K¦8UAD8�K�5�=@R�IX=>åc=@I:KrI�AHR3Î[FH<><@FBÓTR Ç á ÎuC7K�5�57Kr?BAD<><>=>G:ß!=>G
R£Kr?�CE=@FHG W R7FHÉÍKTß`K�G*K�5£AD<>=>CE=@KrR½FHG C+ È AH?�CE=@FHG*RFHG G*FH5EÉÊAD<�A�ÌÍG*KÍR79:5�Î[AH?rKrR  Ó�K�×*57RECLI:KrR£?�5E=>;{K�=>G R7Kr?�CE=@FHG Y  9*RE=>G:ß�CEÛ*KÙ=@I:KBAHRLFDÎ`$ªÖ &a A GDS V
AHR

A�×*;�K�5°;:9:G*IX<@K
V

π
→ X

F�å`K�5�ADG A�ÌÍG*K
<>=>G*K
X

Ó¦=>CEÛ ADG
r È Î(FH<@I FH5E=>ß]=>G Ç O�G FH57I:K�5°C7Fà9:G*I:K�57REC£ADG*I

ÉÍFH5E8:Û:=@REÉÍR�;�K�CQÓ½KrK�G
GDS

MPR�Ó½K�=>GcCE57FcIX9*?rKº=>G�R7Kr?�CE=@FHG ^ AL8UAD5ECE=@?�9:<ÞAD5T?�<ÞAHR£R½FDÎ�A�ÌÍG*KºÉÍFcIX=¬×U?BADCE=@FHG*R
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$ é & Ó¦Û:=@?£Û Ó�K°?BAD<><$×*;�K�57KrI�ÉÍF1IX=¬×U?BADCE=@FHG*R Ç Ú�Û:=@R�<@KBAHI:R�C7FÊCEÛ*KLÎ(FH<><@F�Ó¦=>G:ß�I:KrR7?�5E=>8:CE=@FHGJFDÎ¡ÉÍFH5E8:Û:=@R7ÉÍR
;�K�CQÓ�KrK�G

GDS
MPR Z R7KrK¿CEÛ*KrFH57K�É ^XÇªé`_oÇ

,.-�/)0�12/43���5���5�� =Dpom E�p��rlcnX=�~Hmon(~]wUb3�ÍkHmQdUayn��t�
β : V → Ṽ

x7p�b(h�p7pow b(h�k
GDS �

�
V

~Hw�D
Ṽ
j�~`}BbNkHm£�

nuwUbNkä~!�Bp���l*pow�}£p!k�j�p���l1nX=�~Hmon(~Hw�b���x7pom7pHD��Ík#DHn ��}7~]b(n[kHw:�§jrkHzuz¬k]h�pHDÍx E°~]w�p��rlcnX=�~Hmon(~]wUb¡ktd:powàpo�Êx7pGDPDHnuwcvyq

O�GàR7Kr?�CE=@FHGàÏÊÓ�K°KoØ18:<ÞAD=>G+Û*FBÓ C7F
?rFHG*RECE5E9*?�C¿A
GDS

Îu57FHÉ CEÛ*K!I*ADC£A
?rFHG*RE=@RECE=>G:ß
FDÎ�A�57F1FHC7KrI�CE57KrK
Γ
Ó¦=>CEÛ AÍÓ�K�=>ß]ÛyC�Î(9:G*?�CE=@FHG

w Ç Ú�Û:=@R�=@R��©9*REC�AÙÎ(9:G*?�CE=@FHG+Ó¦Û:=@?£Û AHR£RE=>ß]G AÊ?rFHÉÙ8:<@KoØàGy9:Éä;{K�5
w (e)

C7F
K�å`K�5H��G*F1I:K

e
FDÎ

Γ Ç Ú�Û*K GDS MPR VΓ,w
?rFHG*R7CE5E9*?�C7KrIà;���FH9:5�8:57F1?rKrIX9:57Kä?rFHÉÍK!GUADCE9:5£AD<><���K�É!;�KrI:I:KrI

=>G
ADG
A�ÌÍG*K�RE8UAH?rK
Am

C
Ç æ+FH57KrF�å`K�5�CEÛ*KrR7K

GDS
MPR
VΓ,w ⊂ Am

C

AHIXÉÙ=>C½?BADG*FHG:=@?BAD<
C+ È AH?�CE=@FHG*R�=>G*IX9*?rKrI;)��?rK�5EC£AD=>GàKoØX8:<>=@?�=>C

C+ È AH?�CE=@FHG*R�FHG�CEÛ*K!ADÉ!;:=@K�GcC�RE8UAH?rK Am
C
ÇÚ�Û*K�G�=>G�R7Kr?�CE=@FHGJÖ°Ó�K¿8:57F�å`KLCEÛ*KºÎ[FH<><@FBÓ¦=>G:ßÍCEÛ*KrFH57K�É Z R7KrKºCEÛ*KrFH57K�É _oÇ

,.-�/)0�12/43���5���5�� kHm°p =Hpom<E
GDS V

buaXp�mEpÍp! HnÞ��bu�°~�h�pon>vDacbQpHD�m�k�k]bQpHD�b(m7p7p
Γw = Γw (V )

�tl:}oa+bua1~`b
V

n���n��¿nÞ�rkH�ÍkHmNd�ayn(}äbNk
VΓ,w

q
S.=>GUAD<><�� =>G R7Kr?�CE=@FHG ÖàÓ�K�I:K�C7K�5EÉÙ=>G*K�Ó¦Û:=@?7Û

GDS
MPR!ÛUABå`K�A�CE5E=>å1=ÞAD<½æ ADÔ]AD5 ÈQç =>ÉÊADG*FBå�=>Gyå]AD5E=ÞADGyC ÇÚ�Û*KrFH57K�É VXÇª^ ß]=>å`KrRLAÊ?�5E=>C7K�5E=@FHG Î[FH5�CEÛUADCº=>G C7K�5EÉÍR¿FDÎ�CEÛ*K!×*;{K�5º;:9:G*IX<@K

π : V → X Ç Ú�Û*K�G  9*RE=>G:ßCEÛ*KÍ?rFHG*RECE5E9*?�CE=@FHG*R�FDÎ¦R7Kr?�CE=@FHG*R ^ ADG*I Ï  Ó�KÊ?rFHÉÙ8:9:C7K
K+*y9:=>å]AD5E=ÞADGyCÙA�ÌÍG*KÍK�Éä;{KrI:IX=>G:ß`R�FDÎ�A GDSÓ¦=>CEÛ+A°CE5E=>å1=ÞAD<$æ ADÔHAD5 ÈQç =>ÉÊADG*F�å�=>Gyå]AD5E=ÞADGyC Ç"! KLFH;:C£AD=>G�CEÛ*KºÎ[FH<><@FBÓ¦=>G:ß�I:KrR7?�5E=>8:CE=@FHG Z CEÛ*KrFH57K�É VXÇ>WBY`_oÇ
! K�<@K�C

P1, . . . , Pn ∈ C [T ]
;�K�A R7K+*y9*K�G*?rK�FDÎ�8{FH<��1G*FHÉÙ=ÞAD<@RÙÓ¦=>CEÛ RE=>ÉÙ8:<@K�57F1FHC7R  FHG*K�FDÎ�CEÛ*KrR7K57F1FHC7R  R£A+� λi,1  1 ≤ i ≤ n  ;{K�=>G:ßÍIX=@RECE=>G:ß]9:=@R7Û*KrI Ç S*FH5�K�å`K�5H� 1 ≤ i ≤ n

Ó½K¿<@K�C

P̃i (T ) = (T − λi,1)
−1 Pi (T ) ,

ADG*I�Ó½KL?rFHG*RE=@I:K�5TCEÛ*K!A�ÌÍG*KLåHAD5E=@K�C �
VP1,...,Pn ⊂ An+2

C
=
Õc8{Kr?

(C [X0, X1, . . . , Xn+1])

Ó¦=>CEÛàK+*c9UADCE=@FHG*R






















X0Xl+1 =

l−1
∏

i=1

P̃i (Xi)Pl (Xl)
Î(FH5

1 ≤ l ≤ n

(Xk−1 − λk−1,1)Xl+1 = Xk
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� /PORQTSVUWSX0�Q ��Q%$ /'& ��3)(+*X/-, 0/.

GDS
5 O�G Ó¦ÛUADC�Î[FH<><@FBÓTRÊA+;UAHR7K�R7?£Û*K�ÉÍK

Z =
Õc8�Kr?

(A) ' A1
CADG*I A ?�<@F]R£KrI 8�FH=>GyC

z0 ∈ Z
AD57K�×:Ø:KrI Ç ! K�<@K�C

h ∈ A
;{K+A ß`K�G*K�5£ADC7FH5
FDÎ¿CEÛ*K�ÉÊA�ØX=>ÉÊAD<�=@I:KBAD<

mZ,z0
⊂ OZ,z0

Ó¦Û:=@?7Û I:F1KrR°G*FHCäå]ADG:=@REÛ FHG
Z∗ := Z \ {z0} '

Õc8�Kr?
(Ah) Ç O�G 8UAD5ECE=@?�9:<ÞAD5

h
=@RÙA

ß`K�G*K�5£ADC7FH5�FDÎ
A
AHR�A

C È AD<>ß`K�;:5£A Ç! K�=>GcCE57FcIX9*?rKàCEÛ*K�Î(FH<><@F�Ó¦=>G:ß ß`K�G*K�5£AD<>=>Ñ�ADCE=@FHG FDÎ�G*FHG*RE=>G:ß]9:<ÞAD5�Ò¿ADG:=@K�<@K�ÓTREÔc=¿Õc9:5�Î[AH?rKrR Z ?rFHÉÙ8UAD57KÓ¦=>CEÛàI:Ko×*G:=>CE=@FHG _�Ç
� /PORQTSVUWSX0�Q ��5���5 � � A vypow{pomE~Hz|n '�pHD 9 ~HwUn[poz@poh��<;�n��tl1m�jr~`}£p�k'=Dp�m

Z Z GDS  =>G�;:5E=@KoÎ _ Ó½K�ÉÍKBADG A
G*FH5EÉÊAD<¦A�ÌÍG*K
RE9:5�ÎNAH?rK

V
q
→ Z

Ó¦Û*F]R7KÊRECE5E9*?�CE9:57K
ÉÍFH5E8:Û:=@REÉ
q
=@R°ADG

A1 È ×*;:5£ADCE=@FHG  Ó¦=>CEÛ�57KrIX9*?rKrI
×*;�K�57R  Ó¦Û:=@?7Û+57KrRECE5E=@?�C7R¦C7FÊADG

A1 È ;:9:G*IX<@K!FBå`K�5 Z∗
Ç



� �������	��
��������������
��5���5 O�C¿Î[FH<><@FBÓTRäÎ(57FHÉ�<@K�ÉÙÉÊA W]Çª^ CEÛUADCÙA GDS FBå`K�5

Z ' A1
C

?BADG ;�KÍK+*c9:=>åHAD<@K�GcCE<�� I:Ko×*G*KrI�AHR�A
G*FH5EÉÊAD<½A�ÌÍG*K
RE9:5�ÎNAH?rKÙÓ¦Û:=@?7Û AHIXÉÙ=>C7RäA�G*FHGcCE5E=>åc=ÞAD<

C+ È AH?�CE=@FHG α Ó¦Û*F]R7K�AHR7R7F1?�=ÞADC7KrI *y9*FHCE=@K�GcC
Ga È×*;:5£ADCE=@FHG

q : V → Z
ÛUAHRÍ57KrIX9*?rKrI ×*;�K�57RÊADG*I ADCÍÉÍF]REC
FHG*K�I:K�ß`K�G*K�5£ADC7K�×*;�K�5

Fz0
= q−1 (z0)

Ç
"�FHCE=@?rK¦CEÛUADC�A

GDS V
?rFHÉÍKrR�K+*y9:=>8:8�KrIÙÓ¦=>CEÛ
A�G*FHGcCE5E=>åc=ÞAD<

Ga,Z È AH?�CE=@FHG α Ó¦Û:=@?7ÛÍ57KrR7CE5E=@?�C7R¡C7F!A�Î(57KrK
AH?�CE=@FHG+FHG

V∗ = V ×Z Z∗
Ç O�G*I:KrKrIàRE9*?£ÛJADG+AH?�CE=@FHGJKoØ1=@R7C7RT;)��<@K�ÉÙÉÊA W]Çªé  AHR Z∗ ' A1

∗ = A1
C
\ {0}=@R�Î[AH?�C7FH5E=ÞAD< Ç ! K!Ó¦=><><Ë9*R£KLCEÛ*KLG*FHC£ADCE=@FHG

(V, α)
FH5

(V, α, q)
Ó¦Û*K�G*K�å`K�5�=>C�=@RTG*Kr?rKrR£R£AD5H��C7FÍ9:G*I:K�5E<>=>G*K

A°8UAD5ECE=@?�9:<ÞAD5
Ga,Z È AH?�CE=@FHG α AHR�AD;�FBå`K Ç

� /PORQTSVUWSX0�Q ��5$#�5 ! KäI:K�G*FHC7K!;��
GDS/Z

CEÛ*K!?BADC7K�ß`FH5H��Ó¦Û*F]R£K!FH;��EKr?�C7R�AD57K
GDS

MPR
(V, α)

F�å`K�5
ZADG*I�Ó¦Û*F]R7KºÉÍFH5E8:Û:=@R7ÉÍR�AD57KLK+*c9:=>åHAD5E=ÞADGcC

Z È ÉÍFH5E8:Û:=@REÉÍR Ç
��5! 5 ��<@KBAD5E<��

GDS/Z
=@R�AÙRE9:;�?BADC7K�ß`FH5H��FDÎ3CEÛ*KL?BADC7K�ß`FH5H�JÕ1?£Û

/Z
FDÎ3R£?7Û*K�ÉÍKrR�FBå`K�5

Z Ç ONÎ (V, α)
ADG*I

(V ′, α′)
AD57K

2
K�<@K�ÉÍK�GyC7R�FDÎ ] ; (GDS/Z

) CEÛ*K�G�Ó�K�Ó¦=><><�I:K�G*FHC7KLA
Z−

ÉÍFH5E8:Û:=@REÉ ;{K�C�Ó�KrK�G
V
ADG*I

V;)�
β : V → V ′  Ó¦Û*K�57KBAHRLCEÛ*KÙG*FHC£ADCE=@FHG β : (V, α) → (V ′, α′)

Ó¦=><><¡ÉÍKBADG CEÛUADC
β
=@R¿K+*y9:=>å]AD5E=ÞADGyC  CEÛUADCT=@R

β ∈
æ+FH5 (

GDS/Z

) Ç
��5���5 Ð =>å`K�G (V, α, q) ∈ ] ; (GDS/Z

)  Ó�KJÛUABå`K
µ (α, Fz) = 0

Î[FH5�K�å`K�5H� ×*;{K�5
Fz = q−1 (z)  

z ∈ Z∗  AHR α 57KrR7CE5E=@?�C7R!C7FJA�Î(57KrK
AH?�CE=@FHG FHG
V∗
Ç%! KÊ<@K�C

µ (α) := µ (α, Fz0
)
;�KÍCEÛ*KÍ×:ØXKrI 8{FH=>GcC

FH57I:K�5½AD<@FHG:ß!CEÛ*K�×*;{K�5
Fz0

FDÎ
q Ç ç K�CECE=>G:ß C1, . . . , Cr

;{K¦CEÛ*K�?rFHG:G*Kr?�C7KrI
?rFHÉÙ8�FHG*K�GyC7R½FDÎ
Fz0

Ó�KTÛUABå`K
µ (α) = min

1≤i≤r
{µ (α,Ci)}

Ç

� & ��3�( *>/ ��5 	�5�� RE=>G:ßäCEÛ*K *c9*FHCE=@K�GyC
Ga È ×*;:5£ADCE=@FHG q : VP,n → Z :=

Õc8�Kr?
(C [x])

AHR7R7F1?�=ÞADC7KrIÊC7F!CEÛ*K
<@F1?BAD<><��àG:=><>8�FHC7K�GyC!I:K�5E=>å]ADCE=@FHG*R

∂P,n
FDÎ Z[\XÇ>W�_ Ó½KÙR7KrK°CEÛUADCLA�G*FHG*RE=>G:ß]9:<ÞAD5LÒ¿ADG:=@K�<@K�ÓTREÔc=¡R79:5�Î[AH?rK°=@RLA

GDS
FBå`K�5

Z Ç
� ��RE<>=>ß]ÛyCE<��àÉÍFcIX=¬Î �c=>G:ß�ADGJKoØ*ADÉÙ8:<@K°FDÎ $ W & Ó�K�FH;:C£AD=>GJCEÛ*KLÎ[FH<><@FBÓ¦=>G:ß�KoØ*ADÉÙ8:<@K°FDÎ�A

GDS
Ó¦Û:=@?7Û

=@R¦G*FHC�ADG�FH57IX=>GUAD5H��Ò¿ADG:=@K�<@K�ÓTREÔ1=$RE9:5�ÎNAH?rK Ç
� & ��3�( *>/ ��5���5 ! K½<@K�C

V ⊂ A4 =
Õc8�Kr?

(C [x, y, z, u])
;{K½CEÛ*K½G*FHG*RE=>G:ß]9:<ÞAD5¡RE9:5�ÎNAH?rK½Ó¦=>CEÛÙK+*y9UADCE=@FHG*R







xz = y (y − 1)
yu = z2

xu = (y − 1) z
.

Ú�Û*K
×*57REC°8:57F ��Kr?�CE=@FHG
prx : A4 → A1, (x, y, z, u) 7→ x

57KrRECE5E=@?�C7R°C7F ADG
A1 È ×*;:5£ADCE=@FHG q1 : V →

Z1 =
Õc8�Kr?

(C [x])
Ó¦=>CEÛ+57KrIX9*?rKrIà×*;{K�57R Ç S*FH5�K�å`K�5H� z ∈ Z∗ := Z1 \ {0}

CEÛ*K¿×*;�K�5
Fz = q−1 (z)

=@R
?rFHG:G*Kr?�C7KrI  Ó¦Û*K�G*?rK V =@R�A

GDS
;)�+?rFH57FH<><ÞAD5H� W]ÇªéXÇ Ú�Û*K!×*;�K�5 F0

=@RºI:K�ß`K�G*K�5£ADC7K�RE=>G*?rK!=>C�ÛUAHR�CQÓ½F
?rFHG:G*Kr?�C7KrIÙ?rFHÉÙ8�FHG*K�GyC7R  GUADÉÍK�<�� C1 = {x = 0; y = 1}∩V

ADG*I
C2 = {x = 0; y = 0; z = 0}∩V ÇÚ�Û*K¿CE5E=ÞADG:ß]9:<ÞAD5

C [x] È I:K�5E=>åHADCE=@FHG
∂1 = x2∂y + x (2y − 1) ∂z +

(

xz + 2y2 − 3y + 1
)

∂uFDÎ
C [x, y, z, u]

ADG:G:=>Û:=><ÞADC7KrR�CEÛ*Kº=@I:KBAD<
IV

FDÎ
V
ADG*I�CEÛy9*R¦=>G*IX9*?rKrR�A°G*FHGyCE5E=>å1=ÞAD<

C+ È AH?�CE=@FHG α1
FHG

VÓ¦=>CEÛ+AHR7R£Fc?�=ÞADC7KrI(*c9*FHCE=@K�GyC
Ga È ×*;:5£ADCE=@FHG q1 : V1 → Z1

ÇÕc=>ÉÙ=><ÞAD5E<���CEÛ*K¿CE5E=ÞADG:ß]9:<ÞAD5
C [u] È I:K�5E=>åHADCE=@FHG
∂2 :=

(

(y − 1) u+ 2z2
)

∂x + 2uz∂y + u2∂zFDÎ
C [x, y, z, u]

=>G*IX9*?rKrR�A!G*FHGyCE5E=>å1=ÞAD<
C+ È AH?�CE=@FHG α2

FHG
V
Ó¦Û*F]R7KºAHR7R7F1?�=ÞADC7KrI�*c9*FHCE=@K�GyC

Ga È ×*;:5£ADCE=@FHG
q2 : V → Z2 ' A1 ?rFH=>G*?�=@I:KrR Ó¦=>CEÛ CEÛ*K�57KrRECE5E=@?�CE=@FHG C7F

V
FDÎÊCEÛ*K 8:57F �EKr?�CE=@FHG

pru : A4 →
A1, (x, y, z, u) 7→ u Ç



� �4
��������'�V�2���L����
��	�)������������� ��	� ��
J��� �

Õc=>G*?rK�CEÛ*Kºß`K�G*K�5£AD<§FH5E;:=>C7R¦FDÎ
α1

ADG*I
α2

I:FäG*FHC¦?rFH=>G*?�=@I:K¿=>C½Î[FH<><@FBÓTR�CEÛUADC
V
ÛUAHR¦AäCE5E=>å1=ÞAD<§æJADÔ]AD5 È

ç =>ÉÊADG*F�å =>Gyå]AD5E=ÞADGyC Ç � � $ Ý2& ADG*I $ WB\ &a A�G*FHG*RE=>G:ß]9:<ÞAD5°Ò¿ADG:=@K�<@K�ÓTREÔc=�Õc9:5�Î[AH?rKÊÛUAHR!A�CE5E=>å1=ÞAD<�æJADÔ]AD5 È
ç =>ÉÊADG*F�å�=>GcåHAD5E=ÞADGcCT=¬Î�ADG*I�FHG:<���=¬ÎË=>C�=@R¦FDÎËCEÛ*K�Î[FH5EÉ VP,1  CEÛUADC¦=@R  =@R£FHÉÍFH5E8:Û:=@?ºC7F�CEÛ*K�Û��c8�K�57RE9:5�ÎNAH?rK
xz = P (y) ⊂ A3  Ó¦Û*K�57K P =@RºAÍG*FHG*?rFHG*R7C£ADGyCº8{FH<��1G*FHÉÙ=ÞAD<�Ó¦=>CEÛJR7=>ÉÙ8:<@K!57F1FHC7R Ç OQG+CEÛ:=@R�R7=>CE9UADCE=@FHG  =>C�Î[FH<><@FBÓTR¦Î(57FHÉ $ Ý2& CEÛUADC  9:8àC7F�CEÛ*K!AH?�CE=@FHGàFDÎ Aut (VP,1)

FHG
LND (VP,1)  K�å`K�5H�
<@F1?BAD<><��
G:=><>8�FHC7K�GyCI:K�5E=>å]ADCE=@FHG

δ ∈ LND (VP,1)
=@RT?rFHG ��9:ßyADC7KrI�C7FÍFHG*K¿FDÎ�CEÛ*KºÎ[FH5EÉ

∆R = R (x)
(

x∂y + P ′ (y) ∂z

)

Î[FH5äR7FHÉÍKÊ8{FH<��1G*FHÉÙ=ÞAD<
R ∈ C [x] Ç OQG 8UAD5ECE=@?�9:<ÞAD5°CEÛ*K *y9*FHCE=@K�GcC

Ga È ×*;:5£ADCE=@FHG AHR£R7Fc?�=ÞADC7KrI C7F+K�å`K�5H�
C+ È AH?�CE=@FHG�FHG VP,1

ÛUAHR�57KrIX9*?rKrI
×*;{K�57R Ç O�G
FH9:5½RE=>CE9UADCE=@FHG  Ó�K�FH;*R7K�5Eå`K�CEÛUADC½CEÛ*KT9:G:=	*c9*K�I:K�ß`K�G*K�5£ADC7K×*;�K�5
q−1
2 (0)

FDÎ$CEÛ*K
G1

a È ×*;:5£ADCE=@FHG q2 : V → Z2
AHR£R7Fc?�=ÞADC7KrI�C7F

α2
=@R½G*FHC�57KrIX9*?rKrI  Ó¦Û*K�G*?rK V =@R½G*FHC

A�Ò¿ADG:=@K�<@K�ÓTREÔ1=$RE9:5�ÎNAH?rK Ç

,.-�/ � SX/-,#/-*X/)1 (T12/-,#/�Q�U � UWSX0�Q 0 .��
GDS

5
OQÎ$CEÛ*K�×*;{K�5

Fz0
= q−1 (z0)

FDÎ
(V, α, q) ∈ ] ; (GDS/Z

) =@R�G*FHC¦I:K�ß`K�G*K�5£ADC7K¿CEÛ*K�G�=>C½Î[FH<><@FBÓTR�Î(57FHÉ
<@K�ÉÙÉÊAHR W]Çªé ADG*I W]Ç Ö�CEÛUADC V =@R�K+*y9:=>å]AD5E=ÞADGyCE<��

Z È =@R7FHÉÍFH5E8:Û:=@?¿C7F A1
Z

Ó¦=>CEÛ
Ga,Z

AH?�CE=>G:ßÍ;��

t ? (z, u) =
(

z, u+ thµ(α) (z)
)

.

OQÎ
Fz0

=@RºI:K�ß`K�G*K�5£ADC7K�CEÛ*K�G Ó�K°<@K�C
C1, . . . , Cr  r ≥ 2  ;{KäCEÛ*Kä?rFHG:G*Kr?�C7KrI ?rFHÉÙ8�FHG*K�GyC7R!FDÎ

Fz0

Ç ! K
I:K�G*FHC7KÙ;��

µi = µ (α,Ci)  1 ≤ i ≤ r
CEÛ*K°×:Ø:KrI 8{FH=>GcC!FH57I:K�5äAD<@FHG:ß

Ci
Ç�� �à<@K�ÉÙÉÊAHR W]Ç Ö�ADG*I W]ÇªéADßyAD=>G Ó½KÙÔ1G*FBÓ CEÛUADC

V∗
=@RLK+*c9:=>å]AD5E=ÞADGyCE<��

Z È =@R7FHÉÍFH5E8:Û:=@?ÍC7F A1
Z∗

' Z∗ × A1 Ó¦=>CEÛ
C+

AH?�CE=>G:ßà;)�
CE5£ADG*RE<ÞADCE=@FHG FHG CEÛ*KäR£Kr?rFHG*IàÎNAH?�C7FH5 Z K+*y9:=>å]AD<@K�GyCE<�� q|V∗

: V∗ → Z∗
=@R�CEÛ*K�RECE5E9*?�CE9:57K°ÉÍFH5E8:Û:=@REÉãFDÎ½A

C+ È 8:5E=>G*?�=>8UAD<$;:9:G*IX<@K _¿Ç
��5
��5 S*FH<><@FBÓ¦=>G:ßL$ªÖ & Ó�KL<@K�C X p

→Z
;�K¿CEÛ*K!8:57KrR7?7Û*K�ÉÍK�FH;:C£AD=>G*KrIàÎu57FHÉ

Z
;���57K�8:<ÞAH?�=>G:ß
CEÛ*K!8{FH=>GcC

z0;)� AHRºÉÊADG)�+8{FH=>GcC7R
xi  1 ≤ i ≤ r  AHR�CEÛ*K�57KÍAD57K�?rFHG:G*Kr?�C7KrI ?rFHÉÙ8�FHG*K�GyC7R¿=>G

Fz0

Ç æ+FH57K°8:57Kr?�=@R7K�<��
X

=@RºFH;:C£AD=>G*KrI+;���ß]<>9:=>G:ß
r
?rFH8:=@KrR

pi : Xi
∼
→Z

FDÎ
Z
;)��CEÛ*Kä=@I:K�GyCE=>C � AD<@FHG:ß

Xi,∗ := p−1
i (Z∗)

Ç á R
Z ' A1

C

=>C�Î[FH<><@FBÓTR¿CEÛUADC
X

=@Rº=@R£FHÉÍFH5E8:Û:=@?ÙC7F�CEÛ*KÍA�ÌÍG*KÙ<>=>G*K°Ó¦=>CEÛ ADG
r È Î[FH<@I FH5E=>ß]=>G

{x1, . . . , xr} Ç! KLFH;:C£AD=>G+AäÎNAH?�C7FH5E=>Ñ�ADCE=@FHG
q : V

π
→ X

p
→ ZRE9*?£Û CEÛUADC

π : V → X
=@R!A

Ga È ;:9:G*IX<@K Ç æJFH57KÍ8:57Kr?�=@R7K�<��  AHR Xi ' A1
C

Ó�K
?rFHG*?�<>9*I:K
ADßyAD=>G Î(57FHÉ
<@K�ÉÙÉÊAHR W]Çªé ADG*I W]Ç ÖäCEÛUADC Vi := V ×X Xi

=@R¦K+*c9:=>åHAD5E=ÞADGcCE<��
Xi È =@R7FHÉÍFH5E8:Û:=@?LC7F A1

Xi

Ó¦Û*K�57K
C+

AH?�C7R
;)�

t ? (x, u) := (x, u+ t (hµi ◦ p) (x)) Ç ç K�CECE=>G:ß τi : Vi
∼
→ A1

Xi
 1 ≤ i ≤ r  ;�K�AäR7K�C½FDÎ.K+*y9:=>å]AD5E=ÞADGyCCE5E=>å1=ÞAD<>=>Ñ�ADCE=@FHG*R  Ó½Kº×*GUAD<><���AD5E5E=>å`K!ADC�ADGàK+*c9:=>åHAD5E=ÞADGcC Z È =@R£FHÉÍFH5E8:Û:=@REÉ

Z[YXÇ>W�_ τ : (V, α, q)
∼
→

r
⊔

i=1

Xi × A1
C/ ∼

Ó¦=>CEÛ CEÛ*K�=@I:K�GcCE=¬×U?BADCE=@FHG
∼

ß]=>å`K�G ;)� CEÛ*K�CE5£ADG*RE=>CE=@FHG =@R£FHÉÍFH5E8:Û:=@REÉÍR
φij = τj ◦ τ−1

i

FBå`K�5
Xij =

Xi ∩Xj ' Z∗
Ç ! KL?BADG�=@I:K�GcCE=¬ÎX�

Xi
ADG*I

Xi,∗ ∪ {xi}
R7F�CEÛUADC

Ci = τ−1
(

{xi} × A1
C

) Ç
� po�Í~Hm<; YXÇ Ý q á ?rFHG*R7K+*y9*K�G*?rKäFDÎ3CEÛ*K!I:KrR7?�5E=>8:CE=@FHG AD;{F�å`KL=@R¦CEÛUADCºA

GDS
=@R�AD<>Ó½A#�1RºADG�=>5E57KrIX9*?�=>;:<@K  G*FHG*RE=>G:ß]9:<ÞAD5ºA�ÌÍG*KLRE9:5�ÎNAH?rK Ç
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� /PORQTSVUWSX0�Q ��5�����5 Ð =>å`K�G (V, α) ∈ ] ; (GDS/Z

)  ADG�K+*y9:=>å]AD5E=ÞADGyC Z È =@R7FHÉÍFH5E8:Û:=@R7É

τ : (V, α)
∼
→

r
⊔

i=1

Xi × A1
C/ ∼

AHR�AD;�FBå`K¿=@R�?BAD<><@KrIàA � n[po�rpoz@pom�d�m7pt�BpowUbN~]b(n[kHw k�j
(V, α) Ç

��5�����5 ��<@KBAD5E<���CEÛ*K¿=@R7FHÉÍFH5E8:Û:=@REÉÍR
φij : Xij × A1

C

∼
→ Xij × A1

C

AD57KLFDÎ�CEÛ*K�Î(FH5EÉ

Z[YXÇªY`_ (x, u) 7→
(

x, hµj−µi (p (x)) u+ gij (p (x))
)

Î[FH5TR7FHÉÍK¿57K�ß]9:<ÞAD5¦Î(9:G*?�CE=@FHG*R
(gij)1≤i,j≤r ∈ Ah = C [Z∗]

Ó¦Û:=@?£ÛàR£ADCE=@R�Î ��CEÛ*K¿?rFc? �X?�<@K¿57K�<ÞADCE=@FHG*R
Z[YXÇª^`_ gii = 0 gik = hµk−µjgij + gjk

Î[FH5�K�å`K�5H�
1 ≤ i, j, k ≤ r Ç ! K°R£A#��CEÛUADCºCEÛ*K

(gij)1≤i,j≤r

AD57KäCEÛ*K b(mE~Hw:�onub(n[kHwÙjolcw�}Bb(n(kHw*� AHR7R7F1?�=ÞADC7KrI
C7F�CEÛ*K¿ß]=>å`K�GàS.=@KrR7K�<@K�5�8:57KrR7K�GyC£ADCE=@FHGJFDÎ

(V, α) Çá G)��FHCEÛ*K�5�K+*c9:=>åHAD5E=ÞADGcC�CE5E=>å1=ÞAD<>=>Ñ�ADCE=@FHG
τ ′i : Vi

∼
→ A1

Xi

IX= ��K�57R3Î(57FHÉ
τi
;)�ÍADG

Xi È AD9:C7FHÉÍFH5E8:Û:=@REÉ θiFDÎ
A1

Xi

Ó¦Û:=@?7ÛÊ=@RËCEÛc9*R¡FDÎ�CEÛ*K�Î[FH5EÉ
(x, u) 7→ (x, ai (p (x)) u+ bi (p (x)))

Î(FH53R7FHÉÍK½57K�ß]9:<ÞAD5�Î(9:G*?�CE=@FHG*R
ai ∈ A∗ ADG*I bi ∈ A Ç Ú�Û*K�57KoÎ[FH57K  Î[FH5�ADG)��FHCEÛ*K�5�S.=@KrR7K�<@K�5T8:57KrR£K�GyC£ADCE=@FHG

τ ′ : (V, α)
∼
→

r
⊔

i=1

Xi × A1
C/ ∼

Ó¦=>CEÛ+AHR7R£Fc?�=ÞADC7KrI�CE5£ADG*RE=>CE=@FHGàÎu9:G*?�CE=@FHG*R (
g′ij

)

1≤i,j≤r
∈ Ah  CEÛ*K¿57K�<ÞADCE=@FHG*R

Z[YXÇ Ï _ ai = aj
ADG*I

g′ij − ajgij = bj − hµj−µibi,

1 ≤ i, j ≤ r  Éä9*RECTÛ*FH<@I�=>G A∗ ADG*I Ah
57KrRE8{Kr?�CE=>å`K�<�� Ç

�½FHGyå`K�57R£K�<���CEÛ*K3Î(FH<><@F�Ó¦=>G:ßT8:57FH8{F]R7=>CE=@FHG!C7K�<><@R�9*R�Ó¦Û:=@?£Û!?rFH<><@Kr?�CE=@FHG*R.FDÎ1CE5£ADG*RE=>CE=@FHGLÎu9:G*?�CE=@FHG*R
(gij)1≤i,j≤r ∈

Ah
?rFH5E57KrRE8{FHG*I�C7F

GDS
MPR Ç

� 1A0/(Y0 ,WS>UWSX0�Q ��5�����5 Z $ªÖ  4357FH8�F]RE=>CE=@FHG W]Ç Ï & _ � pÊz@p�b µi � 1 ≤ i ≤ r
x£p�w�~]b(l1m�~]z�w*l1�Êx7pomt��~Hw�DJh�p

z@p�b
(gij)1≤i,j≤r ∈ Ah

x7pÊ~�}7kHzuz@pE}rb(n[kHw�k�j�b(mE~Hw:�tn(b(n[kHwÙjtl1w�}rb(n[kHw:�äh�ayn(}�a���~]b(n���j E�buaXpÙ}7kB}+E]}rz>pÊm7poz¬~`b(n(kHw*�
�� q ��� q � aXpow buaXp

Z
i@d�mEpo��}oaXp��Íp

Ṽ =
r
⊔

i=1

Xi × A1
C/ ∼

~D�t��kB}�n[~]bQpHD�bNk
(gij)1≤i,j≤r

x E
�ÊpE~Hw k�j¿n DcpowUb(n ��}7~]b(n[kHw �� q � � nÞ�!~&% w�p¿n j!~Hw�D�kHw*zFEÍn j

nij = −ordz0
(gij) > 0

jrkHmäp =Dp�m<E
i 6= j, 1 ≤ i, j ≤ r.
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GDS

5
��5���#�5 S*FH5¿K�å`K�5H�

n ∈ N
Ó½K!<@K�C

A1
Z (n)

;{KäCEÛ*KäCE5E=>8:<@K (
A1

Z , α (n) , prZ
)  Ó¦Û*K�57K α (n)

I:K�G*FHC7KrR�CEÛ*K
C+ È AH?�CE=@FHG t ? (z, u) := (z, u+ thn (z))

FHG
A1

Z
Ç ��<@KBAD5E<��

A1
Z (n)

=@RÊADG FH;��EKr?�CÊFDÎ
GDS/Z

ADG*I
=>CºÎ[FH<><@FBÓTR¿Î(57FHÉã<@K�ÉÙÉÊA W]Ç Ö�CEÛUADC¿CEÛ*K�57KÍ=@R¿G*F�FHCEÛ*K�5 C+ È AH?�CE=@FHG α FHG

A1
Z

R79*?7Û CEÛUADC (
A1

Z , α, prZ
)

;�K�<@FHG:ß`R!C7F
Ob
(

GDS/Z

) Ç(] ;yå1=@FH9*RE<�� CEÛ*K�57KÊKoØX=@REC7RäA�ÉÍFH5E8:Û:=@REÉ
A1 (m) → A1 (n)

=>G
GDS/Z

=¬Î
ADG*I�FHG:<��Í=¬Î

n ≥ m
ADG*I  ß]=>å`K�G�R£FHÉÍK�?rF1FH57IX=>GUADC7KrR z ADG*I u FHG A1

Z  K�å`K�5H�
R79*?7Û�ÉÍFH5E8:Û:=@REÉ =@R�FDÎ$CEÛ*K
Î[FH5EÉ
Z[YXÇ Ö _ θm,n : (z, u) 7→

(

z, a (z) hn−m (z)u+ b (z)
)

Î[FH5
R7FHÉÍKà57K�ß]9:<ÞAD5ÊÎ(9:G*?�CE=@FHG*R
a ∈ A∗ ADG*I

b ∈ A Ç OQÎ
(V, α) ∈ Ob

(

GDS/Z

) =@RÊ=@R7FHÉÍFH5E8:Û:=@?+C7F
A1

Z

CEÛ*K�G CEÛ*K�57KÙKoØX=@REC7R¿AÊ9:G:=	*c9*K°=>GyC7K�ß`K�5
nV (α)

RE9*?7Û CEÛUADC
(V, α)

=@R¿K+*y9:=>å]AD5E=ÞADGyCE<��J=@R7FHÉÍFH5E8:Û:=@?�C7F
A1

Z (nV (α)) Ç
��5��  �5 Ð =>å`K�G (V, α) ∈ Ob

(

GDS/Z

) G*FHGà=@R7FHÉÍFH5E8:Û:=@?äC7F
A1

Z

Ó�Kä?rFHG*RE=@I:K�5�AÍSË=@KrR£K�<@K�5�8:57KrR7K�GcC£ADCE=@FHG

τ : (V, α)
∼
→

r
⊔

i=1

Xi × A1
C/ ∼

FDÎ
(V, α)  Ó¦=>CEÛ AHR£R7Fc?�=ÞADC7KrIJCE5£ADG*RE=>CE=@FHG Î(9:G*?�CE=@FHG*R

(gij)1≤i,j≤r ∈ Ah
Ç

! K¿<@K�C
Z[YXÇªV`_ nV (α) := max

1≤i,j≤r
{nij + µj} = max

1≤i,j≤r
{nji + µi} ,

Ó¦Û*K�57K
µi = µ

(

α, {xi} × A1
) ADG*I

nij = −ordz0
(gij)

Ç á R V 6' A1
Z

=>C�Î(FH<><@F�ÓTR�Îu57FHÉ 8:57FH8�F]RE=>CE=@FHG
YXÇ>WBY CEÛUADC nij > 0

Î[FH5LK�å`K�5H�
i 6= j  1 ≤ i, j ≤ r  Ó¦Û*K�G*?rK nV (α) ∈ Z>0

Ç ! KÙI:KrIX9*?rK�Î(57FHÉãCEÛ*K
57K�<ÞADCE=@FHG Z[YXÇ Ï _ CEÛUADC nV (α)

I:F1KrR¦G*FHC�I:K�8�K�G*I�FHG�CEÛ*K¿?£Û*FH=@?rK!FDÎ¡A�8UAD5ECE=@?�9:<ÞAD5�S.=@KrR7K�<@K�5�8:57KrR7K�GyC£ADCE=@FHG
FDÎ

(V, α) Ç Ú�Û*KL=>GyC7K�ß`K�5 nV = nV (α) − µ (α)
=@R�?BAD<><@KrIàCEÛ*K nuw�Dyp� FDÎ3CEÛ*K

GDS (V, α) Ç Ú�Û:=@R�=@R�ADG=>Gyå]AD5E=ÞADGyC�FDÎ.CEÛ*K
A1 È ;:9:G*IX<@K π : V → X Ç

	 /43 3�� ��5�� ��5�� n>=Hpow
(V, α) ∈ Ob

(

GDS/Z

) � buaXpom7p
p� ]nÞ��bu�Ù~��Ùk]mNdUacnÞ�o� β : (V, α) → A1
Z (n)

n j
~Hw�D�kHw*zFEÍn j

n ≥ nV (α)
q

�½mEkBk�jBq ONÎ
V ' A1

Z

CEÛ*K�G
β
=@RÙFDÎ�CEÛ*K�Î[FH5EÉ

θn(V,α),n
ADG*I CEÛ*K�<@K�ÉÙÉÊA =@R�8:57FBå`KrI Ç6! K�G*F�Ó RE9:8 È8�F]R7K CEÛUADC

V 6' A1
Z

ADG*I Ó�K�RE9:8:8{F]R£K CEÛUADC
β : (V, α) → A1

Z (n)
=@R A ÉÍFH5E8:Û:=@REÉ Ç ! K <@K�C

τ : (V, α)
∼
→

r
⊔

i=1

Xi × A1
C/ ∼

;{K�A S.=@KrR7K�<@K�5
8:57KrR7K�GyC£ADCE=@FHG FDÎ
(V, α)  Ó¦=>CEÛ AHR7R7F1?�=ÞADC7KrI CE5£ADG*RE=>CE=@FHG

Î(9:G*?�CE=@FHG*R
(gij)1≤i,j≤r ∈ Ah

Ç ç K�CECE=>G:ß µi = µ
(

α, {xi} × A1
)  CEÛ*K C+ È AH?�CE=@FHG α

57KrRECE5E=@?�C7RàC7F
Vi = V ×X Xi

=>G�RE9*?7Û+A°Ó�A+��CEÛUADC
(p× Id) ◦ τi : (Vi, α|Vi

)
τi→
(

A1
Xi

(µi)
) p×Id→ A1

Z (µi)=@R!ADG =@R£FHÉÍFH5E8:Û:=@REÉ Î[FH5LK�å`K�5H�
1 ≤ i ≤ r Ç Ú�Ûy9*R n ≥ µi

Î(FH5LK�å`K�5H�
1 ≤ i ≤ r

ADG*I
β
=>G*IX9*?rKrRäA

ÉÍFH5E8:Û:=@REÉ
β̃i := β ◦ τ−1

i : A1
Xi

(µi) → A1
Z (n) , (x, u) 7→

(

p (x) , ai (p (x)) hn−µiu+ bi (p (x))
)

,
Î[FH5�R7FHÉÍK 57K�ß]9:<ÞAD5�Î(9:G*?�CE=@FHG*R

ai ∈ A∗ ADG*I
bi ∈ A Ç æ+FH57KrF�å`K�5  Î[FH5�K�å`K�5H� 1 ≤ i, j ≤ r

CEÛ*K
?rFHÉÙ8UADCE=>;:=><>=>Ca��57K�<ÞADCE=@FHG*R

Z[YXÇ Ü _ ai = aj
ADG*I

bi = ajh
n−µjgij + bj
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Û*FH<@I�=>G

A∗ ADG*I
Ah

57KrRE8{Kr?�CE=>å`K�<�� Ç Õc=>G*?rK
bi
ADG*I

bj
AD57K
57K�ß]9:<ÞAD5�Îu9:G*?�CE=@FHG*RÙFHG

Z
=>CäÎ(FH<><@F�ÓTR�CEÛUADC

n− µj − nij ≥ 0
Î(FH5TK�å`K�5H�

1 ≤ i, j ≤ r Ç Ú�Ûy9*R n ≥ nV (α) = max
1≤i,j≤r

{nij + µj} Ç
�½FHGyå`K�57R£K�<��  ß]=>å`K�G ADG)�

n ≥ nV (α)
Ó�KÙ?BADG ?£Û*FcF]R7KÙR£FHÉÍKä57K�ß]9:<ÞAD5ºÎ(9:G*?�CE=@FHG*R

bi ∈ A
RE9*?£Û CEÛUADC

CEÛ*KLR7Kr?rFHG*I�57K�<ÞADCE=@FHGJFDÎ Z[YXÇ Ü _ Û*FH<@I:R�Î(FH5�K�å`K�5H� 1 ≤ i, j ≤ r Ç Ú�Û*K�G
β̃ :
⊔r

i=1Xi × A1
C
/ ∼ → A1

Z (n)

Xi × A1 3 (x, u) 7→
(

p (x) , h (p (x))n−µi u+ bi (p (x))
)

=@R�ADG
K+*y9:=>å]AD5E=ÞADGyC½ÉÍFH5E8:Û:=@REÉ  Ó¦Û*K�G*?rK β = β̃ ◦ τ : (V, α) → A1
Z (n)

=@R½AºÉÍFH5E8:Û:=@REÉ =>G
GDS/Z

Ç
�

Ð =>å`K�G 2
ÉÍFH5E8:Û:=@REÉÍR

β : (V, α) → (V ′, α′)
ADG*I

β′ : (V ′, α′) → A1
Z (n (V ′, α′))

=>G
GDS/Z

=>C
=@RL?�<@KBAD5LCEÛUADC

β′ ◦ β : (V, α) → A1
Z (n (V ′, α′))

=@R!A�ÉÍFH5E8:Û:=@REÉ C7F1F Ç Ú�Û:=@RL=>ÉÙ8:<>=@KrRLCEÛ*K°Î[FH<><@FBÓ¦=>G:ß?rFH57FH<><ÞAD5H� Ç
 0�1A0 * *��J1�� ��5���	�5�� j

β : (V, α) → (V ′, α′)
n�w ~
�ÍkHmNd�aynÞ�o� n�w

GDS/Z
buaXp�w

nV ′

(

α′
)

≥ nV (α) .

� po�Í~Hm<; YXÇ>W Ü q ONÎ V 6' A1
Z

CEÛ*K�G CEÛ*KÍ8:57F1FDÎTFDÎ¦<@K�ÉÙÉÊA YXÇ>W ÖàREÛ*FBÓTRäCEÛUADCLÎ[FH5!K�å`K�5H� ÉÍFH5E8:Û:=@REÉ
β :

(V, α) → A1
Z (n)

CEÛ*K�=>ÉÊADß`K
β (Fz0

) ⊂ {z0}×A1
C
⊂ A1

Z

=@R¡A�×*G:=>C7K¦R7K�C Ç æ+FH57KrF�å`K�5¡CEÛ:=@R3R7K�C¡?rFHGcC£AD=>G*R
ÉÍFH57K¿CEÛUADGàFHG*K!K�<@K�ÉÍK�GyC�=¬Î¡ADG*I�FHG:<���=¬Î

n = nV (α) Ç
^XÇ�� ÅUÃ§Å���������`Å���� �ËÃ��uÅ �yÅ���Æ! T��ÆW���������{ÅUÆ �ËÃ�� ���� ��Ã§Å 	�ÂT� ��� �>� �XÄ���Â.Ã§Æ

S*FH5¿K�å`K�5H�
(V, α) ∈ Ob

(

GDS/Z

) CEÛ*K°I:Ko×*G:=>CE=@FHG =>ÉÙ8:<>=@KrRºCEÛUADC
V∗ = V ×Z Z∗

=@RºK+*y9:=>å]AD5E=ÞADGyCE<��
=@R7FHÉÍFH5E8:Û:=@?�C7F

A1
Z∗

' Z∗ × A1 Ó¦=>CEÛ
C+

AH?�CE=>G:ß ;)��CE5£ADG*RE<ÞADCE=@FHG FHG CEÛ*K�R£Kr?rFHG*I�Î[AH?�C7FH5 Ç � K�=>G:ß
K+*c9:=>åHAD5E=ÞADGcC  K�å`K�5H� ÉÍFH5E8:Û:=@REÉ

β : (V, α) →
(

Ṽ , α̃
) É!9*REC!57KrRECE5E=@?�CLC7FàADG =@R7FHÉÍFH5E8:Û:=@R7É FBå`K�5

Z∗
Ç

Ú�Ûy9*R�K�å`K�5H��ÉÍFH5E8:Û:=@REÉ
β ∈

æJFH5 (
GDS/Z

) =@RT;:=>5£ADCE=@FHGUAD<  Ó¦Û*K�G*?rK!ADG+A�ÌÍG*KLÉÍFcIX=¬×U?BADCE=@FHG ÇO�G�Ó¦ÛUADC�Î[FH<><@FBÓTR�Ó�KäÓ¦=><><$9*R£K¿Î(57KrK�<���CEÛ*KL57KrRE9:<>C7R�FDÎ¡CEÛ*KLCEÛ*KrFH5H�àFDÎ�A�ÌÍG*KäÉÍFcIX=¬×U?BADCE=@FHG  57KoÎ[K�5E5E=>G:ßCEÛ*Kº57KBAHI:K�5¦C7F($ é & Î[FH5T?rFHÉÙ8:<@K�C7Kº8:57FcFDÎ[R Ç ! K¿REÛ*FH9:<@I�ÉÍK�GcCE=@FHG�Û*FBÓ½K�å`K�5�CEÛUADC¦Ó�KLÓ¦=><><�Îu57K+*c9*K�GyCE<���9*R7K
CEÛ*KºÎ[FH<><@FBÓ¦=>G:ßÍß`KrFHÉÍK�CE5E=@?BAD<�I:Ko×*G:=>CE=@FHGàFDÎ¡ADG+A�ÌÍG*K¿ÉÍF1IX=¬×U?BADCE=@FHG Ç
� /PORQTSVUWSX0�Q #�5 ��5 Õc9:8:8�F]R7KLÓ½KäAD57KLß]=>å`K�G ADGJA�ÌÍG*K°R7?7Û*K�ÉÍK

X =
Õc8�Kr?

(A)  ADG+K���Kr?�CE=>å`KL8:5E=>G*?�=>8UAD<
IX=>å1=@R7FH5

D = div (f)
ADG*I RE9:;*R£?7Û*K�ÉÍK

Y ⊂ V
RE9*?7Û CEÛUADC

Y ⊂ Supp (D) Ç ! K°<@K�C
IY ⊂ A

;�KäCEÛ*K
I:Ko×*G:=>G:ßà=@I:KBAD<�FDÎ

Y Ç � �+CEÛ*K
A�ÌÍG*KÙÉÍFcIX=¬×U?BADCE=@FHG�FDÎ
X

AD<@FHG:ß
D

Ó¦=>CEÛ ?rK�GyC7K�5�ADC
Y Z FH5  REÛ*FH5ECE<��  Ó¦=>CEÛÊCEÛ*KT<@Fc?�9*R

(Y,D) _ Ó�KTÉÍKBADG
CEÛ*K�A�ÌÍG*K�ÉÍFcIX=¬×U?BADCE=@FHG�FDÎ A Ó¦=>CEÛÊCEÛ*KT<@F1?�9*R
(IY , f)

=>GÊCEÛ*KTR7K�G*R£K
FDÎ $ é  ÒºKo×*G:=>CE=@FHG W]Ç>W & Çá ?rFHG*R7K+*c9*K�G*?rKäFDÎ¡<@K�ÉÙÉÊA YXÇ>W ÖÊ=@R�CEÛUADCºK�å`K�5H� GDS (V, α, q)

=@RºADG+K+*c9:=>åHAD5E=ÞADGcC¿A�ÌÍG*KäÉÍF1IX=¬×U? ÈADCE=@FHG FDÎ¡CEÛ*KäA�ÌÍG*Kä8:<ÞADG*K
A1

Z (n)  n ≥ n (V, α)
AD<@FHG:ß�AÍIX=>å1=@R7FH5

D
R79:8:8{FH5EC7KrIJFHG

{z0} × A1
C

ADG*I
Ó¦=>CEÛ ?rK�GcC7K�5�ADCäA�R79:;*R7?7Û*K�ÉÍK

Y ⊂ D Ç OQG ß`K�G*K�5£AD<½RE9*?7Û�A�ÉÍFcIX=¬×U?BADCE=@FHG =@R.*c9:=>C7KÍ?rFHÉÙ8:<>=@?BADC7KrI C7F
9:G*I:K�57REC£ADG*I Ç ��FBÓ½K�å`K�5�Ó½KLÓ¦=><><.REÛ*FBÓ CEÛUADC�AÙÉÍFH5E8:Û:=@R7É

β : (V, α) → A1
Z (n)

?BADG+;{K!I:Kr?rFHÉÙ8{F]R7KrI
=>GyC7F
AÙRE9*?r?rKrR7RE=@FHG�FDÎ3RE=>ÉÙ8:<@K!A�ÌÍG*KLÉÍFcIX=¬×U?BADCE=@FHG*R Ç
� /PORQTSVUWSX0�Q #�5$��5 á G A�ÌÍG*K�ÉÍFcIX=¬×U?BADCE=@FHG

σ : V → A2
C

=
Õc8�Kr?

(C [x, y])
AD<@FHG:ß CEÛ*K�8:5E=>G*?�=>8UAD<

IX=>å1=@R7FH5
Dx0

=
IX=>å

(x− x0)
Ó¦=>CEÛ ?rK�GyC7K�5�ADC
AJ57KrIX9*?rKrI R79:;*R7?7Û*K�ÉÍK

Y ⊂ D
=@RÊ?BAD<><@KrI A �tnu��d�z>p

�½x7p�mEpHD��ÙkWDHn �½}7~]b(n[kHw Z FH5  REÛ*FH5ECE<��  ADG SFM _oÇ
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� po�Í~Hm<; ^XÇª^ q OQGÙRE9:=>C£AD;:<@K¦?rF1FH57IX=>GUADC7KrR�K�å`K�5H�°RE=>ÉÙ8:<@K½×*;{K�57KrI�ÉÍF1IX=¬×U?BADCE=@FHGÍ=@R¡ADGÍA�ÌÍG*K�ÉÍF1IX=¬×U?BADCE=@FHGFDÎ

A2
C

=
Õc8{Kr?

(C [x, y])
Ó¦=>CEÛ°CEÛ*K½<@F1?�9*R

(I, f) = ((x, S (x, y)) , x)  Ó¦Û*K�57K S (x, y)
=@R3ATG*FHG*?rFHG*REC£ADGcC

8�FH<��cG*FHÉÙ=ÞAD<.RE9*?7Û�CEÛUADC
P (y) = S (0, y)

=@RTK�=>CEÛ*K�5
0
FH5ºA�8{FH<��1G*FHÉÙ=ÞAD<§Ó¦=>CEÛJRE=>ÉÙ8:<@KL57F1FHC7R Ç OQÎ P = 0CEÛ*K�G

Y = D  Ó¦Û*K�G*?rK σ : V → A2
C

=@R�AÍCE5E=>åc=ÞAD<�A�ÌÍG*KLÉÍF1IX=¬×U?BADCE=@FHG Ç ] CEÛ*K�5EÓ¦=@R7K P 6= 0
ADG*I

V
=@R

=@R7FHÉÍFH5E8:Û:=@?äC7FÍCEÛ*K°Ò¿ADG:=@K�<@K�ÓTREÔc=.RE9:5�ÎNAH?rK
VP,1

Ç O�G*I:KrKrI�Ó�K°?BADGàÓ¦5E=>C7K S (x, y) = P (y) + xR (x, y)Î[FH5ÊAà8�FH<��1G*FHÉÙ=ÞAD<
R (x, y) ∈ C [x, y] Ç Õc=>G*?rK�CEÛ*K�G

I = (x, P (y))
Ó�K�?rFHG*?�<>9*I:K�CEÛUADC

V
K�É!;�KrI:R

=>G
A3

C
=
Õc8�Kr?

(C [x, y, z])
AHRºCEÛ*K�A�ÌÍG*KÙRE9:5�ÎNAH?rK!Ó¦=>CEÛ K+*c9UADCE=@FHG

xz − P (y) = 0 Ç Ú�Û*KäÉÍFH5E8:Û:=@R7É
σ : V → A2 =@R3=>G*IX9*?rKrIÍ;)��CEÛ*K�8:57F ��Kr?�CE=@FHG A3

C
→ A2

C
 (x, y, z) 7→ (x, y) Ç�! KTREÛUAD<><:ÉÍK�GyCE=@FHG
CEÛUADC¡=¬Î

CEÛ*K�IX=>åc=@R£FH5
D = (f = 0)

=@RËG*FHC�57KrIX9*?rKrIÙCEÛ*K�GÙI:KrR7?�5E=>8:CE=@FHGÊAD;�FBå`K¦I:F1KrR.G*FHC3Û*FH<@I Ç OQG*I:KrKrI°=¬Î f = xn  
n ≥ 2

CEÛ*K�G°;)�!AT57KrRE9:<>C.FDÎUæ AD9*R7K�5 È �yAD9*R7<>=>G�ADG*I°S:57K�9*I:K�Gy;:9:5Eß $ V & CEÛ*K¡8�FH<��cG*FHÉÙ=ÞAD<@R S1 (x, y) = P (y)ADG*I
S2 (x, y) = P (y) + x

ß]=>å`K�CQÓ½F�G*FHG�K+*c9:=>å]AD<@K�GyCTK�É!;�KrI:IX=>G:ß`RTFDÎ$CEÛ*K¿Ò¿ADG:=@K�<@K�ÓTREÔ1=�RE9:5�ÎNAH?rK
VP,n=>G

A3
C
Ç

� & ��3�( *>/ #�5  5 Ú$Fä=><><>9*RECE5£ADC7KºÛ*FBÓ RE=>ÉÙ8:<@K�×*;{K�57KrI�ÉÍF1IX=¬×U?BADCE=@FHG*RTAD8:8{KBAD5�GUADCE9:5£AD<><���AHR�ÉÍFH5E8:Û:=@R7ÉÍR
;�K�CQÓ�KrK�Gäß`K�G*K�5£AD<>=>ÑBKrI!Ò¿ADG:=@K�<@K�ÓTREÔ1=cRE9:5�ÎNAH?rKrR�Ó½K¡?rFHG*RE=@I:K�5§CEÛ*K¡R79:5�Î[AH?rK

V ⊂ A4
C

=
Õc8{Kr?

(C [x, y, z, u])Ó¦=>CEÛàK+*c9UADCE=@FHG*R






xz = y (y − 1)
yu = zQ (z)
xu = (y − 1)Q (z)

,

Ó¦Û*K�57K
Q (z) =

r
∏

i=1

(z − zi) ∈ C [z]
=@R½AäG*FHG*?rFHG*REC£ADGcC¦8{FH<��1G*FHÉÙ=ÞAD<�Ó¦=>CEÛ�RE=>ÉÙ8:<@K�57F1FHC7R Ç Õc=>ÉÙ=><ÞAD5E<���AHR

=>G KoØ*ADÉÙ8:<@K YXÇ Ü Ó�KÙR7KrK�CEÛUADC¿CEÛ*K�57KrRECE5E=@?�CE=@FHG C7F
V

FDÎ�CEÛ*K�8:57F �EKr?�CE=@FHG
A4

C
→ A1

C
 (x, y, z, u) 7→ x=@RàADG

A1 È ×*;:5£ADCE=@FHG q : V → Z =
Õc8{Kr?

(C [x])
Ó¦=>CEÛ 57KrIX9*?rKrI ×*;{K�57R Ç Ú�Û*K I:K�ß`K�G*K�5£ADC7K ×*;�K�5

F0 = q−1 (0)
ÛUAHR

r + 1
?rFHG:G*Kr?�C7KrI+?rFHÉÙ8{FHG*K�GcC7R  GUADÉÍK�<�� C1 := {x = 0; y = 1} ∩ V

ADG*I
C2,i :=

{x = 0; y = 0; z = zi}∩V  1 ≤ i ≤ r Ç Ú�Ûy9*R V =@R�A
GDS

F�å`K�5
Z Ç ç K�CECE=>G:ß V ′ CEÛ*K�Ò¿ADG:=@K�<@K�ÓTREÔ1=Õc9:5�ÎNAH?rKäÓ¦=>CEÛ K+*c9UADCE=@FHG

xz = y (y − 1)
=>G

A3
C

=
Õc8�Kr?

(C [x, y, z])
Ó½K�R7KrK!CEÛUADC�CEÛ*Kä57KrRECE5E=@?�CE=@FHG C7F

V
FDÎ�CEÛ*K¿8:57F �EKr?�CE=@FHG

A4
C
→ A3

C
 (x, y, z, u) 7→ (x, y, z)

=>G*IX9*?rKrR�A°ÉÍFH5E8:Û:=@REÉ
β : V → V ′ Ç

! KÙ?BADG ?rFBå`K�5
V ′ ;)�JCEÛ*KÙFH8{K�G RE9:;*R£K�C7R

V ′
1 := ((y 6= 0) ∪ (x 6= 0)) ∩ V ′ ADG*I V ′

2 := (y 6= 1) ∪
(x 6= 0) ∩ V ′ Ç Ú�Û*KrR7K

2
FH8{K�G RE9:;*R7K�C7R�AD57KJ;�FHCEÛ =@R£FHÉÍFH5E8:Û:=@? C7F

A2
C

Ó¦=>CEÛ ?rFcFH57IX=>GUADC7KrR
x, t0 =

(y − 1) /x
ADG*I

x, t1 = y/x = z/ (y − 1)
57KrRE8�Kr?�CE=>å`K�<�� Ç ��<@KBAD5E<�� β : V → V ′ 57KrRECE5E=@?�C7R�C7F
A�CE5E=>å1=ÞAD<A�ÌÍG*KäÉÍFcIX=¬×U?BADCE=@FHG

β−1 (V ′
1)

∼
→ V ′

1
Ç ] G V ′

2  z = t1 (xt1 + 1)
R7FÍCEÛUADC

β−1 (V ′
2) ⊂ V

=@R�ß]=>å`K�G ;)�
CEÛ*K�K+*y9UADCE=@FHG

xu − (1 + xt1)Q (t1 (xt1 + 1)) = 0
=>G

A3
C

=
Õc8{Kr?

(C [x, t1, u])
Ç(! K
G*FHCE=@?rKÊCEÛUADC

=>G CEÛ:=@R�?rFcFH57IX=>GUADC7KrR
β : β−1 (V ′

2) → V ′
2

=@R ��9*RECÍCEÛ*K�57KrRECE5E=@?�CE=@FHG FDÎ¿CEÛ*K�8:57F �EKr?�CE=@FHG
A3

C
→ A2

C
 

(x, t1, u) 7→ (x, t1)
Ç � � ÉÍKBADG FDÎ¿ÚËA#�c<@FH5BMPRÍÎ(FH5EÉä9:<ÞA Ó�Kà?BADG Ó¦5E=>C7K

(1 + xt1)Q (t1 (xt1 + 1)) =
Q (t1) + xR (x)

ADG*I Û*K�G*?rK  CEÛ*K+AD9:C7FHÉÍFH5E8:Û:=@REÉ
(x, t1, u) 7→ (x, t1, u−R (x))

57KrRECE5E=@?�C7RÊC7F ADG
=@R7FHÉÍFH5E8:Û:=@REÉ

V ' VQ,1
Ç Ú�Ûc9*R β : β−1 (V ′

2) → V ′
2

=@RäA�RE=>ÉÙ8:<@KÍ×*;{K�57KrI ÉÍF1IX=¬×U?BADCE=@FHG AD<@FHG:ß�CEÛ*K
IX=>å1=@R7FH5

D = (x = 0)
Ó¦=>CEÛà?rK�GyC7K�5�ADCTCEÛ*K¿57KrIX9*?rKrI�RE9:;*R£?7Û*K�ÉÍK

V (x,Q (t1)) ⊂ D Ç

Ú�Û*Kº8:57K�å1=@FH9*R�KoØ*ADÉÙ8:<@K¿<@KBAHI:RT9*R¦GUADCE9:5£AD<><���C7F�CEÛ*KºÎ[FH<><@FBÓ¦=>G:ß�I:Ko×*G:=>CE=@FHG Ç
� /PORQTSVUWSX0�Q #�5���5 á G�A�ÌÍG*K�ÉÍFcIX=¬×U?BADCE=@FHG

σ : W → V
FDÎ.A!G*FHG*RE=>G:ß]9:<ÞAD5�A�ÌÍG*KºRE9:5�ÎNAH?rK

V
=@R�?BAD<><@KrI

A �½x7p�mEpHD��ÙkWDHn �½}7~]b(n[kHw =¬Î�CEÛ*K�57KLKoØX=@REC7R�ADG�FH8�K�Gà?rFBå`K�5E=>G:ß
V =

⋃

i∈I

Vi
R79*?7Û�CEÛUADC

Vi ' A2
C

ADG*I

σ|σ−1(Vi) : σ−1 (Vi) → Vi=@R�ADG
SFM Ç



êa� �������	��
��������������

� /PORQTSVUWSX0�Q #�5
	�5 ! KÙR£A+�+CEÛUADCLAÍ×*;�K�57KrI ÉÍF1IX=¬×U?BADCE=@FHG
σ : V ′ → V

FDÎ
(V, α) ∈ Ob

(

GDS/Z

) =@R
K+*c9:=>åHAD5E=ÞADGcCL=¬Î�CEÛ*K�57KÙKoØX=@REC7R¿A�G*FHGyCE5E=>å1=ÞAD<

C+ È AH?�CE=@FHG α′ FHG V ′ RE9*?£Û CEÛUADC
(V ′, α′) ∈ Ob

(

GDS/Z

)

ADG*I
σ ∈

æJFH5 (
GDS/Z

) Ç
� & ��3�( *>/ #�5���5 ! K�<@K�C

σ : V → A1
Z (n)

;�K�CEÛ*K3RE=>ÉÙ8:<@K�×*;�K�57KrI¿ÉÍFcIX=¬×U?BADCE=@FHGäFDÎ
A1

Z =
Õc8�Kr?

(C [z] [u])AD<@FHG:ß°CEÛ*K�IX=>å1=@R7FH5
D =

IX=>å
(z)

Ó¦=>CEÛ�?rK�GyC7K�5TADC�AL57KrIX9*?rKrI�8:57FH8�K�5½RE9:;*R£?7Û*K�ÉÍK
Y ( D Ç Õc=>ÉÙ=><ÞAD5E<��
AHR=>G�57K�ÉÊAD5EÔ ^XÇª^ Ó�Kº?BADG�×*G*I�A!8�FH<��cG*FHÉÙ=ÞAD<§A!8{FH<��1G*FHÉÙ=ÞAD<�Ó¦=>CEÛ�RE=>ÉÙ8:<@K�57F1FHC7R P ∈ C [u]

RE9*?7Û�CEÛUADC
V=@RT=@R£FHÉÍFH5E8:Û:=@?!C7FÊCEÛ*KLÛ)�18�K�57RE9:5�Î[AH?rKäFDÎ

A2
Z =

Õc8�Kr?
(C [z, u, v])

Ó¦=>CEÛJCEÛ*K!K+*c9UADCE=@FHG
zv − P (u) = 0 ÇÚ�Û*K½57KrRECE5E=@?�CE=@FHG�C7F

V
FDÎUCEÛ*K½8:57F ��Kr?�CE=@FHG

prZ : A2
Z → Z

=@R3ADG
A1 È ×*;:5£ADCE=@FHG q : V → Z

Ó¦=>CEÛ�57KrIX9*?rKrI
×*;�K�57R Ç ONÎ n = 0

CEÛ*K�G�CEÛ*K�?rK�GcC7K�5
I = (z, P (u) +R (z, u))

FDÎ
σ
=@R½G*FHC

C+ È =>Gyå]AD5E=ÞADGyC Ç ��K�G*?rK�CEÛ*K�57K=@R¦G*FÙG*FHGcCE5E=>åc=ÞAD<
Ga,Z È AH?�CE=@FHG α FHG

V
RE9*?7Û

σ : (V, α) → A1
Z (0)

=@RTK+*c9:=>åHAD5E=ÞADGcC Ç ] CEÛ*K�5EÓ¦=@R£K n ≥ 1ADG*I CEÛ*KàAH?�CE=@FHG
α (n)

FHG
A1

Z

?rFH5E57KrRE8{FHG*I:RÍC7F CEÛ*K�<@Fc?BAD<><���G:=><>8{FHC7K�GcC
C [z] È I:K�5E=>å]ADCE=@FHG FDÎ

C [z, u]ß]=>å`K�G�;��
∂ (z) = 0 � ∂ (u) = zn.S*FH5�K�å`K�5H�

m ∈ N
CEÛ*K¿CE5E=ÞADG:ß]9:<ÞAD5

C [z] È I:K�5E=>åHADCE=@FHG ∂m
FDÎ

C [z, u, v]
ß]=>å`K�G�;)�

∂m (z) = 0 � ∂m (u) = zm+1 � ∂m (v) = zmP ′ (u)
ADG:G:=>Û:=><ÞADC7KrR�CEÛ*K�=@I:KBAD<

IV ⊂ C [z, u, v]
FDÎ
V  Ó¦Û*K�G*?rK½=>G*IX9*?rKrR3A¦G*FHGyCE5E=>å1=ÞAD< C+ È AH?�CE=@FHGÙFHG V Ç ��<@KBAD5E<��

σ : (V, α) → A1
Z (n)

=@R�K+*y9:=>å]AD5E=ÞADGyC½=¬Î�ADG*I
FHG:<���=¬Î
α
=@R3=>G*IX9*?rKrIÊ;)�ÙCEÛ*KTI:K�5E=>å]ADCE=@FHG

∂n−1
Ç æ+FH57KrF�å`K�5

Ó�K!FH;*R7K�5Eå`K¿CEÛUADC
µ
(

α, q−1 (0)
)

= n− 1 Ç

! KºÓ¦=><><§8:57F�å`KLCEÛ*K�Î[FH<><@FBÓ¦=>G:ßÊCEÛ*KrFH57K�É Ç
,.-�/)0�12/43 #�5
��5 � =Dpom E��ÍkHmQdUayn��t�

β : (V, α) →
(

Ṽ , α̃
) nuw

GDS/Z
jr~`}rbNk]m£� Z nuw GDS/Z

_ n�w�bNk�~
�rp!��l:p�w�}£pÍkEjäp���l1n>=�~]mtn[~HwUb��½x7pom7pHD��Ík#D]n ��}£~]b(n(k]w:�3j�kHzuz>kHh�pHD�x E�~]w p��rlcnX=�~Hmon(~]wUb¦ktd:pow po�Êx7pHD)DHn�w1vyq
�½mEkBk�jBq ç K�C¦9*R¦AHR7RE9:ÉÍK�Î[FH5¦AäÉÍFHÉÍK�GcCTCEÛUADC�Ó�KºÛUArå`KLAD<>57KBAHI ��8:57FBå`KrI�CEÛ*K¿AHR7R£K�5ECE=@FHG�FDÎ$CEÛ*KºCEÛ*KrFH57K�ÉÎ[FH5¦CEÛ*K¿8UAD5ECE=@?�9:<ÞAD5�ÉÍFH5E8:Û:=@REÉÍR

β : (V, α) → A1
Z (n)  Ó¦Û*K�57K n ≥ nV (α) Ç

! K¿?BADG�CEÛc9*R�RE9:8:8�F]R7KºCEÛUADC (
Ṽ , α̃

) =@RTG*FHC¦=@R7FHÉÍFH5E8:Û:=@?LC7F
A1

Z (nV (α̃)) ÇR! Kº<@K�C

τ̃ :
(

Ṽ , α̃
)

∼
→
⊔

i∈I

Xi × A1
C/ ∼

;�K
A�S.=@KrR7K�<@K�5°8:57KrR7K�GyC£ADCE=@FHG FDÎ (
Ṽ , α̃

) Ç ç K�CECE=>G:ß I0 :=
{

i ∈ I, (τ̃ ◦ β)−1 ({xi} × A1
C

)

6= ∅
} Ó½K

R7KrKºCEÛUADC

V0 = Ṽ ×X

⋃

i∈I0

Xi = τ̃−1





⊔

i∈I0

Xi × A1
C/ ∼





=@R�A
C+ È =>GcåHAD5E=ÞADGcC�FH8�K�GàFH8�K�G�RE9:;*R7K�C�FDÎ Ṽ Ç Ú�Û*K�G (V0, α0) := (V0, α̃|V0

)
=@R�A

GDS
ADG*I

β
Î[AH?�C7FH57R

AHR
β : (V, α)

φ
→ (V0, α0)

i
→
(

Ṽ , α̃
)

,

Ó¦Û*K�57K
(V0, α0)

i
→ (V ′, α′)

=@R¿CEÛ*KÊK+*y9:=>å]AD5E=ÞADGyC°FH8{K�G K�Éä;{KrI:IX=>G:ß+=>G*IX9*?rKrI ;��JCEÛ*KÊFH8{K�G =>G*?�<>9*R7=@FHG
V0 ⊂ Ṽ Ç S*FH5½K�å`K�5H� i ∈ I0

Ó�KT<@K�C
Vi = (τ̃ ◦ φ)−1 (Xi × A1

C

) Ç Ú�Û*K�G  AHR φ =@R�K+*y9:=>å]AD5E=ÞADGyC  (Vi, α|Vi
)



� �4
��������'�V�2���L����
��	�)������������� ��	� ��
J��� ê 
=@R�A

GDS
ADG*I

β
57KrR7CE5E=@?�C7R¦C7FÊA°ÉÍFH5E8:Û:=@REÉ

βi : (Vi, α|Vi
)

φ◦τ̃
−→ A1

Xi

(

α0

(

{xi} × A1
C

))

' A1
Z

(

α0

(

{xi} × A1
C

))

.

� �°FH9:5½AHR7RE9:ÉÙ8:CE=@FHG
K�å`K�5H�ÙRE9*?£ÛÍÉÍFH5E8:Û:=@REÉ ?BADGÍ;{K½ÎNAH?�C7FH57KrI
AHR�A¿RE9*?r?rKrR7RE=@FHG
FDÎ�K+*c9:=>åHAD5E=ÞADGcC¡×*;�K�57KrI
ÉÍF1IX=¬×U?BADCE=@FHGJADG*I�Û*K�G*?rK  CEÛ*KLCEÛ*KrFH57K�É =@R¦8:57FBå`KrI Ç

�Ú$F!?rFHÉÙ8:<@K�C7KTCEÛ*K�8:57F1FDÎ�FDÎ�CEÛ*KrFH57K�É ^XÇªé =>C�RE9XÌÊ?�=@K�GyC¡C7F!REÛ*FBÓ CEÛUADC�K�å`K�5H�°ÉÍFH5E8:Û:=@R7É
β : (V, α) →

A1
Z (n)

Î[AH?�C7FH57R¦AHR¦AäRE9*?r?rKrR7RE=@FHG�FDÎËK+*c9:=>åHAD5E=ÞADGcC�×*;{K�57KrI
ÉÍFcIX=¬×U?BADCE=@FHG*R Ç ��F�Ó�K�å`K�5¦Ó½K�Ó¦=><><�8:57F�å`K�CEÛ*KÎ[FH<><@FBÓ¦=>G:ß
R7CE57FHG:ß`K�5T57KrRE9:<>C Ç
� 1A0/(Y0 ,WS>UWSX0�Q #�5���5 � j

β : (V, α) → A1
Z (n)

n���~ �ÍkHmNd�aynÞ�o� n�w
GDS/Z

buaXpow bua:pomEp p� ]nÞ��b
m =

n− µ (α) GDS (Vk, αk) � 1 ≤ k ≤ m
�tl:}oa�bua1~]b

β
jr~`}rbNkHmt�ä~D�

β : (V, α) = (Vm, αm)
σm→ (Vm−1, αm−1)

σm−1
→ . . .

σ2→ (V1, α1)
σ1→ (V0, α0) = A1

Z (n) ,h�aXpom7p¡j�kHmLp =Dp�m<E
1 ≤ k ≤ m � σ : (Vk, αk) → (Vk−1, αk−1)

n��º~Hw p���l1n>=�~]mtn[~HwUb �½x7pom7pHD
�Ík#DHn ��}7~]b(n[kHw{q
�½mEkBk�jBq á ÉÍFH5E8:Û:=@REÉ

A1
Z (n− 1) → A1

Z (n)
=@R¡AºRE=>ÉÙ8:<@K¦Ò¿ADG:=@K�<@K�ÓTREÔ1=:ÉÍFcIX=¬×U?BADCE=@FHG
AHR�=>C3=@R�ß]=>å`K�GÊ;)�

(z, u′) 7→
(

z, hn−n′

(z) u′
) =>G RE9:=>C£AD;:<@K�?rFcFH57IX=>GUADC7KrR Ç OQC�=@RºCEÛy9*R¿RE9XÌÊ?�=@K�GcCºC7F
8:57F�å`K�CEÛ*K°AHR£R7K�5ECE=@FHG

Î[FH5ºAÊÉÍFH5E8:Û:=@REÉ
β : (V, α) → A1

Z (nV (α)) Ç ONÎ (V, α) ' A1
Z (nV (α))

CEÛ*K�G
β
=@R¿ADGJ=@R7FHÉÍFH5E8:Û:=@REÉ

ADG*I�CEÛ*Kº8:57FH8�F]RE=>CE=@FHGà=@RT8:57FBå`KrI Ç
! KÍG*F�Ó RE9:8:8�F]R7KÙCEÛUADC

(V, α) 6' A1
Z (nV (α)) Ç OQC!Î(FH<><@F�ÓTRLÎ(57FHÉ 8:57FH8�F]RE=>CE=@FHG YXÇ>WBY ADG*I <@K�ÉÙÉÊA

YXÇ>W ÖºCEÛUADC nV (α) > 0 Ç Ú�Û*K¦57K�ÉÊAD5EÔ YXÇ>W Ü C7K�<><@R39*R�CEÛ*K�=>ÉÊADß`K β (Fz0
)
=@R�A�×*G:=>C7KTR79:;*R7K�C¡FDÎ

{z0}×A1
CÓ¦Û:=@?7Û+?rFHGyC£AD=>G*RºADC¦<@KBAHREC

2
K�<@K�ÉÍK�GyC7R Ç"! Kº<@K�C

σ1 : V1 → V0
;{KºCEÛ*K¿R7=>ÉÙ8:<@Kº×*;{K�57KrI�ÉÍFcIX=¬×U?BADCE=@FHGàFDÎ

V0 = A1
Z

AD<@FHG:ßäCEÛ*K�IX=>å1=@R7FH5
D = {z0}×A1

C

Ó¦=>CEÛ�?rK�GyC7K�5TADC½CEÛ*K�9:G:=	*c9*K�57KrIX9*?rKrI�A�ÌÍG*KºRE9:;*R7?£Û*K�ÉÍK
Y ⊂ D

RE9:8:8�FH5EC7KrI FHG
β (Fz0

) ⊂ V0
Ç ! KÙ<@K�C

q1 : V1 → Z
;�KÙCEÛ*K

A1 È ×*;:5£ADCE=@FHG Ó¦Û:=@?£Û <>=¬Î(C7R¿CEÛ*K
ÉÍFH5E8:Û:=@REÉ

prZ : A1
Z → Z Ç á R

nV (α) > 0
=>C°Î[FH<><@FBÓTR�Î(57FHÉ KoØ:ADÉÙ8:<@K ^XÇ Ü CEÛUADCÊCEÛ*K�57K�KoØ1=@REC7RÍA

9:G:=	*c9*K
Ga,Z È AH?�CE=@FHG α1

FHG
V1

<>=¬Î(CE=>G:ß
α (nV (α))

RE9*?£ÛàCEÛUADC
(V1, α1, q1) ∈

] ; (GDS/Z

) ADG*I
β1 :

(V1, α1) → A1
Z (nV (α))

=@R�ADG�K+*c9:=>åHAD5E=ÞADGcC�ÉÍFH5E8:Û:=@REÉ Ç æJFH57KrFBå`K�5
µ
(

α1, q
−1
1 (z0)

)

= nV (α) − 1 Ç� � å1=>5ECE9*K�FDÎºCEÛ*K�9:G:=>å`K�57R£AD<T8:57FH8�K�5ECa� FDÎLA�ÌÍG*K�ÉÍF1IX=¬×U?BADCE=@FHG*R Z R£KrKL$ é  4¡57FH8{F]RE=>CE=@FHG YXÇ>W & _ CEÛ*KÉÍFH5E8:Û:=@REÉ
β : (V, α) → A1

Z (n)
<>=¬ÎuC7RTC7FÊA°ÉÍFH5E8:Û:=@REÉ

φ1 : (V, α) → (V1, α1)
Ç OQÎ

τ1 : (V1, α1)
∼
→

r
⊔

i=1

Xi × A1
C/ ∼

=@RºAÊS.=@KrR7K�<@K�5�8:57KrR7K�GyC£ADCE=@FHG FDÎ
(V1, α1)

CEÛ*K�G  Î(FH5�K�å`K�5H� 1 ≤ i ≤ r  CEÛ*K C+ È =>Gyå]AD5E=ÞADGyCLFH8�K�G RE9:;*R7K�C
V1,i = τ−1

1

(

Xi × A1
C

) FDÎ
V1

=@RTK+*y9:=>å]AD5E=ÞADGyCE<���=@R£FHÉÍFH5E8:Û:=@?¿C7F
A1

Z (nV (α) − 1) Ç! KL?rFHÉÍK!AH?�57F]R£RTCEÛ*KºÎ[FH<><@FBÓ¦=>G:ß�AD<>C7K�5EGUADCE=>å`K��¡K�=>CEÛ*K�5
φ1 :

(

φ−1
1 (V1,i) , α

)

→ (V1,i, α1)
=@R�ADGà=@R7F ÈÉÍFH5E8:Û:=@REÉ FH5!Ó½KÊÉÊA#� AD8:8:<�� CEÛ*K
RtADÉÍKÍ8:57F1?rKrIX9:57K�AHRä8:57K�åc=@FH9*R7<�� Ç � � I:FH=>G:ß+CEÛ:=@RäÓ¦Û*K�57K
K�å`K�5°=>C

=@Rº8�F]R7RE=>;:<@K°Ó�KÙFH;:C£AD=>G ADG K+*c9:=>åHAD5E=ÞADGcCº×*;{K�57KrI ÉÍF1IX=¬×U?BADCE=@FHG
σ2 : (V2, α2, q2) → (V1, α1, q1)

RE9*?£Û
CEÛUADC

φ1 : (V, α) → (V1, α1)
ÎNAH?�C7FH57RºCEÛ:57FH9:ß]Û AÍÉÍFH5E8:Û:=@REÉ

φ2 : (V, α) → (V2, α2)
Ç æJFH57KrFBå`K�5¿Ó½K

ÛUArå`K
µ
(

α2, q
−1
2 (z0)

)

= µ
(

α1, q
−1
1 (z0)

)

− 1 Ç"�FBÓ CEÛ*K�8:57F1FDÎ$?BADGÊ;�K�?rFHÉÙ8:<@K�C7KrI�;)�Ù=>G*IX9*?�CE=@FHG�RE=>G*?rK�A�ÎuC7K�5�KoØ:AH?�CE<��
nV = nV (α)−µ (α)

REC7K�8*R
CEÛ:=@R¦8:57F1?rKrIX9:57KL;�Kr?rFHÉÍKrRTREC£ADCE=@FHG:GUAD5H� Ç

�

� /PORQTSVUWSX0�Q #�5�����5 Ð =>å`K�G+A°ÉÍFH5E8:Û:=@R7É
β : (V, α) →

(

Ṽ , α̃
) ADG*IàAäÎNAH?�C7FH5E=@R£ADCE=@FHG

β : (V, α) = (Vm, αm)
σm→ (Vm−1, αm−1)

σm−1

→ . . .
σ2→ (V1, α1)

σ1→ (V0, α0)
i
↪→
(

Ṽ , α̃
)



ê � �������	��
��������������
AHR¦=>G�CEÛ*KrFH57K�É ^XÇªé  Ó�KL?BAD<><$CEÛ*K¿=>GyC7K�ß`K�5 m buaXp!z@powcv]buaàk�jLbua:p¡jr~`}rbNk]mtn���~]b(n[kHw Ç ! K!R£A+��CEÛUADC�AäÎNAH?�C7FH5 È=@R£ADCE=@FHG�=@R �°nuw*nu�Í~Hz =¬Î�=>C7R¦<@K�G:ß]CEÛ�=@R¦ÉÙ=>G:=>ÉÊAD<�ADÉÍFHG:ß
AD<><$RE9*?£Û�Î[AH?�C7FH5E=@R£ADCE=@FHG*R Ç

#�5�����5 OQC�=@R�?�<@KBAD5�Îu57FHÉ CEÛ*K ?rFHG*RECE5E9*?�CE=@FHG AD;�FBå`K CEÛUADC�K�å`K�5H� Î[AH?�C7FH5E=@RtADCE=@FHG FDÎ�A ÉÍFH5E8:Û:=@REÉ
β :

(V, α) → A1
Z (n)

ÛUAHRÍ<@K�G:ß]CEÛ ADCÊ<@KBAHREC
n − µ (α) Ç Ò�9:5E=>G:ß CEÛ*Kà8:57FcFDÎLFDÎ¿CEÛ*KrFH57K�É ^XÇ Ý Ó�K�ÛUABå`K

?rFHG*RECE5E9*?�C7KrIJA°8UAD5ECE=@?�9:<ÞAD5TÎNAH?�C7FH5E=@R£ADCE=@FHG
β : (V, α) = (Vm, αm)

σm→ (Vm−1, αm−1)
σm−1
→ . . .

σ2→ (V1, α1)
σ1→ (V0, α0) = A1

Z (nV (α))FDÎ�AàÉÍFH5E8:Û:=@REÉ
β : (V, α) → A1

Z (nV (α)) Ç\! KÊ57Kr?BAD<><�CEÛUADC°=¬Î
(V, α) 6' A1

Z (nV (α))
CEÛ*K�G�CEÛ:=@R

ÎNAH?�C7FH5E=@R£ADCE=@FHG =@RLFH;:C£AD=>G*KrI ;)� 8{K�5�Î[FH5EÉÙ=>G:ßàRE=>ÉÙ8:<@KÙ×*;{K�57KrI ÉÍF1IX=¬×U?BADCE=@FHG Ó¦Û*K�57K
K�å`K�5L=>C¿=@R¿8�F]R7RE=>;:<@K
KBAH?7ÛÍR7C7K�8

1 ≤ k ≤ m−1 Ç Ú�Û:=@R�=@R¡?�<@KBAD5E<��°A�ÉÙ=>G:=>ÉÊAD<XÎNAH?�C7FH5E=@R£ADCE=@FHG  Ó¦Û*K�G*?rK m = nV (α)−µ (α) =
nV

Ç
� po�Í~Hm<; ^XÇ>WBY q ! Kä<@K�C

τ : (V, α, q)
∼
→

r
⊔

i=1

Xi × A1
C/ ∼

;�KäAÊSË=@KrR£K�<@K�5�8:57KrR7K�GcC£ADCE=@FHG FDÎ
(V, α)

Ó¦=>CEÛ
AHR7R7F1?�=ÞADC7KrI�CE5£ADG*R7=>CE=@FHG+Î(9:G*?�CE=@FHG*R

(gij)1≤i,j≤r ∈ Ah
Ç á R�9*RE9UAD<$Ó½K!<@K�C nij = −ordz0

(gij) > 0
ADG*I

µi = µ
(

α, {xi} × A1
) Ç Ú�Û*K�ÉÍFH5E8:Û:=@R7ÉÍR

βk := σk+1 ◦ . . . ◦ σm : V = Vm → Vk
K�G �EF#� CEÛ*K

Î[FH<><@FBÓ¦=>G:ßÊ8:57FH8�K�5ECE=@KrRTÓ½K¿Ó¦=><><�G*KrKrI�<ÞADC7K�5�FHG Ç
W�_ Ú�Û*K¿=>ÉÊADß`KrR βk

(

τ−1
(

{xi} × A1
C

)) ADG*I
β
(

τ−1
(

{xi} × A1
C

)) AD57K¿IX=@R ��FH=>GcCT=¬Î3ADG*IàFHG:<��
=¬Î
nV (α) − µj − nij ≤ kADG*I�K+*c9UAD<�= �

nV (α) − µj − nij > k ÇY`_ Ú�Û*K¿=>ÉÊADß`K βk

(

τ−1
(

{xi} × A1
C

)) =@RTAÙ?�9:5Eå`K¿= �
k ≥ nV (α) − µi

Ç
Ï Ç � Å*Ã§Å���������yÅ�� � �ËÃ��uÅ �yÅ���Æ! T��ÆW���������{Å �ËÆ�Æ�Â���� �1Ä�Å�� Ä�Â � ��Å������§Ä�Å�� �UÂ.ÂËÄ�Å�� Ä���Å*Å
O�G�CEÛ:=@R¦8UAD5ECTÓ�K!KoØ18:<ÞAD=>G�Û*F�Ó C7FÍ?rFHG*RECE5E9*?�C�A

GDS
Î(57FHÉ A°Ó�K�=>ß]ÛcC7KrIà57F1FHC7KrI�CE57KrK Ç

� 1A/-* S 3 S Q�J1ASX/ , 0�Q 1A0�0�U#/-$ U#1A/)/ ,P5
 �5���5 ! KT57Kr?BAD<><�CEÛUADC½ALCE57KrKT=@R�A!?rFHG:G*Kr?�C7KrI�AH? �X?�<>=@?Tß]5£AD8:Û

Γ ÇT! KT<@K�C
N (Γ)

;{K¦CEÛ*K�R7K�C�FDÎ w�kWDypt� Z FH5å`K�5ECE=@?rKrR _ FDÎ Γ  Ó¦Û*K�57KBAHR E (Γ)
I:K�G*FHC7KrR�CEÛ*KLR7K�C�FDÎ pHDBvcpt� FDÎ

Γ Ç á mEkBk]bQpGD�b(mEp£p =@R�A�CE57KrK
Γ
C7FHß`K�CEÛ*K�5

Ó¦=>CEÛ A�IX=@RECE=>G:ß]9:=@REÛ*KrI G*F1I:K
e0 ∈ V (Γ)

Ó¦Û:=@?7Û Ó�KÙ?BAD<><�CEÛ*K mEkBk]b FDÎ
Γ Ç Ú�Û*KäG*F1I:KrRºC7F�Ó¦Û:=@?7Û e0 =@R

?rFHG:G*Kr?�C7KrI�;)��FHG*KºKrIXß`KLAD57K�?BAD<><@KrI }oacn�z�DHm7pow FDÎ
e0

ADG*I�?rFHGyå`K�57R7K�<��
e0

=@R�?BAD<><@KrI�CEÛ*K d:~HmEp�wUb FDÎ.CEÛ*F]R7K
G*F1I:KrR Ç�â AH?7Û�FDÎ§CEÛ*K�?7Û:=><@IX57K�G�FDÎ e0  =>GÊCE9:5EG  ÉÊA#�ÍÛUArå`KºFHG*K  ÉÊADG)�
FH5�G*Fä?£Û:=><@IX57K�G Ç ��FBÓ�K�å`K�5TK�å`K�5H�G*F1I:K!ÛUAHRLAD<>Ó�A+�XR¿KoØ:AH?�CE<��àFHG*K°8UAD57K�GcC Z KoØ:?rK�8:C¿FDÎ�?rFH9:57R7K°CEÛ*K°57FcFHC�G*F1I:K e0 _oÇ Ú�Û*K�R7K�CºFDÎ�?£Û:=><@IX57K�GFDÎ.Aäß]=>å`K�G�G*F1I:K

e ∈ N (Γ)
=@R�I:K�G*FHC7KrI�;�� ��Û:=><@I

Γ (e) Z FH5¦RE=>ÉÙ8:<�� ��Û:=><@I (e) _  Ó¦Û*K�57KBAHR¦4�AD5 Γ (e) Z FH5RE=>ÉÙ8:<���4�AD5
(e) _ I:K�G*FHC7KrR�CEÛ*K!8UAD57K�GyC¿FDÎ e Ç á G*F1I:KLÓ¦=>CEÛJG*FÊ?£Û:=><@IX57K�G+=@R�57KoÎ[K�5E57KrIàC7F�AHR�A z>pE~Ej ADG*I

Ó�K�I:K�G*FHC7K
;)� ç KBA�Î (Γ)
CEÛ*K
R7K�C7R!FDÎTCEÛ*F]R£KÍG*F1I:KrR Ç Ú�Û*K Dcp[vHm7p7p degΓ (e) Z FH5�RE=>ÉÙ8:<�� deg (e) _ FDÎ�AG*F1I:K

e ∈ N (Γ)
=@R¦CEÛ*KºGc9:É!;�K�5�FDÎ�=>C7RT?7Û:=><@IX57K�G Ç

! K�R£A+�ÍCEÛUADCTA!G*FcI:K
e′
=@R¦ADG ~]w�}£pt��bNkHm FDÎ.A!ß]=>å`K�G�G*FcI:K

e  ADG*I�Ó�K�Ó¦5E=>C7K e � e′  =¬Î e′ ;�K�<@FHG:ß`R�C7FCEÛ*K°REÛ*FH5EC7KrREC�8UADCEÛJ=>G
Γ
Î(57FHÉ

e
C7FÍCEÛ*Kä57F1FHC

e0
Ç ! KLÓ¦=><><3AD<@R7FÍ9*R£KLCEÛ*KäG*FHC£ADCE=@FHG

e ≺ e′
Ó¦Û*K�G

e′
=@R

ADG ADG*?rKrREC7FH5¿FDÎ
e
IX=@RECE=>G*?�C�Îu57FHÉ

e
=>C7R7K�<¬Î Ç ! KäI:K�G*FHC7K�;�� á G*?

Γ (e) Z FH5¿RE=>ÉÙ8:<�� á G*?
(e) _ CEÛ*K�R7K�CºFDÎADG*?rKrREC7FH57R�FDÎ

e Ç�Ð =>å`K�GàCQÓ�F
G*F1I:KrR e ADG*I e′ CEÛ*K �¡m£��b½}£kH���Ùk]w ~]w�}£pt��bNkHm FDÎ
e
ADG*I

e′
=@RTCEÛ*K¿9:G:=	*c9*K

ÉÙ=>G:=>ÉÊAD<ËK�<@K�ÉÍK�GcC�FDÎ.CEÛ*KLR7K�C á G*?
(e) ∩

á G*?
(e′) ⊂ N (Γ)

Î[FH5¦CEÛ*K¿8UAD5ECE=ÞAD<$FH57I:K�5
�
FHG

N (Γ) ÇS*FH5LK�å`K�5H�
l ∈ N

Ó�K�<@K�C
Nl (Γ) ⊂ N (Γ)

;{K°CEÛ*KÙR7K�C¿FDÎ½G*FcI:KrR
e
Ó¦Û:=@?£Û AD57KÙADCLIX=@REC£ADG*?rK

l
Î(57FHÉ

CEÛ*KL57F1FHC Z nNq�p G*F1I:KrRTÓ¦Û*FÍÛUABå`K!KoØ*AH?�CE<�� l KrIXß`KrR�<��1=>G:ßÍ;{K�C�Ó�KrK�GJCEÛ*K�É ADG*I�CEÛ*K!57FcFHC _oÇ@! KLR£A#��CEÛUADC



� �4
��������'�V�2���L����
��	�)������������� ��	� ��
J��� ê �
CEÛ*K�G*FcI:KrR�=>G

Nl (Γ)
AD57K¿ADC z>p =Hpoz

l Ç Ú�Û*K aXpon>vDacb H (Γ)
FDÎ

Γ
=@R�CEÛ*K�ÉÊA�Ø1=>ÉÊAD<§IX=@REC£ADG*?rKº;�K�CQÓ½KrK�G�CEÛ*K

G*F1I:KrR�ADG*I�CEÛ*K¿57F1FHC Ç
� /PORQTSVUWSX0�Q  �5���5 Ð =>å`K�G�A¿CE57KrK Γ

57FcFHC7KrIÊ=>G
e0

ADG*I
ALG*FcI:K
e ∈ N (Γ)

Ó�K�I:Ko×*G*K
Γe AHR¡CEÛ*K�RE9:;:CE57KrKFDÎ

Γ
Ó¦=>CEÛ+G*FcI:KrR

N (Γe) = {f ∈ N (Γ) , e ∈
á G*?

Γ (f)}
ADG*I+Ó¦=>CEÛ+KrIXß`KrR

E (Γe)
?rFHG*RE=@RECE=>G:ß�FDÎ�AD<><

CEÛ*KLKrIXß`KrR�=>G
E (Γ)

Ó¦Û:=@?7Û+?rFHG:G*Kr?�C�CQÓ½FÍß]=>å`K�GàG*F1I:KrR¦=>G
N (Γe) Ç"! KL?BAD<><

Γe CEÛ*K �Í~  ]n��Í~Hz��ol:x�b(m7p7pk�j
Γ
m�k�k]bQpHD�nuw

e Ç

� /PORQTSVUWSX0�Q  �5$#�5 Ð =>å`K�G�AºCE57KrK Γ
57FcFHC7KrIÊ=>G

e0 ∈ N (Γ)  A �¡w{p�h�pon>vDacbXjolcw{}rb(n(k]w FHG Γ Z Ó¦=>CEÛ
åHAD<>9*KrR=>G
C _ =@RÊA+Î(9:G*?�CE=@FHG

w : N (Γ) → C
RE9*?£Û CEÛUADC

w (e) 6= w (e′)
Ó¦Û*K�G*K�å`K�5

e
ADG*I

e′
REÛUAD57K�CEÛ*K

R£ADÉÍK!8UAD57K�GyC Ç á 57F1FHC7KrI�CE57KrK
Γ
C7FHß`K�CEÛ*K�5�Ó¦=>CEÛJA�×*G*K!Ó�K�=>ß]ÛcC�Î(9:G*?�CE=@FHG

w : N (Γ) → C
=@R�?BAD<><@KrI A

h�pon>vDacbQpHD�mEkBk]bQpGD�b(mEp7p ADG*I�=@RTI:K�G*FHC7KrI�;)�
Γw

ÇS*FH5�K�å`K�5H�
e ∈ N (Γ)

Ó�Kä<@K�C
Γe

w

;�K¿CEÛ*KLÉÊA�ØX=>ÉÊAD<.R79:;:CE57KrK!FDÎ
Γ
57F1FHC7KrI�=>G

e  C7FHß`K�CEÛ*K�5�Ó¦=>CEÛ+CEÛ*K
×*G*K¿Ó½K�=>ß]ÛyCTÎ(9:G*?�CE=@FHG�=>G*IX9*?rKrIà;)�

w : N (Γ) → C Ç

��� Q�/�,��'- /43 /�� , ,#0��)S�� U#/ $ U#0 ���8/�S���-�U#/ $ 120�0�U#/ $ U#12/�/�5
O�G�CEÛ:=@RTR7Kr?�CE=@FHG�Ó½KLKoØ18:<ÞAD=>G�Û*F�Ó C7FÙ?rFHG*RECE5E9*?�C�ADG+A�ÌÍG*KLR7?£Û*K�ÉÍK

VΓ,w
Î(57FHÉ CEÛ*K¿I*ADC£AÙ?rFHG*R7=@RECE=>G:ß

FDÎ¡A°Ó�K�=>ß]ÛyC7KrI+57F1FHC7KrI�CE57KrK
Γw

Ç
� /PORQTSVUWSX0�Q� 5  5 Ð =>å`K�G�ALCE57KrK Γ

57FcFHC7KrIÊ=>G
e0 ∈ N (Γ)

Ó½K�<@K�C
W

;{K�CEÛ*K�CEÛ*K�å`Kr?�C7FH5½R78UAH?rK�F�å`K�5
CÓ¦=>CEÛ�;UAHRE=@R

(Xe)e∈N(Γ)

ADG*I�Ó½K¿<@K�C
C [N (Γ)]

;{KºCEÛ*K¿RH�1ÉÙÉÍK�CE5E=@?!AD<>ß`K�;:5£AÙFDÎ
W ÇT! KLI:K�G*FHC7K¿;)�

ISCEÛ*Kº=@I:KBAD<$FDÎ
C [N (Γ)]

ß`K�G*K�5£ADC7KrIà;)��CEÛ*Kº8{FH<��1G*FHÉÙ=ÞAD<@R
Se,e′ = Xe −Xe′

Ó¦Û*K�G*K�å`K�5
e
ADG*I

e′
REÛUAD57K

CEÛ*KLR£ADÉÍKº8UAD57K�GcC�ADG*I�Ó½K¿<@K�C
C [Γ] = C [N (Γ)] /IS

Ç
 �5���5 � �JI:Ko×*G:=>CE=@FHG

C [N (Γ)]
=@RLA�8�FH<��cG*FHÉÙ=ÞAD<¡5E=>G:ß�=>G ��AD57I

(N (Γ))
å]AD5E=ÞAD;:<@KrR Ç � RE=>G:ß�CEÛ*KÙRtADÉÍKRH�1É!;�FH<§C7FÊI:K�G*FHC7K!CEÛ*KLå]AD5E=ÞAD;:<@K

Xe ∈ C [N (Γ)]
ADG*Ià=>C7RT=>ÉÊADß`Kä=>G

C [Γ]
Ó½KäR7KrKLCEÛUADC

Xe = Xe′
=>G

C [Γ]
=¬Î¡ADG*I�FHG:<���=¬Î

e
ADG*I

e′
R7ÛUAD57K¿CEÛ*K¿R£ADÉÍK¿8UAD57K�GcC  Ó¦Û*K�G*?rK C [Γ]

=@R�A�8{FH<��1G*FHÉÙ=ÞAD<§5E=>G:ßÍ=>G

d (Γ) = 1 +

H(Γ)
∑

i=1

��AD57I
(Ni−1 (Γ) \ ç KBA�Î (Γ))

å]AD5E=ÞAD;:<@KrR Ç
Ð =>å`K�GàAäG*K�Ó RH�1É!;�FH<

X0
Ó�Kº<@K�C

A = C [X0]
ADG*I

A [Γ] = A⊗C C [Γ] Ç ! Kº<@K�C
Z =

Õc8{Kr?
(A) '

A1
C

ADG*I
z0 ∈ Z

;{KºCEÛ*K!?�<@F]R7KrI�8�FH=>GyC
(X0) ∈

Õc8�Kr?
(A) Ç

� /PORQTSVUWSX0�Q  5 	�5 S*FH53K�å`K�5H�LG*FcI:K
e ∈ N (Γ)\ ç KBA�Î (Γ)

Ó½K�I:Ko×*G*K½CEÛ*K �tnNxozenuwcv�d:kHz EHw�k]�°n[~Hz
Se (Γw) ∈

A [Γ]
FDÎ
e
;)��CEÛ*K�Î(FH5EÉä9:<ÞA

Se (Γw) =
∏

e′∈


	�����

(e)

(

Xe − w
(

e′
))

∈ C [Xe] ⊂ A [Γ] .

á R
w
=@R½AL×*G*KTÓ½K�=>ß]ÛyC�Î(9:G*?�CE=@FHG

Se (Γw)
=@R�A¿8�FH<��cG*FHÉÙ=ÞAD<�FDÎ$I:K�ß]57KrK

deg (e) ≥ 1
Ó¦=>CEÛ�R7=>ÉÙ8:<@K�57F1FHC7R Ç

S*FH5�K�å`K�5H�
f ∈

��Û:=><@I
(e)

Ó�K¿<@K�C
S

(f)
e (Γw) = (Xe − w (f))−1 Se (Γw) Ç Õc=>ÉÙ=><ÞAD5E<��  =¬Î g =@R�AÍ?7Û:=><@I�FDÎ

e
IX=@R7?�CE=>GcCTÎ(57FHÉ

f
CEÛ*K�G�Ó�KL<@K�C

S
(f,f ′)
e (Γw) = (Xe − w (g))−1 (Xe − w (f))−1 Se (Γw) Ç



ê � �������	��
��������������
� /PORQTSVUWSX0�Q  �5���5 S*FH5ÙK�å`K�5H�

e ∈ N (Γ)
CEÛ*K mEkBk]b�dXk]z EHw�kH��n[~Hz

Re (Γw) ∈ A [Γ]
FDÎ�CEÛ*K
Ó�K�=>ß]ÛcC7KrI

RE9:;:CE57KrK
Γe

w
Z Ó¦=>CEÛà57KrR78{Kr?�C¦C7F Γw

_ =@RTI:Ko×*G*KrI�;���CEÛ*K¿57Kr?�9:57RE=>å`KºÎ[FH5EÉ!9:<ÞA

Re (Γw) :=

{

1
=¬Î
e = e0

S
(e)
�����

(e)

(

X �����
(e)

)

R �����
(e) (Γw)

FHCEÛ*K�5EÓ¦=@R£K .

 �5
��5 ç K�CECE=>G:ß á G*?
(e) = {ei+1 = e, ei, . . . , e0}  =>CÍ=@RÊ?�<@KBAD5ÊCEÛUADC Re (Γw) ∈ C [Xe0

, . . . , Xei
] ⊂

A [Γ] Ç æJFH57KrFBå`K�5!=¬Î
e′ ∈ N (Γ)

=@RLADG ADG*?rKrREC7FH5LFDÎ
e
CEÛ*K�G

Re (Γw) = Re′ (Γw)Re

(

Γe′
w

) AHR
Γe

w

=@R
CEÛ*K¿ÉÊA�ØX=>ÉÊAD<§Ó�K�=>ß]ÛcC7KrIàRE9:;:CE57KrK!FDÎ

Γe′
w

57FcFHC7KrI�=>G
e Ç

 �5���5 S*FH5�K�å`K�5H�
e ∈ N (Γ) \ ç KBA�Î (Γ)

Ó�K�<@K�C
Qe (Γw) = Se (Γw)Re (Γw) ∈ A [Γ] ÇT! K�ADßyAD=>G
G*FHCE=@?rK

CEÛUADCT=¬Î
e′ ∈ N (Γ)

=@R�ADG+ADG*?rKrREC7FH5�FDÎ
e
CEÛ*K�G

Qe (Γw) = Re′ (Γw)Qe

(

Γe′
w

)

∈ A [Γ] .

S*FH5TK�å`K�5H�
e1 ≺ e2 ∈ N (Γ) \ ç KBA�Î (Γ)

Ó½K�<@K�C
f1 ∈

��Û:=><@I
(e1)

;{K�CEÛ*K�9:G:=	*y9*Kº?£Û:=><@I�FDÎ
e1

R79*?7Û�CEÛUADC
e2 ∈ N

(

Γf1
) ADG*I�Ó�KL<@K�C

f2 ∈
��Û:=><@I

(e2)
Ç Ú�Û*K�G�Ó½K¿<@K�C

∆̃e1,e2
(Γw) = (Xe1

− w (f1))Xf2
−Xf1

Qe2

(

Γf1

w

)

∈ A [Γ]

ADG*I
∆̃0,e2

((Γw)) = X0Xf2
−Qe2

(Γw) ∈ A [Γ] .

� /PORQTSVUWSX0�Q  5��(��5 Ð =>å`K�G�AäÓ�K�=>ß]ÛcC7KrI�57FcFHC7KrI�CE57KrK Γw
Ó�K�<@K�C

IΓ,w ⊂ A [Γ]
;�K�CEÛ*K�=@I:KBAD<�ß`K�G*K�5£ADC7KrI

;)�àCEÛ*Kä8�FH<��1G*FHÉÙ=ÞAD<@R
∆̃0,e (Γw)  e ∈ N (Γ) \ ç KBA�Î (Γ)

ADG*I
∆̃e′,e (Γw)  e ≺ e′ ∈ N (Γ) \ ç KBA�Î (Γ) Ç

ç K�CECE=>G:ß BΓ,w = A [Γ] /IΓ,w  Ó�KÙ?BAD<>< VΓ,w =
Õc8�Kr?

(BΓ,w) ⊂ A
d(Γ)
Z

CEÛ*K ~&% w{p���}oa:po�ÊpÍ~D�t��kB}�n[~]bQpHD
bNk
buaXp!h�pon¬vHacbQpHD�mEkBk]bQpHD�b(m7p7p

Γw
Ç

� & ��3�( *>/� �5�� ��5 ! K¿?rFHG*RE=@I:K�5TCEÛ*KºÎ[FH<><@FBÓ¦=>G:ß
Ó�K�=>ß]ÛcC7KrI�57F1FHC7KrI�CE57KrK
Γw

•
(e0, 0)

•

(e1,1, 1)

• (e1,2, 0)

•

(e2, 0)

Ú�Û*K�G
A [Γ] = C [X0, Xe0

, Xe1
, Xe2

]
ADG*I

VΓ,w ⊂ A3
Z

=@R¦ß]=>å`K�G�;)��CEÛ*K¿K+*c9UADCE=@FHG*R
X0Xe1

−Xe0
(Xe0

− 1) = 0; X0Xe2
− (Xe1

− 1)Xe1
= 0; Xe0

Xe2
−X2

e1
= 0.

! K¿57Kr?rFHß]G:=>ÑBK¿CEÛ*K
GDS V

FDÎ3KoØ:ADÉÙ8:<@K YXÇ Ü Ç



� �4
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� po�Í~Hm<; Ï Ç>WBY q ! K°REÛUAD<><$ÉÍK�GcCE=@FHG+CEÛUADC�CEÛ*KL=@I:KBAD<
IΓ,w ⊂ A [Γ]

?BADG+;{KäI:Ko×*G*KrIà9*RE=>G:ß�AÙÉÊADCE5E=¬Ø+AHR
Î[FH<><@FBÓTR Ç SUFH5�K�å`K�5H� 1 ≤ l ≤ H (Γ) − 1

ADG*I�K�å`K�5H�
e ∈ Nl (Γ) \ ç KBA�Î (Γ)

Ó�KL<@K�C

M (e) =

(

Qe (Γw)
Xf

)

∈M2,1 (A [Γ]) ,

Ó¦Û*K�57K
f ∈

��Û:=><@I
(e) Ç ONÎ Nl (Γ) \ ç KBA�Î (Γ) = {e1, . . . , erl

}
CEÛ*K�G�Ó�KL<@K�C

MΓ,w (l) = (M (e1) , . . . ,M (erl
)) ∈M2,rl

(A [Γ])ADG*I
M (Γw) = (M0,MΓ (1) , . . . ,MΓ (H (Γ) − 1)) ∈M2,d(Γ) (A [Γ]) ,Ó¦Û*K�57K

M0 =

(

X0

1

)

∈M2,1 (A [Γ]) .

Ú�Û*K�G�=>C¦=@RT?�<@KBAD5�CEÛUADC
∆̃0,e =

I:K�C ( X0 Qe (Γw)
1 Xf

)

Î[FH5TK�å`K�5H�
e ∈ N (Γ) \ ç KBA�Î (Γ) ÇOQÎ

e1, e2 ∈ N (Γ) \ ç KBA (Γ)
AD57K�CQÓ½F�IX=@RECE=>G*?�C¿G*F1I:KrRºÓ¦=>CEÛ ×*57RECL?rFHÉÙÉÍFHG ADG*?rKrREC7FH5

e12 ∈ N (Γ)CEÛ*K�GÍK�=>CEÛ*K�5
e1 ≺ e2

Z FH5 e2 ≺ e1
_ FH5�CEÛ*K�57K¦KoØX=@REC7R�CQÓ½FºG*FcI:KrR gi ∈ N1 (Γe12)

RE9*?£ÛÙCEÛUADC
ei ∈ N (Γgi)  

i = 1, 2 Ç O�G�CEÛ*K�×*57REC�?BAHR7KºÓ½KL?BADG�RE9:8:8�F]R7KºCEÛUADC e1 ≺ e2
ADG*I�Ó�K¿<@K�C

g1 ∈ N1 (Γe2)
;�KºCEÛ*Kº9:G:=	*c9*K

G*F1I:KLRE9*?7Û+CEÛUADC
e1 ∈ N (Γg1) Ç Ú�Û*K�G Qe1

(Γw) = Re2
(Γw)S

(g1)
e2

Qe1

(

Γ
(g1)
w

) Ç O�G�CEÛ*K!R7Kr?rFHG*I+?BAHR7K
Ó�K�R7KrKÊCEÛUADC

Qei
(Γw) = Re12

(Γw)S
(gi)
e12

(Γw)Qei
(Γgi

w ) Ç Ú�Ûy9*R°CEÛ*KÊß]57KBADC7KrR7C°?rFHÉÙÉÍFHG IX=>å1=@R7FH5äFDÎ
Qe1

(Γw)
ADG*I

Qe2
(Γw)

=@R¦CEÛ*K¿8�FH<��1G*FHÉÙ=ÞAD<
Ge1,e2

∈ A [Γ]
I:Ko×*G*KrI�;)�

Ge1,e2
=

{

Re12
(Γw)S

(g1)
e12 (Γw)

=¬Î
e1 ≺ e2

Re12
(Γw)S

(g1,g2)
e12 (Γw)

FHCEÛ*K�5EÓ¦=@R7K .

OQÎ
e1 ≺ e2 ∈ N (Γ) \ ç KBA�Î (Γ)

CEÛ*K�G�=>C¦=@RT?�<@KBAD5�CEÛUADC

∆̃e1,e2
(Γw) = G−1

e1,e2

I:K�C ( Qe1
(Γw) Qe2

(Γw)
Xg1

Xf2

)

,

Ó¦Û*K�57K
f2 ∈

��Û:=><@I
(e2)

Ç Ú�Ûc9*R¦CEÛ*Kºß`K�G*K�5£ADC7FH57RTFDÎ IΓ,w
?BADG�;�KºFH;:C£AD=>G*KrI�Î(57FHÉ ?rK�5EC£AD=>G

2× 2
ÉÙ=>G*FH57R

FDÎ�CEÛ*K¿ÉÊADCE5E=¬Ø
M (Γw)

;)� �tnu��d�z|n j EHn�wcvÍbuaXp°}7kH���ÍkHw�j�~`}BbNkHm£� Ç
! KºG*FHCE=@?rK¿CEÛUADCT=¬Î

e1
=@RTG*FHC�ADGàADG*?rKrREC7FH5�FDÎ

e2
CEÛ*K�G

G−1
e1,e2

I:K�C ( Qe1
(Γw) Qe2

(Γw)
Xf1

Xf2

)

= Qe1
(Γg1

w ) ∆̃e12,e2
(Γw) −Qe2

(Γg2

w ) ∆̃e12,e1
(Γw)

R7FºCEÛUADC3Ó½KT?BADGÍK�å`K�GÍI:Ko×*G*K
IΓ,w

AHR3CEÛ*K�=@I:KBAD<UFDÎ
A [Γ]

ß`K�G*K�5£ADC7KrIÙ;)�ÙAD<><:CEÛ*K¦RE=>ÉÙ8:<>=¬×UKrI
2×2

ÉÙ=>G*FH57R
FDÎ
M (Γw) Ç

� SX1 ,#U (�1A0/(Y/�1WUWSX/-, 0/. UW-�/�,��'-�/�3 /-,
VΓ,w

5
Ú�Û:=@RTR7Kr?�CE=@FHGà=@RTI:K�å`FHC7KrI�C7FÙCEÛ*Kº8:57F1FDÎ¡FDÎ.CEÛ*K�Î[FH<><@FBÓ¦=>G:ß
CEÛ*KrFH57K�É Ç

,.-�/)0�12/43  �5���#�5 � kHmÍ~Hw�E�h�pon>vDacbQpGDàmEkBk]bQpGD+b(m7p7p
Γw �

buaXpÊ}rz¬kD�BpHDJ~&% w{p°�ol:xo��}oaXp��Íp
VΓ,w ⊂ A

d(Γ)
Zn��L~

GDS
k'=Hpom

Z
q

Ú�Û*KÙ8:57F1FDÎ¦=@R¿ß]=>å`K�G =>G Ï Ç>W Ï È Ï Ç>W Ý ;{K�<@F�Ó Ç ÚËF�;�K�ß]=>G Ó¦=>CEÛ  Ó�KÙÓ¦=><><�8:57FBå`KÍCEÛUADC VΓ,w
AHIXÉÙ=>C7R�ADG

A1 È ×*;:5£ADCE=@FHG qΓ,w;VΓ,w → Z
Ó¦=>CEÛ�57KrIX9*?rKrI�×*;{K�57R Ç
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A → BΓ,w
Dcp �¡w{pt�Ù~Hw

A1 i �½xomE~]b(n(k]w qΓ,w : VΓ,w → Z = � d:pE} (A)h�ayn[}oa�mEpo�ob(mon(}rbu�!bNk
buaXpäb(mon>=Bn[~Hz
A1 iExolcw�DXz>p�k�=Dpom Z∗ = � d:pE} (AX0

)
q

�½mEkBk�jBq S*FH5�K�å`K�5H�
e ∈ N (Γ) \ ç KBA�Î (Γ)

ADG*I
f ∈

��Û:=><@I
(e)

Ó�K+I:KrIX9*?rK�Î(57FHÉ CEÛ*Kà8{FH<��1G*FHÉÙ=ÞAD<@R
∆̃0,e (Γw) ∈ IΓ,w

CEÛUADC
Xf = X−1

0 Qe (Γw)
=>G
BΓ,w ⊗A AX0

Ç á R
Qe (Γw)

FHG:<�� =>Gcå`FH<>å`KrR�CEÛ*K
å]AD5E=ÞAD;:<@KrR

Xe′  e′ ∈ á G*?
(e)

Ó�K¿?rFHG*?�<>9*I:KºCEÛUADC
BΓ,w ⊗A AX0

' AX0
[Xe0

] Ç3â *y9:=>å]AD<@K�GyCE<�� VΓ,w ×Z

Z∗ ' A1
Z∗

ADG*I!Û*K�G*?rK  qΓ,w : VΓ,w → Z
=@R�ADG

A1 È ×*;:5£ADCE=@FHGäÓ¦Û:=@?£Û�57KrRECE5E=@?�C7R.C7FTCEÛ*K�CE5E=>åc=ÞAD< A1 È ;:9:G*IX<@KFBå`K�5
Z∗

Ç
�

O�G FH57I:K�5�C7F I:KrR7?�5E=>;�K+CEÛ*K+×*;�K�5
FΓ,w = VΓ,w ×Z

Õc8�Kr?
(A/ (X0)) = q−1

Γ,w (z0)
Ó�KJG*KrKrI CEÛ*K

Î[FH<><@FBÓ¦=>G:ß�AD9XØX=><>=ÞAD5H��<@K�ÉÙÉÊA Ç
	 /43 3��  �5�� ��5�� j

g ∈ N1 (Γ)
buaXp�wJbuaXp

A
i©~HzPvypBx�m�~

BΓ,w (0, g) := A [Γ] / (X0, Xe0
− w (g) , IΓ,w)

n��ºn���k]�Ùk]mNdUacn(}äbNk
A [Γg] / (X0, IΓg ,w)

q
�½mEkBk�jBq OQC�=@R�?�<@KBAD5�CEÛUADCTÎ[FH5�K�å`K�5H�

e ∈ N (Γ) \ ç KBA�Î (Γ)
CEÛ*K!8{FH<��1G*FHÉÙ=ÞAD<

∆̃0,e (Γw) ∈ IΓ,w
57KrIX9*?rKrR

C7F
Qe (Γw)

ÉÍFcIX9:<@F
X0

Ç OQÎ
e 6= e0

CEÛ*K�G CEÛ*K�57KàKoØ1=@REC7R
A 9:G:=	*y9*K�G*FcI:K
e1 ∈ N1 (Γ)

RE9*?7Û CEÛUADC
e ∈ N (Γe1) Ç Õc=>G*?rK�CEÛ*K�G

Qe (Γw) = S
(e1)
e0 (Xe0

)Qe (Γe1
w )

ADG*I
Qe (Γe1

w )
I:F1KrRÙG*FHCÙ?rFHGyC£AD=>G CEÛ*K

å]AD5E=ÞAD;:<@K
Xe0

Ó½KL?rFHG*?�<>9*I:KLCEÛUADC

Qe (Γw)
ÉÍFcI

(Xe0
− w (g)) =

{

S
(e1)
e0

(w (g))Qe (Γe1
w )

=¬Î
e1 = g

0
FHCEÛ*K�5EÓ¦=@R7K .

OQÎ
e 6= e1

CEÛ*K�G�CEÛ*K�57KLKoØX=@REC7RTA°9:G:=	*c9*K¿G*F1I:K
e2 ∈

��Û:=><@I
(e1)

RE9*?7Û�CEÛUADC
e ∈ N (Γe2

w ) Ç ONÎ e1 6= g
ADG*I

f ∈
��Û:=><@I

(e)
CEÛ*K�G

∆̃e1,e
57KrIX9*?rKrR¿C7F

(w (g) − w (e1))Xf − Xe1
Qe (Γe2

w )
ÉÍF1IX9:<@F

(Xe0
− w (g))ADG*I

w (e1) 6= w (g)
AHR
w
=@R�Aä×*G*K¿Ó�K�=>ß]ÛcCTÎ(9:G*?�CE=@FHG ÇÚ�Ûy9*R  REC£AD5ECE=>G:ß�Ó¦=>CEÛ CEÛ*KJ?BAHR7K

e = e2
Ó½K ?rFHG*?�<>9*I:K+;�� =>G*IX9*?�CE=@FHG CEÛUADC�K�å`K�5H� åHAD5E=ÞAD;:<@K

Xf  
f ∈ N (Γ) \ ({e0} ∪N (Γg))

?BADG ;�KÍKoØX8:57KrR7R7KrI =>G
BΓ,w (0, g)

AHR!A�8�FH<��cG*FHÉÙ=ÞAD<¡=>G
Xg

Ç ç K�CECE=>G:ß
I0

;{K�CEÛ*KÍ=@I:KBAD<�FDÎ
A [Γg]

ß`K�G*K�5£ADC7KrI ;)�JCEÛ*KÙ8�FH<��cG*FHÉÙ=ÞAD<@R
∆̃e1,e2

(Γg
w) = ∆̃e1,e2

(Γw)  e1 ≺ e2 ∈

N (Γg) \ ( ç KBA�Î (Γg))
ADG*I

S
(g)
e0

(w (g))Qe (Γg
w)  e ∈ N (Γg) \ ( ç KBA�Î (Γg))  Ó�KL?rFHG*?�<>9*I:K!CEÛUADC

BΓ,w (0, g) ' (C [Xe0
] ⊗C A [Γg]) / (Xe0

− w (g) , X0, I0) ' A [Γg] / (X0, I0)

AHR
∆̃e1,e2

(Γg
w)

I:F1KrR�G*FHC�?rFHGcC£AD=>G CEÛ*K�åHAD5E=ÞAD;:<@KrR
X0

ADG*I
Xe0

Ç á R
S

(g)
e0

(w (g)) ∈ C∗ CEÛ*K�=@I:KBAD<@R
(X0, IΓg ,w)

ADG*I
(X0, I0)

FDÎ
A [Γg]

?rFH=>G*?�=@I:K°ADG*I�Û*K�G*?rK  BΓ,w (0, g) ' A [Γg] / (X0, IΓg ,w) Ç �
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FΓ,w

nÞ��mEpGDHlX}tpHD ~Hw�D�nubu�Í}7kHwUw{pE}rbQpHD }7kH��dXkHw{p�wUbu�Ê~HmEpÍnuw xon srp7}rb(n(k]w h3n(bua
buaXp¿z>pE~�=Dpt�!k�j

Γ
q ?JkHm7p�d�m7pE}�n��rpozFEÍn j BËpE~�j

(Γ) = {e1, . . . , er}
buaXpow

FΓ,w
nÞ�ºbuaXpZDHn���srkHnuwUb.lcwUn(kHwJk�j�bua:p

}�l1m<=Hpt�
Cej

' A1
C

h3n(bua(Dcp �¡w*nuwcvÊn Dyp7~Hz��

IΓ,w (ej) =
(

IΓ,w, X0,
(

Xej,i
− w (ej,i+1)

)

1≤i≤kj

)

⊂ A [Γ] ,

h�aXpom7p 7 w�}
(ej) =

{

ej,kj+1 = ej , ej,kj
. . . , ej,1, ej,0 = e0

} q@?Jk]mEpEk�=Dpom
Xej

m7pt�ob(mon[}rbu��bNkä~L}7kBk]m DHnuw�~]bQp
jolcw�}Bb(n(kHw kHw

Cej

q



� �4
��������'�V�2���L����
��	�)������������� ��	� ��
J��� ê �
�½mEkBk�jBq ONÎ

H (Γ) = 0
CEÛ*K�G

N (Γ) = {e0}  VΓ,w =
Õc8�Kr?

(A [Xe0
]) ' A1

Z

ADG*I
FΓ,w '

Õc8�Kr?
(C [Xe0

])=@R¦57KrIX9*?rKrI Ç
! KäG*FBÓ RE9:8:8�F]R7KLCEÛUADC�CEÛ*KÙAHR7R7K�5ECE=@FHG FDÎ¡CEÛ*K!<@K�ÉÙÉÊA
=@R�CE5E9*K!Î[FH5�K�å`K�5H�àÓ�K�=>ß]ÛyC7KrI 57FcFHC7KrI+CE57KrKäFDÎ

Û*K�=>ß]ÛyC
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(

f1 . . . fr

X1 . . . Xr

)

.

O�G FH9:5�RE=>CE9UADCE=@FHG
A = BΓ̃,w

ADG*I
I
=@R!CEÛ*K
=>ÉÊADß`K
=>G

BΓ̃,w

FDÎ�CEÛ*KÍ=@I:KBAD<
(X0, Qe (Γw)) ⊂ A

[

Γ̃
] Ç

á <>CEÛ*FH9:ß]Û
X0

ADG*I
Qe (Γw)

Î[FH5EÉ Aä57K�ß]9:<ÞAD5TR7K+*y9*K�G*?rKº=>G
A
[

Γ̃
] Ó½K¿R7KrK�CEÛUADC�CEÛ*Kº=>ÉÊADß`K

Q̃e (Γw)
=>G

BΓ̃,w

=@R¦AäÑBK�57F�IX=>åc=@R£FH5�ÉÍF1IX9:<@F
X0

Ç OQG*I:KrKrI�AHR ∆̃0,
�����

(e) = X0Xe −Q �����
(e)

(

Γ̃w

)

= 0
=>G
B ˜Γ,w

Ó½K
R7KrK�CEÛUADC

Qe (Γw) =
(

X �����
(e) − w (e)

)−1
Qe

(

Γ̃w

)

Se (Γw)
=@R¦ADG:G:=>Û:=><ÞADC7KrI�;�� (

X � ���
(e) − w (e)

) =>G
BΓ̃,w/ (X0)

Ç Ú�Û:=@R�KoØ18:<ÞAD=>G*R�Ó¦Û�� CEÛ*K�8{FH<��1G*FHÉÙ=ÞAD<@R
∆̃e,e′ (Γw)

Ó�K�57K�AHI:I:KrI�C7FJCEÛ*K�FH;yå1=@FH9*RÙFHG*KrR
∆̃0,e (Γw)  e ∈ N (Γ) \ ç KBA�Î (Γ)  C7FÍI:Ko×*G*K¿CEÛ*K¿=@I:KBAD< IΓ,w

Ç

� 1A0/(Y0 ,WS>UWSX0�Q  �5�� ��5 � aXp!�ÍkHmNd�aynÞ�o�
β : VΓ,w → VΓ̃,w

nuw�DHl:}£pHDàx E�buaXpänuw�}�z|ly�on(k]w
BΓ̃,w ⊂ BΓ,w =

BΓ̃,w

[

Q̃g/X0

] n��L~ �½x7p�mEpHD��ÙkWDHn �½}7~]b(n[kHw{q
�½mEkBk�jBq ç K�CECE=>G:ß á G*? (g) = {ei+1 = e, ei, . . . , e0} ⊂ N (Γ)

Ó½KÙR7KrK°=>ÉÙÉÍKrIX=ÞADC7K�<��+CEÛUADC
β : VΓ,w →

VΓ̃,w

57KrRECE5E=@?�C7RJC7F ADG =@R7FHÉÍFH5E8:Û:=@R7É FH9:C7R7=@I:K CEÛ*K�?rFHG:G*Kr?�C7KrI ?rFHÉÙ8{FHG*K�GcC
Cg ⊂ FΓ̃,w  Ó¦Û*K�57KBAHR

β−1 (Cg)
=@R�CEÛ*K39:G:=@FHGäFDÎ1CEÛ*K¡?rFHG:G*Kr?�C7KrIä?rFHÉÙ8{FHG*K�GcC7R

Cfj
⊂ FΓ,w  Ó¦Û*K�57K ��Û:=><@I Γ (g) =

{

f1, . . . , fdegΓ(g)

} ÇO�C�Î(FH<><@F�ÓTR¦Î(57FHÉ <@K�ÉÙÉÊA�Ï ÇªY]\ CEÛUADC
Ṽe =

(

VΓ̃,w ×Z Z∗

)

∪ Ce
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=@R$ADG°FH8{K�GLRE9:;*R£K�C$FDÎ

VΓ̃,w

=@R£FHÉÍFH5E8:Û:=@?¡C7F
A1

Z
Ç Ú�Ûy9*R β : VΓ,w → VΓ̃,w

Ó¦=><><y;�K¡A½×*;�K�57KrI¿ÉÍF1IX=¬×U?BADCE=@FHG
8:57FBå1=@I:KrI CEÛ*Kà57KrR7CE5E=@?�CE=@FHG

β : β−1
(

Ṽg

)

→ Ṽg ⊂ VΓ̃,w

=@R�A RE=>ÉÙ8:<@Kà×*;�K�57KrI ÉÍF1IX=¬×U?BADCE=@FHG Z R7KrK
I:Ko×*G:=>CE=@FHG*R ^XÇªY ADG*I ^XÇ Ö _oÇO�C�Î(FH<><@F�ÓTR�Îu57FHÉ CEÛ*K¿8:57FcFDÎ3FDÎ�<@K�ÉÙÉÊA�Ï ÇªY]\ CEÛUADCTCEÛ*K�57KLKoØX=@REC7RTA�8�FH<��1G*FHÉÙ=ÞAD<

σu (X0) =
i
∑

k=0

ak (v)Xk
0 + uX i+1

0 ∈ A [u]

RE9*?£Û CEÛUADC�CEÛ*K =@R7FHÉÍFH5E8:Û:=@REÉ
Ṽg ' A1

Z

=@R�=>G*IX9*?rKrI ;�� CEÛ*K
A È ÉÍFH5E8:Û:=@REÉ τ∗g : BΓ̃,w → A [u]  

Xe 7→ Xe (σu)  e ∈ N
(

Γ̃
) Ç á R A [Γ] = A

[

Γ̃
]

⊗A C [Xf ]  f ∈
��Û:=><@I

Γ (g)  Ó½K!?BADG+KoØXC7K�G*I
τ∗g

C7F
A°ÉÍFH5E8:Û:=@REÉ

τ̄∗gBΓ,w → AX0
[u]

;)��<@K�CECE=>G:ß
τ̄∗g (Xf ) = Xf (σu) = X−1

0 Qg (Γw) (σu) ∈ AX0
[u] .Ò�9*K¿C7F�<@K�ÉÙÉÊAHRTÏ Ç>WBé ADG*I�Ï ÇªY]\ Ó�Kä?BADG�Ó¦5E=>C7K

Xek
(σu) = w (ek+1) +X0Pek

(X0, u)Î[FH5TK�å`K�5H�
0 ≤ k ≤ i  Ó¦Û*K�57KBAHR

Xg (σu) = (cu+ d)

i
∏

j=0

S
(ej+1)
ej (w (ej+1)) +X0Pg (X0) ,

Ó¦Û*K�57K
c ∈ C∗ Ç � RE=>G:ßÍÚ.A+�1<@FH5BMPR�S*FH5EÉä9:<ÞAÙÓ½K¿ÛUArå`K

Qg (Γw) (σu) = Rg (Γw) (σu)Sg (Xg (σu)) = P (u) +X0R (X0, u)

Ó¦Û*K�57K
λ ∈ C∗ ADG*I P (u) = Sg

(

∏i
j=0 S

(ej+1)
ej (w (ej+1)) (cu+ d)

)

∈ C [u]
=@R�AÍ8{FH<��1G*FHÉÙ=ÞAD<$Ó¦=>CEÛ

RE=>ÉÙ8:<@Kº57F1FHC7R Ç Ú�Ûy9*R Xf (σu) = X−1
0 P (u) +R (X0, u) ∈ AX0

[u] Ç Ú�Û:=@R�=>ÉÙ8:<>=@KrR¦CEÛUADC β−1
(

Ṽg

) =@R
=@R7FHÉÍFH5E8:Û:=@?�C7FTCEÛ*K�RE9:5�Î[AH?rK

W ⊂ A2
Z =

Õc8�Kr?
(A [u, v])

Ó¦=>CEÛ°K+*y9UADCE=@FHG
X0v−P (u)−X0R (X0, u) =

0
Ó¦Û:=@?7Û =@R�=>GJCE9:5EG =@R7FHÉÍFH5E8:Û:=@?°C7F�CEÛ*K�Ò¿ADG:=@K�<@K�ÓTREÔc=3RE9:5�ÎNAH?rK

VP,1
Ç Ú�Ûc9*R β : β−1

(

Ṽe

)

→ Ṽe
=@R¿A

RE=>ÉÙ8:<@Kº×*;�K�57KrI�ÉÍF1IX=¬×U?BADCE=@FHG+ADG*I�Û*K�G*?rK  β : VΓ,w → VΓ̃,w

=@R�A°×*;{K�57KrI�ÉÍFcIX=¬×U?BADCE=@FHG Ç
�

! KÍG*FHCE=@?rKÊCEÛUADC!CEÛ*KÍ×*;{K�57KrI ÉÍFcIX=¬×U?BADCE=@FHG
β : VΓ,w → VΓ̃,w

?rFH=>G*?�=@I:KÊÓ¦=>CEÛ CEÛ*KÍ57KrRECE5E=@?�CE=@FHG�C7F
VΓ,w

FDÎ�CEÛ*K°8:57F �EKr?�CE=@FHG
A

d(Γ)
Z → A

d(Γ̃)
Z

=>G*IX9*?rKrI ;)��CEÛ*K°=>G*?�<>9*RE=@FHG
A
[

Γ̃
]

⊂ A [Γ] Ç æ+FH57KrF�å`K�5  Î(FH5K�å`K�5H�
m ≥ H (Γ)  β K+*c9:=>åHAD5E=ÞADGcC¿Ó¦Û*K�G Ó�K°<@K�C

Ga,Z
AH?�C7RºFHG

VΓ,w
;��

αΓ,w (m)
ADG*I FHG

VΓ̃,w

;)�
αΓ̃,w (m) Ç OQÎ g ∈ N (Γ) \ ç KBA�Î (Γ)

ADG*I ��Û:=><@I
Γ (g) ⊂ ç KBA�Î (Γ)

CEÛ*K�G
g
;{Kr?rFHÉÍKrRºAÙ<@KBA�Î3=>G+CEÛ*KLCE57KrK

Γ̃
FH;:C£AD=>G*KrI ;)�J?�9:CECE=>G:ß�CEÛ*Kä<@KBABå`KrR¿FDÎ

Γw
ADC
g Ç ÕcC£AD5ECE=>G:ß�Ó¦=>CEÛJCEÛ*K°G*F1I:KrRº=>G

Γw
Ó¦Û*F]R7K�?7Û:=><@IX57K�G*R

AD57K
<@KBArå`KrR�FDÎ
Γw

Ó�K�?BADG�=>C7K�5£ADC7KÊCEÛ*K�?rFHG*RECE5E9*?�CE=@FHG 9:GyCE=><
N
(

Γ̃w

)

= {e0}
Ç Ú�Ûy9*R�CEÛ*KÙÎ[FH<><@FBÓ¦=>G:ß

CEÛ*KrFH57K�É Û*FH<@I:R Ç
,.-�/)0�12/43  5$�/��5 � kHmäp =Dpom E

m ≥ H (Γ) � buaXp�xonumE~]b(n(k]w�~HzËp���l1nX=�~Hmon(~Hw�b��ÍkHmQdUayn��t�
β : (VΓ,w, αΓ,w (m)) → A1

Z (m)nuw�DHl:}£pHDàx E�buaXp!n�w{}�zelc�tn[kHw
A [Xe0

] ⊂ A [Γ]
jr~`}rbNkHmt�°p���l1n>=D~Hmtn[~HwUb(zFE�~D�ä~Ê�tl:}7}£pt�t�tn[kHw k�j ��x7pom7pHD��Ík#DHnui

��}7~`b(n(kHw*�Lkcx�bN~Hnuw{pHD�x EÙ�olX}£}£pt�£�on>=Hpoz E�}�lXb[b(nuwcv�buaXp!z>pE~�=Dpt�°k�j
Γw

q



� � �������	��
��������������
� po�Í~Hm<; Ï ÇªY Ý q è�K�ÉÙ=>G*IÙCEÛUADC�CEÛ*KTK+*c9UADCE=@FHG*R¡Ó¦Û:=@?£Û
I:Ko×*G*KrR�CEÛ*K�K�É!;�KrI:IX=>G:ßäFDÎ VΓ,w

=>G
A

d(Γ)
Z

?BADGÍ;�K
FH;:C£AD=>G*KrI+Îu57FHÉ AD<><$CEÛ*K

2 × 2
ÉÙ=>G*FH57R�FDÎ¡CEÛ*KäÉÊADCE5E=¬Ø

M (Γw)
FDÎ3Ï Ç>WBY ;)�àRE=>ÉÙ8:<>=¬Î �1=>G:ßÊCEÛ*K°?rFHÉÙÉÍFHGÎNAH?�C7FH57R Ç � RE=>G:ßÍCEÛ:=@R�I:KrR7?�5E=>8:CE=@FHGJÓ�K!R£KrK¿CEÛUADCTCEÛ*K!FH8�K�5£ADCE=@FHG+?rFHG*R7=@RECE=>G:ß
FDÎ¡?�9:CECE=>G:ßÊCEÛ*KL<@KBArå`KrRºADC�A

G*F1I:K
g ∈ N (Γ)

?rFH=>G*?�=@I:KLÓ½K¿CEÛ*K¿I:K�<@K�CE=@FHG+FDÎ�CEÛ*K¿?rFH<>9:ÉÙG

M (g) =

(

Qg (Γw)
Xf

)

FDÎ
M (Γw)

?rFH5E57KrRE8�FHG*IX=>G:ßÊC7FÙCEÛ*KºG*F1I:K
g Ç

Ö Ç�� 	��{Å�� ����Ã ��ÆÍÂ � ��Å*Ã§Å���������yÅ�� � �ËÃ��uÅ �yÅ���Æ! T��ÆW���������{ÅUÆ
! K¿REÛUAD<><§8:57F�å`K¿CEÛ*KºÎ[FH<><@FBÓ¦=>G:ß
CEÛ*KrFH57K�É Ç

,.-�/)0�12/43 ��5���5�� k]m p =Dp�m<E
(V, α) ∈ � x (GDS/Z

) buaXpom7p p� Hn��obu�J~�h�p�n¬vDa1bQpHD mEkBk]bQpHD b(mEp£p
Γw =

Γw (V )
�tl:}oa�bua1~]b

(V, α)
n��!p!��lcnX=�~Hmon[~HwUb(zFE
n���kH�ÍkHmQdUayn[}äbNk

(VΓ,w, αΓ,w (nV (α)))
q

Ú�Û*K�8:57F1FDÎL=@R
ß]=>å`K�G =>G Ö ÇªY È Ö Ç>WB^ ;�K�<@FBÓ Ç ! K�;�K�ß]=>G Ó¦=>CEÛ CEÛ*K+?rFHG*R7CE5E9*?�CE=@FHG FDÎ!A 57FcFHC7KrI CE57KrK
GUADCE9:5£AD<><���AHR7R7F1?�=ÞADC7KrI�C7FÍA

GDS (V, α) Ç
��5���5 ! K¿57Kr?BAD<><§CEÛUADC�K�å`K�5H�

GDS (V, α) 6' A1
Z (nV (α))

AHIXÉÙ=>C7R�A�S.=@KrR7K�<@K�5�8:57KrR7K�GyC£ADCE=@FHG

τ : (V, α)
∼
→

r
⊔

i=1

Xi × A1
C/ ∼

Ó¦=>CEÛ�CEÛ*K¿=@I:K�GcCE=¬×U?BADCE=@FHG
∼
ß]=>å`K�G�;��

Xi × A1 3 (x, u) ∼
(

x′, u′
)

∈ Xj × A1 ⇔ x′ = x
ADG*I

u′ = hµj−µi (p (x)) u+ gij (p (x)) ,Ó¦Û*K�57K
µi = µ

(

α, {xi} × A1
C

) ADG*I�CEÛ*K�CE5£ADG*RE=>CE=@FHG�Îu9:G*?�CE=@FHG*R
(gij)1≤i,j≤r ∈ Ah

R£ADCE=@R�Î �ÍCEÛ*Kº?rFc? �X?�<@K
57K�<ÞADCE=@FHG*R

gii = 0
ADG*I

gik = hµk−µjgij + gjkÎ[FH5TK�å`K�5H�
1 ≤ i, j, k ≤ r Ç æ+FH57KrF�å`K�5

nij = −ordz0
(gij) > 1

AHR
r ≥ 2 Z R7KrK¿8:57FH8�F]RE=>CE=@FHG YXÇ>WBY`_oÇ

! KÙ?rFHG*RECE5E9*?�CäA�CE57KrK
Γ (τ)

;��+CEÛ*KÙÎ(FH<><@F�Ó¦=>G:ß�8:57Fc?rKrIX9:57K Ç SUFH5!K�å`K�5H�JK�å`K�5H�
i ∈ I = {1, . . . , r}Ó�K�<@K�C

Γ (i)
;�KÊCEÛ*K
<>=>G*KBAD5Ù?7ÛUAD=>G

Γ (i) = [ei,0, ei,1, . . . , ei,ri
]  Ó¦Û*K�57K ri = nV (α) − µi

Ç ! K�<@K�C
Γ (τ)

;�K�CEÛ*KÍß]5£AD8:Û�FH;:C£AD=>G*KrI Î(57FHÉ�CEÛ*KÍIX=@R ��FH=>GcC!9:G:=@FHG FDÎ¦CEÛ*KÙCE57KrKrR
Γ (i)  i ∈ I  ;)� =@I:K�GyCE=¬Î �1=>G:ß

CQÓ½FàG*F1I:KrR
ei,k

ADG*I
ej,k

Ó¦Û*K�G*K�å`K�5
nV (α) − µj − nij > k − 1 Ç OQÎ¦CQÓ½FàG*F1I:KrR ei,k ADG*I

ej,k
AD57K

=@I:K�GyCE=¬×UKrI+CEÛ*K�G�CEÛ*K¿G*F1I:KrR
ei,l

ADG*I
ej,l  0 ≤ l ≤ k  AD57K!AD<@R7FÍ=@I:K�GyCE=¬×UKrI ADG*I�Û*K�G*?rK  Γ (τ)

=@R�A�CE57KrK Çá R
nV (α) − µj − nij ≥ 0

;��+I:Ko×*G:=>CE=@FHG FDÎ
nV (α) Z R7KrK YXÇ>W Ï _ Ó�KÙ?rFHG*?�<>9*I:K�CEÛUADC¿CEÛ*K°G*F1I:KrR e0,i  

i ∈ I  AD57KºAD<><�=@I:K�GcCE=¬×UKrI
C7F°AL9:G:=	*c9*KTG*F1I:K e0 ∈ N (Γ (τ))
Ó¦Û:=@?£Û�Ó�K�?rFHG*RE=@I:K�5�AHR�CEÛ*K�57FcFHC½FDÎ

Γ (τ) ÇO�GÍ?rFHGyCE5£AHREC�CEÛ*K¦G*FcI:KrR
ei,ri

 i ∈ I  AD57KTG*FHC¡=@I:K�GyCE=¬×UKrIÊÓ¦=>CEÛ
ADG)�ÙFHCEÛ*K�5�G*F1I:K ej,ri

Ç OQG*I:KrKrIÊFHCEÛ*K�5EÓ¦=@R7K
nji = nij − µi + µj < 1

=>G ?rFHGyCE5£AHIX=@?�CE=@FHG Ó¦=>CEÛ 8:57FH8�F]RE=>CE=@FHG YXÇ>WBYXÇ � � ?rFHG*RECE5E9*?�CE=@FHG�CEÛ*KÍ<@KBArå`KrR
FDÎ

Γ (τ)
AD57K�=>G ;:= �EKr?�CE=@FHG Ó¦=>CEÛ CEÛ*K�?rFHG:G*Kr?�C7KrI ?rFHÉÙ8�FHG*K�GyCäFDÎ�CEÛ*K°×*;�K�5

Fz0
= q−1 (z0)

Ç8! KÍAD<@R7F
G*FHCE=@?rK�CEÛUADC�CEÛ*K�8UADCEÛÍÎ(57FHÉ

ei,ri

C7F
e0

=>G
Γ (τ)

?rFHG*RE=@REC7R½FDÎ
nV (α)−µi

KrIXß`KrR½ADG*IÊ=>C �EFH=>G*R�CEÛ*K�8UADCEÛ
Î(57FHÉ

ej,rj

C7F
e0

A�Î(C7K�5�KoØ*AH?�CE<��
nji ≥ 1

KrIXß`KrR ÇT! K¦Ó¦=><><UR£KrK¦<ÞADC7K�5�FHGÍCEÛUADC�CEÛ:=@R¡CE57KrK¦=@R�?�<@F]R7K�<���57K�<ÞADC7KrI
C7F�CEÛ*KLIX9UAD<§ß]5£AD8:Û+FDÎ.CEÛ*K¿;�FH9:G*I*AD5H��IX=>åc=@R£FH5¦=>GàA�ÉÙ=>G:=>ÉÊAD<$K+*c9:=>åHAD5E=ÞADGcC�?rFHÉÙ8:<@K�CE=@FHG+FDÎ

(V, α) Ç
��5$#�5 � �Í?rFHG*RECE5E9*?�CE=@FHG Γ (τ)

I:K�8�K�G*I:R�FHG
CEÛ*K�FH57I:K�5
nij = −ordz0

(gij)
FDÎ�CEÛ*K�CE5£ADG*RE=>CE=@FHGÊÎu9:G*?�CE=@FHG*R

AHR7R7F1?�=ÞADC7KrIJC7F�CEÛ*K°S.=@KrR7K�<@K�5¿8:57KrR£K�GyC£ADCE=@FHG
τ : (V, α)

∼
→

r
⊔

i=1

Xi × A1
C/ ∼

FDÎ
(V, α) Ç Ò�9*KäC7F�CEÛ*K�57K È

<ÞADCE=@FHG Z[YXÇ Ï _ Ó�KºÔ1G*FBÓ¦G�CEÛUADC¦=¬Î τ ′ : (V, α)
∼
→

r
⊔

i=1

Xi × A1
C/ ∼

=@RTADG�FHCEÛ*K�5¦SË=@KrR£K�<@K�5½8:57KrR£K�GyC£ADCE=@FHGàFDÎ
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(V, α)
?rFH5E57KrRE8�FHG*IX=>G:ßÍC7FÙCE5£ADG*RE=>CE=@FHG�Îu9:G*?�CE=@FHG*R (

g′ij

)

1≤i,j≤r

CEÛ*K�G

nij = −ordz0
(gij) = −ordz0

(

g′ij
)

= n′ij.Ú�Û:=@RÍ=>ÉÙ8:<>=@KrR
CEÛUADC
Γ (τ)

I:K�8{K�G*I:R�FHG:<�� FHG
(V, α) Ç á R

nV (α) = nV + µ (α)
;)� I:Ko×*G:=>CE=@FHG FDÎ

CEÛ*KÙ=>G*I:KoØ
nV

FDÎ
V Z R7KrK YXÇ>W Ï _ Ó½KÙ×*GUAD<><�� ?rFHG*?�<>9*I:KÍCEÛUADC

Γ (τ)
I:K�8{K�G*I:RäFHG:<�� FHG CEÛ*K

A1 È ;:9:G*IX<@K
π : V → X Z R7KrK YXÇªé`_ ADG*I G*FHCÊFHG CEÛ*K�8UAD5ECE=@?�9:<ÞAD5�?7Û*FH=@?rK�FDÎLA

Ga,Z È AH?�CE=@FHG α
FHG

V Ç ! K�Ó¦=><><
?rFHG*R7K+*c9*K�GyCE<���I:K�G*FHC7K

Γ (τ)
AHR

Γ (V ) Ç
� k`bN~]b(n(k]w Ö Ç Ï q � �Ù?rFHG*RECE5E9*?�CE=@FHG�A¿G*F1I:K e ∈ ç KBA�Î (Γ (V ))

?rFH5E57KrRE8�FHG*I:R�C7F°AL?rFHG:G*Kr?�C7KrI�?rFHÉÙ8{FHG*K�GcC
C (e) =

{

xi(e)

}

× A1
C

FDÎ
Fz0

Ç æJFH57K¿ß`K�G*K�5£AD<><���Î[FH5TK�å`K�5H�
G*F1I:K
e ∈ N (Γ (V ))

Ó�K¿<@K�C

C (e) =
⋃

f∈
��� ���

(Γe(V ))

C (f) ⊂ Fz0
,

Ó¦Û*K�57K
Γe (V )

I:K�G*FHC7KrR�CEÛ*K�ÉÊA�ØX=>ÉÊAD<�RE9:;:CE57KrK�FDÎ
Γ (V )

57FcFHC7KrI
=>G
e Ç ! K�FH;*R7K�5Eå`K�CEÛUADC

C (e0) = Fz0

� /PORQTSVUWSX0�Q ��5���5 ! KLR£A+��CEÛUADCTC�Ó�FÍ57F1FHC7KrI�CE57KrKrR
Γ1

ADG*I
Γ2

FDÎ3R£ADÉÍK¿Û*K�=>ß]ÛcC
H

AD57K¿=@R7FHÉÍFH5E8:Û:=@?¿=¬Î
CEÛ*KºÎ[FH<><@FBÓ¦=>G:ßÍ57Kr?�9:57R7=>å`K!?rFHG*IX=>CE=@FHG�Û*FH<@I:R Ç
W�_ OQÎ H = 1

CEÛ*K�G ��AD57I
(N1 (Γ1)) =

��AD57I
(N1 (Γ2))

Ç
Y`_ ONÎ H ≥ 1

CEÛ*K�G)��AD57I
(N1 (Γ1)) =

��AD57I
(N1 (Γ2))

ADG*I+Î[FH5�K�å`K�5H�
e1 ∈ N1 (Γ1)

CEÛ*K�57KÙKoØX=@REC7R
e2 ∈ N1 (Γ2)

R79*?7Û�CEÛUADC
Γe1

1

=@R¦=@R£FHÉÍFH5E8:Û:=@?¿C7F
Γe2

2
Ç

Ú�Û*K�Î[FH<><@FBÓ¦=>G:ßÊ<@K�ÉÙÉÊAÙC7K�<><@RT9*R¦CEÛ*KºCEÛ*K¿CE57KrK
Γ (V )

=@R�ADG�=>Gyå]AD5E=ÞADGyC�FDÎ3A
GDS V Ç
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GDS �

�
V

~Hw�D
V ′ ~Hm7p Z iQn���kH�ÍkHmQdUayn[}�buaXpow buaXp°b(mEp£pt�

Γ (V )
~Hw�D

Γ (V ′)
~HmEp

n���kH�ÍkHmQdUayn[}�q
�½mEkBk�jBq ! K�<@K�C

q : V
π
→ X

p

→ Z
ADG*I

q′ : V ′ π′

→ X ′
p′

→ Z
;�K�CEÛ*K�ÎNAH?�C7FH5E=>Ñ�ADCE=@FHG*R
FH;:C£AD=>G*KrI =>G

YXÇªéXÇ á G��
Z È =@R7FHÉÍFH5E8:Û:=@REÉ χ : V → V ′ =>G*IX9*?rKrRÊA Z È =@R7FHÉÍFH5E8:Û:=@REÉ χ̄ : X → X ′ Ç á R

X
ADG*I

X ′ AD57K�;�FHCEÛ =@R7FHÉÍFH5E8:Û:=@?JC7F CEÛ*KJA�ÌÍG*Kà<>=>G*K+Ó¦=>CEÛ ADG
r È Î(FH<@I FH5E=>ß]=>G Ó½KàR7KrK

χ̄
?rFH=>G*?�=@I:KrR�Ó¦=>CEÛ A

8�K�5EÉ!9:C£ADCE=@FHGàFDÎ.CEÛ*K�FH5E=>ß]=>G*R
{x1, . . . , xr}

FDÎ
X ÇR! K�ÉÊA+��?7Û*F1F]R7K�CQÓ½F

Ga,Z È AH?�CE=@FHG α FHG
V
ADG*I

α′

FHG
V ′ =>G+R79*?7ÛJAÍÓ½A#��CEÛUADC

χ : V → V ′ =@R�K+*c9:=>å]AD5E=ÞADGyC Ç ! K!<@K�C
τ : (V, α)

∼
→

r
⊔

i=1

Xi × A1
C/ ∼

ADG*I

τ ′ :
(

V ′, α′
) ∼
→

r
⊔

i=1

X ′
i × A1

C/ ∼
;�K�C�Ó�FºS.=@KrR7K�<@K�5�8:57KrR7K�GyC£ADCE=@FHG*R¡FDÎ

(V, α)
ADG*I

(V ′, α′)
57KrRE8�Kr?�CE=>å`K�<�� Ç

Ú�Û*K�G�Î[FH5�K�å`K�5H�
1 ≤ i ≤ r

CEÛ*K�57KLKoØX=@REC7R
k = k (i)  1 ≤ k ≤ r

RE9*?£Û�CEÛUADC
χ
=>G*IX9*?rKrR�ADGàK+*c9:=>å]AD5E=ÞADGyC

Z È =@R7FHÉÍFH5E8:Û:=@REÉ Xi × A1
C

∼
→ X ′

k × A1
C

Ç Ú�Ûy9*R µi = µ
(

α, {xi} × A1
C

)

= µ
(

α′, {x′k} × A1
C

)

= µ′k
Ç

ç K�CECE=>G:ß (gij)1≤i,j≤r ∈ Ah
ADG*I (

g′ij

)

1≤i,j≤r
∈ Ah

;�KºCEÛ*KL?rFH5E57KrRE8�FHG*IX=>G:ßÊCE5£ADG*RE=>CE=@FHG�Î(9:G*?�CE=@FHG*RTÓ½K
?rFHG*?�<>9*I:KLCEÛUADCTÎ(FH5TK�å`K�5H�

1 ≤ i, j ≤ r  i 6= j  CEÛ*K�57KLKoØX=@REC7R k 6= l  1 ≤ k, l ≤ r
R79*?7Û�CEÛUADC

nij = −ordz0
(gij) = −ordz0

(

g′kl

)

= n′kl.Ú�Ûy9*R
nV (α) − µj − nij = nV ′ (α) − µ′l − n′kl

ADG*I�Û*K�G*?rK  Γ (V )
ADG*I

Γ (V ′)
AD57Kº=@R7FHÉÍFH5E8:Û:=@? Ç

�



� � �������	��
��������������
��5���5 ! KLÓ¦=><><ËG*FBÓ ?rFHG*R7CE5E9*?�CºA°×*G*K!Ó�K�=>ß]ÛcC�Î(9:G*?�CE=@FHG+FHG+CEÛ*KLCE57KrK

Γ (V ) Ç OQÎ (V, α) ' A1
Z (nV (α))CEÛ*K�G

Γ (V )
?rFHG*RE=@RECLFDÎTA�9:G:=	*y9*K�G*F1I:K

e0
C7F�Ó¦Û:=@?7Û Ó½KÍ?BADG AHR7RE=>ß]G ADG��J?rFHÉÙ8:<@KoØ Gc9:É!;�K�5

w (e0)
Ç

] CEÛ*K�5EÓ¦=@R7K�Ó�K <@K�C
β : (V, α) → A1

Z (nV (α))
;{K A ÉÍFH5E8:Û:=@R7É Ç O�G A S.=@KrR7K�<@K�5J8:57KrR7K�GyC£ADCE=@FHG

τ : (V, α)
∼
→

r
⊔

i=1

Xi × A1
C/ ∼

FDÎ
(V, α)  β ?rFH5E57KrRE8�FHG*I:RTC7F
A°ÉÍFH5E8:Û:=@REÉ

β̃ = β ◦ τ−1 :
∼
→

r
⊔

i=1

Xi × A1/ ∼→ A1
Z .

ç K�CECE=>G:ß (gij)1≤i,j≤r ∈ Ah
;�KºCEÛ*K¿CE5£ADG*RE=>CE=@FHG�Î(9:G*?�CE=@FHG*R�AHR7R£Fc?�=ÞADC7KrI�C7FÙCEÛ:=@RT8:57KrR7K�GyC£ADCE=@FHG+=>C�Î(FH<><@F�ÓTR

Î(57FHÉ <@K�ÉÙÉÊA YXÇ>W Ö�CEÛUADC β̃ =@R¦9:G:=	*y9*K�<���I:K�C7K�5EÉÙ=>G*KrI+;)��CEÛ*KL?£Û*FH=@?rK!FDÎ�57K�ß]9:<ÞAD5¦Îu9:G*?�CE=@FHG*R
bi ∈ A  1 ≤

i ≤ r  R£ADCE=@R�Î �c=>G:ßÙCEÛ*KL57K�<ÞADCE=@FHG
Z Ö Ç>W�_ bi = hnV (α)−µjgij + bj

Î[FH5!K�å`K�5H�
1 ≤ i, j ≤ r Ç ! KÊÓ¦5E=>C7K

bi =

Ni
∑

k=0

ai,kh
k Î(FH5äK�å`K�5H�

1 ≤ i ≤ r
ADG*I Ó�K
?rFHG*RE=@I:K�5°ADßyAD=>G

CEÛ*Kä<>=>G*KBAD5º?£ÛUAD=>G
Γ (i) = [ei,0, ei,1, . . . , ei,ri

]  Ó¦Û*K�57K ri = nV (α) − µi
Ç Ú�Û*K�GJÓ½K!<@K�C

wβ,τ (e0)
;�K

ADG)� ?rFHÉÙ8:<@KoØ Gy9:É!;�K�5�Ó¦Û*K�57KBAHR
wβ,τ,i (ei,k) = ai,k−1 ∈ C

Î[FH5!K�å`K�5H�
1 ≤ k ≤ ri

Ç Ú�Û*K
57K�<ÞADCE=@FHG
Z Ö Ç>W�_ =>ÉÙ8:<>=@KrRLCEÛUADC bi − bj =

(

hnV (α)−µj−nij
)

Dij (h)
Ó¦Û*K�57K

Dij ∈ A ' C [h]
=@RLA�G*FHG*?rFHG*REC£ADGcC

8�FH<��cG*FHÉÙ=ÞAD< Ç ��K�G*?rK wβ,τ,i (ei,k) = wβ,τ,j (ej,k)
Î[FH5äK�å`K�5H�

k − 1 < nV (α) − µj − nij
Ç OQCäCEÛ*K�G

Î[FH<><@FBÓTR�Î(57FHÉ CEÛ*K�I:Ko×*G:=>CE=@FHG FDÎ
Γ (V )

CEÛUADCºCEÛ*K°Ó�K�=>ß]ÛcCºÎu9:G*?�CE=@FHG*R
wβ,τ,i  i ∈ I  8UADC7?7Û C7F�I:Ko×*G*KÙA

Ó�K�=>ß]ÛcCºÎu9:G*?�CE=@FHG
wβ,τ

FHG
Γ (V ) Ç ONÎ k0 − 1 = nV (α) − µj − nij

CEÛ*K�G
wi (ei,k0

) 6= wj (ej,k0
)
ADG*I

Û*K�G*?rK
wβ,τ

=@R�Aä×*G*K¿Ó�K�=>ß]ÛcCTÎ(9:G*?�CE=@FHGàFHG
Γ (V ) ÇOQÎ

τ ′ : (V, α)
∼
→
⊔r

i=1Xi ×A1
C
/ ∼

=@RTADG�FHCEÛ*K�5TS.=@KrR7K�<@K�5¦8:57KrR7K�GcC£ADCE=@FHG+FDÎ
(V, α)

Ó¦=>CEÛàAHR7R£Fc?�=ÞADC7KrI
CE5£ADG*RE=>CE=@FHG Îu9:G*?�CE=@FHG*R (

g′ij

)

1≤i,j≤r
∈ Ah

CEÛ*K�G =>CÙÎ[FH<><@FBÓTRÙÎ(57FHÉ 57K�<ÞADCE=@FHG Z[YXÇ Ï _ CEÛUADCÍCEÛ*K�57KàKoØX=@REC7R
c ∈ A∗ = C∗ ADG*I�R7FHÉÍK¿57K�ß]9:<ÞAD5TÎu9:G*?�CE=@FHG*R di ∈ A

R79*?7Û�CEÛUADC
gij = cg′ij + dj − chµj−µidiÎ[FH5½K�å`K�5H�

i 6= j  1 ≤ i, j ≤ r Ç Ú�Ûy9*R β ◦ (τ ′)−1 =@R�9:G:=	*c9*K�<@K �
I:K�C7K�5EÉÙ=>G*KrI�;�� b′1 = b1 + hnV (α)−µ1d1ADG*I
b
′

i = b
′

1 − hnV (α)−µjg1i
Î(FH5�K�å`K�5H�

2 ≤ i ≤ r Ç á R bi − b′i ∈
(

hnV (α)−µi
)

A
Ó�K°?rFHG*?�<>9*I:K°CEÛUADC

CEÛ*KÍÓ½K�=>ß]ÛyC°Î(9:G*?�CE=@FHG
wβ,τ

I:FcKrR!G*FHC°I:K�8�K�G*I FHG A�8UAD5ECE=@?�9:<ÞAD5�?7Û*FH=@?rK�FDÎ�A�S.=@KrR7K�<@K�5°8:57KrR7K�GcC£ADCE=@FHG ÇÚ�Û:=@R�GUADCE9:5£AD<$×*G*KäÓ�K�=>ß]ÛcCºÎu9:G*?�CE=@FHG AHR7R7F1?�=ÞADC7KrI+C7F
AÊÉÍFH5E8:Û:=@REÉ
β : (V, α) → A1

Z (nV (α))
Ó¦=><><.;�K

I:K�G*FHC7KrI
wβ

Ç
��5
��5 O�G
CEÛ*KºR7K+*c9*K�<{=>C�Ó¦=><><�;�K�?rFHGcå`K�G:=@K�GyCTC7Fä9*R7KºAL<@KrR7R½GUADCE9:5£AD<{×*G*K�Ó�K�=>ß]ÛcC�Îu9:G*?�CE=@FHG

w̃β
Ó¦Û:=@?£Û�Ó½K

I:K�5E=>å`KºÎ(57FHÉ
wβ

AHR½Î[FH<><@FBÓTR ÇY! Kº<@K�C
w̃β (e0) = 1

ADG*I
w̃β (e) = wβ (e)

Î[FH5TK�å`K�5H�
G*F1I:K
e = el (1) ∈

N1 (Γ (V )) Ç ONÎ
e = elk+1

(k + 1, l1, . . . , lk) ∈ Nk+1 (Γ (V ))
=@R�A�G*F1I:K�ADCä<@K�å`K�<

k + 1 ≥ 2
CEÛ*K�G

CEÛ*K�57KLKoØX=@REC7RTA°9:G:=	*c9*KºG*FcI:K
e′ = elk−1

(k − 1, l1, . . . , lk−2) ∈ Nk−1 (Γ (V ))
RE9*?7ÛàCEÛUADC

e ∈ Γe′ (V )ADG*I�Ó½K¿<@K�C

w̃β (e) = wβ (e)





∏

f∈

 	 ����

(e′)\
� ���

(e)

(w̃β (f) − w̃β (e))



 w̃β

(

e′
)

.

! KºR7KrK�;)�Í=>G*IX9*?�CE=@FHG�CEÛUADC�ONÎ
e1

ADG*I
e2

REÛUAD57K�CEÛ*KºR£ADÉÍK�8UAD57K�GyC¦=>G
Γ (V )

CEÛ*K�G
w̃β (e1) = λwβ (e1)ADG*I

w̃β (e2) = λwβ (e2)  Ó¦Û*K�57K λ ∈ C∗ Ç ��K�G*?rK w̃β
=@R�Aä×*G*K¿Ó�K�=>ß]ÛcCTÎ(9:G*?�CE=@FHGàFHG

Γ (V ) Ç
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(V )
x7p�buaXp�h�pon>vDacbQpGD!mEkBk]bQpGD!b(m7p7p�~D�£�rkB}�n[~]bQpHDäbNk!~L�Ùk]mNdUacnÞ�o�

β : (V, α) →

A1
Z (nV (α))

q � aXpow
j�k]mÙp =Hpom<Eàw�k#Dyp
e ∈ N (Γ (V ))

buaXpom7p�p� Hn��obu�Ê~�m7p[vHl1z¬~Hm�jtl1w�}rb(n[kHw
ge

kHw
(V, α)�tl:}oa�bua1~]b½buaXp¡j�k]z�z>kHh3nuwcv
~H�£�rp�mob(n[kHw:�ºa1kHz�Dyq

��� � j
e ∈

BËpE~�j
(Γ (V ))

buaXp�w
ge

nÞ�!~�}7kBkHmHDHnuw�~]bQp�jolcw�}Bb(n(kHw kHw
Ce ⊂ Fz0

q
� � � j

e ∈ N (Γ (V )) \
B$p7~�j

(Γ (V ))
buaXp�wLj�k]m¿p =Hpom<E

f ∈
�Ëacn�z�D

(e) ge
nÞ�¿}7kHw:��bN~HwUb¡kHw

C (f) ⊂ Fz0h3n(bua =�~]zel*p
w̃β (f)

q
�½mEkBk�jBq ONÎ

(V, α) ' A1
Z (nV (α))

CEÛ*K�G
β
=@RºADG =@R7FHÉÍFH5E8:Û:=@R7É Ç OQGJCEÛ:=@R¿?BAHR7KäCEÛ*KäCE57KrK

Γ (V )
?rFHG*RE=@REC

FDÎ¡A°9:G:=	*y9*K¿G*F1I:K
e0
Ç ç K�CECE=>G:ß A1

Z =
Õc8{Kr?

(A [u])
Ó�K!R7KrKºCEÛUADC

ge0
= u ◦ β

RtADCE=@R�×UKrR Z�W�_oÇ
È OQÎ (V, α) 6' A1

Z (nV (α))
CEÛ*K�G Ó�KÙ<@K�C

bi ∈ A  1 ≤ i ≤ r
;�K�CEÛ*KÙ57K�ß]9:<ÞAD5¿Î(9:G*?�CE=@FHG*R!I:Ko×*G:=>G:ß

β̃ = β ◦ τ
=>G�A°SË=@KrR£K�<@K�5¦8:57KrR7K�GyC£ADCE=@FHG

τ : (V, α)
∼
→

r
⊔

i=1

Xi × A1
C/ ∼

FDÎ
(V, α) Ç Õc=>G*?rK β̃ =@R�ß]=>å`K�G�;)�

β̃ :
⊔

i∈I

Xi × A1
C
/ ∼ → A1

Z (nV (α))

Xi × A1
C
3 (x, u) 7→

(

p (x) , h (p (x))nV (α)−µi u+ bi (p (x))
)

Ó�K!?rFHG*?�<>9*I:KLCEÛUADCTCEÛ*Kº57K�ß]9:<ÞAD5�Îu9:G*?�CE=@FHG
ge0

∈ C [V ]
I:Ko×*G*KrI�;��

ge0
(v) = h (p (x))nV (α)−µi u+ bi (p (x))=¬Î

τ (v) = (x, u) ∈ Xi×A1
C

R£ADCE=@R�Î � Z[Y`_oÇ æJFH57KrFBå`K�5
ge0

57KrR7CE5E=@?�C7R¡C7F!A¿?rF1FH57IX=>GUADC7K�Î(9:G*?�CE=@FHG
FHGÊK�å`K�5H�
×*;�K�5

Fz = q−1 (z)
Î[FH5

z ∈ Z∗
Ç

È á R ge0
(C (el (1))) = w̃β (el (1))  1 ≤ l ≤ r (1)  Ó�K!R7KrK¿CEÛUADC¦<@K�CECE=>G:ß

Se0
(Te0

) =

r(1)
∏

l=1

(Te0
− w̃β (el (1))) ∈ C [Te0

],

CEÛ*K¿5£ADCE=@FHGUAD<�Î(9:G*?�CE=@FHG
g1 (v) = h (q (v))−1 Se0

(ge0
(v))FHG

V
=@R�=>G
Î[AH?�C¦A!57K�ß]9:<ÞAD5�Î(9:G*?�CE=@FHG Ç OQÎ el (1) =@R½A!<@KBA�ÎËFDÎ Γ (V )

CEÛ*K�G
µl = nV (α)− 1

;��ÊI:Ko×*G:=>CE=@FHG
FDÎ

Γ (V )
ADG*I

g1
57KrRECE5E=@?�C7RÊC7F A ?rF1FH57IX=>GUADC7KàFHG

C (el (1))
Ç_] CEÛ*K�5EÓ¦=@R7K�=>CÙÎ[FH<><@FBÓTRÊÎ(57FHÉ ÚËA#�c<@FH5BMPR

S*FH5EÉä9:<ÞA¿CEÛUADC3Î[FH5�K�å`K�5H�
f ∈

��Û:=><@I
(el (1)) g1

=@R¡?rFHG*REC£ADGyC½FHG
C (f) ⊂ F0

Ó¦=>CEÛÍå]AD<>9*K
w̃β (f) Ç Ú�Ûy9*R

gel(1) = g1 ∈ C [V ]
R£ADCE=@RE×UKrR Z�W�_ ADG*I Z[Y`_ Î[FH5�K�å`K�5H� 1 ≤ l ≤ r (1) Ç

È S*FH5ÙK�å`K�5H� 1 ≤ l ≤ r (1)
Ó�K�?rFHG*R7=@I:K�5°CEÛ*K�ÉÊA�ØX=>ÉÊAD<¦RE9:;:CE57KrK

Γel(1) (V )
FDÎ

Γ (V )
57FcFHC7KrI�=>G

el (1)
Ç ONÎ el (1) =@R¦G*FHC�A°<@KBA�Î3FDÎ Γ (V )

CEÛ*K�G�Ó½K¿<@K�C���Û:=><@I
(el (1)) =

{

e1 (2, l) , . . . , er(2,l) (2, l)
}  

Rel(1) (Te0
) = S(el(1))

e0
(Te0

) =

r(1)
∏

i=1
i 6= l

(Te0
− w̃β (ei (1))) ∈ C [Te0

]

ADG*I

Sel(1)

(

Tel(1)

)

=

r(2,i)
∏

i=1

(

Tel(1) − w̃β (ei (2, l))
)

∈ C
[

Tel(1)

]

.

Ú�Û*K�G
g2,l (v) = h (q (v))−1Rel(1) (ge0

(v))Sel(1)

(

gel(1)

)

=@R+A 57K�ß]9:<ÞAD5àÎ(9:G*?�CE=@FHG FHG
V

ADG*I Ó�K ?rFHG*?�<>9*I:K R7=>ÉÙ=><ÞAD5E<�� AHRJAD;�FBå`K CEÛUADC�Î[FH5+K�å`K�5H�
ei (2, l) ∈��Û:=><@I

(el (1))  gei(2,l) = g2,l ∈ C [V ]
R£ADCE=@R�×UKrR Z�W�_ ADG*I Z[Y`_oÇ



 � �������	��
��������������
È "�F�ÓãCEÛ*KJ8:57FcFDÎ�?BADG ;{K ?rFHÉÙ8:<@K�C7KrI ;)� =>G*IX9*?�CE=@FHG AHR
Î[FH<><@FBÓTR Ç Õc9:8:8{F]R£K CEÛUADC

ge ∈ C [V ]  Ó¦Û*K�57K
e = elk (k, l1, . . . , lk−1)

ÛUAHR
;{KrK�G ?rFHG*RECE5E9*?�C7KrI ;)� CEÛ*K+AD;�FBå`K+8:57F1?rKrIX9:57K Ç ! K�<@K�C
e′ =

elk−1
(k − 1, l1, . . . , lk−2)  
Re

(

Te0
, . . . , Telk−2

(k−1,l1,...,lk−3), Te′

)

= S
(e)
e′ (Te′)Re′

(

Te0
, . . . , Telk−2

(k−1,l1,...,lk−3)

)

ADG*I
Se (Te) =

∏

f∈

 	 ����

(e)

(Te − w̃β (f)) ∈ C [Te].

Ú�Û*K�G�Î[FH5TK�å`K�5H�
flk+1

= elk+1
(k + 1, l1, . . . , lk) ∈

��Û:=><@I
(e)

gflk+1
(v) = h (q (v))−1Re

(

ge0
(v) , gel1

(1) (v) , . . . , gelk−1
(k−1,l1,...,lk−1) (v)

)

Se (ge (v))

=@R�A°57K�ß]9:<ÞAD5�Îu9:G*?�CE=@FHGàFHG
V
Ó¦Û:=@?7Û+R£ADCE=@R�×UKrR Z�W�_ ADG*I Z[Y`_oÇ

�

 0�1A0 * *��J1�� ��5�����5 � j
e, e′ ∈ N (Γ (V ))

�ta1~Hm7p�buaXpÊ��~]�Íp¿dX~]mEpow�b�bua:pow h�p
}£~Hw }oa1kBkH�rp
ge′ = ge ∈

C [V ]
nuwàz@po���Ù~��yq��cq

��5�����5 OQÎ
(V, α) ∈ ] ; (GDS/Z

) CEÛ*K�GÙÓ�K¦?rFHG*R7=@I:K�5
C [V ]

AHR¡ADG
A È AD<>ß`K�;:5£A�;)�°ÉÍKBADGÍFDÎ{CEÛ*K *c9*FHCE=@K�GyCÉÍFH5E8:Û:=@REÉ

q : V → Z =
Õc8�Kr?

(A) Ç Ð =>å`K�G A ÉÍFH5E8:Û:=@REÉ
β : (V, α) → A1

Z (nV (α))
Ó½KJ<@K�C

φ∗β : A ⊗C C [Γ (V )] → C [V ]
;{K°CEÛ*K°Û*FHÉÍFHÉÍFH5E8:Û:=@REÉ�FDÎ

A È AD<>ß`K�;:5£A�R£K�G*IX=>G:ß Xe
C7F
ge

Î[FH5ºK�å`K�5H�
e ∈ N (Γ (V )) Ç � �Êåc=>5ECE9*KºFDÎË?rFH57FH<><ÞAD5H��Ö Ç>WB\ Ó�Kº?BADG�?7Û*F1F]R7K ge′ = ge

Ó¦Û*K�G*K�å`K�5
e
ADG*I

e′
REÛUAD57K�CEÛ*K

R£ADÉÍK�8UAD57K�GyC3=>G
Γ (V ) Ç%� �¿ÉÊADÔ1=>G:ß�CEÛ:=@R�?£Û*FH=@?rK�Ó�K½R7KrK�CEÛUADC φ∗β ÎNAH?�C7FH57R.CEÛ:57FH9:ß]ÛÊADGäÛ*FHÉÍFHÉÍFH5E8:Û:=@R7ÉFDÎ

A È AD<>ß`K�;:5£A φ∗β : A [Γ (V )] → C [V ] Z R7KrKºÏ Ç Ï _oÇ
� 1A0/(Y0 ,WS>UWSX0�Q ��5�� ��5�� kHm p =Dpom E��ÍkHmQdUayn��t�

β : (V, α) → A1 (nV (α)) � buaXp Z i��Ùk]mNdUacnÞ�o� φ̄β :

V → A
d(Γ(V ))
Z

}£kHmtm7pt�QdXkHw�DHnuwcv�bNk
φ∗β : A [Γ (V )] → C [V ]

nÞ�¿~
}rz¬kD�BpHD�po�Êx7pHDPDHnuwcv
h�ayn[}oa
nuw�DHl:}£pt�!~Hw
n���kH�ÍkHmQdUayn��t�

ψβ : V
∼
→VΓ(V ),w̃β

q
�½mEkBk�jBq ONÎ

(V, α) ' A1
Z (nV (α))

CEÛ*K�G
Γ (V )

?rFHG*RE=@REC7R°FDÎTCEÛ*KÍ9:G:=	*c9*K
G*FcI:K
e0
Ç O�G CEÛ:=@R°RE=>CE9UADCE=@FHG

VΓ(V ),w ' A1
Z =

Õc8{Kr?
(A [Xe0

])
Î(FH5TK�å`K�5H��Ó�K�=>ß]ÛcCTÎ(9:G*?�CE=@FHG

w Z R£KrKºCEÛ*Kº8:57FcFDÎ3FDÎ.<@K�ÉÙÉÊAÙÏ Ç>WBV`_oÇ á R
ge0

∈ C [V ]
57KrRECE5E=@?�C7RTC7F�A°?rF1FH57IX=>GUADC7K�Îu9:G*?�CE=@FHG�FHG�K�å`K�5H�Ê×*;{K�5

Fz  z ∈ Z  Ó�K¿R7KrK�CEÛUADC ψβ = φ̄β
=@R

ADG�=@R7FHÉÍFH5E8:Û:=@R7É Ç
! K¿G*F�Ó RE9:8:8�F]R7K¿CEÛUADC

(V, α) ' A1
Z (α) Ç OQÎ e1, e2 ∈ N (Γ (V )) \ ç KBA�Î (Γ (V ))

AD57KLC�Ó�F�IX=@R7?�CE=>GyC
G*F1I:KrRÙÓ¦=>CEÛ ×*57RECÍ?rFHÉÙÉÍFHG ADG*?rKrREC7FH5

e12 ∈ N (Γ (V ))
CEÛ*K�G

ge12
∈ C [V ]

C£ADÔ`KrRÊIX=@RECE=>G*?�CÊåHAD<>9*KrR
FHG�CEÛ*KÊ?�9:5Eå`KrR

C (e1) ⊂ Fz0

ADG*I
C (e2) ⊂ Fz0

Ç Ú�Ûy9*R
Xe12

∈ A [Γ (V )]
R7K�8UAD5£ADC7KrR

φ̄β (C (e1))ADG*I
φ̄β (C (e2))

Ç OQG 8UAD5ECE=@?�9:<ÞAD5�=¬Î
e1

ADG*I
e2

AD57KÍ<@KBABå`KrRÙFDÎ
Γ (V )

Ó¦Û:=@?7Û REÛUAD57K
CEÛ*KÍ8UAD57K�GcC°CEÛ*K�G
Xe12

(

φ̄β (C (e1))
)

6= Xe12

(

φ̄β (C (e2))
) Ç ONÎ f ∈ ç KBA�Î (Γ (V ))

CEÛ*K�G
C (f) ' A1

C

=@R!A�?rFHG:G*Kr?�C7KrI
?rFHÉÙ8�FHG*K�GyC�FDÎ

Fz0

ADG*I
Xf

57KrRECE5E=@?�C7R¦C7FÙA°?rF1FH57IX=>GUADC7K�Îu9:G*?�CE=@FHG�FHG
φ̄β (C (f)) ⊂ φ̄β (Fz0

) Ç S.=>GUAD<><��
Xe0

57KrRECE5E=@?�C7R�C7F
AÍ?rF1FH57IX=>GUADC7K!Îu9:G*?�CE=@FHGJFHG+CEÛ*K!=>ÉÊADß`K!;��
φ̄
FDÎ3K�å`K�5H��×*;�K�5

Fz = q−1 (z)  z ∈ Z∗
Ç

Ú�Û:=@R¦=>ÉÙ8:<>=@KrR�CEÛUADC
φ̄β : V → A

d(Γ(V ))
Z

=@R�A�?�<@F]R7KrI�K�Éä;{KrI:IX=>G:ß ÇÒ�9*KTC7F¿CEÛ*K�I:Ko×*G:=>CE=@FHG�FDÎ§CEÛ*K�57K�ß]9:<ÞAD5�Î(9:G*?�CE=@FHG*R
ge  e ∈ N (Γ (V ))  ADG*IÊCEÛ*KTÓ�K�=>ß]ÛcC�Î(9:G*?�CE=@FHG w̃β=>C3=@R¡?�<@KBAD53CEÛUADC

φ̄β (V ) ⊂ VΓ(V ),w̃β

Ç O�C3=@R¡AD<@R7F¿?�<@KBAD5¡CEÛUADC φ̄β (V ×Z Z∗) ' VΓ(V ),w̃β
×ZZ∗ ' A1

Z∗

AHR
ge0

57KrRECE5E=@?�C7R�C7FÙA!?rF1FH57IX=>GUADC7K�Îu9:G*?�CE=@FHG�FHG�K�å`K�5H�Ù×*;�K�5
Fz ⊂ V  z ∈ Z∗

Ç ! K�FH;*R£K�5Eå`K�CEÛUADC
Fz0

ADG*I
FΓ(V ),w

ÛUABå`K�CEÛ*K�R£ADÉÍK�Gy9:É!;�K�5¦FDÎ$?rFHG:G*Kr?�C7KrI�?rFHÉÙ8{FHG*K�GcC7R Ç æ+FH57KrF�å`K�5½Î(FH5½K�å`K�5H�
f ∈ ç KBA�Î (Γ (V ))



� �4
��������'�V�2���L����
��	�)������������� ��	� ��
J��� oê
CEÛ*KL?rF1FH57IX=>GUADC7K

Xf
FHG

A
d(Γ(V ))
Z

57KrRECE5E=@?�C7RTC7FÊA�?rF1FH57IX=>GUADC7KºÎ(9:G*?�CE=@FHGàFHG

φ̄β (C (f)) ⊂ FΓ(V ),w =
Õc8{Kr?





∏

f∈
��� ���

(Γ(V ))

C [Xf ]





Z R7KrK!<@K�ÉÙÉÊAÍÏ Ç>WBV`_ ADG*IàÛ*K�G*?rK  φ̄β (Fz0
) = FΓ(V ),w

Ç Ú�Ûy9*R φ̄β : V → A
d(Γ(V ))
Z

=>G*IX9*?rKrR¿AÙ;:= �EKr?�CE=>å`K
ÉÍFH5E8:Û:=@REÉ

ψβ : V → VΓ(V ),w̃β

Ó¦Û:=@?7Û+=@R�ADG�=@R7FHÉÍFH5E8:Û:=@REÉ ;)��å1=>5ECE9*K!FDÎ"M�AD5E=@REÔc=ËæJAD=>GàÚ�Û*KrFH57K�É AHR
VΓ(V ),w̃β

=@R¦G*FHG*RE=>G:ß]9:<ÞAD5 Z R7KrK¿8:57FH8�F]RE=>CE=@FHG�Ï Ç>W Ý _oÇ �

Ú�Û*K�Î[FH<><@FBÓ¦=>G:ßÊ<@K�ÉÙÉÊAÙ=@R¦CEÛ*K�G+ADG�=>ÉÙÉÍKrIX=ÞADC7Kä?rFHG*R7K+*y9*K�G*?rK!FDÎ.<@K�ÉÙÉÊA�Ï ÇªY]YXÇ
	 /43 3��)��5��(#�5�� j

(V, α) ∈ � x (GDS/Z

) buaXp�w

ψβ : (V, α)
∼
→
(

VΓ(V ),w̃β
, αΓ(V ),w̃β

(nV (α))
)

n��L~]w p��rlcnX=�~Hmon(~]wUb½nÞ�rkH�ÍkHmNd�aynÞ�o�Êq

��5��  �5 � �J8:57FH8�F]RE=>CE=@FHG ^XÇ Ý K�å`K�5H� ÉÍFH5E8:Û:=@R7É
β : (V, α) → A1

Z (nV (α))
=>G
GDS/Z

ÎNAH?�C7FH57R°AHR�A
RE9*?r?rKrR7R7=@FHG FDÎ�K+*c9:=>åHAD5E=ÞADGcC¿×*;�K�57KrI ÉÍFcIX=¬×U?BADCE=@FHG*R Ç ] G CEÛ*KÙFHCEÛ*K�5LÛUADG*I  =>C¿Î(FH<><@F�ÓTRºÎ(57FHÉ CEÛ*KrFH57K�É
Ï ÇªY]é CEÛUADC.Î(FH53K�å`K�5H�!Ó½K�=>ß]ÛyC7KrIÙ57F1FHC7KrI°CE57KrK Γw

CEÛ*K�K+*y9:=>å]AD5E=ÞADGyC3ÉÍFH5E8:Û:=@R7É
β′ :

(

VΓ,wβ
, αΓ,w (m)

)

→

A1
Z

(

αΓ,wβ
(m)

) I:Ko×*G*KrIÊ;)�ÙCEÛ*KT=>G*?�<>9*R7=@FHG
A [Xe0

] ⊂ BΓ,wβ

Î[AH?�C7FH57R½AHR�ALR79*?r?rKrR7RE=@FHGÊFDÎ$K+*c9:=>åHAD5E=ÞADGcC
×*;�K�57KrI ÉÍF1IX=¬×U?BADCE=@FHG FH;:C£AD=>G*KrI ;�� ?�9:CECE=>G:ß CEÛ*KÊ<@KBABå`KrR°FDÎ

Γ Z R7KrK
I:Ko×*G:=>CE=@FHG�Ï ÇªY Ï _oÇ æJFH57KrFBå`K�5�;)�
8:57FH8�F]RE=>CE=@FHG+Ï ÇªY Ü K�å`K�5H��RE9*?7Û K+*c9:=>åHAD5E=ÞADGcC�×*;�K�57KrIàÉÍF1IX=¬×U?BADCE=@FHG

σ : VΓ̃,wβ
→ VΓ,wβ

=@RT=>G*IX9*?rKrIJ;)�
CEÛ*K¿=>G*?�<>9*RE=@FHG

A
[

Γ̃
]

⊂ A [Γ] Ç
Ð =>å`K�GàA�ÉÍFH5E8:Û:=@R7É β : (V, α) → A1

Z (α)  Ó�KL<@K�C
β : (V, α) = (Vm, αm)

σm→ (Vm−1, αm−1)
σm−1
→ . . .

σ2→ (V1, α1)
σ1→ (V0, α0) = A1

Z (nV (α));�K�CEÛ*K�ÉÙ=>G:=>ÉÊAD<TÎNAH?�C7FH5E=@R£ADCE=@FHG FDÎ¿FH;:C£AD=>G*KrI =>G 8:57FH8{F]RE=>CE=@FHG ^XÇ Ý Ç S*FH5
K�å`K�5H�
1 ≤ i ≤ m

Ó�K�<@K�C
βi = σ1 ◦ · · · ◦ σi : (Vi, αi) → A1

Z (nV (α))
ADG*I�Ó�K¿<@K�C

ψβi
: (Vi, αi) →

(

VΓ(Vi),w̃βi
, αΓ(Vi),w̃βi

(nV (α))
)

;�KÍCEÛ*KÊ?rFH5E57KrR78{FHG*IX=>G:ß K+*y9:=>å]AD5E=ÞADGyC°=@R7FHÉÍFH5E8:Û:=@REÉ ?rFHG*RECE5E9*?�C7KrI AD;{F�å`K Ç Ú�Û*KÊÓ½A+� Ó�KÊ?rFHG*R7CE5E9*?�C7KrI
Γ (V )

ADG*I�CEÛ*K¿57K�ÉÊAD5EÔ ^XÇ>WBY =>ÉÙ8:<���=>ÉÙÉÍKrIX=ÞADC7K�<���CEÛ*K�Î(FH<><@F�Ó¦=>G:ßÊCEÛ*KrFH57K�É Ç
,.-�/)0�12/43 ��5 � ��5 � kHmäp =Dpom E

1 ≤ i ≤ m− 1
buaXp�jrkHzuz¬kHh3nuwcv�~D�£�Bpom�b(n(kHw+a1kHz�DD�Bq

��� � aXp b(mEp£p
Γ (Vi)

nÞ� kyx�bN~]n�w{pGDJjtmEkH� buaXp b(m7p7p
Γ (Vi+1)

x E_Dypoz@p�b(nuwcv ~Hz�zLbua:p z@pE~'=Hpt��~]bÊz>p =Hpoz
H (Γ (Vi))

q
� ��� aXp�h�pon>vDacbDjolcw{}rb(n(k]w

w̃βi

}7kHnuw�}�nCDyp�h3n(buaºbua:p�mEpt��b(mtn[}rb(n[kHwÊk�j
w̃βi+1

bNk
N (Γ (Vi)) ⊂ N (Γ (Vi+1))

q
��� B$prb[b(n�wcv

σ̃i+1 : VΓ(Vi+1),w̃βi+1
→ VΓ(Vi),w̃βi

x£p°buaXp ��x7pom7pHD��Ík#DHn ��}7~]b(n[kHwJn�w�DHlX}tpHD�x E
bua:p¿nuw�}�z|lci
�tn[kHw

A [Γ (Vi)] ⊂ A [Γ (Vi+1)] �
buaXp�j�k]z�z>kHh3nuwcv D]n(~Bv]m�~H� nÞ�!}7k]�°��lXbN~]b(nX=Dp � nuw

GDS/Z
�

(Vi+1, αi+1)
σi+1

→ (Vi, αi)
ψβi+1

↓ ↓ ψβi
(

VΓ(Vi+1),w̃βi+1
, αΓ(Vi+1),w̃βi+1

(nV (α))
)

σ̃i+1
→

(

VΓ(Vi),w̃βi
, αΓ(Vi),w̃βi

(nV (α))
)

.



H� �������	��
��������������
� po�Í~Hm<; Ö Ç>WBV q Õc=>G*?rK�K�å`K�5H�¿ÎNAH?�C7FH5E=@R£ADCE=@FHGÙFDÎ{A�ÉÍFH5E8:Û:=@REÉ β : (V, α) → A1

Z (nV (α))
AHR�A�RE9*?r?rKrR7R7=@FHG

FDÎËK+*c9:=>åHAD5E=ÞADGcC½×*;{K�57KrI
ÉÍFcIX=¬×U?BADCE=@FHG�?BADG�;�K�FH;:C£AD=>G*KrI
Îu57FHÉ A!ÉÙ=>G:=>ÉÊAD<�FHG*K  Ó½K�?rFHG*?�<>9*I:K�CEÛUADC½CEÛ*KK�É!;�KrI:IX=>G:ß
φ̄β : V → A

d(Γ(V ))
Z

=@RT?rFHÉÙ8UADCE=>;:<@K!Ó¦=>CEÛàADG)��ÎNAH?�C7FH5E=@R£ADCE=@FHG+FDÎ
β Ç

O�C!=@R°?�<@KBAD5äCEÛUADC°ß]=>å`K�G C�Ó�FJÉÍFH5E8:Û:=@REÉÍR
β1, β2 : (V, α) → A1

Z (nV (α))
CEÛ*K�57K�KoØX=@REC7R°A�9:G:=	*y9*K

Z È AD9:C7FHÉÍFH5E8:Û:=@REÉ χ12
FDÎ

A1
Z

RE9*?7Û CEÛUADC
β2 = χ12 ◦ β1

Ç OQGJ8UAD5ECE=@?�9:<ÞAD5
β2 (Fz0

) = χ12 (β1 (Fz0
)) ÇOQÎ

(V, α) 6' A1
Z (nV (α))

CEÛ*K�G
βi (Fz0

) ⊂ {z0} × A1
C

⊂ A1
Z  i = 1, 2  =@R�A ×*G:=>C7KàR£K�CÊÓ¦=>CEÛ A

<@KBAHREC�CQÓ½F�K�<@K�ÉÍK�GcC7R Z R7KrK YXÇ>W Ü _oÇ ! K�<@K�C
σi : Vi → A1

Z  i = 1, 2  ;�K�CEÛ*KJK+*y9:=>å]AD5E=ÞADGyC�RE=>ÉÙ8:<@K
×*;�K�57KrI�ÉÍFcIX=¬×U?BADCE=@FHG AD<@FHG:ßÙCEÛ*K¿IX=>åc=@R7FH5

(h = 0) ⊂ A1
Z

Ó¦=>CEÛ�?rK�GyC7K�5ºAHR�CEÛ*Kº9:G:=	*y9*Kº57KrIX9*?rKrIà?�<@F]R7KrI
RE9:;*R7?£Û*K�ÉÍK

Yi
RE9:8:8�FH5EC7KrI FHG

βi (Fz0
) Ç�� �àCEÛ*K�9:G:=>å`K�57RtAD<38:57FH8{K�5EC �JFDÎ¦A�ÌÍG*K�ÉÍFcIX=¬×U?BADCE=@FHG*R!CEÛ*K�57K

KoØX=@REC7R�A!9:G:=	*y9*K�K+*y9:=>å]AD5E=ÞADGyC
Z È ÉÍFH5E8:Û:=@REÉ βi,1 : V → Vi

R79*?7ÛÊCEÛUADC
βi
ÎNAH?�C7FH57R�AHR

σi ◦βi,1  i = 1, 2 ÇO�C�Î[FH<><@FBÓTR½Î(57FHÉ $ é  �½FH57FH<><ÞAD5H� ^XÇªY & CEÛUADC χ12
<>=¬ÎuC7R½=>G�Aä9:G:=	*y9*K�Ó½A#�ÊC7FÙADG�K+*y9:=>å]AD5E=ÞADGyC¦=@R£FHÉÍFH5E8:Û:=@REÉ

χ̃12 : V1
∼
→ V2

RE9*?7Û+CEÛUADC
β2,1 = χ̃12 ◦ β1,1

Ç Ú�Û:=@R�8:57Fc?rKrIX9:57Kä?BADG�;{K!?rFHGyCE=>Gy9*KrIJ;���=>G*IX9*?�CE=@FHG ADG*I
Û*K�G*?rK  CEÛ*KºÎ[FH<><@FBÓ¦=>G:ß�?rFH57FH<><ÞAD5H��Û*FH<@I:R Ç
 0�1A0 * *��J1�� ��5�� ��5 � j

β1, β2 : (V, α) → A1
Z (nV (α))

~]mEpJb(h�k��ÍkHmQdUayn��t�°�àbuaXpow bua:pomEp p� Hn��obu�J~
l1w*n��rl:p

Z
i©~HlXbNkH�ÍkHmQdUayn��t�

χ12
k�j

A
d(Γ(V ))
Z

�olX}oaàbuaX~]b
φ̄β2

= χ12 ◦ φ̄β1
: (V, α) → A

d(Γ(V ))
Z

q

VXÇ GDS � Æ��%��Ä � � Ä������T� ���� �% �T�
���
� 	��ËÃ§Â��_��Ã�� ����� �ËÃ�Ä

O�G CEÛ:=@RÍR7Kr?�CE=@FHG Ó½K�I:K�C7K�5EÉÙ=>G*K�Ó¦Û:=@?£Û
GDS

ÛUArå`K+AJCE5E=>å1=ÞAD<�æ ADÔHAD5 ÈQç =>ÉÊADG*FBå =>Gyå]AD5E=ÞADGyC Ç OQCÙ=@R
Ó�K�<><3Ô1G*FBÓ¦G CEÛUADC!AÊG*FH5EÉÊAD<½A�ÌÍG*KÙRE9:5�Î[AH?rK

V
=@RLADG =@RLADG

ML È R79:5�Î[AH?rK°=¬Î�ADG*I FHG:<��J=¬Î�=>C!AHIXÉÙ=>C7R
2G*FHGyCE5E=>å1=ÞAD<

C+ È AH?�CE=@FHG Ó¦Û*F]R7K
ß`K�G*K�5£AD<�FH5E;:=>C7RÙI:F+G*FHCÙ?rFH=>G*?�=@I:K Ç Ð =>å`K�G CQÓ½FJR79*?7Û AH?�CE=@FHG*R
α1

ADG*I
α2  Ó½KÊ<@K�C q : V → Z

;�KÍCEÛ*K
Ga È ×*;:5£ADCE=@FHG AHR£R7Fc?�=ÞADC7KrI C7F

α1
Ç Ú�Û*K�G q : V → Z

ÛUAHR�ADCäÉÍF]REC
FHG*KLI:K�ß`K�G*K�5£ADC7Kº×*;�K�5 Z R7KrK¿K Ç ß Ç $ Ï  4357FH8{F]R7=>CE=@FHG YXÇ>W Ö & _ ADG*I Z =@R¦=@R7FHÉÍFH5E8:Û:=@?¿C7FÙCEÛ*KLA�ÌÍG*KL<>=>G*K

A1 ÇO�G*I:KrKrI
Z
=@R¦ADG�=>5E57KrIX9*?�=>;:<@K�G*FHG*R7=>G:ß]9:<ÞAD5�A�ÌÍG*K�?�9:5Eå`K�Ó¦Û:=@?7Û�?rFHGcC£AD=>G*R�CEÛ*K�=>ÉÊADß`K�;)�

q
FDÎ.A!ß`K�G*K�5£AD<

FH5E;:=>C¿FDÎ
α2
Ç á ß`K�G*K�5£AD<3FH5E;:=>C¿FDÎ½A

α2
;{K�=>G:ß�=@R7FHÉÍFH5E8:Û:=@?�C7F
CEÛ*K°A�ÌÍG*K°<>=>G*K

A1
C

Ó�K�?rFHG*?�<>9*I:K°CEÛUADC
Z ' A1

C
Ç Ú�Ûc9*RÙADG ML È RE9:5�Î[AH?rK V =@RäA

GDS
=¬Î�ADG*I FHG:<�� =¬Î�=>C°AHIXÉÙ=>C7R°A�G*FHGyCE5E=>å1=ÞAD<

C+ È AH?�CE=@FHGÓ¦Û*F]R7K!AHR£R7Fc?�=ÞADC7KrI(*c9*FHCE=@K�GyC
Ga È ×*;:5£ADCE=@FHG q : V → Z

ÛUAHR¦57KrIX9*?rKrI�×*;�K�57R Ç
� & ��3�( *>/ 	�5���5 â å`K�5H�àG*FHG*RE=>G:ß]9:<ÞAD5äÒºADG:=@K�<@K�ÓTR7Ôc=3RE9:5�ÎNAH?rK VP,1

ÛUAHRLA
CE5E=>å1=ÞAD<�æ ADÔ]AD5 ÈQç =>ÉÊADG*FBå =>G Èå]AD5E=ÞADGyC Ç Ú�Û:=@RÙ=@RÍAD<@R7F CEÛ*K�?BAHR£K�FDÎºCEÛ*K�RE9:5�ÎNAH?rK
V

FDÎ¿KoØ:ADÉÙ8:<@K YXÇ Ü Ç Ú�Û*K�<ÞADCEC7K�5ÍKoØ*ADÉÙ8:<@K�REÛ*F�ÓTR
CEÛUADC  =>G�?rFHGyCE5£AHR7CTÓ¦=>CEÛ�CEÛ*K¿?BAHR7KºFDÎ3ÒºADG:=@K�<@K�ÓTR7Ôc=§RE9:5�ÎNAH?rKrR Z R7KrK $ Ý2& _  A GDS Ó¦=>CEÛàA°CE5E=>åc=ÞAD<§æ ADÔ]AD5 È
ç =>ÉÊADG*F�å  ÉÊA#�+AHIXÉÙ=>CLAÍG*FHGcCE5E=>åc=ÞAD<

C+ È AH?�CE=@FHG RE9*?7Û CEÛUADC�CEÛ*KäI:K�ß`K�G*K�5£ADC7Kä×*;�K�5�FDÎ�CEÛ*K�AHR7R7F1?�=ÞADC7KrI
*c9*FHCE=@K�GyC

Ga È ×*;:5£ADCE=@FHGà=@R¦G*FHC¦57KrIX9*?rKrI Ç

� /PORQTSVUWSX0�Q 	�5���5 á 57FcFHC7KrI CE57KrK
Γ
=@R!?BAD<><@KrI A }7kH�Êx =¬Î¦Î(FH5äK�å`K�5H� G*FcI:K

e ∈ N (Γ) \ ç KBA�Î (Γ)
FDÎ

I:K�ß]57KrK
deg (e) > 1

AD<><�;:9:CT8�F]R7RE=>;:<���FHG*K¿FDÎ.CEÛ*K!?7Û:=><@IX57K�G+FDÎ
e
AD57Kº<@KBABå`KrR�FDÎ

Γ Ç

Ú�Û*K�Î[FH<><@FBÓ¦=>G:ßÊCEÛ*KrFH57K�É ?7ÛUAD5£AH?�C7K�5E=>ÑBKrR
ML È RE9:5�Î[AH?rKrR�ADÉÍFHG:ß GDS MPR Ç,.-�/)0�12/43 	�5$#�5�� kHm

(V, α) ∈ � x (GDS/Z

) w�kHw�n���k]�Ùk]mNdUacn(}¿bNk
A1

Z (nV (α))
buaXp.jrkHzuz¬kHh3nuwcvÙ~D�t�rpomoi

b(n[kHw:�!~Hm7p°p!��lcnX=�~Hz@powUbQq
���
V

nÞ�!~Hw
ML

iN�olcmuj�~y}£pBq
� ��� aXp�vHmE~tdUa

Γ (V )
k�j �cq � nÞ�!~�}7kH�ÊxBq



� �4
��������'�V�2���L����
��	�)������������� ��	� ��
J��� �

��� � j
τ : (V, α) '

r
⊔

i=1

Xi × A1
C/ ∼

n���~ � nNpt�Bpoz>p�m�d�m7pt�rp�wUbN~]b(n[kHwÊk�j
(V, α)

�tl:}oa
µ
(

α, {xi} × A1
C

)

≥

µ
(

α, {xj} × A1
C

) j�kHmäp =Dpom E
1 ≤ i ≤ j ≤ r

buaXpow

nji = −ordz0
(gij) = 1

jrkHmäp =Dpom E
1 ≤ i < j ≤ r

q

] 9:5T8:57F1FDÎ.=@RT;UAHR7KrI�FHG�CEÛ*KºÎ[FH<><@FBÓ¦=>G:ßÍCEÛ*KrFH57K�É Ç
,.-�/)0�12/43 	�5! �5 Z $ Ï  8:57FH8{F]R7=>CE=@FHG YXÇ>WB\ ADG*IÙCEÛ*KrFH57K�É YXÇ>WBV & _ 7 w�kHmo�Ù~]zU~&% w{p¦�tl1m�jr~`}£p

V 6' C∗×A1n��Ù~Hw
ML

iN�olcmuj�~y}£pÊn jÍ~Hw�DJkHw*zFE�n j½jrkHmÊp =Dp�m<E+�°nuw*nu�Í~Hz¡}7kH��d�z@p�b(n(k]w
V̄

k�j
V

bua:p�DHl:~Hz$vHmE~tdUa k�jÙbuaXp
xEkHl1w�D`~]m<E%DHn>=�nÞ�rkHm

B := V̄ \ V
n��!~Íz|nuw{pE~Hmä}�a1~Hnuw{q

S*FH5¿CEÛ*K�?rFHGyå`K�G:=@K�G*?rK
FDÎ�CEÛ*K�57KBAHI:K�5¿Ó½K�57Kr?BAD<><3CEÛUADC!A�ÉÙ=>G:=>ÉÊAD<¡?rFHÉÙ8:<@K�CE=@FHG FDÎ
V Z =>GJCEÛ*KÙR£K�G*R7K

FDÎ $ Ï & _ =@RLADG FH8{K�G K�É!;�KrI:IX=>G:ß
V ↪→ V̄

FDÎ
V
=>GyC7F�AÊG*FH5EÉÊAD<38:57F �EKr?�CE=>å`KÙRE9:5�Î[AH?rK

V̄
R79*?7Û CEÛUADCºCEÛ*K

Î[FH<><@FBÓ¦=>G:ß
?rFHG*IX=>CE=@FHG*R�Û*FH<@I Ç
Z[\`_ V̄ =@R¦G*FHG*RE=>G:ß]9:<ÞAD5�AD<@FHG:ß

B = V̄ \ V ÇZ�W�_ B =@R�ADG
SNC È IX=>åc=@R£FH5 ÇZ[Y`_½â å`K�5H��=>5E57KrIX9*?�=>;:<@K!?rFHÉÙ8�FHG*K�GyC�FDÎ B =@R�A°G*FHG*RE=>G:ß]9:<ÞAD5�5£ADCE=@FHGUAD<$?�9:5Eå`K Ç

Z[^`_ B I:F1KrR3G*FHC�?rFHGcC£AD=>G*R
(−1) È ?�9:5Eå`KrR�Ó¦Û:=@?7ÛÍÉÍKrK�C�ADC3ÉÍF]R7C3CQÓ�FäFHCEÛ*K�5¡?rFHÉÙ8{FHG*K�GcC�CE5£ADG*REå`K�57RtAD<><��=>GàAÙRE=>G:ß]<@Kº8�FH=>GyC Ç

O�G $ªÖ  CEÛ*KrFH57K�É YXÇ>W & S.=@KrR7K�<@K�5ºß]=>å`KrRºA
ß`K�G*K�5£AD<¡AD<>ß`FH5E=>CEÛ:ÉãÓ¦Û:=@?7Û 8:57F1IX9*?rKrRLA
?rFHÉÙ8:<@K�CE=@FHG FDÎ½ADG)�
C+ È RE9:5�ÎNAH?rKLÓ¦=>CEÛ *y9*FHCE=@K�GcC

Ga È ×*;:5£ADCE=@FHG q̃ : Ṽ → Z̃ Ç � RE=>G:ß
CEÛ*K¿ÎNAH?�C7FH5E=@R£ADCE=@FHG FDÎ�AÙÉÍFH5E8:Û:=@REÉ
β :

(V, α) → A1
Z (nV (α))

=>GcC7F¦×*;�K�57KrILÉÍF1IX=¬×U?BADCE=@FHG*R.Ó�K¡ß]=>å`K�;�K�<@FBÓ�A�?rFHG*RECE5E9*?�CE=@FHG°Ó¦Û:=@?7Û�?rFH57KrRE8{FHG*I:R
C7F�CEÛ*KLFHG*KLFDÎ $ªÖ  CEÛ*KrFH57K�É YXÇ>W & =>G�?BAHR7K¿CEÛUADC q̃ : Ṽ → Z̃

ÛUAHR�57KrIX9*?rKrI�×*;�K�57R Ç
	�5���5 ! K°57Kr?BAD<>< $ é  ÒºKo×*G:=>CE=@FHG W]Çª^ & CEÛUADCºß]=>å`K�G A
R7?7Û*K�ÉÍK

V =
Õc8�Kr?

(A)  ADG =@I:KBAD<
I ⊂ A

ADG*I ADG
K�<@K�ÉÍK�GyC

f ∈ I
Ó¦Û:=@?£Û�=@R½G*FHC�AäÑBK�57FÙIX=>åc=@R7FH5�=>G

A  CEÛ*K�8:57FH8�K�5¦CE5£ADG*R�Î[FH5EÉ Dpr
f

FDÎ$CEÛ*K¿IX=>å1=@R7FH5
Df

=>G
V̄ ′ = BlIV =

4¡57F �
AA [It]

=@R�CEÛ*K�R7K�C½FDÎ�8:5E=>ÉÍK�=@I:KBAD<@R
p ∈ Z

RE9*?7Û�CEÛUADC
ft ∈ p Ç ! K�<@K�C

σ : V ′ → V;�KäCEÛ*KÍA�ÌÍG*K�ÉÍF1IX=¬×U?BADCE=@FHG Ó¦=>CEÛ CEÛ*K°<@F1?�9*R
(I, f)  Ó¦Û*K�57KBAHR σ̄ : V̄ ′ = BlI (V ) → V

I:K�G*FHC7KrR¿CEÛ*K
?rFH5E57KrRE8�FHG*IX=>G:ßÙ;:<@FBÓ È 9:8�ÉÍFH5E8:Û:=@R7É Ç Ú�Û*K�G V ′ =@R½=@R7FHÉÍFH5E8:Û:=@?ºC7F V̄ ′ \ Supp

(

Dpr
f

) Z R7KrK $ é  ç K�ÉÙÉÊAW]ÇªY & _oÇ OQG�ß`K�G*K�5£AD<
Dpr

f

=@R�IX= ��K�57K�GcCÙÎ(57FHÉ CEÛ*K�9*R79UAD<�R7CE5E=@?�C°CE5£ADG*REÎ(FH5EÉ
D′

f

FDÎ
Df

=>G
V̄ ′ Ó¦Û:=@?£Û =@R

I:Ko×*G*KrIàAHR¦CEÛ*K!?�<@F]RE9:57K¿=>G
V̄ ′ FDÎ�CEÛ*K¿8:57K�=>ÉÊADß`K σ̄−1 (Df \ V (I)) Ç
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	�5 � j
σ : V ′ → A2

C
= � d*pE} (C [x, y])

n��°~��on���d�z@p �½x7p�mEpHDà�Ík#DHn ��}7~]b(n[kHw h3n(bua+buaXpÙz¬k�}�ly�
(I, f) = ((x, P (y)) , x) � buaXpowàbuaXp��ob(mon(}rb3b(mE~Hw:�uj�k]mt� D′

x ⊂ V̄ ′
~]w�D�buaXp�d{m�ktd*pom¿b(m�~Hw*��jrkHmt�

Dpr
x ⊂ V̄ ′}7kHnuw�}�nCDypBq

�½mEkBk�jBq Õc=>G*?rK
(x, P (y))

=@R�A°57K�ß]9:<ÞAD5�R£K+*y9*K�G*?rKº=>G
C [x, y]

CEÛ*KLè�KrKrR�AD<>ß`K�;:5£A

C [x, y] [It] = C [x, y] [xt, P (y) t]

=@R¡=@R£FHÉÍFH5E8:Û:=@?TC7F
C [x, y] [u, v] / (xv − P (y) u)

å1=ÞAºCEÛ*K¦ÉÊAD8
u 7→ xt  v 7→ P (y) t Ç Ú�Û*K�?�9:5Eå`K Dpr

x=@R�CEÛ*K�G�ß]=>å`K�G�=>G
V̄ ′ ;)�
CEÛ*K¿K+*y9UADCE=@FHG {xt = u = 0}  ADG*I�Û*K�G*?rK¿?rFH5E57KrRE8�FHG*I:RTKoØ*AH?�CE<��ÊC7F°CEÛ*K¿RECE5E=@?�CCE5£ADG*R�Î[FH5EÉ

D′
x

FDÎ.CEÛ*KL<>=>G*K
Dx = {x = 0} ⊂ A2 Ç

�
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Ð =>å`K�G AÊ×*;{K�57KrI+ÉÍFcIX=¬×U?BADCE=@FHG

β : W → V
FDÎ�ADG A�ÌÍG*K�RE9:5�ÎNAH?rK

V
Ó�K°<@K�C

β̄ : W̄ → V
;�KLCEÛ*K

?rFH5E57KrRE8�FHG*IX=>G:ßä;:<@F�Ó È 9:8
ÉÍFH5E8:Û:=@R7É Ç � �ÙI:Ko×*G:=>CE=@FHG�FDÎ$A�×*;�K�57KrIÊÉÍF1IX=¬×U?BADCE=@FHG
CEÛ*K�57K�KoØ1=@R7C7R�ADG
FH8�K�G?rFBå`K�5E=>G:ß
V =

⋃

k∈K

Vk
;)��FH8�K�G�RE9:;*R7K�C7R

Vk ' A2 =
Õc8{Kr?

(C [xk, yk])
RE9*?£Û�CEÛUADC

β|β−1(Vk) : Wk := β−1 (Vk) → Vk

=@RËADG
SDM

Ó¦=>CEÛäCEÛ*K¡<@F1?�9*R
(Ik, fk) = ((xk, Pk (yk)) , xk)

Ç ] å`K�5.K�å`K�5H� Vk
CEÛ*K�;:<@FBÓ È 9:8 β̄ : W̄ → V57KrRECE5E=@?�C7R�C7F CEÛ*K�;:<@FBÓ È 9:8 ÉÍFH5E8:Û:=@REÉ

BlIk
Vk → Vk

Ç ! K�?rFHG*?�<>9*I:K�Î(57FHÉ <@K�ÉÙÉÊA VXÇªV CEÛUADC W =@R
=@R7FHÉÍFH5E8:Û:=@?!C7F�CEÛ*KL?rFHÉÙ8:<@K�ÉÍK�GyC�=>G

W̄
FDÎ.CEÛ*KLRECE5E=@?�CTCE5£ADG*REÎ(FH5EÉÍRTFDÎ�CEÛ*K¿<>=>G*KrR

{xk = 0} ⊂ Vk
Ç

	�5���5 Ð =>å`K�G (V, α) ∈ Ob
(

GDS/Z

) ADG*I A
ÉÍFH5E8:Û:=@REÉ
β : (V, α) → V0 = A1

Z (nV (α))  Ó�K�<@K�C V̄0;�K!CEÛ*K
P1 È ;:9:G*IX<@K q̄0 : V̄0 := P1

Z̄
→ Z̄  Ó¦Û*K�57K Z̄ ' P1

C

I:K�G*FHC7KrRLAÊG*FHG*RE=>G:ß]9:<ÞAD5º8:57F ��Kr?�CE=>å`K°ÉÍF1I:K�<
FDÎ
Z ' A1

C
Ç ! K�<@K�C

F0
;�K�CEÛ*K�×*;{K�5

q̄−1
0 (z0)

ADG*I
F∞

;{K�CEÛ*K�×*;�K�5
q̄0

−1 (∞)  Ó¦Û*K�57K ∞ := Z̄ \ Z Ç
ç K�CECE=>G:ß S ⊂ V̄0

;{KLA�R7Kr?�CE=@FHG+FDÎ
q̄0  Ó½KLK�É!;�KrI V0

K+*y9:=>å]AD5E=ÞADGyCE<���=>G
V̄0

AHR¦CEÛ*KL?rFHÉÙ8:<@K�ÉÍK�GcC�FDÎ�CEÛ*K
ADÉÙ8:<@K!IX=>å1=@R7FH5

F∞ ∪ S Ç ONÎ (V, α)
=@RT=@R7FHÉÍFH5E8:Û:=@?!C7F

A1
Z (nV (α))

CEÛ*K�G
V̄0 ' P1 × P1 =@R�A�ÉÙ=>G:=>ÉÊAD<?rFHÉÙ8:<@K�CE=@FHG+FDÎ

V
AHR (

F 2
∞

)

=
(

S2
)

= 0 Ç] CEÛ*K�5EÓ¦=@R7K¿Ó½K¿<@K�C
β : (V, α) = (Vm, αm)

βm
→ (Vm, αm)

βm−1
→ . . .

β2
→ (V1, α1)

β1
→ (V0, α0) = A1

Z (nV (α))
;�K�A
ÎNAH?�C7FH5E=@R£ADCE=@FHG FDÎ

β
;)�+×*;{K�57KrI ÉÍF1IX=¬×U?BADCE=@FHG*RäAHRº=>G 8:57FH8�F]RE=>CE=@FHG ^XÇ Ý Ç S*FH5LK�å`K�5H� 1 ≤ k ≤ mÓ�KL<@K�C

β̄k : V̄k → V̄k−1
;�K�CEÛ*K¿;:<@FBÓ È 9:8�ÉÍFH5E8:Û:=@R7É Ó¦Û:=@?7ÛJ?rFH5E57KrRE8{FHG*I:RTC7F

βk : Vk → Vk−1
Ç Ú�Ûc9*R  Î[FH5�K�å`K�5H�

0 ≤ k ≤ m
Ó�K�R7KrK!CEÛUADC

V̄k
=@R�A
?rFHÉÙ8:<@K�CE=@FHG FDÎ

Vk
;��+ADG

SNC È IX=>å1=@R7FH5 Bk
Ç æ+FH57KrF�å`K�5

Bk+1
=@RLCEÛ*KÙ9:G:=@FHG FDÎ�CEÛ*KÍRECE5E=@?�CLCE5£ADG*R�Î[FH5EÉÍRLFDÎ

Bk
ADG*I CEÛ*KÊIX=>åc=@R7FH5LFDÎ¦CEÛ*K°×*;�K�57KrI ÉÍF1IX=¬×U?BADCE=@FHG

βk+1 : Vk+1 → Vk
Ç

	�5
��5 ! K¿<@K�C
β : (V, α, q) = Vm

βm
→ Vm−1

βm−1

→ . . .
β2
→ V1

β1
→ V0,Ó¦Û*K�57K

m = nV
;�K�CEÛ*K�8UAD5ECE=@?�9:<ÞAD5
ÉÙ=>G:=>ÉÊAD<�ÎNAH?�C7FH5E=@R£ADCE=@FHG FDÎ ^XÇ>W]W]Ç ! K�<@K�C

V̄ := V̄m
ADG*I Ó½K

I:K�G*FHC7KÍ;��
φ : V ↪→ V̄

CEÛ*K
?rFH5E57KrRE8{FHG*IX=>G:ßJ?�<@F]R7KrI K�Éä;{KrI:IX=>G:ß Ç ! KÙ<@K�CL;��
C̄i ⊂ V̄  1 ≤ i ≤ r  ;�KäCEÛ*K�?�<@F]RE9:57K�FDÎ½CEÛ*K°?rFHG:G*Kr?�C7KrI ?rFHÉÙ8�FHG*K�GyC

Ci
FDÎ�CEÛ*KÙI:K�ß`K�G*K�5£ADC7K°×*;�K�5

Fz0

FDÎ
q Ç ! K°<@K�C

β̄ :=
β̄1 ◦ · · · ◦ β̄m : V̄ → V̄0

ADG*IJÓ�KÙI:K�G*FHC7K�;��
Ej  j ∈ J  CEÛ*K�=>5E57KrIX9*?�=>;:<@KÙ?rFHÉÙ8�FHG*K�GyC7RLFDÎ β̄−1 (F0)IX= ��K�57K�GyCTÎ(57FHÉ CEÛ*KLRECE5E=@?�C¦CE5£ADG*REÎ(FH5EÉ

F ′
0

FDÎ
F0

ADG*I�CEÛ*K
C̄i  1 ≤ i ≤ r Ç S.=>GUAD<><���Ó�K¿<@K�C

Z[VXÇ>W�_ B := V̄ \ V = F ′
∞ ∪ S′ ∪ F ′

0 ∪





⋃

j∈J

Ej



.

á R
S′ ' Z̄ ' P1

C

=@R°5£ADCE=@FHGUAD<½=>C°Î[FH<><@FBÓTR�CEÛUADCÙK�å`K�5H� =>5E57KrIX9*?�=>;:<@K�?rFHÉÙ8�FHG*K�GyC
FDÎ
B

=@RÙA+5£ADCE=@FHGUAD<
?�9:5Eå`K Ç � ��?rFHG*R7CE5E9*?�CE=@FHG (

E2
j

)

≤ −2
Î[FH5ÍK�å`K�5H�

j ∈ J Ç Õc=>G*?rK (
F ′2
∞

)

=
(

S′2
)

= 0
=>C�Î[FH<><@FBÓTR

CEÛUADC
V̄

=@RLA�ÉÙ=>G:=>ÉÊAD<�?rFHÉÙ8:<@K�CE=@FHG FDÎ
V
8:57FBå1=@I:KrI (

F ′2
0

)

6= −1 Ç Ú�Û*KÙ?rK�GyC7K�5!FDÎ½CEÛ*K°×*57REC¿;:<@FBÓ È 9:8
β̄1 : V̄1 → V̄0

=@R
β (Fz0

)
Ó¦Û:=@?7Û�?rFHGcC£AD=>G*RTADC�<@KBAHREC

2
K�<@K�ÉÍK�GyC7R¦;��Íå1=>5ECE9*K�FDÎË57K�ÉÊAD5EÔ YXÇ>W Ü Ç Ú�Û*K�57KoÎ[FH57K

(

F ′2
0

)

≤ −2
ADG*I R7F

V̄
=@R!A�ÉÙ=>G:=>ÉÊAD<�?rFHÉÙ8:<@K�CE=@FHG FDÎ

V
;��+CEÛ*KÙIX=>å1=@R7FH5

B  AHR¿I:KrRE=>57KrI Ç Ú�Û:=@R!AD<@R£F=>ÉÙ8:<>=@KrRTCEÛUADCTÎ(FH5�K�å`K�5H�
1 ≤ k ≤ m− 1

CEÛ*K¿8:57F �EKr?�CE=>å`K!RE9:5�ÎNAH?rK
V̄k

=@R�A�ÉÙ=>G:=>ÉÊAD<.?rFHÉÙ8:<@K�CE=@FHG+FDÎ
Vk;)��CEÛ*K

SNC È IX=>å1=@R7FH5 Bk = V̄k \ Vk
Ç
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	�5���5 Ú�Û*K�IX9UAD<�ß]5£AD8:Û

Γ̄
FDÎ
B ∪ C̄1 ∪ . . .∪ C̄r

=@R�ALCE57KrKºK�ÉÊADGUADCE=>G:ß°Îu57FHÉ CEÛ*K�å`K�5EC7KoØ�?rFH5E57KrRE8�FHG*IX=>G:ß
C7F
F ′
∞

ADG*IJÛUArå1=>G:ß�CEÛ*Käå`K�5ECE=@?rKrR¿?rFH5E57KrRE8�FHG*IX=>G:ß�C7FÊCEÛ*K°?�9:5Eå`KrR
C̄i

AHR�C7K�5EÉÙ=>GUAD<38{FH=>GcC7R Ç � RE=>G:ß
CEÛ*K8:57FH8�K�5ECE=@KrRLFDÎ�FH9:5¿8UAD5ECE=@?�9:<ÞAD5ºÎNAH?�C7FH5E=@R£ADCE=@FHG Z R7KrK ^XÇ>W]W�_ Ó�KÙR7KrKäCEÛUADC¿CEÛ*K°8UADCEÛ Îu57FHÉ
C̄i

C7F
F ′

0

=>G
Γ̄?rFHG*RE=@REC7R�FDÎ

n− µi
KrIXß`KrR�ADG*I  A�Î(C7K�5�KoØ*AH?�CE<�� nji

KrIXß`KrR�=>C ��FH=>G*RTCEÛ*K¿8UADCEÛ�Î(57FHÉ
C̄j

C7F
F ′

0
Ç

•
F∞

•
S

•
F ′

0

n

•

n− 1

• •

• C̄i

µi

• • •
C̄j

µj

n− µj − nij nij

nji

Ú�Û:=@R�=>ÉÙ8:<>=@KrR�=>G 8UAD5ECE=@?�9:<ÞAD5�CEÛUADCàCEÛ*K IX9UAD<¿ß]5£AD8:Û
Γ
FDÎ

(B \ (S′ ∪ F ′
∞)) ∪ C̄1 ∪ . . . ∪ C̄r

=@R
=@R7FHÉÍFH5E8:Û:=@?!C7F�CEÛ*K¿CE57KrK

Γ (V )
?rFHG*RECE5E9*?�C7KrI�=>G+Ö ÇªYXÇÕc=>G*?rKÙÓ½KÍÛUArå`K�AHR7RE9:ÉÍKrI CEÛUADC
µi ≥ µj

Î[FH5LK�å`K�5H�
1 ≤ i ≤ j ≤ r

Ó½KÊ?rFHG*?�<>9*I:KÍCEÛUADCäCEÛ*KÍIX9UAD<
ß]5£AD8:Û

Γ (B)
FDÎ
B
=@R�AÙ<>=>G*KBAD5�?7ÛUAD=>GJ=¬Î�ADG*I�FHG:<���=¬Î

nji = 1
Î[FH5�AD<><

1 ≤ i < j ≤ r Ç OQC¦CEÛ*K�GàÎ(FH<><@F�ÓTRÎ(57FHÉ CEÛ*KrFH57K�É VXÇ ÏÊCEÛUADC V =@R�ADG
ML È RE9:5�ÎNAH?rK¿= � nji = 1

Î[FH5�AD<><
1 ≤ i < j ≤ r  Ó¦Û:=@?7Û+8:57FBå`KrR�CEÛ*K

K+*c9:=>åHAD<@K�G*?rK
(1) ⇔ (3)

FDÎ§CEÛ*KrFH57K�É VXÇª^XÇ á R nij = 1
Î[FH5½AD<><

1 ≤ i < j ≤ r
=¬ÎËADG*I
FHG:<��Ù=¬Î

Γ ' Γ (V )=@R�A�?rFHÉä;  CEÛ*KLK+*c9:=>åHAD<@K�G*?rK (2) ⇔ (3)
=@R�AD<@R7F�8:57FBå`KrI Ç

á RTAÙ?rFHG*R7K+*c9*K�G*?rKLFDÎ.CEÛ*K¿?rFHG*R7CE5E9*?�CE=@FHGJAD;�FBå`K¿Ó½KLFH;:C£AD=>GàCEÛ*K�Î[FH<><@FBÓ¦=>G:ß
8:57FH8{F]RE=>CE=@FHG Ç
� 1A0/(Y0 ,WS>UWSX0�Q 	�5�����5 � nX=DpowÊ~Hw

ML
iN�olcmuj�~y}£p

(V, α) ∈ Ob
(

GDS/Z

) w�kHw�n���kH�ÍkHmQdUayn[}½bNk
A1

Z (nV (α))~Hw�D�~
�ÍkHmNd�aynÞ�o�
β : (V, α) → A1

Z (nV (α))
h�p¿z@p�b

β : V = Vn
βn
→ Vn−1

βn−1

→ · · ·
β2
→ V1

β1
→ V0 = A1

Z (nV (α)) ,
h�aXpom7p

n = nV �
x7p¿~Ù�°nuw*nu�Í~Hzrj�~y}rbNkHmonÞ�r~]b(n(k]wà~D��nuw!d{m�ktd:kD�tn(b(n(k]w � q �1q � aXp�w�buaXp.jrkHz�z>kHh3nuwcv�~D�£�Bpom�b(n(kHw*�

a1kHz�Dyq
� � � � kHmäp =Dp�m<E

1 ≤ k ≤ n � (Vk, αk)
n��L~]w

ML
iN�olcmujr~`}£pBq

�� � � kHm�p =Dpom E
1 ≤ k ≤ n

buaXp
�ÍkHmQdUayn��t�
βk : (Vk, αk) → (Vk−1, αk−1)

m7pt��b(mtn[}rbu�
bNk ~Hw n���kHi
�ÍkHmQdUayn��t� k'=Hpomä~HzuzËxolXb�p� y~`}rb(zFE�kHw�päkod:powJ�tl*xt�rprb

Xk−1
i × A1

C

k�j!~äv]n>=Dp�w � nNpt�rp�z>pom¦d�mEpo�rpowUbN~`b(n(kHw k�j
(Vk−1, αk−1)

q
�½mEkBk�jBq ! K¿<@K�C

V̄0, . . . , V̄n
;�KºCEÛ*K¿ÉÙ=>G:=>ÉÊAD<$?rFHÉÙ8:<@K�CE=@FHG*R�FDÎ

V0, . . . , Vn
?rFHG*RECE5E9*?�C7KrIJAD;{F�å`K Ç

Z�W�_ ONÎ (V, α) = (Vn, αn)
=@RLADG

ML È R79:5�Î[AH?rK°CEÛ*K�G CEÛ*K�IX9UAD<.ß]5£AD8:Û FDÎ
Bn = V̄n \ Vn

=@R¿A
<>=>G*KBAD5
?7ÛUAD=>G Ç Ú�Ûy9*R�Î[FH5¿K�å`K�5H� 1 ≤ k ≤ n

CEÛ*K�IX9UAD<�ß]5£AD8:Û FDÎ
Bk = V̄k \ Vk

=@R¿A
<>=>G*KBAD5L?7ÛUAD=>G  FBÓ¦=>G:ß�C7FCEÛ*K�Î[AH?�C
Bn

=@R�FH;:C£AD=>G*KrI�;)�
RE9*?r?rKrR7RE=>å`K�<��
AHI:IX=>G:ßÙR7FHÉÍK�=>5E57KrIX9*?�=>;:<@Kº?rFHÉÙ8{FHG*K�GcC7R�C7F!CEÛ*K
Bk

Ç ��K�G*?rK
(Vk, αk)

=@R�ADG
ML È R79:5�Î[AH?rK¿;��
CEÛ*KrFH57K�É VXÇ Ï Ç

Z[Y`_�Ð =>å`K�G A S.=@KrR7K�<@K�5�8:57KrR7K�GcC£ADCE=@FHG
τ : (Vk−1, αk)

∼
→
⊔

i∈I

Xk−1
i × A1

C/ ∼
=>CÊÎ[FH<><@FBÓTR�Î(57FHÉ CEÛ*K

?rFHG*RECE5E9*?�CE=@FHGJFDÎ.8:57FH8�F]RE=>CE=@FHG ^XÇ Ý CEÛUADC

(βk ◦ τ)−1
(

Xk−1
i × A1

C

)

βk◦τ−→ Xk−1
i × A1

C



 � �������	��
��������������
=@R�K�=>CEÛ*K�5�ADG =@R7FHÉÍFH5E8:Û:=@REÉ FH5�A�RE=>ÉÙ8:<@K+×*;{K�57KrI ÉÍF1IX=¬×U?BADCE=@FHG FDÎ

Xk−1
i × A1

C
' A2

C
Ç Õc=>G*?rKJCEÛ*K

ÎNAH?�C7FH5E=@R£ADCE=@FHG =@R�ÉÙ=>G:=>ÉÊAD<�=>CTÎ[FH<><@FBÓTRºCEÛUADC�CEÛ*K�57K°KoØ1=@REC7RºADC�<@KBAHRECºADG
i ∈ I

F�å`K�5ºÓ¦Û:=@?7Û
βk ◦ τ

=@R�G*FHC
ADG�=@R7FHÉÍFH5E8:Û:=@R7É Ç ONÎ.CEÛ*K�57KLKoØX=@REC7R j ∈ I  j 6= i

RE9*?7Û�CEÛUADC

(βk ◦ τ)−1
(

Xk−1
i × A1

C

)

βk◦τ−→ Xk−1
i × A1

C

=@R½G*FHCTADG�=@R£FHÉÍFH5E8:Û:=@REÉ CEÛ*K�G�CEÛ*K¿IX9UAD<{ß]5£AD8:Û�FDÎ
Bk+1

=@R�G*FHCTAä<>=>G*KBAD5T?7ÛUAD=>G  A°?rFHGcCE5£AHIX=@?�CE=@FHG�Ó¦=>CEÛCEÛ*KrFH57K�É VXÇ ÏÊAHR Vk+1
=@R�ADG

ML È RE9:5�ÎNAH?rK Ç Ú�Û:=@RT8:57F�å`KrR Z[Y`_oÇ �

	�5�����5 � R7=>G:ßàCEÛ*KÙÎNAH?�C°CEÛUADCäCEÛ*KÊCE57KrK
Γ (V )

AHR£R7Fc?�=ÞADC7KrI C7FJA
GDS (V, α)

Ó¦=>CEÛ A�CE5E=>å1=ÞAD<½æ ADÔ]AD5 È
ç =>ÉÊADG*F�åÍ=>Gyå]AD5E=ÞADGyC�=@R�AL?rFHÉ!;�Ó�K�?BADG
?rFHÉÙ8:9:C7K�K+*c9:=>åHAD5E=ÞADGcC½?�<@F]R7KrI�K�É!;�KrI:IX=>G:ß`R�FDÎ (V, α)

=>G
A

d(Γ)
VAHR¦=>G�CEÛ*KrFH57K�É Ö Ç>W]ÇOQÎ

Γw (V )
=@R�AT?rFHÉ!;ÙFDÎ*Û*K�=>ß]ÛcC

n ≥ 1
CEÛ*K�G

d (Γ) = n+1
ADG*IäÓ�K½?BADG!×*G*I

n
G*FHG:ÑBK�57F�8{FH<��1G*FHÉÙ=ÞAD<@R

Ó¦=>CEÛàRE=>ÉÙ8:<@KL57FcFHC7R

Pi (T ) := (T − λi,1) P̃i (T ) =

ri
∏

j=1

(T − λi,j) ∈ C [T ]

RE9*?£Û�CEÛUADCTCEÛ*K¿R7?£Û*K�ÉÍK
VΓ(V ),w ⊂ A

d(Γ)
Z = An+1

Z

FDÎ3I:Ko×*G:=>CE=@FHGàÏ Ç>WB\ =@R¦ß]=>å`K�Gà;)��CEÛ*KLK+*y9UADCE=@FHG*R






















X0Xl+1 −

(

l−1
∏

i=1

P̃i (Xi)

)

Pl (Xl) = 0
Î[FH5

1 ≤ l ≤ n

(Xk−1 − λk−1,1)Xl+1 −Xk

(

l−1
∏

i=k

P̃i (Xi)

)

Pl (Xl) = 0
Î[FH5

2 ≤ k ≤ l ≤ n

,

Ó¦Û*K�57K  ;)��?rFHGyå`K�GcCE=@FHG  
l−1
∏

i=k

P̃i (Xi) = 1
=¬Î
k > l − 1 Ç OQGàCEÛ:=@R�RE=>CE9UADCE=@FHG+Ó�KäÓ¦=><><ËI:K�G*FHC7K

VΓ(V ),w
AHR

VP1,...,Pn
Ç

Ú�Û*K�Î[FH<><@FBÓ¦=>G:ßÊCEÛ*KrFH57K�É =@R¦CEÛ*K�G+ADG�=>ÉÙÉÍKrIX=ÞADC7Kä?rFHG*R7K+*y9*K�G*?rK!FDÎ.CEÛ*KrFH57K�É Ö Ç>W]Ç
,.-�/)0�12/43 	�5 � ��5 � j

(V, α) ∈ � x (GDS/Z

) nÞ�!~Hw
ML

iN�olcmujr~`}£p�buaXp�w p�nubuaXp�m
(V, α) ' A1

Z (nV (α))kHmLbuaXp�mEpÙp� ]nÞ��b
n = nV

w�kHw('�pomEk¿d:kHz EHw�k]�°n[~Hze�¿h3nubua��tnu��d�z>pLmEkBk]bu�

Pi (Xi) :=

ri
∏

j=1

(Xi − λi,j) = (Xi − λi,1) P̃i (Xi) ,

1 ≤ i ≤ n � ~Hw�D
~Hw p���l1nX=�~Hmon(~Hw�b
Z
i�nÞ�rkH�ÍkHmNd�aynÞ�o�

φ : (V, α)
∼
→
(

VP1,...,Pn , αΓ(V ),w (nV (α))
)

.

! K�ÔcG*F�Ó CEÛUADC�Î(FH5�K�å`K�5H��Ó�K�=>ß]ÛyC7KrI 57FcFHC7KrI CE57KrK
Γw

ADG*I�K�å`K�5H�
m ≥ H (Γ)

CEÛ*K
Ga,Z È AH?�CE=@FHG

αΓ,w (m)
FHG

VΓ,w ⊂ A
d(Γ)
Z

=@RÍ=>G*IX9*?rKrI ;)� A
Ga,Z È AH?�CE=@FHG FHG

A
d(Γ)
Z

Ç OQÎ
Γ = Γ (V )

=@RÊA ?rFHÉ!;
CEÛ*K�G�CEÛ*K�57KäKoØ1=@REC7R�R7FHÉÍKLFHCEÛ*K�5TGUADCE9:5£AD<

C+ È AH?�CE=@FHG*R VP1,...,Pn

?rFHÉÙ=>G:ßÍÎ(57FHÉ CEÛ*K¿57KrRECE5E=@?�CE=@FHGJFDÎ�RE9*?£Û
AH?�CE=@FHG*R�FHG

A
d(Γ)
Z = An+1

Z
Ç
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	 /43 3���	�5��(#�5 � kHmäp =Hpom<E
n ≥ 1

buaXp�d�mEk�sBpE}rb(n[kHw
prn+1 : An+1

Z → A1 � (x0, x1, . . . , xn+1) 7→ xn+1m7pt�ob(mon(}Bbu�
bNk ~Hw
A1 i �½x�m�~]b(n[kHw ρ : VP1,...,Pn → Z ′ = � d*pE} (C [Xn+1])

kHw
VP1,...,Pn

qL?JkHm7pEk'=Hpom�bua:p
vypow�pom�~]z��½x7p�m£�äk�j

qΓ,w : VΓ,w = VP1,...,Pn → Z
~Hm7p DHn��ob(nuw�}rbQq

�½mEkBk�jBq OQC¦=@R�?�<@KBAD5TCEÛUADC
ρ : VP1,...,Pn → Z ′ =@RTRE9:5��EKr?�CE=>å`K ÇR! K¿R7KrK�Î(57FHÉ CEÛ*K¿K+*y9UADCE=@FHG*R

X0Xn+1 =

(

n−1
∏

i=1

P̃i (Xi)

)

Pn (Xn)

ADG*I

(Xk−1 − λk−1,1)Xn+1 −Xk

(

n−1
∏

i=k

P̃i (Xi)

)

Pn (Xn) 2 ≤ k ≤ n

CEÛUADC  VP1,...,Pn×Z′

Õc8{Kr? (
C
[

Xn+1, X
−1
n+1

]) =@R�=@R7FHÉÍFH5E8:Û:=@?�C7F
A1

Z′

∗

Ó¦=>CEÛÍ?rFcFH57IX=>GUADC7KrR
Xn

ADG*I
Xn+1

Ç
Ú�Ûy9*R

ρ : VP1,...,Pn → Z ′ =@RLADG A1 È ×*;:5£ADCE=@FHG Ç ��<@KBAD5E<��àCEÛ*K�ß`K�G*K�5£AD<.×*;{K�57R¿FDÎ qΓ,w : VP1,...,Pn → ZADG*I
ρ : VP1,...,Pn → Z ′ I:F�G*FHC�?rFH=>G*?�=@I:K Ç

�

Õc=>ÉÙ=><ÞAD5E<�� AHRº=>G 8:57FH8{F]R7=>CE=@FHG Ï ÇªYXW Ó�KÊ?BADG ×*G*I A
Ga,Z′ È AH?�CE=@FHG α′ FHG An+1

Z ' An+1
Z′

RE9*?£Û CEÛUADC
α′ 57KrRECE5E=@?�C7R�C7F�AäG*FHGyCE5E=>å1=ÞAD< Ga,Z′ È AH?�CE=@FHG�FHG VP1,...,Pn

Ç ��K�G*?rK VP1,...,Pn

?rFHÉÍKrR¦K+*c9:=>8:8{KrI
Ó¦=>CEÛ�CQÓ½F
GUADCE9:5£AD<

C+ È AH?�CE=@FHG*R�Ó¦Û*F]R7K¿ß`K�G*K�5£AD<$FH5E;:=>C7R�I:F�G*FHC�?rFH=>G*?�=@I:K Ç
! K¿K�G*I�CEÛ:=@R¦8UAD8�K�5T;��
CEÛ*KºÎ[FH<><@FBÓ¦=>G:ß�?rFH57FH<><ÞAD5H��FDÎ.CEÛ*KrFH57K�É VXÇ>WBYXÇ

 0�1A0 * *��J1�� 	�5��  �5 � kHmL~Hw
ML

iQ�tl1m�jr~`}£p
(V, α) ∈ Ob

(

GDS/Z

) buaXp3jrkHzuz¬k]h3n�wcv
~D�£�Bpom�b(n(kHw*�¿~Hm7p°p���l1n�i
=�~Hz@powUbQq
���
V

nÞ�!~ 9 ~Hw*nNpoz>p�h�� ;�n � l1muj�~`}tpBq� ��� aXpä}7~Hw�k]w*n(}£~Hz§�taXpE~�j
ωV

k�j
V

n��Lb(mtnX=Bn[~Hz@q
����� aXpom7p�p� Hn��obu�ä~�jtm7p7p

Ga,Z
i©~y}rb(n(k]w k]w

V
q

�½mEkBk�jBq Ú�Û:=@R3=@R¡Aº?rFHG*R7K+*c9*K�G*?rK¦FDÎ $ W & ;:9:C3Ó½K�Ó¦=><><:ß]=>å`K�ADGÊAD<>C7K�5EGUADCE=>å`K¦8:57F1FDÎ Ç OQÎ (V, α)
=@R3=@R7FHÉÍFH5E8:Û:=@?

C7F
A1

Z (nV (α))
CEÛ*K�G CEÛ*K�57K
=@R!G*FHCEÛ:=>G:ß C7F�8:57FBå`K Ç\! K
G*FBÓ RE9:8:8{F]R£KÍCEÛUADC

(V, α) 6' A1
Z (nV (α))ADG*I�Ó½K¿<@K�C

τ : (V, α)
∼
→
⊔r

i=1Xi × A1
C
/ ∼

;�K!AÙS.=@KrR7K�<@K�5�8:57KrR7K�GyC£ADCE=@FHG FDÎ
(V, α)

Ó¦=>CEÛJAHR7R£Fc?�=ÞADC7KrI
CE5£ADG*RE=>CE=@FHG�Î(9:G*?�CE=@FHG*R

(gij)1≤i≤j ∈ Ah
Ç

È á RºAÊÒ¿ADG:=@K�<@K�ÓTREÔ1=¡Õc9:5�Î[AH?rK V =@R�=@R7FHÉÍFH5E8:Û:=@?°C7F�AÊG*FHG*RE=>G:ß]9:<ÞAD5ºÛ)�18�K�57RE9:5�Î[AH?rK�FDÎ
A3 =>C�Î(FH<><@F�ÓTRÎ(57FHÉ CEÛ*K!AHI �©9:G*?�CE=@FHGàÎ(FH5EÉä9:<ÞA�CEÛUADC

ωV
=@R¦CE5E=>å1=ÞAD< Ç Ú�Ûy9*R Z�W�_ ⇒ Z[Y`_oÇ

È á R¡9*R79UAD<�Ó½K�<@K�C µi = µ
(

α, {xi} × A1
) Ç è�K�ÉÙ=>G*IÊCEÛUADC½CEÛ*KT=@I:K�GcCE=¬×U?BADCE=@FHG ∼

AD;�FBå`K�=@R�ß]=>å`K�G�;)�

(Xi \ {xi}) × A1
C 3 (x, u)

φij
7→
(

x,
(

hµj−µi ◦ p
)

(x)u+ gij (p (x))
)

∈ (Xj \ {xj}) × A1
C.OQÎ

ωV
=@R�CE5E=>åc=ÞAD<�CEÛ*K�G CEÛ*K�57K�KoØ1=@REC7R¿A
G*FBÓ¦Û*K�57K�å]ADG:=@REÛ:=>G:ß�Û*FH<@FHÉÍFH5E8:Û:=@?

2 È Î(FH5EÉ ω
RE9*?7Û CEÛUADC

ωV =
ω · OV

Ç O�CÊ=@RÊ?�<@KBAD5�CEÛUADC
Î(FH5�K�å`K�5H�
1 ≤ i ≤ r  ωi := ω|Xi×A

=@R
FDÎLCEÛ*K�Î(FH5EÉ
aidx ∧ du

Î(FH5
a1 ∈ C∗ Ç æ+FH57KrF�å`K�5¦CEÛ*K�=@I:K�GcCE=¬×U?BADCE=@FHG

∼
=>ÉÙ8:<>=@KrR�CEÛUADC

ωi = φ∗ij (ωj) = aj (hµj−µi ◦ p) dx∧ du
Î(FH5

K�å`K�5H�
1 ≤ i, j ≤ r Ç Ú�Ûc9*R ai = aj (hµj−µi ◦ p)  Ó¦Û:=@?7Û =>ÉÙ8:<>=@KrR!CEÛUADC

µi = µj = µ (α)
Î[FH5LK�å`K�5H�

1 ≤ i, j ≤ r Ç OQÎ α =@R�ß]åc=@K�GJ;)�+AÊ<@F1?BAD<><���G:=><>8{FHC7K�GcC
A È I:K�5E=>å]ADCE=@FHG ∂ FDÎ

C [V ]
CEÛ*K�G

∂̃ = h−µ(a)∂
=@R

ADßyAD=>G�<@F1?BAD<><��
G:=><>8�FHC7K�GyCºADG*I�?rFH5E57KrRE8�FHG*I:RTC7FÍAäÎ(57KrK
Ga,Z È AH?�CE=@FHGàFHG V Ç Ú�Ûy9*R Z[Y`_ ⇒ Z[^`_oÇ

È ONÎ$CEÛ*K�57KºKoØX=@REC7R¦A!Îu57KrK Ga,Z È AH?�CE=@FHG α FHG
V
CEÛ*K�G

µi = µ
(

α, {xi} × A1
)

= 0 = µ (α)
Î[FH5¦K�å`K�5H�

1 ≤ i ≤ r Ç á R V =@R�ADG
ML È R79:5�Î[AH?rK¿=>C�Î[FH<><@FBÓTRTÎu57FHÉ CEÛ*KrFH57K�É VXÇª^ CEÛUADC
nij = −ordz0

(gij) = −ordz0
(gji) = nji = 1.
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Ú�Ûy9*R

nV (α) = 1 + max
1≤i,j≤r

{µi} = 1  Ó¦Û*K�G*?rK nV = nV (α) − µ (α) = 1 Ç�� ��å1=>5ECE9*K°FDÎ�CEÛ*KrFH57K�É
VXÇ>WBY CEÛ*K�57KLKoØX=@REC7R�A°G*FHG*?rFHG*R7C£ADGyC�8�FH<��1G*FHÉÙ=ÞAD<$Ó¦=>CEÛàRE=>ÉÙ8:<@Kº57F1FHC7R P R79*?7Û�CEÛUADC

V
=@R¦=@R7FHÉÍFH5E8:Û:=@?!C7F

VP,1
Ó¦Û:=@?7Û+=@RTAÙÒ¿ADG:=@K�<@K�ÓTREÔc=�Õc9:5�Î[AH?rK Ç Ú�Ûc9*R Z[^`_ ⇒ Z�W�_
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