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UNRAMIFIED COHOMOLOGY OF DEGREE 3
AND NOETHER’'S PROBLEM

Emmanuel Peyre

Abstract. — Let G be a finite group and W be a faithful representation of G over C. The
group G acts on the field of rational functions C(W). The aim of this paper is to give a description
of the unramified cohomology group of degree 3 of the field of invariant functions C(W)€ in
terms of the cohomology of G when G is a group of odd order. This enables us to give an example
of a group for which this field is not rational, although its unramified Brauer group is trivial.
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1. Introduction

If G is afinite group and W a faithful representation of G over C, then the field of invariant
rational functions C(WW)“ depends only on G, up to stable equivalence. The problem which
goes back to Noether is to determine whether this field is rational. A natural obstruction is
given by the unramified cohomology groups which are trivial for stably rational fields.

In degree two, this group coincides with the unramified Brauer group which has been
used by Saltman in [Sal] to give the first example of a group G for which C(W)¢ is not
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rational. Bogomolov then gave a general description of this group in [Bol, theorem 3.1].
More precisely, one may describe this group in terms of the cohomology of G by the formula

Br, (C(W)) = [ Ker(H?(G,Q/Z) — H*(B,Q/Z))
BeRBa

where #, denotes the set of bicyclic subgroups of G, that is the set of subgroups of G which
are a quotient of Z2. This result enabled Bogomolov to give other examples of groups for
which the unramified Brauer group of C(W)¢ is not trivial.

In higher degree, the unramified cohomology groups have been introduced by Colliot-
Thélene and Ojanguren [CTO] to give new examples of unirational fields over C which are
not stably rational.

The aim of this text is to describe a computation of the unramified cohomology group
of degree 3 in terms of the cohomology of the group G and then to use this description to
construct a group G for which C(W)¢ is not rational but has a trivial unramified Brauer
group. Saltman has proven in [Sa2] that the unramified cohomology group in degree three is
contained in the image of the inflation map

H*(G,Q/Z) — H*(C(W),Q/Z).

One of the main difficulty is to describe the kernel of this inflation map.
In [Pe3], we proved, extending ideas of Saltman [SaZ2], that there is a natural exact se-
quence

0 — CHE(C) —» H*(G,Q/Z(2)) - H*(C(W)“,Q/Z(2))

where CHZ (C) denotes the equivariant Chow group of codimension two of a point. The
main step of our proof relates the image of CH%(C) with the permutation negligible classes
introduced by Saltman in [Sa2].

It is somewhat easier to describe the inverse of the unramified cohomology group in
H3*(G,Q/Z). Such a description had been made by Bogomolov in [Bo2]. We give here
a description which is purely in terms of the cohomology of G.

In section 2 we introduce the notations used in the rest of this paper, section 3 states the
main result and section 4 contains its proof. In section 5 we consider the case of a central
extension of an F-vector space by another one. The last section is devoted to the explicit
construction of an example.

2. Definitions
Let us fix a few notations for the rest of this text.
Notations 2.1. — Let & be a field of characteristic 0, k be an algebraic closure of k. For any
positive integer n, we denote by p,, the n-th roots of unity in & and for j in Z we put
‘ T eu, ifj > 1,
8 = (¢ Z/nZ if j =0,
Hom(p®9,Z/nZ) ifj <0,
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and we consider the Galois cohomology groups

H'(k, uy?) = H' (Gal(k/k), u5;?)
as well as their direct limits

H' (k, Q/2(5)) = ling H' (k, p7).

If V is a variety over k, we also consider the étale sheafs %7 and Q/Z(j).

For any function field over k, that is finitely generated as a field over k, we denote by
P (K [k) the set of discrete valuation rings A of rank one such that k C A C K and such
that the fraction field Fr(A) of A is K. If A belongsto (K /k), then k 4 is its residue field
and, for any strictly positive integer 4 and any j in Z,

Oy HU(K, pi?) = H Mk g, pi” 1)
is the corresponding residue map (see [CTQ]). They induce residue maps
04+ H'(K,Q/Z(j)) = H ' (k4, Q/Z(j - 1)).

We then consider the unramified cohomology groups defined by

Hy(K,Q/Z() = () Ker(H(K,Q/Z(j) 2% H' (x4, Q/Z(j - 1))

AcP(K/k)
In particular, the unramified Brauer group may be described as
Br, (K) = Hy(K,Q/Z(1)).
Let us also recall that two function fields K and L are said to be stably isomorphic over & if

there exist indeterminates U, ..., U, , T}, ..., T, and an isomorphism from K (U,, ..., U,,)
to L(Ty,...,T,) over k. By [CTO], if K and L are stably isomorphic over &, then

Hrir(Ka /‘%j) - H,fr(L,p,;?j).

In particular, if k is algebraically closed and K stably rational over k then H} (K, u®7) is
trivial.

We shall also use the equivariant Chow groups as defined by Totaro [To] and Edidin and
Graham [EG, §2.2].

Definition 2.2. — Let G be a finite group and W a faithful representation of G over k. For
any strictly positive n, let U,, be the maximal open set in W™ on which G acts freely. We
have that codimy, . (W™ —U,,) > n. IfY is a quasi-projective smooth geometrically integral
variety equipped with an action of G over k, the equivarient Chow group of Y is defined by

CHL(Y) = CH'(Y x Uy, /G).

We put CH, (k) = CHY(Speck), where the action of G' on Spec k is trivial, and define
Picg(Y) as CHg(Y).

By [Pe3, definition 3.1.3], if & is algebraically closed, the étale cycle map induces a natural
cycle map

cl, : CHL (k) = H* Y@, Q/Z(i))
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such that, by [Pe3, example 3.1.1],
cl, : Picg (k) = HY (G, Q/Z(1))
is an isomorphism.

As indicated in the introduction, one of the main problem to compute the unramified co-
homology is to determine the kernel of the inflation map
Ker(H*(G,Q/Z(2)) — H*(C(W),Q/Z(2))),
which by [Pe3, corollary 3.1.3] coincides with the image of cl,. More generally, let us recall

the notion of geometrically negligible classes, due to Saltman, which is a variant of the notion
introduced by Serre in his lectures at the Collége de France in 1990-91 [Sel].

Definition 2.3. — If G is a finite group, M a G-module and & a field, then a class A in
Hi(G, M) is said to be totally k-negligible if and only if for any extension K of k and any
morphism

p:Gal(K*/K) = G

where K # is a separable closure of K, the image of A by p* is trivial in H?(K, M). The class
A is said to be geometrically negligible if k = C.

As was proved by Serre (see also [Bo2]), the group of geometrically negligible classes in
Hi(G, M) coincides with the kernel of the map

HY(G, M) - H{(C(W)%, M).

In the following, we shall be interested by the case where ¢ = 3 and M = Q/Z(2). We
shall also assume that ¥ = C and fix an isomorphism from Q/Z to Q/Z(1). In this setting,
Saltman introduced the group of permutation negligible classes which is defined by

H}(G,Q/Z) = Ker(H*(G,Q/Z) — H*(G,C(W)")).

In [Pe3, pp. 196-197], we prove that this group may be described in terms of the cohomology
of G as

1)  HYG,Q/Z)= Y Cores§ (Im(Hl(H, Q/7)®* % H3(H, Q/Z))).

HCG

Finally we shall also need to pull back the residue maps to the cohomology of G.

Definition 2.4. — For any subgroup H of G and any element g of the centralizer Z(H) of
H in G, we define a map

Oy, : H*(G,Q/Z) - H*(H,Q/Z)
as follows: let I be the seubgroup generated by g. The natural map
HxI—G
induces a map
pu, H(G,Q/Z) - H*(H x I,Q/Z).
But the pull-back of the projection gives a splitting of the restriction map
H3*H x1,Q/Z) — H*(I,Q/Z).
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This yields a morphism
H3(H xI,Q/Z) — Ker(H*(H x I,Q/Z) — H*(I,Q/Z)).

Using Hochschild-Serre spectral sequence and the fact that H2(1, Q/Z) = 0 we get a map

H3(H x 1,Q/Z) ~ H*(H,H'(I,Q/Z)).
But g defines an injection

HY(I,Q/Z) < Q/Z
which yields
0:H*H xI1,Q/Z) — H*(H,Q/Z).
The map 9y, , is then defined as the composite 0 o py; , . We define
HY(G,Q/Z)= [ Ker(dy,).
HCG
9€Za(H)

Remark 2.5. — One may show that this group coincides with the one defined by Bogomolov
in a more geometric way in [Bo2].
Remark 2.6. — Similarly, one can easily define for any subgroup H of G and any g in
Z(H) amorphism

O,y H*(G,Q/Z) — H'(H,Q/Z) = Hom(H,Q/Z)

)
and

Hp(G,Q/Z)= [ Ker(dy,).
HCG
9€Za(H)
Let us show that
Ha(G,Q/Z) = () Ker(H?(G,Q/Z) - H*(B,Q/Z)).

BeBa

If v belongs to the right hand side, let H be a subgroup of G, let g belong to Z,(H), and
letz € H; B = (g, z) is a bicyclic group of G and there is a commutative diagram

H2(G,Q/Z) —**~ H'(H,Q/Z)
\LResg \LResg)
H(B,Q/Z) —2% H'((x),Q/7).

Since Resj; () = 0, for any = in H we have Res{}, (9y; ,(7)) = 0. Hence 8y () = 0.

Conversely, if v belongs to H2 (G, Q/Z) and B is a bicyclic subgroup of G, then Res$ ()
belongs to H2.(B,Q/Z). But

H*(B,Q/Z) = A’B
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where A2 B is either trivial or cyclic generated by an element of the form u A v. In the latter
case, one has that 9, ,, is injective and Res$ (v) = 0.

3. Description of the unramified cohomology group

The aim of this paper is to prove and illustrate the following theorem:

Theorem 3.1. — If G is a finite group and if W is faithful representation of G over C then
the inflation map induces an isomorphism

H:(G,Q/Z)/H}(G,Q/Z) ® Z[1/2) = Hy(C(W)¢,Q/Z) @ Z[1/2].

Remarks 3.2. — (i) If G is of odd order, we may remove the ®Z[1/2] in the above isomor-
phism. However, in [Sa2], Saltman gave an example of a 2-group for which the kernel of the
inflation map is strictly bigger than H3 (G, Q/Z). Therefore one has to consider the prime to
2 part of the groups in general.

(i) In fact H3.(G, Q/Z) is the inverse image of H32(C(W)%,Q/Z) in H3(G,Q/Z). The
prime 2 does not play a role in this part of the statement.

(iii) Using remark 2.6, Bogomolov’s theorem may be stated as

H(G,Q/Z) = HX(C(W)°,Q/Z).

(iv) In higher degrees one would have to take into account the negligible classes in order
to define H (G, Q/Z). Moreover the question whether the classes in Hi (C(W)%, Q/Z)
come from the cohomology of G is still open.

4. Proof of the main theorem

We shall first recall the result relating the geometrically negligible classes to the equivari-
ant Chow group of codimension 2.

Notations 4.1. — If V is a variety over a field & of characteristic 0, V'(?) denotes the set of
points of codimension p in V. For any  in V'(#) let k() be its residue field. We also denote
by % (u®7) the Zariski sheaf corresponding to the presheaf mapping U to H (U, u®7).
We define similarly the sheaf s#%(Q/Z(j)) and A ; the Zariski sheaf corresponding to the
presheaf mapping U to K, (U), the i-th group of Quillen K-theory.

We denote by | X | the cardinal of a set X .

The following proposition follows from theorem 2.3.1 in [Pe3], but we shall now give a
direct proof of it which is due to Colliot-Théléne.

Proposition 4.2. — If G is afinite group, W a faithful representation of G over C, Let U be
the maximal open subset in W on which G acts freely and assume that codim, W — U is
bigger than 4. Then there is a canonical exact sequence

0 — CH(C) = H*(G,Q/Z) — Hz,(U/G, #4(Q/Z(2))) = 0.
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Proof. — Let X = U/G. The Bloch-Ogus spectral sequence [BO]
Ep" = Hp (X, 4 (u3?)) = HE(X, 1ui?)
yields an exact sequence
0— H%ar(Xa jfgt(ﬂ%%) - Hé3t(Xa N%z)
= Hpo (X, 8(157)) = Hzar(X, H5(137)) = Ha(X, %)

since EY? = EP? = {0} if p > ¢. But we have the following diagram with exact lines and
columns

@ «(z)* ® z CH*(X) 0
weX(I) gpeX(2)
Xn Xn
D k(x)* b zZ— CH}(X) —— 0
zex @) zeX?

@ H'(k(x),p,) — @ Z/nZ— Hp (X, HL(u7?) —= 0
zeX! reX(2)

0 0

which gives an isomorphism

CH?(X)/n = Hzo(X, H5(p?))-
By [CT, (3.2)], Merkur’ev-Suslin theorem gives an exact sequence

0= HY(X, ) /n — HY (X, #%(u®?)) - CH*(X),, — 0.
Since we have codimy, W — U > 4, we get that
CH*(U) = CH*(W) = {0},
H'(U, % y) = H' (W, % ,) = {0},
and
Hy (U, #5(1n3?)) = How(W, #5(u3?)) = 0.

But using a restriction-corestriction argument (see e.g. [Ro]) forthe map« : U — U/G, we
get that the corresponding groups for X are killed by |G|. Taking inductive limits we get an
exact sequence

0 — CH*(X) = H{(X, Q/Z(2)) = Ho(X, #4(Q/Z(2))) = 0.
By [Pe3, Lemma 3.1.1], the Hochschild-Serre spectral sequence yields an isomorphism
H{(X,Q/Z(2)) = H*(G,Q/Z(2)). O
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To get the group of geometrically negligible classes in H*(G,Q/Z), it remains to com-
pute the image of CHZ (C) in that group.

Proposition 4.3. — If G is a finite group, then the prime to 2 part of the group of geometri-
cally negligible classes in H3(G, Q/Z) is contained in the group Hg (G,Q/Z) of permuta-
tion negligible classes.

Remark 4.4. — The fact that the group Hp3(G, Q/Z) is contained in the group of negligible
classes was proven by Saltman in [Sa2].

Proof. — Let pa prime factor of |G| and G, be a p-Sylow subgroup of G. By the description
(2.1) of permutation negligible classes, we have that

Cores (H3(G,, Q/Z)) C H)(G,Q/Z)

and we have commutative diagrams

H*(G,Q/Z) — H*(C(W)%,Q/Z)

\LRes \LRes
)

H*(G,,Q/Z) —— H*(C(W)%,Q/Z)
and

H}(G,,Q/Z) —— H*(G,,Q/Z) —— H3(C(W)%,Q/Z)

\LCoresgp \LCoresgp \LCores

H}(G,Q/Z) —— H*(G,Q/Z) —— H*(C(W)%,Q/Z).

By taking the p-primary part of the group of negligible classes, we are reduced to the case
where G is a p-group for p an odd prime.
By [Pe3, corollary 3.1.9], the image of

CHg(C) — H*(G,Q/Z)
coincides with the image of the second Chern class
#(G) = H*(G,Q/2Z)

where Z(G) denotes the ring of representations of G over C. By Whitney formula, if z and
y belong to Z(G), one has

co(z +y) = cy(2) + ¢ (2)ey (y) + ey (y)-
By (2.1), we have that ¢, (z)c, (y) € Hj (G, Q/Z). Thus the induced map
#(G) = H*(G,Q/Z)/H}(G,Q/Z)

is a morphism of groups. We want to show that this morphism is trivial.



UNRAMIFIED COHOMOLOGY AND NOETHER’S PROBLEM 9

By Brauer’s theorem (see [Se2, §10.5, theorem 20]), Z(G) is generated as a group by
the representations induced from characters of subgroups. It remains to show that for any
subgroup H of G and any character x of H, one has

c,(Ind§ x) € H(G,Q/Z).

But Fulton and MacPherson give an expression for such Chern classes (see [FMP, corollary
5.3])

¢,(Ind$} x) = Cores(c, (x)) + Cores® (¢, (x))
+ ¢, (Ind$; 1). Cores(c¢, (x)) + ¢,(Ind$ 1),

where we denote by Cores® the intermediate transfer maps. By [FMP, p. 4], for any z in
H'(H,Q/Z), one has

Cores(2?) — Cores(z)? + 2 Cores? (2) = 0.
Since p # 2, we get the relation
Cores?(z) = %(Cores(z)2 — Cores(2?))

and therefore the relation

63§ x) = 3 (Coresfy (¢, (4))? — Cores§y (e, (%)
+ ¢,(Ind$; 1). Cores§y(c; (x)) + ¢,y (Ind$ 1),
Therefore, it remains to show that for any subgroup H of G, one has
¢,(Ind 1) € HY(G,Q/Z).

We shall proceed by induction on [G : H]. If [G : H] = 1, then ¢,(1) = 0 and the result is
proven. Let us assume the result for subgroups of index strictly smaller than p™ for m > 1.
Let H be a subgroup of G with [G : H] = p™. There exists a subgroup H, of G such that H
is a normal subgroup of H, of index p [Su, theorem 1.6]. We have

¢y(Ind$ 1) = ¢, (Ind$, (Indjp* 1)).

We may choose x € Hom(H,, C*) such that H = Ker x. Then the induced representation
isgiven by Ind2' 1 =1+ x +--- + x? 1 in Z(H,). We get

¢y(Indf 1) = ¢,(Indg, (1) + -+~ + Ind, (x* 1))
= ¢y (Indf, (1)) + -+ - + ¢y (IndF, (x* 1)) mod HE (G, Q/Z).
By induction, we obtain that c,, (Ind% 1) belongs to H}(G,Q/Z). O

Let us now describe the inverse image in H3(G, Q/Z) of the unramified cohomology group
of C(W)“.

Proposition 4.5. — The group H3 (G, Q/Z) is the inverse image in H*(G,Q/Z) of the
group H3(C(W)¢, Q/Z).
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Proof. — Let~ in H3(G, Q/Z). We want to prove that its image in H?(C(W

unramified. Let A € Z(C(W )G/C) and B be an element of ﬁ( (w

I, = Gal(fB/Eg). We have the following diagram of fields

0 I, 7 Gally — 0
(4.1) lfl ifsf i
0 I —2-p D/I 0

On the other hand the residue map

H*(C(W)%,Q/Z(2))

is defined as the composite of the maps

42) H*(K,Q/Z(2)) - H*(K 4, Q/Z(2))

— H*(9 /14, H'(14,Q/Z(2))) = H?(k 4, Q/Z(1))
where the second map is induced be the hochschild-Serre spectral sequence

24 H(k 4, Q/Z(1))

HP(G 4/14, H'(14,Q/Z(2))) = H" (9 4, Q/Z(2)).

Indeed I,, which is isomorphic to 2(1) is of cohomological dimension 1, and the group
H'(1,,Q/Z(n)) is canonically isomorphic to Q/Z(n — 1). The latter fact gives the last

)¢, Q/Z) is
)/C) above A. We
put K = C(W)% L = C(W) LB the completlon of L at B, KA the completion of K in
LB, L an algebraic closure of LB, K”’ (resp. n '5) the maximal unramified extension of K ,
(resp. LB) in L. We denote by D the decomposition group of B in G and by I the inertia

group. We also put ¢, = Gal(Lz/K,), 95 = Gal(Tz/Ly), I, = Gal(L,/K"), and
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morphism in (4.2). Since the roots of unity are in C, we may choose a splitting of the central
extension

01,29, —>9,4/1I,—0.

Using (4.1), we get that I is central in D and the morphism f,, factorizes through D x I: let
s be a sectionof I, — ¢ 4, then the following diagram commutes

gA (Id —s)xs gA y IA

l lfgxf,

where we denote by (Id —s) x s the morphism sending g to (gs(g)~*, s(g)). Thus we get
the commutative diagram

(4.3) 0 —— I ——1IxD D 0
lmﬂ- |
0 I D D/I — .

For the cohomology groups we have commutative diagrams

H%G,Q/Z) —=—~ H%(D,Q/Z) H3(D x I,Q/Z)

| | |

H3(K,Q/Z(2)) — H3(K,,Q/Z(2)) — H*(¥ 4,Q/Z(2))

and

HYI,Q/Z) 2~ HD x 1,Q/2)

| |

0= H*I,,Q/Z) — = H*¥,,Q/Z).
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Thus we get commutative diagrams
H*(D x 1,Q/Z) H*(Y 4, Q/Z(2))

|

Ker(H*(D x I,Q/Z) — H*(I,Q/Z)) H*(9 4,Q/Z(2))

| |

H*(D,H'(I,Q/Z)) H2(Y 4/ 14, H' (14, Q/%(2)))

and we may choose a generator g of I so that the diagram

0p,g

H*(G,Q/Z) H*(D,Q/Z)

| l

H3(C(W)C,Q/Z(2) — 2> H(k4,Q/Z(1)).

commutes. Therefore 8 ,(v) = 0 whenever ~ belongs to H2.(G, Q/Z).

We now want to prove the reverse inclusion. For any positive integer , let Hgn,(G, Q/Z)
be the inverse image in H*(G, Q/Z) of Hi (C(W)% Q/Z). For any morphism of group
w: H — G, we have

W*(Hénr(Ga Q/Z)) Hénr(Ha Q/Z).

Indeed let W be a faithful representation of G and V' be a faithful representation of H. Then
W is a representation of H viaw and V @ W a faithful representation of H. But we have the
following field inclusions

cCwW)l ccw) ccvewH
Therefore, we get a commutative diagram

H*(G,Q/Z) H*(H,Q/Z)

! |

H3(C(W)9,Q/Z) ——~ H3(C(V @ W)#,Q/Z)

and by [CTO] the image by i of H3(C(W)%, Q/Z) is contained in H3(C(VeW)?,Q/Z).
This implies the claim.

We have to show that for any -~ in Hgn,(G, Q/Z), for any subgroup H of G, and for any
g in Z(H) generating a subgroup I of G, we have 9 ,(v) = 0. By the last claim and the
definition of 9 ,, we can restrict ourselves to the case Where G = H x I. Inthat particular
case, let W be a falthful representation of H and  be the injection I < C* sending g to the
chosen generator of B Then W & x is a faithful representation of G. We may consider



UNRAMIFIED COHOMOLOGY AND NOETHER’S PROBLEM 13

C(W & x) as C(W)(X) and define B € Z(C(W @ x)/C) as the valuation defined by the
divisor X = 0. Let A be the induced element of C(W @ x)¢ = C(W)H (X!). We now
are precisely in the situation described in the first part of the proof and we get a commutative
diagram

OH,q

H*(G,Q/Z) H*(H,Q/Z)

l l

H3(C(W @ x)%,Q/Z) —2~ H*(C(W)H,Q/Z).

But the group of geometrically negligible classes in degree 2 is trivial (see, for example,
[Sal]). Therefore, if v belongs to H3, (G, Q/Z) then Op,4(v) =0. O

5. Central extensions of vector spaces

5.1. The setting. — It is well known that if G is abelian and W a faithful representation
of G, then C(W)¢ is rational over C. Therefore the first interesting extensions are central
extensions of an F_-vector space by another one. The unramified Brauer group have been
computed for these groups by Bogomolov in [Bol] (see also Saltman [Sal]). A few prelim-
inary results in degree 3 have been given in [Pe2]. Let us first recall these results, since they
will be used later.

Notations 5.1. — LetU and V' be two F ,-vector spaces for p an odd prime number and let

0V -G U—0

be a central extension of U by V' such that exp(G) = p. Forany g in G, we putg = 7 (g).
Without loss of generality, we may assume that V' = [G, G] or in other words, that the map

v: AU — V
m(g1) A7(92) (91,9
is surjective. By [Bro, §IV.3, exercise 8], this map ~ determines this extension up to iso-

morphism. More precisely, we may choose a set-theoritic section s : U — G of « such
that

_ 1
Vuy,uy € U, s(uy)s(uguy) " s(y,) = §V(u1 A uy).

If Z(G) # [G,G] then G is isomorphic to a product E' x H where E is the F -vector space
Z(@) /]G, G). Let W be a faithful representation of H and W' a faithful representation of E.
Then W @ W' is a faithful representation of G and C(W @ W')¢ is rational over C(W)*.
Thus we may assume that Z(G) = [G, G].

For any F -vector space E we denote by EV it dual. For any positive integer there is a
natural isomorphism

N(EY) o (NE)Y
fhenfiom (oA Ao o e, €0)i(0pw) - fila)).
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From now on, we identify Ai(EY) with (A*E)" and denote it by A’EY. For any subgroup F
of A*E (resp. A’EY) we denote by F* its orthogonal in A*EV (resp. A*E).
The linear map ~y induces an injection

VY AUV
We shall identify V'V with its image and put
K?=VY CcAUY and K?=VVAUYCAUY.

We put St = (K%L ifi = 2 or 3. Let S3,. (resp. S2,) be the subgroup of S® (resp S?)
generated by the elements of the form u A v for u € A2U (resp. U) and v € U. We define
K. D K as the orthogonal of S, fori = 2 or 3.

Using [Bro, p. 60, 126], we get an injection

ANUY — HY(U,Q/Z)
defined as the composite map
(5.1) AUV = A'H"(U,F,) = Hi(U, F,) - H(U,Q/Z)
where U is the cup-product (see also [Pel, lemma 7]).
Let us recall the result of Bogomolov in this context: by [Bol, lemma 5.1], one has that
Ko/ K* = Br, (C(W)¥) = Hi(C(W)“, Q/Z).
The results obtained in [Pe2] imply the following proposition:

Proposition 5.2. — The inverse image in A*U" of the group H3.(C(W)%, Q/Z) coincides
with K32,

Proof. — By [Pe2, lemma 9.3], the kernel of the map AUV — H3(G,Q/Z)isUY AVV.
Therefore

K® C Ker(A*UY = H3(C(W)%,Q/Z)).
Therefore

53 5 Ker(AUY — H3(C(W)%,Q/Z))*+

Taking the subgroup for both groups generated by elements of the form u A v for u € A2U
and v € U, we get

Sie D Ker(A*UY — H*(C(W)%, Q/Z))gec-
Thus forany f in K3,

S xerasvv s mscowye./ang, = 0-

iec

By [Pel, theorem 2], this implies that K32, is contained in the inverse image of the group
H3 (C(W)9,Q/Z).
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By [Pe2, proposition 9.4 and lemma 9.2], there exists a function field K over C and
a Galois extension L of K with Galois group G such that K2, is the inverse image of
H3(K,Q/Z) in A3UV. But we have a diagram of fields

L(w)<
/N
K cw
N
By the no-name lemma, the extension L(W )% /K is rational. Therefore
Hi(K,Q/Z) = Hy(L(W)¢,Q/Z).

But, by [CTO, p. 143], the natural extension map
¢ : H*(C(W)“,Q/Z) » H*(L(W)“,Q/Z)

)G

verifies

$(Hy(C(W)®,Q/Z)) € Hy(L(W)®, Q/Z).
Thus if v in A3UY is in the inverse image of H3(C(W)%, Q/Z), it belongs to the inverse
image of H>.(K,Q/Z) and thus to K3,,... O

5.2. The result. — Our aim in this paragraph is to prove the following result:

Theorem 5.3. — With notations as above, there is an injection
Ko/ K° C HY(C(W)Y, Q/Z).
Remark 5.4. — In [Pe2, 89.3], we construct an example of a 2-group where
K3 # Ker(A3UY = H3(C(W)%,Q/Z)).
This shows that the condition p # 2 is necessary.
To prove this theorem it remains to prove that
K = Ker(A*UY = H3(C(W)%,Q/Z))

or, using theorem 3.1, that K® is the inverse image in A°UY of H(G;Q/Z). The most
technical part to prove this is to be able to deal with the corestriction map. We shall do it step
by step.

5.3. Technical lemmata. — To begin with let us recall why the corestriction map is com-

patible with Hochschild-Serre spectral sequence.

Notation 5.5. — If H is normal subgroup of a group G, we denote by E?(G/H) the
groups pertaining to the Hochschild-Serre spectral sequence

EyY(G/H) = H?(G/H,H(H,Q/Z)) = H""(G,Q/Z).
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Lemma5.6. — Let G be a group, H be a subgroup of G of finite index and K a normal
subgroup of G contained in H. Then the Hochschild-Serre spectral sequences

EYY(G/K) = H?(G/K,H'(K,Q/Z)) = H"*1(G,Q/Z)
and

EY‘(H/K) = H'(H/K,H'(K,Q/Z)) = H""(H,Q/Z)
are compatible with the corestriction maps

Cores%ﬁ :HP(H/K,HY(K,Q/Z)) - H?(G/K,HY(K,Q/Z))
and
Cores$ : HP(H,Q/Z) — H?(G,Q/Z).

Proof. — The proof of this well-known lemma is similar to the one given for lemma 3.1.6 in
[Pe3]: for any G-module M, we may consider M as an H-module and define the induced G-

module Ind$; M. There exists a natural trace map Tr : Ind$% M — M and the corestriction
is the composite of the maps

HP(H, M) = H?(G,Ind$ M) = H?(G, M)

where the first map is Shapiro isomorphism. Both maps are compatible with the Hochschild-
Serre spectral sequences. O

We shall now recall a few basic facts about the cohomology groups of an F -vector space.

Lemma5.7. — |If p is a prime number and E an F -vector space, then for any strictly
positive integer 4, one has

pH'(E,Q/Z) = {0}.

Proof. — We prove it by induction on the dimension n of E. The result is true if n. = 0. If
n > 1, let E' be a subgroup of index p in E. We may write E as E' @ F,. The multiplication

by p in H{(E,Q/Z) coincides with the composite map Cores%, o Res%,. But Cores%, is
equal to p. pr*. Thus p = pr* o ResE, op. By induction, we get that p = 0. O

Notations 5.8. — Let p be an odd prime number. For any F -vector space E of finite di-
mension, we denote by ¢, the natural injection A‘EY — H'(E,Q/Z) defined as in (5.1)
and we consider the map

¥;: SYEY) = H*"Y(E,Q/Z)
given as the composite map
SYEV) = S'H*(E,Z) - H*(E,Z) = H*"'(E,Q/Z).
Lemma5.9. — We have the following isomorphisms
Q/Z = H°(E,Q/Z),
EY = H'(E,Q/2),

AEY 2 H2(B,Q)Z),
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and
NEY 0 $2(BY) 222 13(B,Q/2).

Proof. — This lemma follows from the description of the homology of E given in [Car,
theorem 1] and the isomorphism

H™(E,Q/Z) — Hom(H (E,Z),Q/Z)
(see [Bro, p. 60]). O

Notation 5.10. — From now on, we fix a group G as in notation 5.1 and we consider the
Hochschild-Serre spectral sequence

HP(U,H'(V,Q/Z)) = H""(G,Q/Z).

We denote by F?HJ (G, Q/Z) the corresponding decreasing filtration on the conomology of
the group G.

Lemma5.11. — There is a commutative diagram
m(V,Q/Z) — "~ H2(U, H\(V,Q/Z)) — &~ HY(U,Q/Z)
l
AZVY AUV VY ATV

P1 APy ———= —7Y(py) @ py + 7 (py) @ py
AQp ——= =AAYY(p)

where d%2 and d?-! are the maps defined by the Hochschild-Serre spectral sequence
HP(U,HY(V,Q/Z)) = H*"(G,Q/Z).

In particular, if we denote by %" the complex of the bottom line we get an injection from the
homology group H(¥) of ¥ into E%(G/V).

Proof. — The map d°2 has been computed in [Pe2, p. 135]. The description of the map
d?1 follows from the fact that there is a commutative diagram

H\(V,Q/Z) -~ H2(U,Q/2)

]

AUV

(see [Pe2, p. 135]) and the compatibility of the Hochschild-Serre spectral sequence with the
cup-product. O
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Remark 5.12. — Using " : V'V < A2UV, we get a natural map
S2VY 5 AUV o VY
which maps p, p, 10 1/2(vY(p;) ® py + 7Y (p,) ® p,) and therefore an injection
(5.2) Ker(S?VV — AUY) — E%L.
The strategy for the proof is to construct a subgroup of H?(G,Q/Z) which does not
intersect the image of A*U" and contains H3(G,Q/Z). In order to do this, we want to

constructa map 7 : Ker(S2VV — AUV) — F?H3(G, Q/Z) which lifts the map (5.2), that
is such that the diagram

H(¢) ———— EZ/(G/V)

] |

Ker(S?UY — A*UY) —— F?H*(G,Q/Z)

commutes. We also want this lifting to be compatible with the corestriction in a sense which
shall be described later. The road-map for this construction is given by the construction of the
Hochschild-Serre spectral sequence [HS, §2]: if we take a class v in H2(U, HY(V, Q/Z)),
we can lift it to an element 4 of C%(U, C*(V, Q/Z)) which gives a map

F: VxG? = QJZ
(7)592593) = ’7(?%@3)(“)'
We extend this map in a cochain f : G® — Q/Z by
£(91599,95) = 3(9,5(@,) ", 92, 95)-

Then df factorizes through a cocycle U* — Q/Z. the class of which in H4(U, Q/Z) is
d>1(v). If @1 () = 0, then there exists an element h in C*(U, Q/Z) such that

(5.3) df (91792793794) =dh (517527537@1)
thus the class of the cocycle
(915921 93) = f(91, 925 93) — (91,92, 5)
is a lifting of v in F2H3*(G,Q/Z).
Therefore the first step of this construction is the description of f and df .

Lemma5.13. — Forany pin V'V and any X in A2UV, we define a map fox: G — Q/Z
by

(5.4) fp,)\(gIJgQ)g3) = %P(g1s(g1)_1))‘(§2 AG3)-

One has

1 e
df ,\(91:92:93:94) = =777 (P) (@1 N F2)A(F5 A G-
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Remark 5.14. — Onemay noticethatdf , , definesaclass in H*(U,Q/Z) which coincides
with the image of —\ A vV (p). Thus lemma 5.13 implies the description of d?! given in
lemma5.11.

Proof. — Since the map (g,,95) — A(g, A Js3) is a cocycle, it is sufficient to prove that if
h: G — Q/Z is defined by

h(g) = p(gs(@) ")

then
ah(91,95) = ~57" (0)(3, AT).
But
dh (9,95) = h(gs) — h(g 1g2)—|—h(g1)
= p(9,5(92) ) P(91928(9192) ) p(9 @1)71)
= p(9,5(92) 1) P(919:5(92) ! 8(g,) " 1)_%0(’7@1 A§2))+P(g13(§1)71)-
The element g, s(g,) ! belongsto V = Z(G) so that

1
dh (g1ag2) = _57\/([’)@1 /\gz)- U

The next step of the construction is to describe the map A in (5.3). This is done in the
following two lemmata.

Lemma 5.15. — The group &, acts on UV®* by permutation of the components. Let
6_=((12),(34)Cc6, and & =((14),(23))C &,
and let STUY be the image in UV®* of the map

A Z e(a)a( Z 0')\).

geS_ O"EG+
Then

Ker(S?(A2UY) — A*UY)
is isomorphic to STUV.

Remark 5.16. — Ifp > 5, SYUVY is the irreducible & ,-submodule of UV®* corresponding
to the Young table

14

213

Proof. — The kernel of the map UY®* — A*UY may be described as the image of
SV UV e UY 0 S2UY @ UY 0 UV®* @ S2UY

in UV®*. Therefore the kernel of the map A2UY ® A2UY — AUV is given as the image of
the composite map

(5.5) UV e SUYeUY - UV®! 5 A2UY @ A2UVY.
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It remains to describe the composite map
(5.6) UY & S2UY @ UY — A2UY @ A2UY — S2(A2UY) - UV®*,

The image of an element of the form u ® vw @ z € UY ® S2UY @ UY in UV®* by the map
defined in (5.5) is

1
§(u®v®w®w+u®w®v®x)
its image in S2(A2UVY) is
1
5(u/\v.w/\x+u/\w.v/\x)
and its image in (UY)®* is given as

1
1—6(u®v®w®w+w®x®u®u—v®u®w®x—w®x®v®u

(5.7) +URURIRWFHITRWRKUVRIU—URURLIROW —ZRWRURQV
F+uUuRQUWRUIZHUVRIZRURQW —wWRURURILT—VRITRW R U
+wRUEITRUVI+ITRUAUWRU-—URUWRZTROUV—ZTRVRQ U W).

Notations 5.17. — We put
S UY = {AeUY®| (13).A = A}
and
SysUY = {AeUY®"| (23).A = A}
and define maps
T30 S13UY = C*(U,Q/Z)/Imd  and 7y, : SpUY — C3*(U,Q/Z)/Imd
as follows 7,3 (U @ VR w ® z + u ® w ® v ® x) is the class of the cochain
(5.8) (91592, 93) = u(G1)v(F2)w(g2)x(g5)
and 7 ;(u RV Wz + w v u x) the class of the cochain

(915925 93) —u(g;)v(g2)w(g5)z(75)
(5.9) - u@l)w(§1)v(§2)$(§3)
+ w(g,)v(g,)u(Fs)z(7s)-

We also consider the natural morphism UY®* -5 C4(U, Q/Z) sending u ® v ® w ® z onto

(915 92 935 94) + u(gy)v(g2)w(g3)z(T,)-
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Lemma 5.18. — The following diagrams are commutative
SpUY e et Sy UV > et
\Lrw lu \LTzs \LN
C*(U,Q/2)/Imd —*— C(U,Q/Z) C*(U,Q/Z)/Imd —*~ C*(U,Q/Z).
Moreover the maps 7, and 7,5 coincide on S;,UY N S,,U" and define a map

718,UY + S,,UY = C*(U,Q/Z)/Imd.

Proof. — We first prove the commutativity of the second diagram. Let A be the cochain
(5.8). We get

dh(9;, 99593, 94) = U( 2)V(F3)w(g3)z(9,) — w(g,9,)v(g3)w(gs)z(g,)
+u(91)v(9293)w(F293)2(9,) — u(gy)v(92)w(92)2(9594)
+ u(g,)v(9,)w(9,)2(g3)

= u(91)v(92)w(F3)2(94) + u(g1)v(G3)w(F2)2(gs)-

The commutativity of the first diagram follows from a similar computation with (5.9).
The space S,,U" N S,3UY may be described as

S103UY = {X€ UY®! | Vo € 6154, oA = A}
Since p # 2, it is generated by elements of the form
UuRUR®uURu.

The value of 7, ; — 7,5 on an element of this form is given by the class of the cochain

1
(91,92,93) — = U(§1)“(§2)2 - “@1)2“@2) v(73)-
2
Thus it is sufficient to show that the 2-cochain

(91,92) ~ u(gy)u(g,)” — u(@,)*u(g,)

is a coboundary. But it is a cocycle and factorizes through UV / Kerw. In other words, it
comes by inflation from a cocycle in C(UV / Keru, Q/Z). Since UV / Keru is an F ,-vector
space of dimension 1, one has

H*(UY/Keru,Q/Z) = {0}
and the cocycle is a coboundary. O

Remark 5.19. — (i) The generators of SYUY given by (5.7) belong to S;3UY + S,,UV.
Therefore 7 gives by restriction a morphism

7: 88UV - C3(U,Q/Z)/ Imd
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such that the following diagram commutes

SD Uv UV®4

(5.10) l; lu
C3}(U,Q/Z)/Imd —L= CHUQ/Z).

(ii) We shall also use later the fact that for any u, v in UV, the cochain defining the class
7(u A v.u A v) factorizes through (U/(Keru N Kerv))3.

Lemma5.20. — There is a group homomorphism
7 :Ker(S?VY = AUY) = F2H3(G,Q/Z)
which sends >7_, p,.p} to the class of
1 T ~ T
(511) 2 2 Uneon + o) + 7 (7Y (00 (6)),
=1 =1
and the diagram
Ker(S2VY — AUV)—— E%LHG/V)
F’H*(G,Q/7)
commutes.
Proof. — The definition of f, , given in (5.4), shows that (5.11) does not depend on the

decomposition =7, p;.p}.
There is a commutative diagram

402 421

A2Vv A2U\/ R V\/ A4U\/

(5.12) J«,VMV J Id ®vY

A2(APUY) —— AUV @ A2UY —— AUV
which yields an injection
H(%) <5 Ker(S2(A2UY) — AYTY).
Let 7, be the map
S2vV = C3*G,Q/Z)/Imd
pL&py %(fp1,'yv(p2) + Foanvion)
and 7,, be the composite of the maps

Inf

H(%) < Ker(S2(A2UY) — AUY) 5 03(U,Q/Z)/ Imd 2% ¢%(G,Q/Z)/Imd.
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Lemma 5.13 gives a commutative diagram

A M

SQ VV U\/ ®4

C%(G,Q/Z)/Imd —~ C*(G,Q/Z).

Combining it with the diagram (5.10), we get a commutative diagram

T1

Ker(S2VV — AUY) —— C?*(G,Q/Z)/Imd

% &

C*(G,Q/Z)/Imd —¢ C4(G,Q/2Z).

Therefore 7, — 7, induces a map
7: Ker(S?VY — AUY) —» H3(G,Q/Z)

which, considering the signs in (5.12) is the map described in the lemma. Let A = "7, p,p}
belong to Ker(S2VY — A*UV) then () is the class of a cochain f which by the definition
of f, , and 7, verifies

v.91a92a93 €aq, V’U2,’U3 ev, f(g1,92U2,93‘U3) = f(g1agzag3)-

Therefore, using the notations of [HS, 8§I1.1, p. 119] f belongs to A3 N A; and its im-
age in H*(U,H' (V,Q/7Z)) is obtained by considering the induced element f of the group
C?(U,C*(V,Q/Z)). But this cochain f is given by

Vuy,uy €U, Yo eV, f(u17u2)(v)
= f(v,5(uy),5(uy))

= Z %(pi(v)vv(pé)(ul Auy) + L7 (p;) (ug A us)).

Therefore the image of f in AUY @ VV c H?(U,H'(V,Q/Z)) is the image of X in this
group. O

We can now turn to the corestriction itself. If H is a subgroup of G, we have a commutative
diagram with exact lines

0 —— [H,Hl —= H —— H/[H,H] ——= 0

| |

0 —— Z(H) H H/Z(H) —— 0
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where the groups on the right or the left are F ,-vector spaces. Since p # 2, the group
(5.13) S’HY(H,Q/Z) = S*(H/[H, H])¥

is generated by elements of the form x U x for x in (H/[H, H])V. Thus H}(G,Q/Z) is

generated by elements of the form Cores$ (x U x) for H a subgroup of G and x an element
of (H/[H, H])V.

Lemma5.21. — With notations as above, if H is a subgroup of G such that Z(G) ¢ Z(H)
and if x belongs to H'(H,Q/Z), then

Cores& (x U x) = 0.
Proof. — Let H' be the subgroup of G generated by H and Z(G). Then
Cores$(x U x) = Coress, o Coresgl (x Ux)-
By choosing a decomposition
Z(G)=(Z(G)nZH) e E

we get an isomorphism H' —=» H x E. Then

Coresgl = |E| x pry.
But p||E| and px U x = 0. Thus Coresg' (xUx)=0. O

Notations 5.22. — By the preceding lemma, it is sufficient to consider the subgroups H
such that

V =[G,G] = Z(G) C Z(H).

In particular, [H,G] C H and H is normal in G. Moreover, there exists a sequence of normal
subgroups of G

H=H,<H <H,<---<H, =G.

such that H,/H,_, is cyclic of order p. Using lemma 5.21, we may also assume that Z(H,)
is contained in Z(H). We denote by U, the quotient H,/V which may be considered as a
subgroup of U.

We consider for each 7 in {0, ..., r} the Hochschild-Serre spectral sequence

EYY(H;/V) = H?(U;, H(V,Q/Z)) = H""(H,;,Q/Z)

and we denote by F? HI(H,,Q/Z) the corresponding decreasing filtration on the cohomol-
ogy groups of H;.

Lemma5.23. — Foranyiin{l,...,r},andany j > 0, one has

Coresy’  FPHY(H,_,,Q/Z) C FP"'H'(H,,Q/Z).
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Proof. — Let ), be the canonical map
Y, F”H”J”’(Hi,Q/Z) — EDI(H, V).
By lemma 5.6, one has
;0 Coresg::_l = Coresg:f_1 o 4.

By choosing u; € U; — U,_,, we get a decomposition U; — U,_; & F,u,, so that

Coresyi | = ppr}. But ER?(H,/V) is a subquotient of the group HP(U,, HY(V, Q/Z)),
which, by lemma 5.7 is killed by p. O

In particular we get that Cores$ (x U x) = 0 if [G : H] > p®. We shall now improve this
result and relate the corestriction for subgroups of index p with the map 7 defined in lemma
5.20.

Lemma 5.24. — With notations as above,
Coresg1 (xUx) € F2H3(H1, Q/Z).

Moreover there exists a constant A in F; depending only on p such that if [G': H] = p and
if p is the restriction of x to V' = [G, G], then the image of Cores$ (x U x) in E%1(G/V),
which is a subquotient of

H*(U,HY(V,Q/Z)) < AUV VYo U e VY
is given by AyV(p) ® p and up to the image of an element of S2UY in H3(G, Q/Z), this
corestriction coincide with A7 (p?) where 7 is the map defined by lemma 5.20.

Proof. — The character x belongs to (H/[H,H])V. If x([H,,H,]) = {0} then x is the
restriction of an element ¥ of H!(H,, Q/Z) and we have a commutative diagram

Coresg} [/I[{Hll}H]l]
)N(U)Z €H3(H/[H1,H1],Q/Z) — H3(H1/[H17H1]7Q/Z)
¢Inf CoresH1 ¢Inf
H3(H7Q/Z) X H3(H1aQ/Z)
But, as in the proof of lemma 5.23, Coresg}[/gil;ﬁ] = 0 and we get in that case

CoresH' (xUx) =0

which implies the first assertion. If moreover G = H,, the assumption may be written as
p = 0 and the other assertions follow.

Therefore, we may assume that x|, 5,1 #7 0. The commutator induces a linear surjective
map

Yyt AUy = [Hy, Hy
and therefore an injection
v [Hy, HY — AUy
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Letu € U; — U,, and let u" be defined by u|vUo =0and vV (u) = 1. Forany h,h' in H, we
have
N X1y, 10) (B AR) = x([1, 1]) = 0.

In other words,

71V(X\[H1,H1])|A2Uo =0.
This implies that

N (X, 1)) € v AUY
and there is a unique v in Uy’ — {0} such that

N Xy, my) =4’ AvY and 0V (u) =0.

Let v in U, be such that vV(v) = 1. We put @ = s(u) and & = s(v). By construction,
0 € Ker(u¥) = H. Let K be the subgroup of H defined as the intersection

K = Ker(x) NnKer(v"Y).

The subgroup K is normal in H,. Indeed, it is normal in H and we only have to show that
aKa~' C K. ButKer(vY) is normal in H, and if h belongs to K, we have

)™ = )@ h™) =2 O, ) (0 A B) = (0 A0Y)(u AT) = 0¥ () = 0.

The quotient H, /K is a non-abelian group of order p3. In fact, if T is the subgroup of H,
generated bu @ and @, then we have an isomorphism " — H, /K and we may describe H,
as a semi-direct product H, — K x T. LetI = TN[G,G] = [4,9]F,and Q = T/I. The
Hochschild-Serre spectral sequence

H?(Q,HY(I,Q/Z)) = HP*(T,Q/Z)
defines a decreasing filtration F'? H (T, Q/Z) and the morphism

H*(T,Q/Z) =% H?(H,,Q/Z)

is compatible with the filtrations on the cohomology groups of T" and H .
Let us first prove the lemma in the case where H; = T'. In other words H, is the group
generated by two elements A = @ and B = ¢ with the relations

AP = B? = [A,B]P = [A,[A,B]] =[B,[4,B]] =1
and H is the subgroup of H, generated by B and [A, B]. Then H is an F ,-vector space with
a basis given by e, = B and e, = [A, B]. Let (e7,ey) be the dual basis. Then ey is the
restriction to H of the character vV of H, and
x(ey) = 7¥(X|[H1,H1])(u Av) =1.
Thus x(7,7) = e3. We have
Coresh(ey UeY) = Cores(Resh (v UvY)) = pv¥ UvY =0,
Coresh(ey Uey) = Coresy(Resh(vY) Uey) = vV U Coresiy(ey) = 0
where the last equality follows from [Le, lemma 6.22]. By lemma 5.23
Coresi(ey Uey) € F*H*(T,Q/Z).
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But EL2(T'/I) is a subquotient of H'(Q, H%(I,Q/Z)) which by lemma 5.9 is trivial. Thus
Coresty(ey Uey) € F2H*(T,Q/Z)
this proves the first assertion of the lemma in that case.

Using [Le, p. 517], we get that E2! (T /1) is generated by u¥ A vV ® ey and by [Le,
theorem 6.26],

Coresly(ey UeY) ¢ F3(H*(T,Q/Z)) = Im(Inf : H*(Q, Q/Z) — H*(T,Q/Z)).
Therefore there exists a constant A depending only on p such that the image of the element
Corespr(ey U eY) in EXY(T/I) is given by MY AvY @ ey. But x(e,) = 1 implies that
x = aey + ey forsomeainF,. Thus

Corespy(x U x) = Coresy (e Uey).
which implies the second assertion in the case T = H, = G. Finally if T = H; = G, then
p = X|r) = ey and p® belongs to Ker(S?VY — A*UY). By lemma 5.20, A7(p?) and
Corest;(x U x) which are both in F2H3(G, Q/Z) have the same image in E2!(T'/I). Thus
Coresi(x U x) — M(p?) € Im(Inf : H*(Q,Q/Z) —» H*(T,Q/Z)).

But dimg @ = 2 and S?2QV = H3*(Q,Q/Z). This implies the third assertion in the case
T=H, =G.

The first two assertions in the general case are obtained using the inflation map from the
cohomology of 7' to that of G. It remains to prove the third. Let A be the map

h: G —» QJZ
g — plgs(g)™).
We have seen that
1 _
dh (91792) = _E’YV(P)(.% /\92)-

Let x' = h . The map x' is a morphism of groups. Indeed, if h;, h, € H

1 _

X' (hyhy) = x'(hy) + X' (hy) + E’YV(P)(hl A hy)
1
= X'(hy) + X' (By) + 5x([hys ho]) = X' () + X (Ry)-
We have (x — x')y, = 0, thus there exists a character v of G such that x — x' = v|.
Cores$r(x U x) = Cores&(x' U x') + 2 CoresSy(x' U Vi) + Coresg(ulH Uvig)
= Cores%(x' U x')

and since xy, = va, the value of A7 (p?) is the same for x and x’. Therefore it is sufficient
to prove the last assertion in the case where x = x'. Since vV (p) = u¥ A vV, we see that the
map
Q/Z

forvioy G° -
50(915(91) 7)Y (0) (G2 A T3)

_)
(g1a92:93) =

verifies

V91,92,95 € G, Vky,ky, k3 € K, fp7'yv(p)(g1k1792k2793k3) = fp;yv(p)(gpgz:gs)-
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Using remark 5.19 (ii), we get that 7(p?) comes by inflation from H?(T,Q/Z) and the last
assertion also reduces to the case where G = T.. O

Lemma 5.24 implies that
Cores& (x Ux) =0
if [G : H] > p®. Let us now deal with the subgroups H of index p?.

Lemma5.25. — If [G : H] = p?, then Cores$ (x U x) belongs to the image of S2UY in
H*(G,Q/Z).
Proof. — In that case, we have

H/[G,G]=U, ¢ U, ¢ U, = G/[G,G].

We choose u, € U; — U, and u, € U, — U, and define uy and uy’ in UY by u)/ (u;) = 6, ;
and u; (U,) = 0. As in the proof of lemma 5.24, we may assume that p = X([6,G] # 0and
we have

WV(P)WUO =0
which implies that vV (p) may be written as
(5.14) YW(p) =ul AvY +uy Avy.
Let K be the subgroup of H defined by
K = Ker(x) N Ker(vy') N Ker(vy).

Using (5.14), we get as in the proof of lemma 5.24 that K is a normal subgroup of G. Let
T be the quotient G/K and I the image of [G,G] in T. The group I is isomorphic to
V/ Ker p. Thus it is a cyclic group. Since vV (p) # 0, T is not abelian and I coincides with
the commutator group [T, T]. Putting @ = T'/I, there is a commutative diagram

$?QV — H*(T,Q/Z)

ok

S2UV - H3(G7Q/Z)

Therefore it is sufficient to prove the lemma for G = T.
From now on we assume G = T'. Since dimg U < 4, any element in A3U may be

written as u A v with w in U and v in A%U (see [Re, §1.4]). Thus K3 = K3, in that case.
Using proposition 5.2, we get that

VY AUY = Ker(A*UY = H3(C(W)%, Q/Z)).
Therefore, in this case, using the isomorphism of lemma 5.9
(5.15) S2UY @ VY AUY = Ker(H*(U,Q/Z) — H}(C(W)Y,Q/Z)).
Since Cores$ (x U x) belongs to the kernel of the map
H*(G,Q/Z) — H*(C(W)%,Q/Z)
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and to F3H?3(G, Q/Z), it belongs to the image of the group given by (5.15) in H*(G, Q/Z).
But by [Pe2, lemma 9.3 and p. 135]

VVuUY =Ker(H*(U,Q/Z) — H*(G,Q/Z)).
Thus Cores$, (x U x) belongs to the image of S2UV. O

5.4. Proof of the result. — Using proposition 5.2, we have an injection
Ko/ Ker(A’UY — H*(C(W)®,Q/Z)) = Hy(C(W)“,Q/Z).
So we want to prove that
K, = Ker(AUY — H3(C(W)%,Q/Z)).
But, since p # 2, by theorem 3.1,
H}(G,Q/Z) = Ker(H*(G,Q/Z) — H*(C(W)“,Q/Z)).
It remains to show that
Im(AUY — H*(G,Q/Z)) an(G, Q/Z) = {0}.

But, using [Pe2, lemma 9.3 and p. 135], we have that
(5.16)  K®=UYAVY =Ker(S*UY @ A’UY = H*(U,Q/Z) —» H*(G,Q/Z)).
Using lemmas 5.23, 5.24, and 5.25,

HS(G, Q/Z) Cc Im(S?UY — H*(G,Q/Z)) + Im(7).
Since Im(7) N F*H3(G, Q/Z) = {0}, and using (5.16), we have a direct sum

AUV /K, @ S*UY @ Im(1) C H*(G,Q/Z)

and the result is proven. O

6. A particular case

If the dimension of U is less than 5 then any X in A3U may be written as A = u A v with
winU and v in AU (see [Re]). Therefore K3 = K2, whenever dim U < 5. Let us give an
example with dim U = 6.

Theorem 6.1. — Let U and V' be two F-vector spaces of dimension 6 for p an odd prime.
We denote by (u;);¢;<¢ @ basis of U and (v;), ;¢ @ basis of V. We denote by (u;); ;<
the dual basis of UV. Let + be the element of A2UY ® V' defined by

Y=, @ Uy Auy —uy Auy)+v, @ (uy Aug —uy Aug)
+u,@uy Auy +v, ®uy Auy +v5 Quy Auy +vg @ uy Aug.
This definesamap v : A2U — V. Let
0=V -G-2U—=0

be the corresponding central extension (see notations 5.1), then for any faithful representation
W of G one has

Br, (C(W)%) = {0}
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but
H(C(W)Y,Q/Z) # {0}

In particular, C(W)¢ is not a rational extension of C.

Proof. — By [Bol, lemma 5.1], one has
Br, (C(W)%) = Kpo/K?

But
K2 = (uY Auy —uy Aud,uy Auy —ul Auy,
ul Ay uy Ay uy Aug,uy Aug)
and
K = (ug Ay + uy Aug,uy A g +uy A ug,
Ug AUy, Ug AUy, Uy AUg, Uy AUy, Usg AUy, Us AUy, Ug A Usy).

Since

Uy Aty + uy Aug = (Ug +uy) A (uy +ug) +uy Auy +ug Ay
and

Uy A g + ug Aug = (uy + uy) A (ug + ug) +ug A uy + ug Aug,
we have

Kii =K*" and K?=K2,.

This proves the first assertion. We now compute K2 and K3,

K3 = (u) Auy Aud uY Auy Auy —u) Aud Auy uy Auy Auy,
u}//\ugl\ug,u}//\u‘\{/\ug,

u%//\u‘\{/\ug/,u;//\ug//\ug/,u}//\ug/\u‘\{,u;//\ug//\ug/,u;//\uz/\ug,

ul Auy Auy —uy Auy Aud uy Aud Aug,uy Auy Auy,
\ \ V vV \2 \
Uy Nug Nug,uz Nuy Aug,

ul Auy Ay ud Auy Auy —uy Aud Auguy Auy Aud,uy Auy Aug,
ul Auy Auy uy Auy Auy uy Auy Aud ug Aud Augd uy Auy Aug,
u}//\ug//\ug—uX/\ug//\ug/,u;//\u%’/\ug,u}//\u}(/\ug,u;//\ug//\ug)

=(uy Auy Auy —u) Aud Aug,u) Auy Auy —uy Auy Auy,

ul Auy Ay uY Auy Auy u) Auy Aug,uy Auy Auy,

u}//\u:\{/\ug,ui//\u}(/\ug/,ui//\u)(/\ug/,u;//\ug//\u}(,

ug//\ug//\ug/,ugl\ug/\ug/,ug/\ul//\ug/,u;//\ul//\ug,

uy Aud Aug,uy Auy Aug,uy Aug Aug,uy Aud Aug).
Therefore
K3 = (g Ny Aug + ug Ay Aug + ug Aug Aug,ug Aug Aug).
By [Pel, p. 264, example 2],

1
Kd?’ec = <u1 Aug A u5>'
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Therefore K3,/ K* — F, and by theorem 5.3, we get that

[BO]

[Bol]

[Bo2]
[Bro]

[Car]
[CT]

[CTO]
[EG]
[FMP]
[HS]
[Le]

[Pel]
[Pe2]

[Pe3]
[Re]
[Ro]
[Sal]

[Sa2]

[Se1]
[Se2]
[Su]

Hy(C(W),Q/Z) #{0}. O
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