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ABSTRACT

In this note, the authors illustrate how compact embeddings between func-
tion spaces can be obtained using wavelet methods. They consider weighted
Holder spaces and obtain optimal growth conditions on the wavelet coeffi-
cients for functions in these weighted spaces. These conditions lead to con-
tinuous embeddings between weighted Holder spaces and certain weighted
[*° spaces.

RESUME

Dans cette note, les auteurs utilisent des méthodes d’ondelettes pour obtenir
des plongements compacts entre des espaces de fonctions. Ils considerent
des espaces de Holder a poids et obtiennent des conditions de croissances
optimales sur les cefficients d’ondelettes pour des fonctions dans ces espaces
a poids. Ces conditions donnent des prolongements continus entre les espaces
de Holder a poids et certains espaces [ a poids.



1 Introduction

The purpose of this note is to illustrate how compact embeddings between
function spaces can be obtained using growth conditions on wavelet coef-
ficients. While compact embeddings for weighted Holder spaces are well
known , we offer a novel approach for obtaining such embeddings, which may
be applied to many other function spaces. We refer the reader to the work
of Haroske in [2] on compact embeddings between weighted Besov spaces.
Besov spaces are generalizations of the Holder classes.

We define the weighted Holder spaces C*7, s > 0,0 > 0, as the intersec-
tion of the usual Holder class C'* with the collection of all functions f such
that (1+4z|7) f(z) is bounded. It is well known that the inclusion C*™ C C*°
is compact if and only if s < t and ¢ < 7. In this note, we present an interest-
ing approach using wavelet methods for proving these compact embeddings.

Wavelets provide a “universal” decomposition for various classes of func-
tions or distributions f:

ST WY o S XTI (1)

keZ j=0keZ

Here, the functions ¢i(z) = ¢(x — k), k € Z, form an orthonormal set
in L?(R) while the wavelets 1, () = 29/2¢(2'z — k), j,k € Z, form an
orthonormal basis for L?(R). The function ¢ is sometimes called the scaling
function while ) is called the mother wavelet. For functions f and ¢ defined

on R,
(f.9) = [ Fa)g(@) do

whenever the integral is defined.

In his book [5], Yves Meyer obtains characterizations of various function
spaces in terms of growth of wavelet coefficients. For the non-homogeneous
Holder spaces C¥, boundedness of the sequences

{(foon) ke Z}, {2792(f ) Gk €Z, j >0}

is equivalent to f € C®. This is our starting point for obtaining inclusions re-
lating the weighted Holder classes and certain weighted [*° spaces. Compact
embeddings for these weighted (> spaces are easily obtained.



For 0 < s < 1 and 7 > 0, we define C*" as the Banach space of all
continuous functions f : R — C for which the norm ||f||;, = Rs(f) +
S;(f) is finite where

Ry(f) = sup {|f(z) = f(y)| |z —y[ 2,y e R,z #y}

for 0 < s < 1, while for s =1

R(f) = swp {|f(z+y)+ flz—y) = 2f(@)| - [y : x,y €R,y#0}

For all 7 > 0, we define
S-(f) = sup (1+ [z[")|f(z)]-
zeR

For s > 1, we define C*" as the Banach space of functions f which have
derivatives (in the usual sense) up to order N = |s] for which the norm

1fllsr = Ro(f™) + S:(f) (2)

is finite, where § = s — N, and |s]| denotes the largest integer strictly less
than s.

2 Wavelet Coefficients of functions in
weighted Holder spaces

In this section, ¢ denotes a scaling function for a multiresolution analysis
with regularity » + 1 where r is a fixed positive integer. In other words, ¢
has derivatives up to order r + 1 which all have rapid decay; i.e., for each
a > 0, there exists a constant C, such that

Ca

D(2)] <
0@ < T

fort=0,1,---,7r4+ 1 and for all x € R. The corresponding mother wavelet
denoted by v is also r+ 1 times differentiable and all its derivatives also have
rapid decay. Moreover, it has the property that

/Ooka(:c)dx =0 for k=0,1,2,---,r+1.
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We refer the reader to [5] for the details.

Given a non-empty set I, and any strictly positive function w defined on I,
we let (I, w) = [*°(w) denote the Banach space of all functions s : [ — C'
normed by

|slw = sup{w(i)|s(i)| - i € I}

We shall take I = {(j,k) € ZxZ:j > —1}. Given s > 0 and ¢ > 0, we
define w; , : I — (0, 00) by

we (G k) = 2 max{2, 1+ K277}, if >0 (3)

and ws »(j, k) = 1+ |k|? if j = —1. In this special case, the norm of ¢ in
[*°(ws ) will be denoted by |c|s»

For a function f in some weighted Holder class, we let Sf denote the
sequence of wavelet coefficients of f:

Sf = A{fiw:G.k) €I}

Where fj,k = <f, r‘/}j,k> lfj Z O and fj,k = <f, ¢k> lfj = —1.
On the other hand, for a sequence ¢ = {c; : (4, k) € I} in some weighted
space {*°(ws,), we define T'c to be the wavelet series

oo

Tec= Z Cfl,k(bk"i‘z Z Cj k) k-

k=—00 j:(] k=—o00

Proposition 1 Let s > 0,7 > 0 with s <r+ 1. Then

A) S is a bounded operator from C*7 into [ (ws ).

B) there exists a finite constant C' (depending only on s, and ¢) such
that whenever ¢ € I%°(wy) ,

lclsr (1 +log|z])
1 faf7

Ro(DN(Tc)) < Clelsr and |Te(x)] < C (4)

for x € R, where N = [s] and 0 = s — N. In particular, given o € (0,7), T
defines a bounded operator from 1 (ws ;) into C*7.



Remark: The second estimate in (4) is optimal as demonstrated by the
following example.

Let ¢ be a compactly supported mother wavelet with ¢(0) # 0. Suppose
that ¢ (z) = 0 whenever |z| > L. We define

fl@) = Y (1 +2") p(2r — 271,
j=0n=j
If 0 <s <, then |[Sf]s, < 1.
Observe that if j > 0, n > 0 and M is a positive integer with 2M~1 > [,
and n # M, then (29 — 2it1) = (. Therefore, for these values of M,

F@Y) = w(0)(M +1)(1+2%7)7"
Finally, letting x5, = 2, we have

1+ colog zp

flzar) = ¥(0) 1+ay,

whenever 21 > [ where ¢y = (log2)~!. This shows optimality of the
second estimate in (4).

Proof of Proposition 1: We omit the proofs of (A) and the first part of
(B) which are both standard. The regularity r + 1 of ¢ is used in the proof
of (A).

Let ¢ € I®(ws,). We have Tc = a +d with a = Y72 c_1 ¢, and
d= Z?’;O hj where

hi = Y Cathjn (5)
keZ

To prove the second part of (4), it is enough to consider large values of x.
We fix z € R with |z| > 2. Choose a such that « —7 > 1. If [k]277 < |z|/2
with j >0, then |27z — k| > 27|z|/2 and therefore,

C

e s S (R T

(6)

Here and in what follows, C' denotes a constant depending only on s, 7, «
and ¢, and may be different at each occurrence. We shall also also adopt the
notations

a-(c) = sup{|c_ip|ws (-1, k) 1 ke Z},
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dsr(c) = sup{lejplws (5, k) : (4, k) €EZXZ, j >0},
for a sequence ¢ € [*°(w; ;).
Combining (6) with the rough estimate |c; x| < d,,(c)277/2, we obtain,
for a fixed 57 > 0,
C-ds.(c)

| el < g

k|2-9 <[] /2

On the other hand, the estimate |c;z| < d,.(c)279/2(1+ [k277|7) 7! yields

(7)

C-ds.(c)
| Z k()] < TW (8)
|k|277>|x|/2
Combining (7) and (8), we conclude that
C - ds.(c)
h; < 5T
bl < S )

for any non-negative integer j.
Let m denote the positive integer such that

gm < |x|T/S < 2m+1'
In view of (9), we obtain

m C - ds.(c) log|z|
| ) hi(z)] < :
jz:(:) ! 1+ |z|

Meanwhile, from the estimates |cj;| < d,(c)2771/279) we conclude that
|hj(z)] < C-ds.(c) 277%, for j > 0 and obtain

> ol < G
Jj=m-+1
Combining these last two inequalities yields the desired estimate for d. For
e (¢) log|al
C-ds,(c) log|z
)] < ST
The estimate for a is obtained in the same way that we obtained (9). We
have

(10)

C-a(c)

alx <
@) £ T

(11)

whenever |z| > 2. O



3 Compact embeddings between weighted

Holder spaces
Lemma 1 below, applied to the weights defined in (3), implies that the in-

clusion
[®(wy ) C 1% (ws)

is compact if t > s> 0and 7 > o > 0.

Lemma 1 Let w and v be strictly positive functions defined on I such that
for some finite constant C,

v(i) < Cw(), i€l.

Then the following are equivalent:
(i) the inclusion [°°(w) — [®°(v) is compact
(i) for any € >0, the set {i:v(i) > ew(i)} is finite.
For the reader’s convenience, the proof of the lemma is given in the last

section of this note. We can now easily obtain compact embeddings between
the weighted Holder spaces.

Theorem 1 Let0<s<t<oo and <o <7 < 0.
(a) Suppose s <t and o < 7. Then the inclusion C*™ C C*? is compact.
(b) The inclusions C*7 C C*° and C*7 C C*? are not compact.

Proof of (a): Choose p € (0, 7). By Proposition 1, the linear mappings
SO — 1®(wy,)  and T :1®(ws,) — C¥°

are bounded. Taking the composition of this mappings with the compact
inclusion
i 1% (wyr) — 1%(ws,p),

we obtain the compactness of

ToioS:CHV — O%°,



Meanwhile, for bounded continuous functions f, we have pointwise conver-
gence of its wavelet series:

fo) = S dtn@ + 3 S U ) tala),

kEZ Jj=0keZ

for all x € R.. See, for instance, [4] . Therefore, the composition T'oi o S is
precisely the inclusion C*" c C*7. O

Proof of (b): We shall only consider the case 0 < s <t < 1. We retain
the notations

Ry(f) = Sl;p\f(fﬁ)—f(y)!‘!x—yrs
a7y
for 0 < s < 1, while for any 7 > 0,

S:(f) = igg(lﬂxmlf(xﬂ-

To prove the non-compactness of the first inclusion in (b), we fix f € C'*7,
f#£0andlet T, f(z) = f(x —n). We let

T.f
T fleo
If the first inclusion in (2) were compact, then there would exist g € C*°

and a subsequence f,, such that ||f,, — g|lse — 0 as k — oo. Since
lim,, .o Sy (T f) = oo, we have

||fn||s,a — 17 ||fn||oo e 0

Thus, g = 0. This implies || f,,||s, — 0, a contradiction.

To prove the non-compactness of the second inclusion in (b), we fix a
non-constant function h € C*7 and define
Db

|| Dnh]s,+

where D,h(x) = h(nz). Assuming compactness of the second inclusion in
(2), there would exist a function & € C*? and a subsequence h,,, such that

hn

||hm _k||s,0 E— 0, 7 — 00.
Since Sy (Dph) < ||h||oo + So(h) for n > 1 and Ry(D,h) = n®Rs(h), we have
||h’n||370 I 17 ||hn||oo — 0

as n — oo. This implies k£ = 0 and therefore ||h,,||s, — 0, a contradic-
tion. O



4 Proof of Lemma 1

To prove the implication (i) = (i), it is sufficient to show that Ball [*(w) is
totally bounded in [*°(v). We use the notation Ball X = {xr € X : ||z|| < 1}
if X is a normed space.

Let € > 0. For each i € I, choose complex numbers a(i,j), 1 < j < n(i),
with |a(4, j)|w(i) < 1 such that

{zeC:|z|wl) <1} € U{zeC:]z—ali,j)|v() <e}.

j=1

We write {i € I : v(i) > ew(i)/2} = {i1,i2,---,in} and consider the
Cartesian product

P = kl:[{l,Q,~~,n(ik)}.

For m = (m(1),---,m(M)) € P, we define x,, : I — C by z,(ix) =
a(ix,m(k)) for 1 <k < Mand z,,(:) =0 ifi # i forallk € {1,2,---, M}.
Then z,, € Ball [**(w) and

Ball (*(w) € |J Bu(zme). (12)

meP

To prove the implication (i) = (ii), suppose there is an € > 0 such
that Ac = {i € I : v(i) > ew(:)} isan infinite set. . Let {i,}7°,
be a sequence of distinct elements in A.. For n = 1,2,3,---, define e, :
I — C such that e,(j) = w(j)™* if j =14, and e,(j) = 0, otherwise.
Then ||e, ||, = 1. Assuming that (i) holds, there would exists a subsequence
{en, }72, convergent in [*(v), say to e. It is immediate that e = 0. Hence

-1

W(in, )"0 (i) = lenelle — 0

as k tends to infinity. This contradicts the fact that {i,, }3>, is a sequence
of elements of A,. O
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