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®¯vy{��]qu}°twv"|;k�}±|o}²q�~�lXxan�|o}±|o}³q�~�z"mZlXk�vyx�}Xnok�|o}�´2vyn�t�µg¶�·�¸�ru}X¹²vy{o{ºx�vy{o»�}X{�xaru}Xq

�anok²qu}¼�³½"vykarulXx�l¼��´2vyn�t�µg¶�·�¸�ru}X¹²vy{o{ � ´(¸ �C¾ rsqT}¼�ax²m�vykaxarutXnoqsru¿Xk�}X¹�}X{gx�rs{�x�lXk�}¼���1vy{�x|�~�z"pox�}X{orsk2|o}¼�(}¼�axars¹²vyxaruz"{���z"moxars¹²vyqu}¼�(m�z"nok�qÀv.k�l¼��z"qsnoxaruz"{�|o}�q�~�l¼Ágn�vyxaruz"{
∂bu = fvyrs{��ar4Ágn�}¯|o}¼��xaµ�l¼z"k�¿X¹�}¼�6|o},k�lX»�noqÀvykarsx�l�Â

®¯vy{��]t¼}Xx�vykaxarutXqu}²{�z"n���t¼z"{��aru|olXk�z"{���qu}²twv"��|�~ no{�}³½"vykarulXx�l±´(¸Ã»�lX{�lXkaruÁgn�}
q
·

t¼z"{�twv¼½�}
M
|o}³t¼zg|;rs¹�}X{���ruz"{9k�l¼}Xqsqu}

k ¾ moquz"{o»�l¼}³|�vy{�� C
n }XxL{�z"n��]t¼z"{��axakanoru��z"{��no{Ä{�z�¶�vyn

RM
�anok

M ¾ ÁgnorTm�z�����¿¼|o}@|o}¼�°mok�z"mokarulXx�l¼�Åvy{�vyquz"»�n�}¼��vynÆ{�zw¶�vynÇ|o}È(zAt�µo{�}Xk�·�ÉÊvykaxars{�}Xqsqsr�|�vy{��
C

n ÂoË4}¯k�l¼�anoqsx�vyx�mokars{�tXrsm�vyqÌ}¼�ax�qu},xaµ�l¼z"k�¿X¹�}L�anors½�vy{�xÎÍ
ÏLÐÒÑ�Ó�ÔyÕgÖ9×ÙØÎÚWÛÝÜZÞ"ß�àCá�â

M ã áZà6äFå"æCß�ç¼â�ç�èÎéëêgçCáZçCæCß#ì ã à q í�î Þ"á î å"äyà1ï�ð�à î Þ�ð"ßòñ²àCá íó ß�Þ"á�æ�ç�àCôWôsà k ï�ð�à î ôså ó1ó à C3 õ ôöÞ"áAê�ç�à�ð�å"á ó
C

n àXâ z0 ã á õ Þ"ßWá�â�ð�à M ÷�ø ô�à�ù"ß ó â�à ã áäFÞ"ß ó ßWá¡åwê�à Uz0

ðgà
z0
ð�å�á ó M àXâ ã áÊá¡Þ"ú�å ã RM

â�àCôÒì ã à ó ß Ω à ó â ã áûð�Þ�ñ�å�ßòáZà]üý Þ"æað
C1 æaàCôså�â#ßWäyàCñ²àCá�â î Þ�ñ õ å î â�ð�å"á ó M ∩ Uz0

å"ôsÞ"æ óþ ß ÿ6Ü¡ß
f
à ó â ã áZà (n,r) í � Þ"æ1ñ²à6ð�à î ôöå ó1ó à C1 ð�å�á ó Ω ï n−k−q+1 ≤ r ≤ n−k

ï
Þ"áÊå³ôså � Þ"æCñ ã ôuà ó ã ßòäFå�á�â�à�å ã ó àXá ó ð�à ó î Þ ã æaå"á�â ó¯ó ã æ M

(−1)(k+1)(r+n)+ k(k+1)
2 f(z) = ∂z

∫

ζ∈Ω
f(ζ) ∧RM (z,ζ)

+ (−1)k+1

∫

ζ∈Ω
∂f(ζ) ∧RM (z,ζ) + (−1)k

∫

ζ∈∂Ω
f(ζ) ∧RM (z,ζ).
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þ ßWß ÿ�Ü�ß
f
à ó â ã á�à (n,r) í � Þ�æ1ñ²à]ð�à î ôöå ó1ó à C1 ð�å�á ó Ω ï 0 ≤ r ≤ q− 1

ï�Þ"á@å�ôöå
� Þ"æCñ ã ôuà ó ã ßòäyå"á�â�à�å ã ó àCá ó ð�à ó î Þ ã æaå"á�â ó.ó ã æ M

(−1)(k+1)(r+n)+
k(k+1)

2 f(ζ) = ∂ζ

∫

z∈Ω
f(z) ∧RM (z,ζ)

+ (−1)k+1

∫

z∈Ω
∂f(z) ∧RM (z,ζ) + (−1)k

∫

z∈∂Ω
f(z) ∧RM (z,ζ).

þ ßWßòß ÿ��Òà ó Þ õ çCæaå�â�à ã æ ó ßòá�â�ç�ê"æ�å ã ùÊð�ç���á�ß ó õ å"æ�ôuà�áZÞ"ú�å ã RM
ó Þ"á�â î Þ�á�â#ßòá ã ó ð�à

Cl
n,r(Ω)

ð�å�á ó Cl+ 1
2

n,r−1(Ω)
ï ó ß M à ó â�ð�à î ôså ó�ó à Cl+2 àXâ n− k− q+ 1 ≤ r ≤ n− kÞ ã ó ß M à ó â(ðgà î ôöå ó1ó à Cl+3 àXâ 1 ≤ r ≤ q − 1 ÷

� {Ê}X{Ê|ol¼|;norsx,no{@Ë4}X¹�¹�}�|o}JjÌz"rs{�twvyk�lJmZz"nokTq�~�z"m�lXk�vyx�}Xnok,|o}�´2vyn�t�µg¶�·�¸�ru}X¹²vy{o{
x�vy{o»�}X{�xaru}Xq%v¼½�}¼t¯k�lX»�noqÀvykarsx�l

Cl+ 1
2 � t��aÂ��2µ�l¼z"k�¿X¹�} � Â ��� ÂËÎ}��2µ�l¼z"k�¿X¹�} � Â ] v�|ol �"!]lXx�l¯vy{o{�z"{�t¼l¯|�vy{���#%$'&Z¹²vyru�2¹²vyqsµ�}Xnok�}Xn���}X¹�}X{�x�no{�}

}Xkak�}Xnok��w~�}¼�ax�»�qsru����l¼}.|�vy{���qÀvJt¼z"{��axakan�tXxaruz"{@|o}¼��{�zw¶�vyn)( � rsqu��{�},m�z�����¿¼|o}X{gx�m�v"��qu}¼�mok�z"mokarulXx�l¼�³|�~ µ�z"quz"¹�z"kamoµoru}@}�(Ars»�l¼}¼� � Â\�©tXr�{�z"n��²noxarsqsru��z"{���qu}¼��{�zw¶�vyn)( rs{�xak�zA|;norsx��|�vy{��*# ],+ &¡m�z"nok�k�l¼��z"n�|;k�}Tq�~�l¼Ágn�vyxaruz"{�|o},´2vyn�t�µ�¶g·�¸�ru}X¹²vy{o{�|�vy{��2|o}¼��|oz"¹²vyrs{�}¼�-!
t¼z"rs{��

q
·�t¼z"{�½�}�(o}¼�,|o}

C
n Â�Ë4v²|olX¹�z"{��axak�vyxaruz"{Êk�}Xmok�}X{�|Ù|o}L{�z"¹Lpok�}Xn)(@vyka»�no¹�}X{gx��|o}.#%$�&�ÂZË4}��2µ�l¼z"k�¿X¹�} � Â � }¼��xTmok�z"no½�l�|�vy{��/# � &%}X{ �w~ vymomono¶�vy{gxL�anok,qu}¼�,k�l¼�anoqsx�vyx��|o}0#%$�& ¾ {�z"n���}X{�k�}¼|oz"{o{�z"{��6no{�}¯|olX¹�z"{��axak�vyxaruz"{Ånoxarsqsru�1vy{�x�qu}¼��{�zw¶�vyn)(�t¼z"{��axakanorsx��rutXr4}Xx�|oz"{�x6qu}¼��»�k�vy{�|o}¼��qsrs»�{�}¼����nors½�}X{�x6t¼}Xqsqu}L|o}�# � &�Â

1�{�t¼z"k�z"qsqÀvyrsk�}¯rs¹�m�z"kax�vy{�x�}¼��x(no{±k�l¼�anoqsx�vyx�|o}Tk�lX»�noqÀvykarsx�l,m�z"nok�q�~�z"mZlXk�vyx�}Xnok�|o}
´2vyn�t�µ�¶g·�¸�ru}X¹²vy{o{�x�vy{o»�}X{�xaru}Xq\|�vy{��,no{ twv"�¯z32Êq�~�l¼Á�n�vyxaruz"{û|o}�´2vyn�t�µg¶�·�¸�ru}X¹²vy{o{
x�vy{o»�}X{�xaru}Xqsqu}]{Î~ vJm�v"��|o}¯��z"qsnoxaruz"{�quzAtwvyqu}�Â
4 Ó�ÔyÓ65�5�7�8òÔy×ÅØÎÚ:9�ÜZÞ"ß�àCá�â

M ã áZà ó Þ ã ó í äFå"æCß�ç¼â�çLèÎé ê�çXáZçCæCß#ì ã à 1 í î Þ�á î å"äyàCïÌð�à î ôså ó íó à Cl+3 ð<; ã á�àTäFå"æCß�ç¼â�ç.å"á¡å�ô ú�â#ß�ì ã à î Þ"ñ õ ôuàaù�à�àXâ T ã áZà¯ð"ß ó â#æCß ý ã â#ß�Þ"áÅð<; Þ"æað"æaà
l ó ã æ

M ÷ Ü�ß ∂bT
à ó â ã áZà (0,1) í � Þ�æ1ñ²à�ð�à î ôså ó�ó à Cl ó ã æ M å�ôöÞ"æ ó T à ó â¯àCá � å"ß#â ã áZà� Þ"á î â#ß#Þ�áÊð�à î ôså ó1ó à Cl+ 1

2
ó ã æ M ÷

ËÎ}6t¼z"k�z"qsqÀvyrsk�} � Â � vy¹�lXqsruz"k�}�no{³k�l¼�anoqsx�vyx(|o}=# � & � ½�z"rsk(lX»�vyqu}X¹�}X{�x�# � & ¾ �2µ�l¼z"k�¿X¹�} 1 �z32³q�~ vynox�}Xnok2mok�z"no½�}Tno{²xaµ�l¼z"k�¿X¹�},|o}6k�lX»�noqÀvykarsx�l6µ�>"qu|o}Xkaru}X{o{�}¯|�~�z"k�|;k�} 1
2 − ε

�ar
M}¼�axÌ|o}(tXqÀv"����}

C3 }Xx�|�~�z"k�|;k�} 1
2k −ε

�ar
M
}¼��xÌ|o}(tXqÀv"����}

C2 Â � {�rs»�{�z"k�}(v"tXxan�}Xqsqu}X¹�}X{gxt¼z"¹�¹�}X{�x2lX½grsx�}Xk\qÀv¯mZ}Xkax�}6|o}�k�lX»�noqÀvykarsx�l�quz"k���Ágn�}
M
}¼�ax�|o}�tXqÀv"����}

C2 ¾ ¹0?X¹�}�|�vy{��
qu}]twv"�T|o}¼��µg¶gm�}Xk��anok@��v"t¼}¼�wÂZ��q4}¼��x6|olX¹�z"{�xak�lJm�vykT�Ìru��t�µ�}XkA#%B'& ¾ quz"k���Á�n�} M }¼��x6no{�}µ�¶AmZ}Xk��anok@��v"t¼}�ÂDCTz"n��2{�}6k�lXm�lXx�z"{��2m�v"�2rutXr�qÀv�|olX¹�z"{��axak�vyxaruz"{ ¾ Ágnor�}¼��x(ru|o}X{gxaruÁ�n�}E!
t¼}Xqsqu}.|oz"{o{�l¼}L|�vy{��E#%B�& � ½�z"rsk6vyn����arF# � & � Â¸�}XmoqÀv3G¼z"{��°¹²vyrs{�x�}X{�vy{gx�t¼}¼�°k�l¼�anoqsx�vyx��³|�vy{��°qu}Xnok±t¼z"{�x�}�(;x�}@µoru�ax�z"karuÁ�n�}�Â(ËÎ}¼�
mok�}X¹�ru¿Xk�}¼�%��z"qsnoxaruz"{��H�#z"{�|�vy¹�}X{gx�vyqu}¼�%m�z"nokÒq�~�z"m�lXk�vyx�}Xnok%|o}�´2vyn�t�µ�¶g·�¸�ru}X¹²vy{o{�x�vy{;·
»�}X{�xaru}Xq�z"{�x2lXx�l�|ol�I�{oru}¼�(½�}Xk�� ] �KJ"�;¾ |�vy{��(qu}�twv"�(z32 M }¼�ax�qu}�p�z"k�|²|�~ no{±|oz"¹²vyrs{�}
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�axakarutXx�}X¹�}X{�x(�axakarutXx�}X¹�}X{�x\m���}Xn�|ozgt¼z"{g½�}�(;}�|o}
C

n ¾ |�vy{��%|o}¼�%xak�vw½"vyn)(�|o}�¸�z"¹²vy{�z�½
# ] $'& ¾�� }X{��grs{ # ] ] &Ò}Xx�����zA|�v # ] B�&�Â¡ËÎ}¼��{�z�¶�vyn)(Ùt¼z"{��axakanorsx���rs{�|olXm�}X{�|�vy¹�¹�}X{�x¯m�vyk
� }X{��Ars{ }Xx�����zA|�v°z"{�x¯lXx�l�k�}Xmokaru�,m�vyk.È2z"»�»�}¼���,|�vy{��¯��z"{Ùqsrs½Ak�} # J & ¾ z32@rsq�mok�z"no½�}|o}¼��}¼�axars¹²vyxaruz"{��

Cl Â��\{��anorsx�} � vyka½�}X¶°}Xx�jÌz"q	�grs{o»°z"{�x�t¼z"{���ru|olXk�l.|�vy{��E# ] � &Îqu}¯twv"�|o}¼�4µg¶gm�}Xk��anok@��v"t¼}¼� ��vyrspoqu}X¹�}X{�xÌm���}Xn�|ozAt¼z"{�½�}�(o}¼�4m�z�����l¼|�vy{gx4no{�} ��z"{�tXxaruz"{J�anomomZz"kax
porsk�lX»�noqsru¿Xk�}�Â
ËÎz"k���Ágn�}

M
}¼�ax.no{�}�µg¶gm�}Xk��anok@��v"t¼}�|oz"{�x]qÀv �#z"ka¹�}²|o}�ËÎ}X½Ar\mZz�����¿¼|o}Jno{�}��arö·

»�{�vyxanok�}±¹�r (Ax�} ¾ qÀvÅt¼z"{�|;rsxaruz"{º{�vyxanok�}Xqsqu}���nok M m�z"nok�z"pox�}X{orsk�|o}¼��k�l¼�anoqsx�vyx���|o}
k�l¼��z"qsnoporsqsrsx�l quzAtwvyqu} mZz"nok�q�~�l¼Ágn�vyxaruz"{Ý|o}9´2vyn�t�µ�¶g·�¸�ru}X¹²vy{o{Ýx�vy{o»�}X{gxaru}Xqsqu}9}¼�ax�qÀv
t¼z"{�|;rsxaruz"{

Y (q)
|o}�
�z"µo{ÎÂ��%{ ] �����;¾ �Ìru��t�µ�}Xk2}Xx2ËÎ}Xrsx�}Xk�}Xk�# � &�z"{gx�mok�z"no½�l6no{�}-��z"k�·

¹Lnoqu}J|o}]È2zAt�µo{�}Xk�·�ÉÊvykaxars{�}Xqsqsrö·
�z"mom�}Xqs¹²vy{9m�z"nok6qu}¼�Tµg¶gm�}Xk��anok@��v"t¼}¼�T|o}�tXqÀv"����}
C2|oz"{�x�qÀv �#z"ka¹�},|o}¯ËÎ}X½Ar�mZz�����¿¼|o}

q
m�vyrsk�}¼��|o}T½"vyqu}Xnok��2mok�z"mok�}¼��|o},�ars»�{�}¼��z"mom�z���l¼� ¾vyrs{��ar%Á�n�}�|o}¼�,}¼�axars¹²vyxaruz"{��¯no{or ��z"ka¹�}¼�wÂ�®,vy{��A# + & ¾ qu}]mok�}X¹�ru}XkLvynox�}Xnok¯v±vy¹�lXqsruz"k�l

qu}Xnok���k�l¼�anoqsx�vyx��°}X{ mok�z"no½�vy{�x³|o}¼�³}¼�axars¹²vyxaruz"{��
C

1
2
−ε ¾ ε > 0 ¾ mZz"nok�qu}¼��¹0?X¹�}¼�

{�zw¶�vyn)(�Â��Ìrs{�vyqu}X¹�}X{�x,�Ìru��t�µ�}Xk #%B�&Ìv�t¼z"{��axakanorsx�|o}L{�z"no½�}wvyn)(�{�zw¶�vyn)(�m�}Xka¹�}Xxax�vy{�x
|�~�z"pox�}X{orsk�qu}¼��}¼�axars¹²vyxaruz"{���z"moxars¹²vyqu}¼�

Cl+ 1
2
|�vy{���t¼}�twv"|;k�}�Â CTz"x�z"{���lX»�vyqu}X¹�}X{�x

qu}Jxak�v¼½�vyrsq-# ] J &%|o}��gµ�v�� Á�nor%lXx�}X{�|Êqu}¼�,k�l¼�anoqsx�vyx��¯|o} � }X{��Ars{ vyn)(@µ�¶AmZ}Xk���nok@��v"t¼}¼���vyxaru�@��vyru��vy{�x�qÀvÅt¼z"{�|;rsxaruz"{
Y (q)

}Xx�t¼z"{��axakanorsx�no{�}°��z"qsnoxaruz"{ ��z"{�|�vy¹�}X{�x�vyqu}±m�z"nok
q�~�z"mZlXk�vyx�}XnokT|o}L´2vyn�t�µ�¶g·�¸�ru}X¹²vy{o{@x�vy{o»�}X{�xaru}Xq��anok

M
Â

Ë\~�}�(;x�}X{��aruz"{±{�vyxanok�}Xqsqu}6}X{±t¼zg|;rs¹�}X{���ruz"{°�anom�lXkaru}Xnok�}T|o}�qÀv]t¼z"{�|;rsxaruz"{
Y (q)

}¼�ax
qÀv@{�z"xaruz"{ |o}³½�vykarulXx�lÅ´(¸

q
·�t¼z"{�twv¼½�}�Â\®¯vy{�����vÙxaµ�¿¼��} # � & ¾ qu}°mok�}X¹�ru}Xk³vynox�}Xnok²vlXx�}X{�|;nÄqu}¼�³k�l¼�anoqsx�vyx��±|o}@��z"{ÄvykaxarutXqu} # + &.vynÄtwv"�°|o}¼�°½"vykarulXx�l¼��´(¸

q
·�t¼z"{�twvw½�}¼� ¾z"pox�}X{�vy{�x]vyrs{��ar�|o}¼�,{�zw¶�vyn)( |o}]x�¶AmZ}JÈ2zgt�µo{�}Xk�·�É@vykaxars{�}Xqsqsr(v¼½�}¼t�|o}¼�,}¼�axars¹²vyxaruz"{��

C
1
2
−ε �anok M Â�´(}¼�T{�zw¶�vyn)(Ê��z"{�x¯t¼z"{��axakanorsx��,}X{Êrsx�lXk�vy{�x¯qÀv²k�l¼��z"qsnoxaruz"{ |;n ∂ |�vy{��|o}¼��|oz"¹²vyrs{�}¼� !Jt¼z"rs{��

q
·�t¼z"{g½�}�(;}]vyxax�v"t�µ�l¼� !�qÀv�½"vykarulXx�l

M
Â

Ë\~ vykaxarutXqu}±}¼�ax]z"ka»�vy{oru��l³t¼z"¹�¹�}±�anorsxwÂÒ®,vy{��]qÀvÙ��}¼tXxaruz"{ ] ¾ {�z"n��J|ol¼tXkars½�z"{��]qÀv�arsxan�vyxaruz"{º»�l¼z"¹�lXxakaruÁ�n�}�}Xx�{�z"n��Jrs{�xak�zA|;noru��z"{��Jqu}¼�Jmokars{�tXrsm�vyqu}¼�J{�z"x�vyxaruz"{��wÂ%®¯vy{��
qÀvJ��}¼tXxaruz"{ �;¾ {�z"n���¹�z"{gxak�z"{���Ágn�},q�~�}�(Aru�ax�}X{�t¼}¯|�~ no{�}���vy¹�rsqsqu}¯|o},{�z�¶�vyn)(��1vyxaru�@��vyrö·
��vy{�x¯no{�}Jl¼Ágn�vyxaruz"{9vyn)(@|olXkars½�l¼}¼�,m�vykaxaru}Xqsqu}¼�Lv"|ol¼Ágn�vyx�}�}Xx¯|o}]p�z"{o{�}¼�¯t¼z"{�|;rsxaruz"{��
|�~ rs{�x�lX»�k�vyporsqsrsx�l±m�}Xka¹�}Xx]|o}�mok�z"no½�}Xk�no{�}/�#z"ka¹]noqu}³|o}²x�¶AmZ}�È2zAt�µo{�}Xk�·�ÉÊvykaxars{�}Xqsqsrö·

�z"mom�}Xqs¹²vy{ |�vy{��

M
ÂÒËÒvÅ��}¼tXxaruz"{ � }¼�ax�t¼z"{��1v"tXk�l¼} !Å¹�z"{�xak�}Xk�Ágn�}�qu}¼��{�zw¶�vyn)(

rs{�xak�zA|;norsx��û|�vy{�� # ],+ &���vyxaru�@��z"{�xÊqu}¼�Êmok�z"mokarulXx�l¼� }�(;rs»�l¼}¼� |�vy{��ÊqÀv ��}¼tXxaruz"{ � }XxmZ}Xka¹�}Xxax�}X{gx¯qÀv³t¼z"{���xakan�tXxaruz"{û|�~ no{�}]mok�}X¹�ru¿Xk�}���z"qsnoxaruz"{ ��z"{�|�vy¹�}X{�x�vyqu}
BM
mZz"nok

q�~�z"mZlXk�vyx�}Xnok�|o} ´2vyn�t�µg¶�·�¸�ru}X¹²vy{o{0x�vy{o»�}X{�xaru}Xq�Â�ËÎz"k���Á�n�}
M
}¼�ax°no{�}Åµg¶gm�}Xk��anok�·

��v"t¼} ¾ t¼}¼��{�z�¶�vyn)(³t¼z���{�tXru|o}X{�x�vw½�}¼t�qu}¼��{�zw¶�vyn)(°|ol�I�{oru��m�vyk2È,Â��Ìru��t�µ�}Xk(|�vy{��*#%B'&Z}Xx
��vyxaru�@��z"{�x,|oz"{�tL|o}¼�T}¼�axars¹²vyxaruz"{��

Cl+ 1
2
Â��%{@t¼zg|;rs¹�}X{��aruz"{

k > 1 ¾ qu}¼��{�z�¶�vyn)(Ånoxarö·qsru��l¼��z"{�x�no{�}¯|olXm�}X{�|�vy{�t¼},{�z"{�qsrs{�lwvyrsk�}¯m�vyk�k�vymom�z"kax !]no{�m�vyk�vy¹�¿Xxak�}
λ
}Xx�{�z"n��

��z"¹�¹�}¼��vy¹�}X{�l¼� !.noxarsqsru��}Xk�|o}¼�(k�l¼�anoqsx�vyx��(mok�z"no½�l¼��|�vy{�� # ],+ & ¾ k�vymomZ}Xqul¼�(rutXr�}X{�vym;·mZ}X{�|;rut¼} � ��}¼tXxaruz"{ $ �C¾ mZz"nok,¹�z"{�xak�}XkLqu}¼�.t¼z"{�|;rsxaruz"{��.|�~ rs{�x�lX»�k�vyporsqsrsx�l°|o}X¹²vy{�|ol¼}¼�wÂ
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	�������������������
	������ +

jÌvyk%vyrsqsqu}Xnok��Îqu}¼�4{�zw¶�vyn)(
BM
��vyxaru�@��z"{�xÒ��}Xnoqu}X¹�}X{�x�|o}¼�4}¼�axars¹²vyxaruz"{��

Cl+ 1
2
−ε ¾ ε > 0

Â
C6z"n��6noxarsqsru��z"{��,}X{��anorsx�} ¾ |�vy{��6qÀv²��}¼tXxaruz"{ + ¾ no{�}]ru|ol¼}L|o} #%$�&Ìm�z"nok6t¼z"{���xakanorsk�}�|o}
{�z"no½�}wvyn)(°{�z�¶�vyn)(°¹�z"rs{����ars{o»�noqsru}Xk���Ágnor�mZ}Xka¹�}Xxaxak�z"{gx�|�~�z"pox�}X{orsk�qu}¼�2}¼�axars¹²vyxaruz"{��
z"moxars¹²vyqu}¼�wÂ�Ë4v���}¼tXxaruz"{ � }¼�ax�|olX½�z"qsn�} !�q�~�lXxan�|o}.|o},qÀvJt¼z"{�xars{gnorsx�l]|o}¼��z"m�lXk�vyx�}Xnok��
rs{�x�lX»�k�vyn)(Ùv"����zAtXrul¼��vyn)(±{�zw¶�vyn)(�t¼z"{��axakanorsx��6|�vy{���qÀvJ��}¼tXxaruz"{ + Â
´(}XxTvykaxarutXqu}Lv�lXx�l.l¼tXkarsx�m�}X{�|�vy{�x6qu}.��l �az"nok�|;nÅ��}¼t¼z"{�|Ùvynox�}Xnok*!JqÀv²´�µ�vyqs¹�}Xk��

1�{ors½�}Xk��arsx©¶ !�� >"x�}XpZz"ka»±monoru��!�qÀv � no¹Lp�z"qu|;x 16{ors½�}Xk��arsx��yxE!�È2}Xkaqsrs{ÎÂ��©qÒ��z"noµ�vyrsx�}
k�}X¹�}Xk�tXru}Xk���}¼�]t¼z"qsqu¿X»�n�}¼�]È2zÙÈ(}Xka{�|;x�����z"{9}Xx����oka»�}X{ ËÎ}Xrsx�}Xk�}Xk]mZz"nok]qu}Xnok�v"t¼tXn�}Xrsq
}Xx�qu}¼��}�(ot¼}Xqsqu}X{�x�}¼��t¼z"{�|;rsxaruz"{��T|o},xak�v¼½�vyrsqÒ|oz"{gx�rsq4v�vyquz"k���p�lX{�l�I�tXrul�Â

� 	�
��������
������������������ 
�!"��#$#��%����� ����
�����&

�Az"rsx
M
no{�}T��z"n���·�½�vykarulXx�l�|;r('�lXk�}X{�xarÀvypoqu}¯|o}6tXqÀv"����}

C2 |o}
C

n |o}�t¼zA|;rs¹�}X{��aruz"{k�l¼}Xqsqu}
k ¾ 1 ≤ k ≤ n ¾ |ol�I�{oru}¯m�vyk

M = {z ∈ ω|ρ̂1(z) = · · · = ρ̂k(z) = 0},

z32
ω
}¼�ax�no{ºz"no½�}Xkax�|o}

C
n }Xx ρ̂1, . . . ,ρ̂k

|o}¼� ��z"{�tXxaruz"{���|o}°tXqÀv"����}
C2 �anok ω !

½"vyqu}Xnok���k�l¼}Xqsqu}¼��Á�nor4½�lXkar I�}X{�x
dρ̂1(z) ∧ · · · ∧ dρ̂k(z) 6= 0

mZz"nok�x�z"nox
z ∈M

Â
� {�{�z"x�}

TC
z M
q�~�}¼�am�v"t¼}.x�vy{o»�}X{�x6t¼z"¹�moqu}�(o} !

M
vyn�m�z"rs{�x

z ∈M
Â � {Ùv

TC
z M = {ξ ∈ C

n|
n∑

j=1

∂ρ̂ν

∂zj
(z)ξj = 0,ν = 1, . . . ,k}.

� {²�anomom�z���}2Á�n�}
M
}¼�ax*) 	,+,-/.�02143 ��� �
	�D65/)�387�9;: <:�="�4>;+�� ¾ t�~�}¼�ax�· !F·�|;rsk�}�Á�n�}

dimC T
C
z M = n− k

mZz"nok�x�z"nox
z ∈M ¾ t¼}.ÁgnorÎl¼Ágnors½"vynox !

∂ρ̂1(z) ∧ · · · ∧ ∂ρ̂k(z) 6= 0

mZz"nox�x�z"nox
z ∈M

Â
� { �anomom�z���}�lX»�vyqu}X¹�}X{gx°Ágn�}

M
{Î~�}¼�ax�m�v"�²x�z"x�vyqu}X¹�}X{�x±k�l¼}Xqsqu} ¾ r�Â�}�Â k < n ¾}XxJÁgn�}

M
}¼�ax

q
1/- ��<-�	@?'� ¾ 1 ≤ q ≤ n−k

2
¾ t�~�}¼�ax�· !F·�|;rsk�}�Á�n�}°m�z"nokJx�z"nox z ∈ M}XxLx�z"nox

x ∈ R
k \ {0}

qÀv ��z"ka¹�}�µ�}Xka¹�rsxaru}X{o{�}°�anok
TC

z M
¾ ∑

α,β
∂2ρ̂x

∂zα∂zβ
ξαξβ
¾ z32

ρ̂x = x1ρ̂1 + · · · + xkρ̂k
¾ m�z�����¿¼|o}ÊvynÄ¹�z"rs{�� q ½"vyqu}Xnok��°mok�z"mok�}¼���axakarutXx�}X¹�}X{gx{�lX»�vyxars½�}¼�wÂ

�Ìr (;z"{��
z0 ∈ M

}Xx
U ⊂⊂ ω

no{Ê½�z"ru�ars{�vy»�}�|o}
z0
|�vy{��

C
n Â�j%noru��Ágn�} M }¼�ax

q
·�t¼z"{�twvw½�} ¾ |�~ vymok�¿¼��qu}LËÎ}X¹�¹�} � Â ] Â ] |o}0# ] & ¾ rsqÒ}�(Aru�ax�},no{�}¯t¼z"{���x�vy{�x�} C > 0

x�}Xqsqu}
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Á�n�} ¾ m�z"nok j = 1, . . . ,k ¾ qu}¼� �#z"{�tXxaruz"{��

ρj = ρ̂j + C

k∑

ν=1

ρ̂2
ν

ρ−j = −ρ̂j + C

k∑

ν=1

ρ̂2
ν .

mZz�����¿¼|o}X{�x�qÀvJmok�z"mokarulXx�lL�anors½"vy{gx�}%Í
� � + = � � +D�

I ∈ I
� � � � +D�

λ ∈ ∆I
� 	 � � ="� ���D��� � ? ���D�.� 	 � ��<- ������

ρλ =
λi1ρi1 + · · · + λi|I|ρi|I|

	��K� � �A	,+ � ������
q + k

? 	���� + = � � =,��� =,��� ���4="�4- � � � �  �
� � �"� ��� ?'��� � + =

U �

z32
I
|ol¼�ars»�{�}2q�~�}X{���}X¹Lpoqu}�|o}¼��m�vykaxaru}¼�

I ⊂ {±1, . . . ,±k}
x�}Xqsqu}¼�%Á�n�}

|i| 6= |j|
m�z"nok

x�z"n��
i,j ∈ I

x�}Xqu�TÁ�n�}
i 6= j ¾ |I| qu}L{�z"¹Lpok�}J|�~�lXqulX¹�}X{�x��.|o} I }Xx ∆I

qu}��ars¹�moqu}�(;}
|o}¼�L�anorsx�}¼�

(λj)j∈Z

|o}¼�L{�z"¹Lpok�}¼�]k�l¼}Xqu�
λj ∈ [0,1]

x�}Xqu�LÁgn�}
λj = 0

�ar
j /∈ I

}Xx
∑
λj = 1

Â
� {û{�z"x�}

I(l) ¾ 1 ≤ l ≤ k ¾ q�~�}X{���}X¹]poqu}³|o}Jx�z"n��Lqu}¼� I ∈ I
x�}Xqu�.Ágn�}

|I| = l
Â

� {�z"k�|oz"{o{�}
I ∈ I

m�vyk2qu}6¹�zA|;noqu}¯|o},��}¼�2lXqulX¹�}X{�x���}Xx�z"{�{�z"x�}
I ′(l) ¾ 1 ≤ l ≤ k ¾q�~�}X{���}X¹Lpoqu}�|o}¼�J¹]noqsxarö·�rs{�|;rut¼}¼�²|o}°quz"{o»�n�}Xnok

l
x�}Xqu��Ágn�}±�ar

I = (i1, . . . ,il)
vyquz"k��

|iν | = ν
mZz"nok

ν = 1, . . . ,l
Â �gr

I ∈ I
}Xx
ν ∈ {1, . . . ,|I|} ¾ z"{JmZz���} I(ν̂) = I \{iν}

¾z32
iν
}¼�ax�qu}

ν
·�ru¿X¹�}.lXqulX¹�}X{gx6|o}

I
vymok�¿¼��v¼½�z"rskTz"k�|oz"{o{�l

I
Â

�Ìrs{�vyqu}X¹�}X{�x,z"{�mZz���}
sgnI = 1

��rZqu}.{�z"¹Lpok�}L|�~�lXqulX¹�}X{gx���{�lX»�vyxar ����}¼�ax�m�vyrsk
sgnI = −1

�ar�qu}.{�z"¹Lpok�}.|�~�lXqulX¹�}X{gx���{�lX»�vyxar ����}¼�ax�rs¹�m�vyrskwÂ
�Az"ru}X{�x

I = (i1, . . . ,il)
no{J¹]noqsxarö·�rs{�|;rut¼}�|o}

I(l) ¾ 1 ≤ l ≤ k ¾ }Xx D no{�|oz"¹²vyrs{�}k�}XqÀvyxars½�}X¹�}X{�x,t¼z"¹�m�v"tXx6|�vy{��
U
Â � {Ù|ol�I�{orsx

DI = {ρi1 < 0} ∩ · · · ∩ {ρi|I| < 0} ∩D

D∗
I = {ρi1 > 0} ∩ · · · ∩ {ρi|I| > 0} ∩D

SI = {ρi1 = 0 = · · · = ρi|I| = 0} ∩D

S+
{j} = D{j} pour j = ±1, . . . ,± k

S+
I = S

I(|̂I|)
∩D{i|I|} si I ∈ I and |I| ≥ 2

S̃I = SI ∩ {ρ|I|+1 > 0} ∩ {ρ−(|I|+1) > 0} si 1 ≤ |I| ≤ k − 1

C6z"x�z"{��6Á�n�}
SI = S+

I(|I|+1) ∪ S
+
I(−(|I|+1)) ∪ S̃I
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}XxTÁgn�}
S̃I = ∅

�ar
|I| = k − 1

Â�´(}¼�6½"vykarulXx�l¼�,��z"{gx6z"karu}X{gx�l¼}¼�¯t¼z"¹�¹�}]�anorsxÎÍ
DI
}Xx

D∗
I

t¼z"¹�¹�}
C

n m�z"nok�x�z"nox I ∈ I ¾ S+
{j}

t¼z"¹�¹�}
D{j}

m�z"nok
j = ±1, . . . ,± k ¾ SIt¼z"¹�¹�}

∂S+
I

mZz"nok(x�z"nox
I ∈ I ¾ S+

I

t¼z"¹�¹�}
S

I(|̂I|)

mZz"nok(x�z"nox
I ∈ I

�ar
|I| ≥ 2

}Xx
M ∩D

t¼z"¹�¹�}
SI
��r
I = {1, . . . ,k}

Â
� {°lXx�}X{�|°qu}¼�(|ol�I�{orsxaruz"{��2mok�l¼t¼l¼|o}X{�x�}¼��vyn±twv"�(z32

|I| = 0 ¾ t�~�}¼�ax�· !F·�|;rsk�} I = ∅ ¾}X{�mZz��1vy{�x
S∅ = D

}Xx
S̃∅ = S∅ ∩ {ρ1 > 0} ∩ {ρ−1 > 0}

Â
�gr
f
}¼��x�no{�}E��z"{�tXxaruz"{Ù|ol�I�{oru}��anok6no{Ùz"no½�}Xkax

Ω
|o}

M ¾ z"{@|ol�I�{orsx6qÀv�{�z"ka¹�}µ�>"qu|o}Xkaru}X{o{�}L|�~�z"k�|;k�}
α ¾ 0 < α < 1

|o}
f
m�vyk

‖f‖α,Ω = sup
z∈Ω

|f(z)| + sup
z,ζ∈Ω
z 6=ζ

|f(z) − f(ζ)|

|z − ζ|α
.

�gr
M
}¼�ax,|o}LtXqÀv"����}

Cl ¾ z"{Ù{�z"x�} Cl+α(Ω)
q�~�}¼�am�v"t¼}�|o}]��k�l¼t�µ�}Xx¯|o}¼� �#z"{�tXxaruz"{��,|o}

tXqÀv"����}
Cl ��nok Ω |oz"{�x%x�z"nox�}¼��qu}¼�%|olXkars½�l¼}¼��x�vy{o»�}X{gxaru}Xqsqu}¼��|�~�z"k�|;k�} l ��z"{�x�quzgtwvyqu}X¹�}X{gxµ�>"qu|o}Xkaru}X{o{�}.|�~�z"k�|;k�}

α
ÂojÌz"nok�x�z"nox�t¼z"¹�m�v"tXx

K
|o}

Ω ¾ qu},¹²v�(;rs¹Lno¹ |o}6qÀv�p�z"ka{�}�anomZlXkaru}Xnok�} ��nok
K
|o}¼��|olXkars½�l¼}¼��x�vy{o»�}X{gxaru}Xqsqu}¼�Å|�~�z"k�|;k�} rs{)��lXkaru}Xnok !

l
}Xx�|o}ÊqÀv

{�z"ka¹�}Lµ�>"qu|o}Xkaru}X{o{�}�|�~�z"k�|;k�}
α
|o}¼�T|olXkars½�l¼}¼�Tx�vy{o»�}X{gxaru}Xqsqu}¼�¯|�~�z"k�|;k�}

l
|ol�I�{orsx,no{�}

��}X¹�rö·�{�z"ka¹�}L�anok
Cl+α(Ω)

Â
�gr
f
}¼��x�no{�}

(n,r)
· ��z"ka¹�} |;r('�lXk�}X{gxaru}Xqsqu}9�anok

Ω ⊂⊂ M ¾ }Xqsqu} �w~�l¼tXkarsx f =∑
J fjdz ∧ dzJ

v¼½�}¼t
dz = dz1 ∧ · · · ∧ dzn

}Xx
dzJ = dzj1 ∧ · · · ∧ dzjr

¾ twvyk M}¼�ax¯moquz"{o»�l¼}�|�vy{��
C

n Â�Ë4v°{�z"ka¹�}�|o} f }¼��xLvyquz"k��¯|oz"{o{�l¼}�m�vyk¯qu}J¹²v�(Ars¹]no¹ |o}¼�{�z"ka¹�}¼��|o}¼�
fJ
Â

� ���8�<� ����#���#�� �	��
���# ���� �8����
���#�����
���� ����� #���������� �����
��#�&�� �8�<
�������&����

Ë\~�z"p)�a}Xx�|o} t¼}Xxax�} ��}¼tXxaruz"{Ç}¼�ax�|o}@¹�z"{�xak�}XkÅÁgnÎ~ no{�} ��vy¹�rsqsqu}Ê|o}Ê{�z�¶�vyn)(Æ��vF·
xaru�@��vyru�1vy{�xÊno{�} l¼Á�n�vyxaruz"{ vyn)( |olXkars½�l¼}¼�Êm�vykaxaru}Xqsqu}¼�ûv"|ol¼Ágn�vyx�} }XxÙm�z�����l¼|�vy{gxÊ|o}
pZz"{o{�}¼�6mok�z"mokarulXx�l¼�,|�~ rs{�x�lX»�k�vyporsqsrsx�lJm�}Xka¹�}XxT|�~�z"pox�}X{orskTno{�}E��z"ka¹Lnoqu}�|o}LÈ2zAt�µo{�}Xk�·
É@vykaxars{�}Xqsqsrö·
6z"momZ}Xqs¹²vy{ |�vy{���qu}¼��½�vykarulXx�l¼�T´(¸ |o}¯t¼zg|;rs¹�}X{���ruz"{ÅÁ�n�}Xqut¼z"{�Ágn�}�Â

C6z"n���{�z"n���moqÀv3G¼z"{���|�vy{���qÀv��arsxan�vyxaruz"{�»�l¼z"¹�lXxakaruÁgn�}L|o},qÀv���}¼tXxaruz"{ ] Â
jÒz"nok

I ∈ I ¾ 0I |ol¼�ars»�{�}Lqu}L¹]noqsxarö·�rs{�|;rut¼} (0,i1, . . . ,i|I|)
¾ z32 I = (i1, . . . ,i|I|)}¼�ax�z"k�|oz"{o{�lL}X{�¹�zA|;noqu}¯tXk�z"ru����vy{gxwÂ

� {Ým�z���}
C0(z,ζ) = B(z,ζ) ¾ z32 B(z,ζ)

|ol¼�ars»�{�}ûqu} {�z�¶�vyn |o}ûÈ2zAt�µo{�}Xk�·
É@vykaxars{�}Xqsqsrö·
6z"momZ}Xqs¹²vy{Ç|�vy{��

C
n ¾ t¼}ÙÁ�nor6t¼z"kak�}¼�amZz"{�| ! no{ ¹Lnoqsxarö·�rs{�|;rut¼}

I
|o}

quz"{o»�n�}Xnok�{�noqsqu}�Â
� {²�anomom�z���}2Á�n�}2q�~�z"{��1vyrsx�v"����zAtXru}Xk !,t�µ�v"Á�n�}�¹Lnoqsxarö·�rs{�|;rut¼}�z"k�|oz"{o{�l

I ∈ I(l) ¾
1 ≤ l ≤ k ¾ |o}¼� �#z"ka¹�}¼�2|;r('�lXk�}X{�xaru}Xqsqu}¼� C0I(z,ζ)

|o}6|o}X»�k�l
2n− |I| − 1

}Xx
CI(z,ζ)
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|o}�|o}X»�k�l
2n − |I| ¾ |o}�tXqÀv"����} C1 mZz"nok z ∈ DI

}Xx
ζ ∈ D

∗
I

x�}Xqu�.Ágn�}
z 6= ζ ¾ Ágnor½�lXkar I�}X{�x�q�~�l¼Ágn�vyxaruz"{@vyn)(�|olXkars½�l¼}¼��m�vykaxaru}Xqsqu}¼�

∂zC0I + ∂ζC0I = C0δ(I) − CI ,
��� Â ] �

z32
C0δ(I) =

∑|I|
ν=1(−1)ν+1C0I(ν̂)

Â
� {³�anomom�z���}�lX»�vyqu}X¹�}X{gx�Á�n�}�qu}¼��{�zw¶�vyn)(

CI
��vyxaru�@��z"{�x\qu}¼�(t¼z"{�|;rsxaruz"{��(|�~ vy{o{�n;·

qÀvyxaruz"{Å�anors½�vy{�x�}¼�ÎÍ

[CI(z,ζ)]p,r = 0 si 0 ≤ p ≤ n et n− k − q + 1 ≤ r ≤ n− k ��� Â ���
∂z[CI(z,ζ)]p,n−k−q = 0 si 0 ≤ p ≤ n, ��� Â ���

z32
[CI(z,ζ)]p,r

|ol¼�ars»�{�}.qÀvJm�vykaxaru}.|o},poru|o}X»�k�l
(p,r)

}X{
z
|o}

CI
Â

jÒz"nok(vyqsqulX»�}Xk\qu}¼�%l¼tXkarsxanok�}¼��z"{�m�z���}
BI = C0I

mZz"nok�x�z"nox
I ∈ I(l) ¾ 1 ≤ l ≤ k

Â
Ë\~�l¼Á�n�vyxaruz"{ � Â ] �w~�l¼tXkarsx�vyquz"k��

∂zBI + ∂ζBI = Bδ(I) − CI
��� Â + �

� {Å�anomom�z���}*I�{�vyqu}X¹�}X{�xTÁ�n�},m�z"nok�x�z"nox
I ∈ I(l) ¾ 1 ≤ l ≤ k ¾ qu}¼��{�z�¶�vyn)( BI½�lXkar I�}X{�x�qu}¼�6t¼z"{�|;rsxaruz"{���|�~ rs{gx�lX»�k�vyporsqsrsx�l]�anors½�vy{�x�}¼�4Í

� m�z"nok2x�z"nox�}*�#z"ka¹�}¯|;r('�lXk�}X{�xaru}Xqsqu}
f
|o}¯tXqÀv"����}

C1 �anok U !��anomom�z"kax�|�vy{��
D ¾∫

ζ∈SI
f(ζ)∧BI(z,ζ)

|ol�I�{orsx�no{�}*�#z"ka¹�},|;r('�lXk�}X{�xaru}Xqsqu}.t¼z"{gxars{�n�}.��nok
DI
}Xx

|o}¯tXqÀv"����}
C∞ �anok DI

� ��z"rsx j ∈ {±1, . . . ,±k}
x�}Xq;Ágn�}

I∪{j} ∈ I ¾ m�z"nok4x�z"nox�}��#z"ka¹�}�|;r('�lXk�}X{gxaru}Xqsqu}
f
|o}TtXqÀv"����}

C1 �anok U !L��nomomZz"kax�|�vy{��
D ¾ ∫ζ∈S+

I∪{j}
f(ζ)∧BI(z,ζ)

|ol�I�{orsx
no{�}*��z"ka¹�}.|;r('�lXk�}X{�xaru}Xqsqu}Lt¼z"{gxars{�n�}��anok

DI
}Xx�|o}.tXqÀv"����}

C∞ �anok DI
¾

� m�z"nok I = J
z"n
I = δ(K)

}Xx
J = K(|̂K|)

vw½�}¼t
K ∈ I(l+1) ¾ ∫

ζ∈S̃J
fε(ζ)∧

BI(z,ζ)
x�}X{�|Å½�}Xk��

0 ¾ Ágn�vy{�| ε x�}X{�|�½�}Xk�� 0 ¾ �ar fε
}¼�ax�no{�}E�#z"ka¹�}L|;r('�lXk�}X{;·

xaru}Xqsqu}�|o}�tXqÀv"����}
C1 �anok U !¯�anomom�z"kax\|�vy{��

D∩{|ρ1| < ε}∩· · ·∩{|ρk| < ε}x�}Xqsqu}@Á�n�}
‖∂fε‖ = O(1

ε )
}Xx ∫

ζ∈S̃J
fε(ζ) ∧ BI(z,ζ) = o(ε) ¾ �arT|o}Åmoqsn��

∂fε = 0
Â

� Ñ���� 8�� 8WÓ�� 9�Ú#Û
	2á å õ�õ àCôWôsàCæaå ��vy¹�rsqsqu} |o}Ê{�zw¶�vyn)(Çv"|�vymox�l¼� ü ôså äFå"æCß�çXâ�çëèÎé
ê�çCáZçCæCß�ì ã àCï q í î Þ"á î å"ä"à M ð�à î Þwð"ßWñ�àXá ó ß�Þ"áºæ�ç�àCôWôsà k ð�å"á ó C

n ï6â�Þ ã â�à � å�ñ�ßWôWôsà°ð�àá¡Þ"ú�å ã ù BI
àXâ
CI
ï
I ∈ I(l)

ï
1 ≤ l ≤ k

ï õ Þ ó�ó çað�å"á�â�ôuà ó õ æaÞ õ æCß�çXâ�ç ó õ æaç î çað�àCá¡â�à ó ÷
� ×gÖ�Öû× 9�Ú 9�Ü�Þ"ßWâ

f ã á�à (n,r) í � Þ"æCñ�àTð�à î ôså ó1ó à C1 ü ó ã õ�õ Þ"æXâ î Þ�ñ õ å î â%ð�å"á ó D ï
1 ≤ r ≤ n− k ÷� Þ ã æ]â�Þ ã â2ñ ã ôöâ#ß í ßòáZð"ß î àJÞ"æ�ð�Þ"á�áZç I ∈ I(l)

ï
1 ≤ l ≤ k

ï�àXâ õ Þ ã æ



���������
	�������������������
	������ B

â�Þ ã â n− k − q + 1 ≤ r ≤ n− k
ï�Þ�áÊå±å ã ó àCá ó ð�à ó î Þ ã æaå"á�â ó.ó ã æ DI

∂z

∫

ζ∈S+
I

f(ζ) ∧Bδ(I)(z,ζ) + (−1)|I|
∫

ζ∈S+
I

∂f(ζ) ∧Bδ(I)(z,ζ)

= (−1)r+n(∂z

∫

ζ∈SI

f(ζ) ∧BI(z,ζ) + (−1)|I|+1

∫

ζ∈SI

∂f(ζ) ∧BI(z,ζ))

��� Â ���
��: � ������4=�	���������%´�µ�v"tXno{�}T|o}¼�(rs{gx�lX»�k�vyqu}¼��Á�nor�vymom�vyk�vyru����}X{gx�|�vy{��2qÀv���z"ka¹Lnoqu}

� Â � lXx�vy{gx�t¼z"{�xars{�n�}���nok DI
}XxJ|o}±tXqÀv"����}

C∞ �anok DI
¾ rsq2�an���xJ|o}²mok�z"no½�}Xk � Â �mZz"nok

z ∈ DI
Â � {0vymomoqsruÁgn�}ÊqÀv�k�}XqÀvyxaruz"{ � Â + ¾ monoru�±qÀv ��z"ka¹Lnoqu} |o} �gx�z���}¼� ¾ }Xxz"{9k�}X¹²vyk�Ágn�}�Á�n�}�qu}¼�.x�}Xka¹�}¼��}X{

CI
|;ru�am�vyk�vyru����}X{gx�twvyk]��}Xnoqu�.rs{gx�}Xka½gru}X{o{�}X{gx]qu}¼�

m�vykaxaru}¼��|o}¯poru|o}X»�k�l
(n,r)

}X{
z
|o}¼��|;r('�lXk�}X{�x��TlXqulX¹�}X{�x��wÂ

¸6vymom�}Xquz"{��2Á�n�}6�ar
|I| = 0 ¾ z"{±v.mZz���l BI = C0 = B ¾ z32 B |ol¼�ars»�{�}6qu}�{�z�¶�vyn|o}.È2zgt�µo{�}Xk�·�É@vykaxars{�}Xqsqsrö·
6z"momZ}Xqs¹²vy{û|�vy{��

C
n Â

� ×gÖ�Öû× 9�Ú���Ü�Þ"ßWâ
f ã á�à (n,r) í � Þ"æCñ�àTð�à î ôså ó1ó à C1 ü ó ã õ�õ Þ"æXâ î Þ�ñ õ å î â%ð�å"á ó D ï

1 ≤ r ≤ n−k ÷ � Þ ã æ¯â�Þ ã â 0 ≤ l ≤ k− 1
ï ó ß r äyçCæCß �(à n−k− q+1 ≤ r ≤ n−k

ï
Þ"áÊå±å ã ó àCá ó ð�à ó î Þ ã æ�å"á¡â ó¯ó ã æ M

∑

|I|=l

(∂z

∫

ζ∈SI

f(ζ) ∧BI(z,ζ) + (−1)|I|+1

∫

ζ∈SI

∂f(ζ) ∧BI(z,ζ))

= (−1)l+r+n
∑

|I|=l+1

(∂z

∫

ζ∈SI

f(ζ) ∧BI(z,ζ)

+(−1)|I|+1

∫

ζ∈SI

∂f(ζ) ∧BI(z,ζ)) + (∗)l(f)(z),

å"äyà î
(∗)l(f)(z) =

∑

|I|=l

(∂z

∫

ζ∈S̃I

f(ζ) ∧BI(z,ζ) + (−1)l+1

∫

ζ∈S̃I

∂f(ζ) ∧BI(z,ζ))

+(−1)l
l∑

ν=1

(−1)ν+1
∑

J∈I′(l+1,ν̂)

(∂z

∫

ζ∈S̃J

f(ζ) ∧BJ(z,ζ)

+(−1)l+1

∫

ζ∈S̃J

∂f(ζ) ∧BJ(z,ζ))

+(−1)l
l∑

ν=1

(−1)ν
∑

J∈I′(l+1,ν̂)

(−1)r+n+1(∂z

∫

ζ∈S̃l+1

J(|̂I|)

f(ζ) ∧Bδ(J)(z,ζ)

+(−1)l+1

∫

ζ∈S̃l+1

J(|̂I|)

∂f(ζ) ∧Bδ(J)(z,ζ)),



���������
	�������������������
	������ �

Þ��
S̃l+1

J(|̂I|)
= S̃

J(|̂I|)
∩ {ρil+1

< 0}
å"äyà î J(|̂I|) = (i1, . . . ,iν−1,iν+1, . . . ,il)

ï õ Þ ã æ
J = I(ν̂)

àXâ
I = (i1, . . . ,il+1) ∈ I ′(l + 1)

ï ó ß l ≥ 1
àXâ

(∗)0(f)(z) = ∂z

∫

ζ∈S̃∅

f(ζ) ∧B(z,ζ) + (−1)l+1

∫

ζ∈S̃∅

∂f(ζ) ∧B(z,ζ).

��: � ������4=�	��������� � {ëvymomoqsruÁ�n�}Åqu}�ËÎ}X¹�¹�} � Â � }Xx�qÀv �#z"ka¹]noqu}�|o} �gx�z���}¼�²}X{
noxarsqsru��vy{�x6qu}¼��mok�z"mokarulXx�l¼��»�l¼z"¹�lXxakaruÁgn�}¼�6��nors½"vy{gx�}¼�ÎÍ

� �gr
|I| = l ¾ z"{Ùv SI = S+

I(l+1) ∪ S
+
I(−(l+1)) ∪ S̃I

� ∂S̃
J(|̂I|)

∩ {ρi|I| < 0} = S+
I∪{ν} ∪ S

+
I∪{−ν} ∪ S̃I

¾ �ar I ∈ I ′(l + 1,ν̂)
Â

�Az"rsx
f
no{�}

(n,r)
· ��z"ka¹�}�|o}�tXqÀv"����}

C1 !��anomom�z"kaxÒt¼z"¹�m�v"tXx�|�vy{��
D
Â�ËÒv ��z"ka¹Lnoqu}

|o}.È2zgt�µo{�}Xk�·�É@vykaxars{�}Xqsqsrö·
6z"momZ}Xqs¹²vy{û�w~�l¼tXkarsx

f(z) = (−1)r+n(∂z

∫

ζ∈D
f(ζ) ∧B(z,ζ) −

∫

ζ∈D
∂f(ζ) ∧B(z,ζ)).

ËÎ}���}¼t¼z"{�| ¹�}X¹]pok�}²|o}JqÀv ��z"ka¹Lnoqu}²|o}�È2zgt�µo{�}Xk�·�É@vykaxars{�}Xqsqsrö·
6z"momZ}Xqs¹²vy{ºt¼z"kak�}¼��·
mZz"{�|�vyn�mok�}X¹�ru}Xk%¹�}X¹Lpok�}�|o}(qÀv ��z"ka¹Lnoqu}�|olX¹�z"{�xak�l¼}�|�vy{���qu}(Ë4}X¹�¹�} � Â � quz"k���Á�n�}
l = 0

Â
�%{ÆmZz��1vy{�x

BM =
∑

I∈I′(k) sgn(I)BI
¾ }X{Äk�}X¹²vyk�Ágn�vy{�x�Á�n�}Ùqu}@t�µ�z"r ( |o}¼�z"karu}X{�x�vyxaruz"{��(ru|o}X{�xar I�}

M
vw½�}¼t

sgn(I)SI
mZz"nok

I ∈ I ′(k)
}Xx�}X{±vymomoqsruÁ�n�vy{gx

k
��z"ru�

qu}.ËÎ}X¹�¹�} � Â �;¾ z"{Ùz"poxaru}X{�x�qÀv�mok�z"m�z��arsxaruz"{Å��nors½"vy{gx�}%Í
� ÔFÓ��\Ó���8 � 8WÓ � 9�Ú�� ÜZÞ"ß#â

f ã áZà (n,r) í � Þ"æCñ�àÊðgà î ôöå ó�ó à C1 ü ó ã õ�õ Þ"æCâ î Þ�ñ õ å î âð�å"á ó D ï n− k − q + 1 ≤ r ≤ n − k
ï�å"ôsÞ"æ ó Þ�á�å�ôså � Þ"æCñ ã ôuà ó ã ßWäFå"á�â�à²å ã ó àCá óð�à ó î Þ ã æaå"á�â ó.ó ã æ M

f(z) = (−1)(k+1)(r+n)+ k(k−1)
2 (∂z

∫

ζ∈M
f(ζ) ∧BM (z,ζ)

+ (−1)k+1

∫

ζ∈M
∂f(ζ) ∧BM (z,ζ)) +

k−1∑

l=0

(∗)l(f)(z).

ÏLÐÒÑ�Ó�ÔyÕgÖ9× 9�Ú
	�ÜZÞ"ß#â
f ã á�à (n,r) í � Þ"æCñ²à,ð�à î ôså ó�ó à C1 ü ó ã õ�õ Þ"æXâ î Þ"ñ õ å î â\ð�å"á ó

D∩M
ï
n− k− q+1 ≤ r ≤ n− k

ï�å"ôsÞ"æ ó Þ"áÙå�ôöå � Þ"æCñ ã ôuà ó ã ßWäFå"á�â�à.å ã ó àCá ó ð�à ó
î Þ ã æ�å"á¡â ó.ó ã æ M

f(z) = (−1)(k+1)(r+n)+ k(k−1)
2 (∂z

∫

ζ∈M
f(ζ) ∧BM (z,ζ)

+(−1)k+1

∫

ζ∈M
∂f(ζ) ∧BM (z,ζ)).



�F�������
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��: � ������4=�	��������� �Az"rsx
f̃
no{�}�}�(Ax�}X{���ruz"{ |o}±tXqÀv"����}

C1 |o} f !Ùno{ ½�z"ru�ars{�vy»�}
|o}

M
Â � {�t¼z"{���ru|o¿Xk�}²no{�}0�#z"{�tXxaruz"{

χ ∈ C∞(R)
x�}Xqsqu}³Ágn�}

χ = 1
�anok

(−∞, 12 ]}Xx
χ = 0

�anok
[1, + ∞)

Â � {ºmZz���}
χε(z) = Πj=±1,...,±kχ(

ρj(z)
ε )
m�z"nok

z ∈ U}Xx
ε > 0 �

rsq�}�(Aru��x�}�vyquz"k��.no{�}�t¼z"{��ax�vy{gx�}
A > 0

x�}Xqsqu}�Ágn�}
‖dχε(z)‖ ≤ A

ε

mZz"nok
z ∈ U

}Xx
ε > 0

Â � { m�z���}
f̃ε = χfε

ÂZ�©qÌk�l¼�anoqsx�}�vyquz"k��¯|o}�qÀv³j\k�z"mZz��arsxaruz"{ � Â + }Xx|o}¼��mok�z"mokarulXx�l¼��|�~ rs{gx�lX»�k�vyporsqsrsx�l]|o}¼��{�zw¶�vyn)(
BI
Á�n�}

lim
ε→0

f̃ε(z) = (−1)(k+1)(r+n)+ k(k−1)
2 lim

ε→0
(∂z

∫

ζ∈M
f̃ε(ζ) ∧BM (z,ζ)

+ (−1)k+1

∫

ζ∈M
∂f̃ε(ζ) ∧BM (z,ζ)).

®T}.moqsn�� ¾ m�vyk�|ol�I�{orsxaruz"{Ù|o} f̃ε
¾ z"{Åv ¾ m�z"nok�x�z"nox ε > 0 ¾

f̃ε|M = f,

t¼}.Á�nor�x�}Xka¹�rs{�}.qÀv�|olX¹�z"{��axak�vyxaruz"{Ù|;nÅxaµ�l¼z"k�¿X¹�}�Â
jÒz"nokÊz"pox�}X{orsk�no{�} ��z"ka¹Lnoqu}�|o}ûÈ2zgt�µo{�}Xk�·�É@vykaxars{�}Xqsqsrö·
6z"momZ}Xqs¹²vy{ |�vy{��

M ¾{�z"n���|o}X½�z"{���mok�l¼tXru��}Xk�Á�n�}XquÁgn�}¼��mok�z"mokarulXx�l¼�6|;n�{�zw¶�vyn
BM
Â

� ×gÖ�Öû× 9�Ú�� �Òà(á¡Þ"ú�å ã BM
à ó â ã áZà � Þ"æCñ²à�ð"ß �6çCæ�àCá�â#ß�àCôòôuà6ð�à î ôså ó1ó à C1 ó ã æ (M∩

U)× (M ∩U) \ {(z,ζ) ∈ (M ∩U)× (M ∩U)|z = ζ}
ï%ð�àLð�à�ê"æ�ç

2n− k− 1
ï%â�àXô

ì ã à õ Þ ã æ 0 ≤ p ≤ n
àXâ
n− k − q + 1 ≤ r ≤ n− k

∂ζ [BM ]p,r = −∂z[BM ]p,r−1,

Þ��
[BM ]p,r

ð�ç ó ßöê"á�àÊôså î Þ"ñ õ Þ ó å"á�â�à9ð�à ý ß�ð�à�ê�æaç (p,r)
àCá

z
ð�à

BM
þ Þ"á õ Þ ó à

[BM ]p,n−k = 0
ÿ ÷

��: � ������4=�	���������Ì¸6vymom�}Xquz"{��\Á�n�}
BM =

∑
I∈I′(k) sgn(I)BI

Â�Ë4v*��z"ka¹Lnoqu} � Â +|oz"{o{�}Lvyquz"k���rs¹�¹�l¼|;rÀvyx�}X¹�}X{gx

∂zBM + ∂ζBM =
∑

I∈I′(k)

sgn(I)Bδ(I) −
∑

I∈I′(k)

sgn(I)CI .

� {]��vyrsx ¾ »�k��"t¼}2vyn)(¯mok�z"mokarulXx�l¼�Ò|�~ vy{o{gnoqÀvyxaruz"{�|o}¼�Î{�zw¶�vyn)( CI
Á�n�}

[CI(z,ζ)]p,r = 0�ar
0 ≤ p ≤ n

}Xx
n− k − q + 1 ≤ r ≤ n− k ¾ m�vyk�t¼z"{���l¼Á�n�}X{gx

∂z[BM ]p,r−1 + ∂ζ [BM ]p,r =
∑

I∈I′(k)

sgn(I)[Bδ(I)]p,r.

®T}]moqsn��Tm�vykT|ol�I�{orsxaruz"{ |o}
sgn(I)

}Xx
δ(I) ¾ z"{Êv ∑

I∈I′(k) sgn(I)[Bδ(I)]p,r = 0
Â

�%{²} '�}XxÌm�z"nok%no{�¹Lnoqsxarö·�rs{�|;rut¼}6|oz"{o{�l
J ∈ I(k−1) ¾ rsqo}�(;ru�ax�}�|o}Xn)(J¹Lnoqsxarö·�rs{�|;rut¼}¼�



�F�������
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I1
}Xx
I2
|�vy{��

I(k)
x�}Xqu�%Ágn�}

J = δ(I1) = δ(I2)
Ágnor;½�lXkar I�}X{�x

sgn(I1) = −sgn(I2)twvyk ¾ |�~ no{�m�z"rs{�x�|o}¯½An�}¯}X{���}X¹]poqsru�ax�} ¾ �ar I1 = J ∪ {ν}
vyquz"k��

I2 = J ∪ {−ν}
Â

ÏLÐÒÑ�Ó�ÔyÕgÖ9× 9�Ú�� ÜZÞ"ß#â
Ω ã áÝð�Þ"ñ�å"ßWáZàÊü ý Þ"æað C1 æaàCôså�â#ßWäyàCñ²àCá�â î Þ"ñ õ å î â�ð�å"á ó

M ∩U
àXâ
f ã áZà (n,r) í � Þ"æ1ñ²àLð�à î ôså ó1ó à C1 ð�å"á ó Ω ï n− k− q+ 1 ≤ r ≤ n− k

ï
å"ôöÞ�æ ó Þ"á å²ôöå � Þ"æ1ñ ã ôsà ó ã ßWäFå"á�â�à�å ã ó àCá ó ð�à ó î Þ ã æaå"á�â óLó ã æ M

(−1)(k+1)(r+n)+
k(k−1)

2 f(z) = ∂z

∫

ζ∈Ω
f(ζ) ∧BM (z,ζ)

+ (−1)k+1

∫

ζ∈Ω
∂f(ζ) ∧BM (z,ζ) + (−1)k

∫

ζ∈∂Ω
f(ζ) ∧BM (z,ζ).

��: � ������4=�	��������� �Az"rsx
z ∈ Ω

ID(ol.}Xx
χ
no{�} �#z"{�tXxaruz"{@|o}.tXqÀv"����}

C2 !��anomomZz"kax
t¼z"¹�m�v"tXx,|�vy{��

Ω
x�}Xqsqu}]Ágn�}

χ ≡ 1
|�vy{��Tno{Ù½�z"ru�ars{�vy»�}�|o}

z
Â¡®J~ vymok�¿¼�Tqu}]Ë4}X¹�¹�}

� Â%$ ¾ t¼z"¹�¹�} f }¼�ax�|o}¯poru|o}X»�k�l (n,r)
v¼½�}¼t

n− k − q + 1 ≤ r ≤ n− k ¾ z"{Ùv

dζ((1 − χ(ζ))f(ζ) ∧ [BM ]n,r(z,ζ)) = ∂f(ζ) ∧ [BM ]n,r(z,ζ)

− ∂(χ(ζ)f(ζ)) ∧ [BM ]n,r(z,ζ) − ∂z((1 − χ(ζ))f(ζ)) ∧ [BM ]n,r−1(z,ζ))

j%noru��Ágn�}�qÀv
�#z"{�tXxaruz"{
χ
}¼�ax !±�anomom�z"kax.|�vy{��

Ω ¾ |oz"{�t�{�noqsqu}²�anok ∂Ω ¾ z"{ûz"poxaru}X{gxm�vyk�qÀv=�#z"ka¹]noqu}L|o} �gx�z���}¼�
∫

ζ∈∂Ω
f(ζ) ∧ [BM ]n,r(z,ζ) =

∫

ζ∈∂Ω
(1 − χ(ζ))f(ζ) ∧ [BM ]n,r(z,ζ)

=

∫

ζ∈Ω
d(1 − χ(ζ))f(ζ) ∧ [BM ]n,r(z,ζ))

}Xx�m�vyk�t¼z"{���l¼Ágn�}X{�x
∫

ζ∈∂Ω
f(ζ) ∧ [BM ]n,r(z,ζ) =

∫

ζ∈Ω
∂f(ζ) ∧ [BM ]n,r(z,ζ)

+ (−1)k+1(∂z

∫

ζ∈Ω
f(ζ) ∧ [BM ]n,r−1(z,ζ))

−

∫

ζ∈Ω
∂(χ(ζ)f(ζ)) ∧ [BM ]n,r(z,ζ)

+ (−1)k(∂z

∫

ζ∈Ω
χ(ζ)f(ζ) ∧ [BM ]n,r−1(z,ζ))

� {ÙvymomoqsruÁ�n�}]vyquz"k���qu}��2µ�l¼z"k�¿X¹�} � Â � !
χf
}Xx�qÀv=�#z"ka¹]noqu}L}¼�ax�|olX¹�z"{gxak�l¼}�Â
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�%x�vy{�x,|oz"{o{�l¼}.no{�}]��z"n���·�½�vykarulXx�l]´(¸ »�lX{�lXkaruÁ�n�} ¾ q ·�t¼z"{�twvw½�} M |o}LtXqÀv"����} C3 ¾|o}6t¼zA|;rs¹�}X{��aruz"{±k�l¼}Xqsqu}
k
|�vy{��

C
n }Xx�no{°m�z"rs{�x z0 |o} M ¾ {�z"n���vyqsquz"{��2t¼z"{��axakanorsk�}no{�} ��vy¹�rsqsqu},|o}�{�z�¶�vyn)(±v"|�vymox�l¼�-!
M
vyn°��}X{��(|o}6qÀv�®,l�I�{orsxaruz"{ � Â ] vyn°½�z"ru�ars{�vy»�}|o}

z0
Â

C6z"n���k�}Xmok�}X{�z"{���qu}¼��{�z"x�vyxaruz"{��6|o}¯qÀvJ��}¼tXxaruz"{ ] Â
� Ñ���� 8�� 8WÓ�� ��Ú#Û��ÒáZà ��}¼tXxaruz"{�|o}�Ë4}Xk�v¼¶9v"����zAtXrul¼}0!

M
vyn ½�z"ru�ars{�vy»�}²|o}

D
à ó â

ã áZà�å õ�õ ô ß î å�â#ß�Þ"á ψ ì ã ß�å ó1ó Þ î ß�à]ü î
	 å�ì ã à]ñ ã ôöâ#ß í ßòáZð"ß î à I ∈ I(l)
ï
1 ≤ l ≤ k

ï ã áZàå õ�õ ô ß î å�â#ß#Þ�á ü²äFå"ôuà ã æ ó ð�å"á ó C
n

ψI(z,ζ,λ) = (ψ1
I (z,ζ,λ), . . . ,ψn

I (z,ζ,λ))

ð�ç��\á�ß�à�àXâ�ðgà î ôså ó�ó à C2 õ Þ ã æ z ∈ DI
ï
ζ ∈ D

∗
I

â�àCô ó ì ã à z 6= ζ
àXâ
λ ∈ ∆I

ï2â�àCôòôuà
ì ã à

〈ψI(z,ζ,λ),ζ − z〉 = 1,
àXâ

ψI |(DJ×D
∗
J )\{z=ζ}×∆I

= ψJ |(DJ×D
∗
J )\{z=ζ}×∆I

si I ⊂ J.

� { {�z"x�} ◦
χ
no{�} �#z"{�tXxaruz"{û|o}JtXqÀv"����}

C∞ |o} [0,1]
|�vy{��¯qsnorö·�¹0?X¹�}�Ágnor�½�lXkar I�}

◦
χ (λ) = 0

�ar
0 ≤ λ ≤ 1/4

}Xx ◦
χ (λ) = 1

�ar
1/2 ≤ λ ≤ 1

Â
�gr
I ∈ I(l) ¾ 1 ≤ l ≤ k ¾ m�z"nok λ ∈ ∆0I

x�}XqÒÁgn�}
λ0 6= 1 ¾ z"{@{�z"x�} ◦

λ
qu}Lm�z"rs{�x

|o}
∆I
|ol�I�{orÎm�vyk

◦
λiν=

λiν

1 − λ0
(ν = 1, . . . ,l).

�Az"rsx
ψ
no{�}L��}¼tXxaruz"{Å|o}¯ËÎ}Xk�vw¶�v"����zgtXrul¼}E!

M
vyn�½�z"ru��rs{�vy»�}.|o}

D ¾ z"{�m�z���}

ψ0I(z,ζ,λ) =
◦
χ (λ0)

ζ − z

|ζ − z|2
+ (1−

◦
χ (λ0))ψI(z,ζ,

◦
λ) ��� Â ] �

mZz"nok¯x�z"nox
I ∈ I(l) ¾ 1 ≤ l ≤ k ¾ z ∈ DI

¾ ζ ∈ D
∗
I

x�}Xqu�¯Ágn�}
z 6= ζ

}Xx
λ ∈ ∆0I

Â
C6z"x�z"{��6Á�n�}

ψ0I
}¼�ax6vyn����arÎ|o}¯tXqÀv"����}

C2 Â
� {ûm�}Xnox]vyquz"k��L|ol�I�{orsk.qu}¼�L{�zw¶�vyn)(

K0I(z,ζ,λ) ¾ m�z"nok z ∈ DI
¾ ζ ∈ D

∗
I

x�}Xqu�
Á�n�}

z 6= ζ
}Xx
λ ∈ ∆0I

¾ m�vyk

K0I(z,ζ,λ) =
(−1)n(n−1)/2

(2iπ)n
〈ψ0I ,dζ〉 ∧ 〈(∂z,ζ + dλ)ψ0I ,dζ〉

n−1

∧ d(ζ1 − z1) ∧ · · · ∧ d(ζn − zn),

��� Â ���
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}Xx�qu}¼��{�zw¶�vyn)(
KI(z,ζ,λ)

m�vyk

KI(z,ζ,λ) =
(−1)n(n−1)/2

(2iπ)n
〈ψI ,dζ〉 ∧ 〈(∂z,ζ + dλ)ψI ,dζ〉

n−1

∧ d(ζ1 − z1) ∧ · · · ∧ d(ζn − zn).

��� Â ���

ËÎ}¼�({�zw¶�vyn)(
K0I
}Xx
KI
��z"{�x2|o}¼�F��z"ka¹�}¼�2|;r('�lXk�}X{gxaru}Xqsqu}¼��|o}6tXqÀv"����}

C1 }Xx2|o}�|o}X»�k�l
2n− 1

}Xx�z"{Åv
(∂z,ζ + dλ)K0I(z,ζ,λ) = 0 ��� Â + �

|�~ vymok�¿¼��qÀv�j%k�z"m�z��arsxaruz"{ � Â � |o}�# ] � &�ÂjÒz"nok I�{orsk�z"{�m�z���} ¾ m�z"nok z ∈ DI
¾ ζ ∈ D

∗
I

x�}Xqu��Ágn�}
z 6= ζ ¾

C0I(z,ζ) =

∫

λ∈∆0I

K0I(z,ζ,λ)

CI(z,ζ) =

∫

λ∈∆I

KI(z,ζ,λ)

� ÔFÓ��\Ó���8 � 8WÓ � ��Ú 9 �4à ó áZÞ"ú�å ã ù C0I(z,ζ)
àXâ
CI(z,ζ)

ó Þ"á�â2ð�à ó � Þ"æCñ²à ó ð"ß �/� çCæ�àCá íâ#ß�àCôWôuà ó æaà ó õ à î â#ßWäyàCñ²àCá¡â�ð�àLðgà�ê"æ�ç 2n− |I| − 1
àXâ(ð�à�ð�à�ê"æ�ç

2n− |I|
ï�ð�à î ôså ó�ó à C1

õ Þ ã æ z ∈ DI
àXâ
ζ ∈ D

∗
I

â�àCô ó ì ã à z 6= ζ
ï�ì ã ß2äyçCæCß �(àXá�â�ô ; çaì ã å�â#ß�Þ"áºå ã ùÅð�çCæCßWäyç�à óõ å"æXâ#ß�àCôWôuà ó

∂zC0I + ∂ζC0I = C0δ(I) − CI ,

Þ��
C0δ(I) =

∑|I|
ν=1(−1)ν+1C0I(ν̂) ÷

��: � ������4=�	��������� �%{ÅvymomoqsruÁ�n�vy{gx�qÀv ��z"ka¹Lnoqu}L|o} �gx�z���}¼��z"{Åv
∫

λ∈∂∆0I

K0I(z,ζ,λ) =

∫

λ∈∆0I

dλK0I(z,ζ,λ)

É@vyru�
∂∆0I =

∑|I|
ν=1(−1)ν∆0I(ν̂) + ∆I

¾ z"{ûv³|oz"{�t]m�vyk¯|ol�I�{orsxaruz"{û|o}¼�,{�z�¶�vyn)(
C0I
¾ CI
}Xx
C0δ(I)

∫

λ∈∂∆0I

K0I(z,ζ,λ) = −C0δ(I) + CI .

´(z"¹�¹�}
(∂z,ζ + dλ)K0I = 0 ¾ z"{�z"poxaru}X{gx

∫

λ∈∆0I

dλK0I(z,ζ,λ) = −

∫

λ∈∆0I

∂z,ζK0I(z,ζ,λ) = −(∂zC0I + ∂ζC0I),

|�~�z32�qu}¯k�l¼�anoqsx�vyxwÂ
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�������	���
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ËÎ}¼�°mok�z"mokarulXx�l¼��|�~ vy{o{�noqÀvyxaruz"{Ç|o}¼�³{�zw¶�vyn)(

CI
��z"{gx³qsrul¼}¼� !9|o}¼�³mok�z"mokarulXx�l¼�

|�~ µ�z"quz"¹�z"kamoµoru}]|o},qÀvJ��}¼tXxaruz"{Ù|o}¯ËÎ}Xk�v¼¶
ψ
v"����zgtXrul¼}E!

M
!�m�vykaxarsk�|o},qÀv"Ágn�}Xqsqu}¯rsqu�

��z"{�x�t¼z"{���xakanorsx��wÂ
� Ñ���� 8�� 8WÓ�� ��Ú�� �ÒáZà±å õ�õ ô ß î å�â#ß�Þ"á f ð�ç��\á�ß�à ó ã æ ã áZà°äFå"æCß�çXâ�ç�å"á¡å�ô ú�â#ß�ì ã à î Þ"ñ íõ ôsà�ù�à X üJäFå�ôsà ã æ ó ð�å"á ó C

n à ó â�ð"ß#â�à m í 	 Þ"ôsÞ"ñ�Þ"æ õ 	 à1ï ó ß õ Þ ã æ¯â�Þ ã â õ Þ"ßWá�â ξ ∈ X
ï

ßòô�àaù"ß ó â�àTð�à ó î Þ�Þ"æ�ð�Þ"á�áZç�à ó 	 Þ"ôsÞ"ñ�Þ"æ õ 	 à ó h1, . . . ,hn
ð�å"á ó ã á²äFÞ�ß ó ßòá¡å�ê�à�ðgà ξ â�àCôWôuà óì ã à f ó Þ"ß#â 	 Þ"ôsÞ"ñ�Þ"æ õ 	 à õ å�æ.æ�å õ�õ Þ"æXâ(ü h1, . . . ,hm ÷

C6z"n���|;rsk�z"{���Ágn�}³qÀvÙ��}¼tXxaruz"{ |o}±ËÎ}Xk�vw¶
ψ
v"����zgtXrul¼}.!

M
}¼�ax

m
·�µ�z"quz"¹�kamoµ�}

m�vykLk�vymom�z"kax=!±qÀv±½�vykarÀvypoqu}
z ¾ �ar�mZz"nok.x�z"nox I ∈ I(l) ¾ 1 ≤ l ≤ k ¾ t�µ�v"tXno{�}³|o}¼�vymomoqsrutwvyxaruz"{��

ψI
}¼�ax

m
·�µ�z"quz"¹�kamoµ�}.m�vyk�k�vymomZz"kax !�qÀv�½"vykarÀvypoqu}

z
Â

� {�mok�z"no½�}Lvyquz"k��-��v"tXrsqu}X¹�}X{gx�qu},qu}X¹�¹�}.�anors½�vy{�xÎÍ
� ×gÖ�Öû× ��Ú�� 	2á ó ã õ�õ Þ ó à�ì ã à(ôså ó à î â#ß#Þ"á²ðgàF�4àCæaå"ú

ψ
å ó�ó Þ î ß�ç�à�ü M å ã äyÞ"ß ó ßòáZåwê�àð ã ð�Þ"ñ�å"ßWáZà D à ó â (q + k) í 	 Þ"ôsÞ"ñ�Þ"æ õ 	 à õ å"æ]æaå õ�õ Þ"æCâ6ü±ôöå�äFå"æCß#å ý ôsà z ÷ ÜZÞ�ßWâ I ∈

I(l)
ï
1 ≤ l ≤ k � ó ß [CI(z,ζ)]p,r

ð�ç ó ßsê"áZàLôså õ å"æXâ#ß�àJð�à ý ß�ð�à�ê�æaç (p,r)
àXá
z
ð�à
CI
ï

å"ôöÞ�æ ó õ Þ ã æLâ�Þ ã â ζ ∈ D
∗
I

�Òùgç

[CI(z,ζ)]p,r = 0 si 0 ≤ p ≤ n et n− k − q + 1 ≤ r ≤ n− k

∂z[CI(z,ζ)]p,n−k−q = 0 si 0 ≤ p ≤ n,

ó ã æ DI \ {ζ}
®¯vy{��,qÀv²�arsxan�vyxaruz"{Ê»�l¼z"¹�lXxakaruÁgn�}J|ol¼tXkarsx�}�|�vy{��6qÀv³��}¼tXxaruz"{ ] ¾ z"{@m�}Xnox,t�µ�z"ru�arsk

D
v"����}��±m�}Xxarsx�m�z"nok�Á�n�} ¾ m�z"nokJx�z"nox I ∈ I(l) ¾ 1 ≤ l ≤ k ¾ qu}¼��|oz"¹²vyrs{�}¼� DImZz�����¿¼|o}X{�x.|o}¼�,mok�z"mokarulXx�l¼�Lvy{�vyquz"»�n�}¼�Lvyn)(Ê|oz"¹²vyrs{�}¼�.lXxan�|;rul¼�¯|�vy{���# ],+ &\}Xx,mZz"nok

qu}¼��Á�n�}Xqu�2qu}¼��vynox�}Xnok���z"{�x�t¼z"{��axakanorsx�|o}¼����}¼tXxaruz"{���|o},ËÎ}Xk�vw¶³m�z�����l¼|�vy{gx�|o}TpZz"{o{�}¼�
mok�z"mokarulXx�l¼�(|�~ µ�z"quz"¹�z"kamoµoru}�Â��gr

M
}¼��x�|o}�tXqÀv"����}

C3 ¾ t¼}¼����}¼tXxaruz"{�����}Xk�z"{�x2|o}�tXqÀv"����}
C2 Âo¸TvymomZ}Xquz"{���qu}¼��mokars{�tXrsm�vyqu}¼�6lXx�vym�}¼��|o}.t¼}Xxax�}.t¼z"{���xakan�tXxaruz"{ÎÂjÒz"nok

λ ∈ ∆I
¾ z"{±{�z"x�} Fλ(.,ζ)

qu}Tm�z"qs¶g{��"¹�},|o},ËÎ}X½Ar�|o}
ρλ
vyn±mZz"rs{gx

ζ ∈ U
Â

jÒz"nok
ζ ∈ U ¾ z ∈ C

n ¾

Fλ(z,ζ) = 2

n∑

j=1

∂ρλ

∂ζj
(ζ)(ζj − zj) −

n∑

j,k=1

∂2ρλ

∂ζj∂ζk
(ζ)(ζj − zj)(ζk − zk)

�Az"rsx
G(n,q + k)

qÀv�»�k�v"���a¹²vy{o{oru}X{o{�}.|o}¼����z"n���}¼�am�v"t¼}¼��½�}¼tXx�z"karu}Xqu��|o}¯|;rs¹�}X{;·
�aruz"{

q + k
|o}

C
n ÂojÒz"nok6x�z"nox I ∈ I(k) ¾ z"{�t¼z"{���ru|o¿Xk�}¯no{�}Lvymomoqsrutwvyxaruz"{

TI : ∆I → G(n,q + k)
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|o}LtXqÀv"����}
C∞ x�}Xqsqu}]Á�n�}.qÀvA��z"ka¹�}.|o}LËÎ}X½ArÒvynÙ½�z"ru�ars{�vy»�}L|o}

D
|o}¯qÀv��#z"{�tXxaruz"{

ρλ��z"rsx�|ol�I�{oru}¯m�z��arsxars½�}¯�anok
Tλ
m�z"nok�x�z"nox

λ ∈ ∆I
Â

� {Å{�z"x�}
P λ qÀv�mok�z'��}¼tXxaruz"{@z"kaxaµ�z"»�z"{�vyqu}�|o}

C
n �anok TI(λ)

}XxTz"{Åm�z���}
Qλ =

ICn −P λ ¾ z32 ICn
|ol¼�ars»�{�}�q�~ vymomoqsrutwvyxaruz"{³ru|o}X{gxaruÁ�n�}6|o}

C
n Â�Ë4v*��z"ka¹Lnoqu}�|o} �Òv¼¶Aquz"k

rs¹�moqsruÁ�n�}.Ágn�} ¾ �ar�qu}¯|oz"¹²vyrs{�} D ⊂⊂ U
}¼�ax�v"����}��¯mZ}Xxarsx ¾ rsqÎ}�(;ru�ax�},|o}¼��t¼z"{��ax�vy{gx�}¼��axakarutXx�}X¹�}X{�x6mZz��arsxars½�}¼�

α
}Xx
A
x�}Xqsqu}¼��Ágn�}

Re Fλ(z,ζ) ≥ ρλ(ζ) − ρλ(z) + α|ζ − z|2 −A|Qλ(ζ − z)|2 ��� Â ���
mZz"nok

ζ,z
vyn�½�z"ru�ars{�vy»�}L|o}

D
Â

j%noru��Ágn�}
ρλ
}¼�ax4|o}�tXqÀv"����}�vyn]¹�z"rs{��

C2 |�vy{�� ω ¾ z"{]mZ}XnoxÎxak�z"no½�}XkÌ|o}¼� ��z"{�tXxaruz"{��
ajk
¾ j,k = 1, . . . ,n ¾ |o}LtXqÀv"����} C∞ �anok U x�}Xqsqu}¼�6Á�n�},m�z"nok�x�z"nox ζ ∈ U

|ajk(ζ) −
∂2ρλ

∂ζj∂ζk
(ζ)| <

α

2n2
. ��� Â%$ �

� quz"k���}X{ÅmZz���vy{gx

F̃λ(z,ζ) = 2

n∑

j=1

∂ρλ

∂ζj
(ζ)(ζj − zj) −

n∑

j,k=1

ajk(ζ)(ζj − zj)(ζk − zk),

z"{Å|ol¼|;norsx�|o} � Â � }Xx � Â%$JÁgn�}

Re F̃λ(z,ζ) ≥ ρλ(ζ) − ρλ(z) +
α

2
|ζ − z|2 −A|Qλ(ζ − z)|2 ��� Â J��

mZz"nok
ζ,z
vyn�½�z"ru�ars{�vy»�}L|o}

D
Â

� {û{�z"x�}
(Qλ

jk)
n
j,k=1

qu}¼�.t¼zA} �²tXru}X{�x���|o}JqÀv±¹²vyxakarut¼}
Qλ ¾ }Xx ¾ mZz"nok (z,ζ,λ) ∈

C
n × U × ∆I

¾ z"{�m�z���}

wj(z,ζ,λ) = 2
∂ρλ

∂ζj
(ζ) −

n∑

k=1

ajk(ζ)(ζk − zk) +A

n∑

k=1

Qλ
jk(ζk − zk)

w(z,ζ,λ) = (w1(z,ζ,λ), . . . ,wn(z,ζ,λ))

Φ(z,ζ,λ) = 〈w(z,ζ,λ),ζ − z〉.

´(z"¹�¹�}
Qλ }¼�ax�no{�}¯mok�z'�a}¼tXxaruz"{Åz"kaxaµ�z"»�z"{�vyqu} ¾ z"{Åv

Φ(z,ζ,λ) = F̃λ(z,ζ) +A|Qλ(ζ − z)|2

}Xx�z"{�|ol¼|;norsx6|o} � Â J Ágn�}

Re Φ(z,ζ,λ) ≥ ρλ(ζ) − ρλ(z) +
α

2
|ζ − z|2 ��� Â%B �
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mZz"nok
ζ,z
vyn�½�z"ru�ars{�vy»�}L|o}

D
}Xx
λ ∈ ∆I

Â
¸�}X¹²vyk�Ágn�z"{��±Á�n�} ¾ mZz"nok ζ ID(olÙ|�vy{��³no{ë½�z"ru�ars{�vy»�}@|o}

D
}Xx
λ ∈ ∆I

¾ z"{mZ}Xnox�t�µ�z"ru��rsk�|o}6{�z"no½�}Xqsqu}¼��t¼zAz"k�|oz"{o{�l¼}¼�
h1, . . . ,hn

|olXmZ}X{�|�vy{gx�qsrs{�lwvyrsk�}X¹�}X{�x�|o}¼�
t¼zgz"k�|oz"{o{�l¼}¼�Tt¼z"¹�moqu}�(;}¼��rs{orsxarÀvyqu}¼��x�}Xqsqu}¼��Ágn�}

{z ∈ C
n|Qλ(z) = 0} = {z ∈ C

n|hq+k+1(z) = · · · = hn(z) = 0}.

Ë\~ vymomoqsrutwvyxaruz"{
z 7→ Qλ(ζ − z)

}¼�ax.vyquz"k��,rs{�|olXmZ}X{�|�vy{gx�}²|o}
h1, . . . ,hq+k

¾ t¼}JÁ�norrs¹�moqsruÁ�n�}\Ágn�}
w(.,ζ,λ)

}¼�ax�no{�}�vymomoqsrutwvyxaruz"{
C
·�qsrs{�lwvyrsk�}%m�vykÎk�vymom�z"kax !

h1, . . . ,hq+k}Xx�Á�n�}
Φ(.,ζ,λ)

}¼�ax�no{�m�z"qs¶A{��"¹�}¯Á�n�v"|;k�vyxaruÁgn�}Lt¼z"¹�moqu}�(o}.}X{
h1, . . . ,hq+k

Â
jÌvykTt¼z"{���l¼Ágn�}X{�x�}X{�m�z���vy{gx

ψI(z,ζ,λ) =
w(z,ζ,λ)

Φ(z,ζ,λ)
��� Â ���

mZz"nok
(z,ζ,λ) ∈ DI ×D

∗
I ×∆I

¾ I ∈ I(l) ¾ 1 ≤ l ≤ k ¾ z"{�z"poxaru}X{�x�no{�},��}¼tXxaruz"{�|o}ËÎ}Xk�v¼¶
ψ = (ψI)I∈∪1≤l≤kI(l)

v"����zgtXrul¼}*!
M
vyn°½�z"ru�ars{�vy»�}T|;n°|oz"¹²vyrs{�}

D ¾ Ágnor¡}¼�ax
(q + k)

·�µ�z"quz"¹�z"kamoµ�}Lm�vyk�k�vymomZz"kax*!�qÀvJ½"vykarÀvypoqu}
z
Â

����� ���	��
�������	���
�� ��� ���������	� ����� ���
®¯vy{��Òno{Jmok�}X¹�ru}Xk�x�}X¹�m��Ì{�z"n��%vyqsquz"{���mok�z"no½�}Xk�Ágn�}�qu}¼�Ò{�z�¶�vyn)(

BI = C0I
¾ I ∈

I(l) ¾ 1 ≤ l ≤ k ¾ t¼z"{��axakanorsx���!�q�~ vyru|o}�|o}�qÀvT��}¼tXxaruz"{�|o}2ËÎ}Xk�v¼¶
ψ = (ψI)I∈∪1≤l≤kI(l)v"����zAtXrul¼} !

M
vynÅ½�z"ru�ars{�vy»�}L|;nÅ|oz"¹²vyrs{�}

D ¾ |ol�I�{oru}L|�vy{���qu},m�vyk�vy»�k�vymoµ�}]mok�l¼t¼lC·|o}X{�x ¾ ½�lXkar I�}X{gx�qu}¼��t¼z"{�|;rsxaruz"{��6|�~ rs{�x�lX»�k�vyporsqsrsx�l%Í
� m�z"nok2x�z"nox�}*�#z"ka¹�}¯|;r('�lXk�}X{�xaru}Xqsqu}

f
|o}¯tXqÀv"����}

C1 �anok U !��anomom�z"kax�|�vy{��
D ¾∫

ζ∈SI
f(ζ)∧BI(z,ζ)

|ol�I�{orsx�no{�}*�#z"ka¹�},|;r('�lXk�}X{�xaru}Xqsqu}.t¼z"{gxars{�n�}.��nok
DI
}Xx

|o}¯tXqÀv"����}
C∞ �anok DI

� ��z"rsx j ∈ {±1, . . . ,±k}
x�}Xq;Ágn�}

I∪{j} ∈ I ¾ m�z"nok4x�z"nox�}��#z"ka¹�}�|;r('�lXk�}X{gxaru}Xqsqu}
f
|o}TtXqÀv"����}

C1 �anok U !L��nomomZz"kax�|�vy{��
D ¾ ∫ζ∈S+

I∪{j}
f(ζ)∧BI(z,ζ)

|ol�I�{orsx
no{�}*��z"ka¹�}.|;r('�lXk�}X{�xaru}Xqsqu}Lt¼z"{gxars{�n�}��anok

DI
}Xx�|o}.tXqÀv"����}

C∞ �anok DI
Â

C6z"n���|o}X½�z"{���|oz"{�t.t¼z"{��aru|olXk�}Xk6qu}¼� ��z"ka¹�}¼��|;r('�lXk�}X{gxaru}Xqsqu}¼�
∫

ζ∈SI

f(ζ) ∧BI(z,ζ) =

∫

(ζ,λ)∈SI×∆0I

f(ζ) ∧K0I(z,ζ,λ)

∫

ζ∈S+
I∪{j}

f(ζ) ∧BI(z,ζ) =

∫

(ζ,λ)∈S+
I∪{j}

×∆0I

f(ζ) ∧K0I(z,ζ,λ).

��� Â ] ���

¸�}X¹²vyk�Ágn�z"{���Á�n�}°qu}¼�A��z"ka¹�}¼�
ψI
}Xx � k�}¼�amZ}¼tXxars½�}X¹�}X{gx ψ0I

� ��z"{gx�|ol�I�{oru}¼��mZz"nokmZz"nok
z ∈ DI

¾ ζ ∈ D
∗
I

x�}Xqu�6Á�n�}
z 6= ζ

}Xx
λ ∈ ∆I

� k�}¼�am�}¼tXxars½�}X¹�}X{�x λ ∈ ∆0I
� }Xx
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|o}¯tXqÀv"����}
C2 }X{ ζ }Xx C∞ }X{ z �anok�qu}Xnok�|oz"¹²vyrs{�}L|o}¯|ol�I�{orsxaruz"{ÎÂ�j�vyk�t¼z"{���l¼Ágn�}X{�xqu}¼��{�zw¶�vyn)(
BI
��z"{�x6|o}LtXqÀv"����}

C1 }X{ ζ }Xx C∞ }X{ z m�z"nok (z,ζ) ∈ DI ×D
∗
I

Â�ËÎ}¼�
�#z"ka¹�}¼��|;r('�lXk�}X{gxaru}Xqsqu}¼� � Â ] � ��z"{gxL|oz"{�t²|ol�I�{oru}¼��}Xx]|o}�tXqÀv"����} C∞ �anok DI

Â<C6z"n��
vyqsquz"{��.mok�z"no½�}XkLÁgnÎ~�}Xqsqu}¼�L��}Jmok�z"quz"{o»�}X{gx]}X{9|o}¼���#z"ka¹�}¼�.|;r('�lXk�}X{�xaru}Xqsqu}¼��t¼z"{�xars{gn�}¼�
�anok

DI
Â

� { t¼z"{��aru|o¿Xk�}�mZz"nok
I = (i1, . . . ,il) ∈ I(l)

qu}¼�²��z"n���·�½�vykarulXx�l¼�
ΓI = {ζ ∈

D
∗
I |ρi1 = · · · = ρil}

}Xx¯z"{Êqu}¼�¯z"karu}X{�x�}�|o}Jx�}Xqsqu}J��z"kax�}JÁgn�}�q�~�z"karu}X{�x�vyxaruz"{�|o}
∂ΓIt¼z���{�tXru|o}]v¼½�}¼tLt¼}Xqsqu}.|o}

SI
Â

�gr
f
}¼�ax�no{�}

(n,r)
· ��z"ka¹�}L|;r('�lXk�}X{�xaru}Xqsqu}J|o}]tXqÀv"����}

C1 �anok U !��anomom�z"kax6|�vy{��
D ¾ z"{Ùv�vyquz"k���mZz"nok z ∈ DI

∫

ζ∈SI

f(ζ) ∧BI(z,ζ) =

∫

(ζ,λ)∈SI×∆0I

f(ζ) ∧K0I(z,ζ,λ)

=

∫

(ζ,λ)∈ΓI×∆0I

∂f(ζ) ∧K0I(z,ζ,λ)

+ (−1)n+r

∫

(ζ,λ)∈ΓI×∆0I

f(ζ) ∧ ∂ζK0I(z,ζ,λ)

}Xx
∫

ζ∈S+
I∪{j}

f(ζ) ∧BI(z,ζ) =

∫

(ζ,λ)∈S+
I∪{j}

×∆0I

f(ζ) ∧K0I(z,ζ,λ)

=

∫

(ζ,λ)∈ΓI∩{ρl≥0}×∆0I

∂f(ζ) ∧K0I(z,ζ,λ)

+ (−1)n+r

∫

(ζ,λ)∈ΓI∩{ρl≥0}×∆0I

f(ζ) ∧ ∂ζK0I(z,ζ,λ).

C6z"n���|o}X½�z"{��2¹²vyrs{gx�}X{�vy{�x�lXxan�|;ru}Xk�vw½�}¼t,moqsn���|o}�mok�l¼tXru�aruz"{�qÀv]�ars{o»�noqÀvykarsx�l¯|o}¼�
{�zw¶�vyn)(

K0I
}Xx
∂ζK0I

}X{
z = ζ

Â��©{�xak�zA|;noru��z"{��4x�z"noxÌ|�~ vypZz"k�|]Á�n�}XquÁgn�}¼�Ò{�z"x�vyxaruz"{��wÂ
� Ñ���� 8�� 8WÓ�� ��Ú 	 ÜZÞ�ßWâ

I ∈ I(l)
ï
1 ≤ l ≤ k

ï(àXâ
s ã á àXá�â#ß�àXæ ÷�4áZà � Þ"æCñ²à�ð�à±â#ú õ à Os

þ Þ ã ð�à±â#ú õ à Os(z,ζ,λ)
ÿ ó ã æ DI × D

∗
I × ∆0I

à ó âWï
õ å"æÅð�ç���á�ßWâ#ß�Þ"áoï ã áZà � Þ"æCñ�àÙð"ß �6çCæ�àCá�â#ß�àCôòôuà î Þ"á�â#ßWá ã à f(z,ζ,λ)

ð�ç��\á�ß�à õ Þ ã æ�â�Þ ã â
(z,ζ,λ) ∈ DI ×D

∗
I × ∆0I

â�àXôÒì ã à z 6= ζ
ä"çCæ1ß ��å"á¡â�ôuà ó î Þ"á¡ð�ßWâ#ß�Þ"á ó,ó ã ßWäFå"á�â�à ó��

� ÷ �Òà ó ð�çCæCßòä"ç�à ó ð<; Þ"æað"æ�à6á ã ô�àCá ζ ïÎßòá � çCæCß�à ã æTÞ ã ç�ê�å�ô�ü 1
àCá
z
àXâ�å"æ ý ß#â#æ�å"ßWæ�à¯àCá

λ
ð�à ó î Þ�à�� î ß�àCá�â ó ð�à f ó Þ"á�â î Þ"á�â#ßWá ã à ó õ Þ ã æ�â�Þ ã â (z,ζ,λ) ∈ DI×D

∗
I×∆0Iâ�àCô4ì ã à z 6= ζ ÷

� ÷ ÜZÞ�ßWâ ∇κ
z
ï
κ = 0,1

ï ã á Þ õ çCæaå�â�à ã æ�ð"ß �6çCæaàXá�â#ß�àXô]ü î ÞFà�� î ß�àCá�â ó î Þ"á ó â�å"á�â óð<; Þ"æað"æ�à¯á ã ô4àCá ζ ïÌßWá � çCæCß�à ã æ.Þ ã ç�ê�å�ôÒü 1
àCá
z
àXâ�å"æ ý ß#â#æ�å"ßWæ�à�àXá

λ ÷Zø ô4àaù�ß ó â�à
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ã áZà î Þ�á ó â�å"á¡â�à C > 0
â�àCôWôsà9ì ã à@ï õ Þ ã æ î 	 å�ì ã à î ÞFà�� î ß�àCá�â ϕ(z,ζ,λ)

ð�à
f(z,ζ,λ)

ï
|∇κ

zϕ(z,ζ,λ)| ≤ C|ζ − z|s−κ

õ Þ ã æLâ�Þ ã â (z,ζ,λ) ∈ DI ×D
∗
I × ∆0I

â�àCô4ì ã à z 6= ζ ÷
� ÷ ßWô�àaù"ß ó â�àTð�à ó äFÞ�ß ó ßòá¡å�ê�à ó U0

àXâ
UI
ð�å�á ó ∆0I

ð�à
∆0
à¼â

∆I
ï�æ�à ó õ à î â#ßWäyàCñ²àCá�âWïâ�àCô ó ì ã à f(z,ζ,λ) = 0 õ Þ ã æLâ�Þ ã â (z,ζ,λ) ∈ DI ×D

∗
I × (U0 ∪ UI) ÷

ËÎ}¼����¶g¹]pZz"qu}¼�
Os
}Xx
Os(z,ζ,λ)

��z"{�x�noxarsqsru��l¼��|o}¯qÀv�¹²vy{oru¿Xk�}L��nors½"vy{gx�}%Í
f = Os

�ars»�{or I�}%Í
f
}¼�ax�no{�}*��z"ka¹�}.|o}¯x©¶gm�}

Os
Â

Os∧f = Ok∧g+Om
��rs»�{or I�}%Í�mZz"nok�x�z"nox�} ��z"ka¹�}

h
|o}2x�¶Am�}

Os
rsqo}�(Aru�ax�}2no{�}

�#z"ka¹�}
u
|o},x©¶gm�}

Ok
}Xx�no{�} ��z"ka¹�}

v
|o}Tx�¶AmZ}

Om
x�}Xqsqu}¼��Á�n�}

h ∧ f = u∧ g + v
Â

Ë\~�l¼Ágn�vyxaruz"{

Ef(z) =

∫

(ζ,λ)∈SI×∆0I

Os(z,ζ,λ) ∧ f(z,ζ,λ)

�ars»�{or I�}%Íorsq4}�(;ru�ax�},no{�} ��z"ka¹�}
Ê
|o},x©¶gm�}

Os
x�}Xqsqu}LÁ�n�}

Ef(z) =

∫

(ζ,λ)∈SI×∆0I

Ê(z,ζ,λ) ∧ f(z,ζ,λ)

mZz"nok�x�z"nox�}
f
Â

¸6vymom�}Xquz"{���Ágn�}

ψ0I(z,ζ,λ) =
◦
χ (λ0)

ζ − z

|ζ − z|2
= (1−

◦
χ (λ0))ψI(z,ζ,

◦
λ) ��� Â ] ] �

mZz"nok�x�z"nox
I ∈ I(l) ¾ 1 ≤ l ≤ k ¾ z ∈ DI

¾ ζ ∈ D
∗
I

x�}Xqu��Ágn�}
z 6= ζ

}Xx
λ ∈ ∆0I

Â
� {�m�z���}

W = W (z,ζ,
◦
λ) = 〈w(z,ζ,

◦
λ),dζ〉

}Xx
M = M(z,ζ) =

〈ζ − z,dζ〉

|ζ − z|2

mZz"nok
z ∈ DI

¾ ζ ∈ D
∗
I

x�}Xqu��Á�n�}
z 6= ζ

}Xx
λ ∈ ∆0I \ ∆0

¾ z32

〈w(z,ζ,
◦
λ),dζ〉 =

n∑

j=1

wj(z,ζ,
◦
λ)dζj

}Xx
〈ζ − z,dζ〉 =

n∑

j=1

(ζj − zj)dζj .
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�Az"rsx
f
no{�}

(n,r)
· ��z"ka¹�}.�anok

D ¾ z"{�mZz���}

f(ζ) = f̃(ζ)dζ1 ∧ · · · ∧ dζn.

jÌvykT|ol�I�{orsxaruz"{ ��� Â ��� |o}¼��{�z�¶�vyn)( K0I
z"{Åv

f(ζ) ∧K0I(z,ζ,λ) =
(−1)n(n−1)/2

(2iπ)n
f̃(ζ) ∧ 〈ψ0I ,dζ〉

∧ 〈(∂z,ζ + dλ)ψ0I ,dζ〉
n−1 ∧ dz1 ∧ · · · ∧ dzn.

� quz"k�� ¾ |�~ vymok�¿¼��qÀv�k�}XqÀvyxaruz"{ � Â ] ] ¾ z"{Ùv

〈ψ0I ,dζ〉 =
◦
χ M + (1−

◦
χ)
W

Φ

〈(∂z,ζ + dλ)ψ0I ,dζ〉 = (
W

Φ
−M) ∧ d

◦
χ +

◦
χ ∂z,ζM + (1−

◦
χ)

(∂z,ζ + dλ)W

Φ

+ (1−
◦
χ)
W

Φ2
(∂z,ζ + dλ)Φ.

´(z"¹�¹�}¯z"{�|oz"rsx�rs{�x�lX»�k�}Xk
f(ζ)∧K0I(z,ζ,λ)

�anok
∆0I
¾ Á�nor�}¼�ax�|o},|;rs¹�}X{��aruz"{k�l¼}Xqsqu}

|I| ¾ ��}Xnoqu}]qÀv�t¼z"¹�m�z���vy{�x�}J|o}�|o}X»�k�l |I| }X{ λ |;n@{�zw¶�vyn K0I
|oz"{o{�}Xk�v²no{�}

t¼z"{�xakarsponoxaruz"{ÎÂ�ÉÊvyru�²qu}¼�/�#z"ka¹�}¼�±|;r('�lXk�}X{�xaru}Xqsqu}¼�
(∂z,ζ + dλ)Φ

}Xx
(∂z,ζ + dλ)W��z"{�x¯qu}¼�,rs¹²vy»�}¼�¯k�l¼tXrsmok�zAÁgn�}¼�.|o}=�#z"ka¹�}¼�¯|;r('�lXk�}X{�xaru}Xqsqu}¼�]�anok

DI × D
∗
I × ∆I

m�vyk
q�~ vymomoqsrutwvyxaruz"{

(z,ζ,λ) 7→ (z,ζ,
◦
λ) �
m�vykÒt¼z"{���l¼Ágn�}X{�x ¾ monoru��Ágn�} ∆I

}¼�axÌ|o}�|;rs¹�}X{��aruz"{
k�l¼}Xqsqu}

|I| − 1 ¾ mZz"nok]x�z"nox s = 1,2, . . . ¾ z"{ v [((∂z,ζ + dλ)W )s]degλ=|I| = 0
}Xx

[((∂z,ζ + dλ)W )s ∧ (∂z,ζ + dλ)Φ]degλ=|I| = 0
Â � {ÅvJ|oz"{�t

[〈ψ0I ,dζ〉 ∧ 〈(∂z,ζ + dλ)ψ0I ,dζ〉
n−1]degλ=|I|

= (
◦
χ M + (1−

◦
χ)
W

Φ
) ∧ (n− 1)(

W

Φ
−M) ∧ d

◦
χ

∧ [(
◦
χ ∂z,ζM + (1−

◦
χ)

(∂z,ζ + dλ)W

Φ
+ (1−

◦
χ)
W

Φ2
(∂z,ζ + dλ)Φ)n−2]degλ=|I|−1.

�%{9|olX½�}Xquz"mom�vy{�x�q�~�}�(;mok�}¼���aruz"{ mok�l¼t¼l¼|o}X{�x�}³}XxL}X{ k�}X¹²vyk�Ágn�vy{�x]Ágn�}
W ∧W = 0}Xx

M ∧M = 0 ¾ twvyk W }Xx M ��z"{�x�|o}¼� 1
· ��z"ka¹�}¼� ¾ z"{Ùz"poxaru}X{�x

[f(ζ) ∧K0I(z,ζ,λ)]degλ=|I| = af̃(ζ)
M ∧W

Φ
∧ d

◦
χ

∧ (
◦
χ ∂z,ζM + (1−

◦
χ)
∂z,ζW

Φ
)n−1−|I| ∧ ((1−

◦
χ)
dλW

Φ
)|I|−1,
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z32
a
|ol¼�ars»�{�}.no{�}.t¼z"{��ax�vy{�x�}�Â
jÌvyk,|ol�I�{orsxaruz"{Ê|o}¼� ��z"ka¹�}¼�6|;r('�lXk�}X{�xaru}Xqsqu}¼�,|o}.x©¶gm�}

Os
¾ z"{@v d ◦

χ= O0
¾ O0 ∧

M = O−1
¾ O0 ∧ ∂z,ζM = O−2

}Xx
O0 ∧ ∂z,ζW = O0

¾ |�~�z32

[f(ζ) ∧K0I(z,ζ,λ)]degλ=|I| =
O−1 ∧W

Φ|I|
∧ (O−2 +

O0

Φ
)n−1−|I| ∧ (dλW )|I|−1.

jÌvyk,vyrsqsqu}Xnok���z"{Åv

O0 ∧W =
∑

j∈I

O0 ∧ ∂ρj(ζ) +O1

O0 ∧ dλW =
∑

j∈I

O0 ∧ ∂ρj(ζ) +O1

O0 ∧W ∧ (dλW )|I|−1 =
∑

0≤m≤|I|
i1,...,im∈I

O|I|−m ∧ ∂ρi1(ζ) ∧ · · · ∧ ∂ρim(ζ)

}Xx�m�vyk�t¼z"{���l¼Ágn�}X{�x

[f(ζ)∧K0I(z,ζ,λ)]degλ=|I| =

∑

0≤s≤n−1−|I|
0≤m≤|I|

O|I|−2n+2(|I|+s−m)+m+1

Φ(|I|+s−m)+m
∧ ∂ρi1(ζ) ∧ · · · ∧ ∂ρim(ζ)

�%{Å|;r('�lXk�}X{�xarÀvy{gx
K0I
m�vyk�k�vymomZz"kax*!

ζ ¾ z"{Åz"poxaru}X{�x

[f(ζ) ∧ ∂ζK0I(z,ζ,λ)]degλ=|I|

= af̃(ζ)(
∂ζM ∧W

Φ|I|
−
M ∧ ∂ζW

Φ|I|
+
M ∧W

Φ|I|+1
∧ ∂ζΦ) ∧ d

◦
χ

∧ (
◦
χ ∂z,ζM + (1−

◦
χ)
∂z,ζW

Φ
)n−1−|I| ∧ ((1−

◦
χ)(dλW )|I|−1

+ (n− 1 − |I|)af̃(ζ)
M ∧W

Φ|I|
∧ d

◦
χ

∧ (
◦
χ ∂ζ∂zM + (1−

◦
χ)
∂ζ∂zW

Φ
+ (1−

◦
χ)
∂z,ζW ∧ ∂ζΦ

Φ2
)

∧ (
◦
χ ∂z,ζM + (1−

◦
χ)
∂z,ζW

Φ
)n−2−|I| ∧ ((1−

◦
χ)(dλW )|I|−1

+ (|I| − 1)af̃(ζ)
M ∧W

Φ|I|
∧ d

◦
χ

∧ (
◦
χ ∂z,ζM + (1−

◦
χ)
∂z,ζW

Φ
)n−1−|I| ∧ ((1−

◦
χ)|I|−1∂ζdλW ∧ (dλW )|I|−2,
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t¼}.Á�norÎ|oz"{o{�}

[f(ζ) ∧ ∂ζK0I(z,ζ,λ)]degλ=|I| = A+B + C +D +E + F +G

v¼½�}¼t

A =
O−2

Φ|I|
∧ (O−2 +

O0

Φ
)n−1−|I| ∧W ∧ (dλW )|I|−1

B =
O−1

Φ|I|
∧ (O−2 +

O0

Φ
)n−1−|I| ∧ (dλW )|I|−1

C =
O−1

Φ|I|+1
∧ (O−2 +

O0

Φ
)n−1−|I| ∧W ∧ (dλW )|I|−1 ∧ ∂ζΦ

D =
O−4

Φ|I|
∧ (O−2 +

O0

Φ
)n−2−|I| ∧W ∧ (dλW )|I|−1

E =
O−1

Φ|I|+1
∧ (O−2 +

O0

Φ
)n−2−|I| ∧W ∧ (dλW )|I|−1

F =
O−1

Φ|I|+2
∧ (O−2 +

O0

Φ
)n−2−|I| ∧W ∧ (dλW )|I|−1 ∧ ∂ζΦ

G =
O−1

Φ|I|
∧ (O−2 +

O0

Φ
)n−1−|I| ∧W ∧ ∂ζdλW ∧ (dλW )|I|−2.

� {Å}X{�|ol¼|;norsx

A =
∑

0≤s≤n−1−|I|
0≤m≤|I|

O|I|−2n+2(|I|+s−m)+m

Φ(|I|+s−m)+m
∧ ∂ρi1(ζ) ∧ · · · ∧ ∂ρim(ζ)

B =
∑

0≤s≤n−1−|I|
0≤m≤|I|−1

O|I|−2n+2(|I|+s−m)+m

Φ(|I|+s−m)+m
∧ ∂ρi1(ζ) ∧ · · · ∧ ∂ρim(ζ)

C =
∑

0≤s≤n−1−|I|
0≤m≤|I|

O|I|−2n+2(|I|+1+s−m)+m

Φ(|I|+1+s−m)+m
∧ ∂ρi1(ζ) ∧ · · · ∧ ∂ρim(ζ)

+
∑

0≤s≤n−1−|I|
0≤m≤|I|+1

O|I|−2n+2(|I|+1+s−m)+m

Φ(|I|+1+s−m)+m
∧ ∂ρi1 ∧ ∂ρi2(ζ) ∧ · · · ∧ ∂ρim(ζ)

D =
∑

0≤s≤n−2−|I|
0≤m≤|I|

O|I|−2n+2(|I|+s−m)+m

Φ(|I|+s−m)+m
∧ ∂ρi1(ζ) ∧ · · · ∧ ∂ρim(ζ)

E =
∑

0≤s≤n−2−|I|
0≤m≤|I|

O|I|−2n+2(|I|+1+s−m)+m+1

Φ(|I|+1+s−m)+m
∧ ∂ρi1(ζ) ∧ · · · ∧ ∂ρim(ζ)
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F =
∑

0≤s≤n−2−|I|
0≤m≤|I|

O|I|−2n+2(|I|+2+s−m)+m

Φ(|I|+2+s−m)+m
∧ ∂ρi1(ζ) ∧ · · · ∧ ∂ρim(ζ)

+
∑

0≤s≤n−2−|I|
0≤m≤|I|+1

O|I|−2n+2(|I|+2+s−m)+m

Φ(|I|+2+s−m)+m
∧ ∂ρi1 ∧ ∂ρi2(ζ) ∧ · · · ∧ ∂ρim(ζ)

G =
∑

0≤s≤n−1−|I|
0≤m≤|I|−1

O|I|−2n+2(|I|+s−m)+m

Φ(|I|+s−m)+m
∧ ∂ρi1(ζ) ∧ · · · ∧ ∂ρim(ζ)

� Ñ���� 8�� 8WÓ�� ��Ú���ÜZÞ�ß�àCá¡â
m ∈ N

ï ã á�àXá�â#ß�àXæ�ï�àXâ I ∈ I(l)
ï
1 ≤ l ≤ k

ï ã á ñ ã ôöâ#ß íßòá¡ð�ß î à ÷ �Òá z"mZlXk�vyx�}Xnok�|o}.x�¶AmZ} m à ó âWï õ å�æLð�ç��\á�ß#â#ß�Þ"áoï ã áZàLå õ�õ ô ß î å�â#ß#Þ"á

E : Cn,∗(D) → C∞
n,∗(DI)

â�àCôòôuà�ì ã ; ßWôÌàaù"ß ó â�à
� ã á àXá�â#ß�àXæ κ ≥ 0

ï
� ã áZà � Þ"æCñ²àLð�ß �6çCæ�àCá�â#ß�àCôWôsà Ê(z,ζ,λ)

ð�àLâ#ú õ à O|I|−2n+2κ+m
ó ã æ DI × ΓI ×

∆0I
â�àCôWôsà�ì ã à õ Þ ã æ]â�Þ ã â�à � Þ"æCñ²àLð�ß �6çCæ�àCá�â#ß�àCôWôsà f ∈ Cn,∗(D)

Ef(z) =

∫

(ζ,λ)∈ΓI×∆0I

f̃(ζ) ∧
Ê(z,ζ,λ) ∧ Θ(ζ)

Φκ+m(z,ζ,
◦
λ)

,

Þ��
f̃ ∈ C0,∗(D)

à ó â�ôöå � Þ"æCñ�à]ð"ß �6çCæ�àCá�â#ß�àCôòôuàJð�ç���á�ß�à õ å"æ

f(ζ) = f̃(ζ)dζ1 ∧ · · · ∧ dζn,

Θ = 1
ï ó ß m = 1

ï�àXâ
Θ = ∂ρi1(ζ)∧· · ·∧∂ρim(ζ)

Þ ã Θ = ∂ρi1 ∧∂ρi2(ζ)∧
· · · ∧ ∂ρim(ζ)

ï ó ß m ≥ 1
ï�å�äyà î i1, . . . ,im ∈ I ÷

ËÎ}¼��twvyqutXnoqu�2mok�l¼t¼l¼|o}X{�x��2¹�z"{gxak�}X{�x6vyquz"k��(rs¹�¹�l¼|;rÀvyx�}X¹�}X{gx�qÀvLmok�z"mZz��arsxaruz"{��anorö·
½"vy{gx�}%Í
� ÔFÓ��\Ó���8 � 8WÓ � ��Ú � �4à ó Þ õ çXæ�å�â�à ã æ ó ßWá�â�ç�ê"æaå ã ù

f 7→

∫

ζ∈SI

f(ζ) ∧BI(z,ζ)

f 7→

∫

ζ∈S+
I∪{j}

f(ζ) ∧BI(z,ζ)

ó Þ"á�â(ð�à ó¯ó Þ"ñJñ�à ó ��á�ß�à ó ð ; Þ õ çCæ�å�â�à ã æ ó ð�à]â#ú õ à m ÷
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��qAk�l¼�anoqsx�}2vyquz"k���|o}�q�~�lXxan�|o} ��vyrsx�}�|�vy{�� # ],+ &oÁ�n�}�mZz"nokÌx�z"nox
I ∈ I(l) ¾ 1 ≤ l ≤ k ¾x�z"nox

j ∈ {±1, . . . , ± k}
x�}Xq�Ágn�}

I ∪ {j} ∈ I
}Xx.x�z"nox�}0�#z"ka¹�}³|;r('�lXk�}X{gxaru}Xqsqu}

f|o}�tXqÀv"����}
C1 �anok U !²�anomom�z"kax¯|�vy{��

D ¾ qu}¼�*��z"ka¹�}¼�T|;r('�lXk�}X{�xaru}Xqsqu}¼� ∫
ζ∈SI

f(ζ) ∧

BI(z,ζ)
}Xx ∫

ζ∈S+
I∪{j}

f(ζ) ∧ BI(z,ζ)
��z"{�xT|o}]tXqÀv"����}

C1/2−ε m�z"nok6x�z"nox ε > 0
}Xx

|oz"{�t.t¼z"{�xars{gn�}¼�T��nok
DI
}Xx�|o}.tXqÀv"����}

C∞ ��nok DI
Â

�Az"rsx
χ
no{�} ��z"{�tXxaruz"{Ä|o}�tXqÀv"����}

C∞ �anok
R

!Ê½�vyqu}Xnok��³|�vy{��
[0,1]

x�}Xqsqu}ÅÁgn�}
χ(x) = 1

��r
|x| ≤ 1

2

}Xx
χ(x) = 0

�ar
|x| ≥ 1

Â � {�m�z���}
χε(z,ζ) = χ( |ζ−z|

ε )
Â

� ×gÖ�Öû× ��Ú�� � Þ ã æ³â�Þ ã â z ∈ SI
àXâ,â�Þ ã â�à � Þ"æCñ²à³ð�ß �6çCæ�àCá�â#ß�àCôWôsà f ð�à î ôså ó�ó à C1

ó ã æ U ü ó ã õ�õ Þ"æCâ2ð�å"á ó D ï�Þ"á å
∫

ζ∈SI

f(ζ) ∧BI(z,ζ) = lim
ε→0

∫

ζ∈SI

(1 − χε(z,ζ))f(ζ) ∧BI(z,ζ)

��: � ������4=�	��������� �Az"rsx
z ∈ SI

¾ t¼z"¹�¹�} 1−χε(z,ζ) = 0
vyn±½�z"ru�ars{�vy»�},|o}

z ¾ rsqk�l¼�anoqsx�}.|o}¯qÀv=��z"ka¹Lnoqu}]|o} �gx�z���}¼��Ágn�}
∫

ζ∈SI

(1 − χε(z,ζ))f(ζ) ∧BI(z,ζ)

=

∫

(ζ,λ)∈ΓI×∆0I

∂ζ((1 − χε(z,ζ))f(ζ)) ∧K0I(z,ζ,λ)

+ (−1)n+r

∫

(ζ,λ)∈ΓI×∆0I

(1 − χε(z,ζ))f(ζ) ∧ ∂ζK0I(z,ζ,λ)

=

∫

(ζ,λ)∈ΓI×∆0I

∂ζf(ζ)) ∧K0I(z,ζ,λ)

+ (−1)n+r

∫

(ζ,λ)∈ΓI×∆0I

f(ζ) ∧ ∂ζK0I(z,ζ,λ)

−

∫

(ζ,λ)∈ΓI×∆0I

∂ζ(χε(z,ζ)f(ζ)) ∧K0I(z,ζ,λ)

− (−1)n+r

∫

(ζ,λ)∈ΓI×∆0I

χε(z,ζ)f(ζ) ∧ ∂ζK0I(z,ζ,λ)

É@vyru�2|�~ vymok�¿¼�2q�~�lXxan�|o}Tmok�l¼t¼l¼|o}X{�x�} ¾ ∫
ζ∈SI

f(ζ)∧BI(z,ζ)
}¼�ax2t¼z"{�xars{gn�}.�anok

SI}Xx
∫

ζ∈SI

f(ζ) ∧BI(z,ζ) =

∫

(ζ,λ)∈ΓI×∆0I

∂ζf(ζ)) ∧K0I(z,ζ,λ)

+ (−1)n+r

∫

(ζ,λ)∈ΓI×∆0I

f(ζ) ∧ ∂ζK0I(z,ζ,λ)
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C6z"n��2|o}X½�z"{��2|oz"{�t6mok�z"no½�}Xk2Ágn�} ¾ m�z"nok(x�z"nox z ∈ SI
}Xx(x�z"nox�}-��z"ka¹�}T|;r('�lXk�}X{;·

xaru}Xqsqu}
f
|o}¯tXqÀv"����}

C1 �anok U !J��nomomZz"kax�|�vy{��
D ¾

lim
ε→0

∫

(ζ,λ)∈ΓI×∆0I

∂ζ(χε(z,ζ)f(ζ)) ∧K0I(z,ζ,λ)

+ (−1)n+r

∫

(ζ,λ)∈ΓI×∆0I

χε(z,ζ)f(ζ) ∧ ∂ζK0I(z,ζ,λ) = 0

�Tk��"t¼}¯vyn)(³}¼�axars¹²vyxaruz"{��2|o}¼�({�zw¶�vyn)(
K0I
}Xx
∂ζK0I

¾ }Xx(m�vyk(|ol�I�{orsxaruz"{�|o} χε
¾rsq4�an���x�|�~�lX½�vyqsn�}Xk�|o}¼��rs{gx�lX»�k�vyqu}¼��|;n�x©¶gm�}¯�anors½�vy{�xÎÍ

AI,ε(f) =

∫

(ζ,λ)∈ΓI×∆0I

∂ζ(χε(z,ζ)f(ζ)) ∧
O|I|−2n+2κ+m+1(z,ζ,λ) ∧ Θ(ζ)

Φκ+m(z,ζ,
◦
λ)

,

CI,ε(f) =

∫

(ζ,λ)∈ΓI×∆0I

χε(z,ζ)f(ζ) ∧
O|I|−2n+2κ+m(z,ζ,λ) ∧ Θ(ζ)

Φκ+m(z,ζ,
◦
λ)

� {9|ol¼|;norsxL|o}¼�¯k�l¼�anoqsx�vyx��L|o}¼�¯m�vyk�vy»�k�vymoµ�}¼�
6
}Xx

7
|o} # ],+ &�}XxL|o}Jq�~ rs{�lX»�vyqsrsx�l � Â%BÁ�nÎ~ vymok�¿¼�2rs{gx�lX»�k�vyxaruz"{�m�vykaxaru}Xqsqu}¯}X{

λ ¾ qu}¼�2rs{�x�lX»�k�vyqu}¼��mok�l¼t¼l¼|o}X{gx�}¼����z"{�x�t¼z"{gxak �"qul¼}¼�m�vyk�|o}¼����z"¹�¹�}¼�-I�{oru}¼��|�~ rs{�x�lX»�k�vyqu}¼�T|o}¯qÀv=��z"ka¹�}%Í

NI,ε =
1

ε

∫

ζ,∈ΓI∩B(z,ε)

|σ ∧ dρI |

(|ρI | + |ζ − z|2)|ζ − z|2n−|I|−2
,

MI,ε =

∫

ζ∈ΓI∩B(z,ε)

|σ ∧ dρI |

(|ρI | + |ζ − z|2)|ζ − z|2n−|I|−1

}Xx ¾ mZz"nok 1 ≤ s ≤ |I| ¾

NI,ε =
1

ε

∫

ζ∈ΓI∩B(z,ε)

|σ ∧ dρI ∧
s
ν=1 dtν |

(|ρI | + |ζ − z|2)Πs
ν=1(|tν | + |ζ − z|2)|ζ − z|2n−|I|−s−2

,

MI,ε =

∫

ζ∈ΓI∩B(z,ε)

|σ ∧ dρI ∧
s
ν=1 dtν |

(|ρI | + |ζ − z|2)Πs
ν=1(|tν | + |ζ − z|2)|ζ − z|2n−|I|−s−1

z32
ρI
}¼�ax�qÀv ��z"{�tXxaruz"{Ù|ol�I�{oru}Lm�vyk

ρI(ζ) = ρi1(ζ) = · · · = ρi|I|(ζ)
mZz"nok

ζ ∈ ΓI
¾

σ
no{ ¹�z"{��"¹�}²}X{

dζ1, . . . ,dζn,dζ1, . . . ,dζn
¾ λ1, . . . ,λ|I|

|o}¼�,mZz"rs{gx��.|o}
∆I
Á�nor

�#z"ka¹�}X{gx�no{Å�a¶;�ax�¿X¹�}¯|o}¯½�}¼tXx�}Xnok���rs{�|olXmZ}X{�|�vy{gx��6|o}
R
|I| ¾ tν = Im Φ(z,ζ,λν)

}Xx
dtν = dζ Im Φ(z,ζ,λν)

Â
Ë4v ��z"{�tXxaruz"{

ρI
mZ}Xnox=?Xxak�}�noxarsqsru��l¼}�t¼z"¹�¹�}³t¼zgz"k�|oz"{o{�l¼}²quzgtwvyqu}���nok

ΓI
vyrs{��ar

Á�n�}¯qu}¼� �#z"{�tXxaruz"{��
tν
¾ 1 ≤ ν ≤ s ¾ twvyk M }¼�ax�»�lX{�lXkaruÁgn�} ¾ m�vyk�t¼z"{���l¼Á�n�}X{gx

NI,ε .
1

ε

∫

X∈R
2n|I|+1

X1<0,|X|<ε

dX

Πs
i=1(|Xi| + |X|2)|X|2n−|I|−s−2

. ε(1 + |lnε|)s+1
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}Xx

MI,ε .

∫

X∈R
2n|I|+1

X1<0,|X|<ε

dX

Πs
i=1(|Xi| + |X|2)|X|2n−|I|−s−1

. ε(1 + |lnε|)s+1

}Xx�|oz"{�t
limε→0NI,ε = limε→0MI,ε = 0

Â
´(z"{��aru|olXk�z"{�� !�mok�l¼��}X{�x�qÀv�|o}Xka{oru¿Xk�}.t¼z"{�|;rsxaruz"{Ù|�~ rs{gx�lX»�k�vyporsqsrsx�l%Í
� m�z"nok I = J

z"n
I = δ(K)

}Xx
J = K(|̂K|)

vw½�}¼t
K ∈ I(l+1) ¾ ∫

ζ∈S̃J
fε(ζ)∧

BI(z,ζ)
x�}X{�|Å½�}Xk��

0 ¾ Ágn�vy{�| ε x�}X{�|�½�}Xk�� 0 ¾ �ar fε
}¼�ax�no{�}E�#z"ka¹�}L|;r('�lXk�}X{;·

xaru}Xqsqu}]t¼z"{�xars{�n�}���nok
U

!��anomom�z"kax6|�vy{��
D ∩ {|ρ1| < ε} ∩ · · · ∩ {|ρk| < ε}x�}Xqsqu}@Á�n�}

‖∂fε‖ = O(1
ε )
}Xx ∫

ζ∈S̃J
fε(ζ) ∧ BI(z,ζ) = o(ε) ¾ �arT|o}Åmoqsn��

∂fε = 0
Â

� {±{�z"x�}
Γ̃J
qÀvLm�vykaxaru},|o}

ΓJ
¾ Ágnor¡½�lXkar I�} ∂Γ̃J ∩SJ = S̃J

ÂAj�vyk2qÀv���z"ka¹Lnoqu}¯|o}
�gx�z���}¼��}Xx�qu}¼��k�l¼��noqsx�vyx���|o}.t¼z"{�xars{gnorsx�lLmok�l¼t¼l¼|o}X{gx�� ¾ z"{�z"poxaru}X{gx�m�z"nok z ∈ DI

∫

ζ∈S̃J

fε(ζ) ∧BI(z,ζ) =

∫

(ζ,λ)∈Γ̃J×∆0J

fε(ζ) ∧ ∂ζK0I(z,ζ,λ)

+ (−1)n+r

∫

(ζ,λ)∈Γ̃J×∆0J

∂fε(ζ) ∧K0I(z,ζ,λ).

�Tk��"t¼}�vyn)(Ç}¼�axars¹²vyxaruz"{��ÙÁ�n�} {�z"n��Å½�}X{�z"{��Ù|�~�} '�}¼tXxan�}Xk ¾ m�z"nokÅlX½�vyqsn�}XkÙt�µ�v"Á�n�}x�}Xka¹�}Å|;në��}¼t¼z"{�| ¹�}X¹Lpok�}Å|o}�qÀvÊk�}XqÀvyxaruz"{ëmok�l¼t¼l¼|o}X{gx�} ¾ {�z"n��³��z"¹�¹�}¼�²vy¹�}X{�l¼�
!�lXxan�|;ru}Xk�|o}¼��rs{gx�lX»�k�vyqu}¼�6|;n�x©¶gm�}¯�anors½�vy{�xÎÍ

AI,Jϕε(z) =

∫

(ζ,λ)∈Γ̃J,ε×∆0J

ϕε(ζ)
O|I|−2n+2κ+m(z,ζ,λ) ∧ Θ(ζ)

Φκ+m(z,ζ,
◦
λ)

,

z32
Γ̃J,ε = Γ̃J ∩ {|ρ1| < ε} ∩ · · · ∩ {|ρk| < ε}

}Xx
ϕε
|ol¼�ars»�{�}.��z"rsx

f̃ε
¾ ��z"rsx ∂f̃ε

Â
ËÎ}¼�(k�l¼�anoqsx�vyx��2|o}¼��m�vyk�vy»�k�vymoµ�}¼�

6
}Xx

7
|o} # ],+ &¡{�z"n��2|;ru��}X{�x2ÁgnÎ~ vymok�¿¼��rs{gx�lX»�k�vF·

xaruz"{ûm�vykaxaru}Xqsqu}²}X{
λ
qu}¼�¯rs{gx�lX»�k�vyqu}¼�

AI,Jϕε(z)
��z"{gxLt¼z"{�xak �"qul¼}¼�]m�vykL|o}¼�]��z"¹�¹�}¼�

I�{oru}¼��|�~ rs{�x�lX»�k�vyqu}¼�T|;n�x©¶gm�}¯�anors½�vy{�xÎÍ

MJϕε(z) =

∫

ζ∈Γ̃J,ε

‖ϕε‖(ζ) |σ ∧ dρJ |

(|ρJ | + d+ |ζ − z|2)|ζ − z|2n−|J |−1

}Xx ¾ mZz"nok 1 ≤ s ≤ |J | ¾
MJϕε(z) =
∫

ζ∈Γ̃J,ε

‖ϕε‖(ζ) |σ ∧ dρJ ∧s
ν=1 dtν |

(|ρJ | + d+ |ζ − z|2)Πs
ν=1(|tν | + d+ |ζ − z|2)|ζ − z|2n−|J |−s−1

,
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z32
ρJ
}¼�ax�qÀv���z"{�tXxaruz"{°|ol�I�{oru}Tm�vyk

ρJ(ζ) = ρj1(ζ) = · · · = ρj|J|
(ζ)
m�z"nok

ζ ∈ ΓJ
¾

d
qÀv]|;ru�ax�vy{�t¼},|o}

z
!
SJ
¾ σ no{°¹�z"{��"¹�}T}X{ dζ1, . . . ,dζn,dζ1, . . . ,dζn

¾ λ1, . . . ,λs|o}¼��m�z"rs{�x���|o}
∆J
¾ tν = Im Φ(z,ζ,λν)

}Xx
dtν = dζ Im Φ(z,ζ,λν)

Â
Ë4v �#z"{�tXxaruz"{

ρJ
mZ}Xnox ?Xxak�}�noxarsqsru��l¼}6t¼z"¹�¹�},t¼zAz"k�|oz"{o{�l¼}6quzAtwvyqu}T�anok

ΓJ
}Xx

Γ̃J,εmZ}Xnox<?Xxak�}�m�vyk�vy¹�lXxak�l�quzgtwvyqu}X¹�}X{gx4m�vyk
{(X ′,ρJ ,X”) ∈ R

2n−k×R×R
k−|J | | |X ′| ≤

C, 0 ≤ ρJ ≤ ε, X” = (Y ′,Y ),Y < |X”|2}
Â � {Å}X{@|ol¼|;norsx6}X{�m�v"���1vy{�x�}X{@t¼zgz"k�·

|oz"{o{�l¼}¼��tX¶Aqsrs{�|;karuÁ�n�}¼�6Á�n�}

MJϕε(z) . ‖ϕε‖ε
2(1 + |lnε|)

}Xx ¾ mZz"nok 1 ≤ s ≤ |J | ¾
M ′

Jϕε(z) . ‖ϕε‖ε
2(1 + |lnε|)1+s

´(}.Á�nor�mok�z"no½�}.qÀv�|o}Xka{oru¿Xk�}.t¼z"{�|;rsxaruz"{Ù|�~ rs{gx�lX»�k�vyporsqsrsx�l�Â

� � ��#���#���� 
�� ��#$& � ��� ��
������ �������*��#���� � ��#

� {ºt¼z"{��aru|o¿Xk�}°x�z"n3��z"nok��Jno{�}°��z"n���·�½�vykarulXx�l�´(¸Ã»�lX{�lXkaruÁgn�} ¾ q ·�t¼z"{�twv¼½�} M |o}
tXqÀv"����}

C3 ¾ |o}�t¼zg|;rs¹�}X{���ruz"{ûk�l¼}Xqsqu} k |�vy{�� C
n }Xx¯no{ûm�z"rs{�x z0 |o} M ÂÎ�©q�k�l¼�anoqsx�}|;n �2µ�l¼z"k�¿X¹�} � Â � Á�n�}±qu}°{�zw¶�vyn BM =

∑
I∈I′(k) sgn(I)BI

¾ z"pox�}X{�n !Ùm�vykaxarsk
|o}¼�\{�zw¶�vyn)(

BI
t¼z"{���xakanorsx���|�vy{���qÀv¯��}¼tXxaruz"{ �;¾ }¼�ax%no{�}���z"qsnoxaruz"{/�#z"{�|�vy¹�}X{gx�vyqu}6|o}

q�~�z"mZlXk�vyx�}Xnok.|o}�´2vyn�t�µg¶�·�¸�ru}X¹²vy{o{ûx�vy{o»�}X{�xaru}Xq��anok,no{@½�z"ru��rs{�vy»�}
Uz0

|o}
z0
mZz"nok

t¼}Xkax�vyrs{��.poru|o}X»�k�l¼� ¾ moqsn��,mok�l¼tXru��lX¹�}X{gx]t�~�}¼�ax,no{�} ��z"ka¹�}�|;r('�lXk�}X{gxaru}Xqsqu}²|ol�I�{oru}��anok
Uz0 × Uz0 \ ∆(Uz0)

¾ z32 ∆(Uz0) = {(z,ζ) ∈ Uz0 × Uz0 | z = ζ}
|ol¼�ars»�{�}±qÀv

|;rÀvy»�z"{�vyqu}L|o}
Uz0 × Uz0

¾ Á�nor�½�lXkar I�}�vyn���}X{���|o}¼��t¼z"nok�vy{gx��

∂z[BM ]p,r−1 + ∂ζ [BM ]p,r = (−1)
k(k+1)

2 [∆(Uz0)],
� + Â ] �

z32
[BM ]p,r

|ol¼�ars»�{�}6qÀvLt¼z"¹�m�z���vy{gx�}T|o}6poru|o}X»�k�l
(p,r)

}X{
z
|o}
BM
¾ 0 ≤ p ≤ n

}Xx
n−k−q+1 ≤ r ≤ n−k

}Xx
[∆(Uz0)]

qu}�t¼z"nok�vy{�x(|�~ rs{�x�lX»�k�vyxaruz"{±�anok%qÀv,|;rÀvy»�z"{�vyqu}
|o}
Uz0 ×Uz0

ÂgË\~�z"p)�a}Xx2|o}6t¼}Xxax�}T��}¼tXxaruz"{±}¼�ax�|o}Tt¼z"{��axakanorsk�}Tno{�}�{�z"no½�}Xqsqu},��z"qsnoxaruz"{
�#z"{�|�vy¹�}X{gx�vyqu}]|o}¯q�~�z"m�lXk�vyx�}Xnok�|o}]´2vyn�t�µ�¶g·�¸�ru}X¹²vy{o{@x�vy{o»�}X{�xaru}Xq%vyn�½�z"ru�ars{�vy»�}L|o}
z0
|oz"{�x6qÀvJ�ars{o»�noqÀvykarsx�lL��nok�qÀvJ|;rÀvy»�z"{�vyqu}L}¼�ax�|�~�z"k�|;k�}Lrs{)�#lXkaru}XnokwÂ
jÒz"nok±x�z"nox

I ∈ I ′(k) ¾ z"{ {�z"x�} I∗ qu}�¹]noqsxarö·�rs{�|;rut¼} (i1, . . . ,ik,∗)
¾ z32 I =

(i1, . . . ,ik)
¾ }Xx I ′(k,∗)

q�~�}X{���}X¹Lpoqu}¯|o}¼�2¹]noqsxarö·�rs{�|;rut¼}¼�
I∗ ¾ quz"k���Ágn�} I |ol¼tXkarsx I ′(k)

Â
� {ºmZz���}

ρ∗ = ρ1 + · · · + ρk
}Xx
ρλ = λ1ρ1 + · · · + λkρk + λ∗ρ∗

m�z"nok
λ =

(λ1, . . . ,λk,λ∗) ∈ ∆I∗
Â

�Az"rsx
E∗
qu}�moqsn��L»�k�z��]��z"n��L}¼�am�v"t¼}²½�}¼tXx�z"karu}Xq(|o}

C
n ��nokLqu}¼Ágn�}Xq�qÀv ��z"ka¹�}²|o}

ËÎ}X½gr(|o}
ρ∗
�anok

U
}¼�axL|ol�I�{oru}³m�z��arsxars½�}�Â4Ë4v

q
·�t¼z"{�twv¼½Arsx�l³|o}

M
}XxLqu}²t�µ�z"r (9|o}¼�

�#z"{�tXxaruz"{��6|ol�I�{oru����vy{�x�}¼�
ρ1, . . . ,ρk

rs¹�moqsruÁgn�}X{�xTÁ�n�}
dimE∗ ≥ q + k

Â



�F�������
	��������� ���������
	������ �KJ

´(z"¹�¹�}�|�vy{��JqÀvÊ��}¼tXxaruz"{ � z"{ºt¼z"{��axakanorsx²|o}¼� ��z"{�tXxaruz"{��
w∗ }Xx Φ∗

mZz"nok�qÀv
�#z"{�tXxaruz"{

ρ∗
}X{�mZz��1vy{�x

w∗
j (z,ζ) = 2

∂ρ∗
∂ζj

(ζ) −
n∑

k=1

a∗jk(ζ)(ζk − zk) +B
n∑

k=1

Q∗
jk(ζk − zk)

w∗(z,ζ) = (w∗
1(z,ζ), . . . ,w

∗
n(z,ζ))

Φ∗(z,ζ) = 〈w∗(z,ζ),ζ − z〉,

z32�qÀvE��z"{�tXxaruz"{
a∗jk
¾ j,k = 1, . . . ,n ¾ }¼�ax�|o},tXqÀv"����} C∞ �anok U }Xx2½�lXkar I�},mZz"nok2x�z"nox

ζ ∈ U

|a∗jk(ζ) −
∂2ρ∗
∂ζj∂ζk

(ζ)| <
α∗

2n2

}Xx
Q∗ }¼��x�qÀv,mok�z'�a}¼tXxaruz"{°z"kaxaµ�z"»�z"{�vyqu}T�anok\qu}6�anomomoqulX¹�}X{�x�vyrsk�},z"kaxaµ�z"»�z"{�vyq�|;n²��z"n��}¼�am�v"t¼}

E∗
Â

� {�m�z���}

F̃∗(ζ,z) = 2

n∑

j=1

∂ρ∗
∂ζj

(ζ)(ζj − zj) −
n∑

j,k=1

a∗jk(ζ)(ζj − zj)(ζk − zk),

vyquz"k��
Φ∗(z,ζ) = F̃∗(ζ,z) +B|Q∗(ζ − z)|2

}Xx�m�vyk�t¼z"{���l¼Ágn�}X{�x

Re Φ∗(z,ζ) ≥ ρ∗(ζ) − ρ∗(z) +
α∗

2
|ζ − z|2.

�gr
λ = (λ1, . . . ,λk,λ∗) ∈ ∆I∗

¾ }¼��xTx�}Xq%Ágn�} λ∗ 6= 1 ¾ z"{@{�z"x�} λ′ qu}]m�z"rs{�x.|o}
∆I
|ol�I�{orÎm�vyk

λ′iν =
λiν

1 − λ∗
(ν = 1, . . . ,l).

� {�t¼z"{��aru|o¿Xk�}¯no{�} ��z"{�tXxaruz"{
χε
|o}¯tXqÀv"����}

C∞ |o} [0,1]
|�vy{��2qsnorö·�¹0?X¹�} ¾ ru|o}X{;·xaruÁ�n�}X¹�}X{gx({gnoqsqu}Tvyn°½�z"ru�ars{�vy»�}T|o}

0
}Xx�ru|o}X{�xaruÁgn�}X¹�}X{�x�lX»�vyqu} !

1
vyn³½�z"ru��rs{�vy»�}6|o}

1 ¾ Á�nor�½�lXkar I�}.|o}.moqsn�� |χε(t) − t| < ε
m�z"nok�x�z"nox

t ∈ [0,1]
Â

C6z"x�z"{��
wI }Xx ΦI

qu}¼�F�#z"{�tXxaruz"{��(t¼z"{��axakanorsx�}¼�(|�vy{���qÀv.��}¼tXxaruz"{ � m�z"nok�qu}�¹Lnoqsxarö·



�F�������
	��������� ���������
	������ � B

rs{�|;rut¼}
I
Â � {�m�z���}.vyquz"k���m�z"nok

λ ∈ ∆I∗

wI∗(z,ζ,λ) = (1 − λ∗)(2

n∑

j=1

∂ρλ′

∂ζj
(ζ)(ζj − zj) −

n∑

j,k=1

ajk(ζ)(ζj − zj)(ζk − zk))

+ (1 − χε(λ∗))A

n∑

k=1

Qλ′

jk(ζk − zk)

+ λ∗(2

n∑

j=1

∂ρ∗
∂ζj

(ζ)(ζj − zj) −
n∑

j,k=1

a∗jk(ζ)(ζj − zj)(ζk − zk))

+ χε(λ∗)B
n∑

k=1

Q∗
jk(ζk − zk)

ΦI∗(z,ζ,λ) = 〈wI∗(z,ζ,λ),ζ − z〉.
C6z"x�z"{��¯Ágn�}

wI∗ = wI }Xx ΦI∗ = ΦI
¾ �ar λ∗ = 0 ¾ }Xx wI∗ = w∗ }Xx ΦI∗ = Φ∗

¾ �ar
λ∗ = 1

Â
Ë4v ��z"{�tXxaruz"{

ΦI∗
�w~�l¼tXkarsx

ΦI∗(z,ζ,λ) = F̃λ(ζ,z) + 〈P λ(ζ − z),ζ − z〉
z32

P λ }¼�ax,q�~�z"mZlXk�vyx�}Xnok]|ol�I�{or\m�vyk (1 − χε(λ∗))AQ
λ′

+ χε(λ∗)BQ
∗ }Xx.�ar ε }¼�axt�µ�z"ru�arÒv"����}��¯mZ}Xxarsx ¾ rsqÎ}�(Aru�ax�} γ > 0

x�}XqÎÁgn�}

Re ΦI∗(z,ζ,λ) ≥ ρλ(ζ) − ρλ(z) +
γ

2
|ζ − z|2. � + Â ���

� {�|ol�I�{orsx�|o}¼�Ì��}¼tXxaruz"{���|o}�ËÎ}Xk�vw¶
(ψJ )J∈I′(k,∗)

vyn�½�z"ru�ars{�vy»�}�|o}
z0
}X{Lm�z���vy{�x

mZz"nok
J = I∗

ψJ(z,ζ,λ) =
wI∗(z,ζ,λ)

ΦI∗(z,ζ,λ)
.

¸�}X¹²vyk�Ágn�z"{��°Ágn�}
ψJ |Uz0×Uz0\∆(Uz0 )×∆I

= ψI
Â � t¼}¼�³��}¼tXxaruz"{��°|o}ÅË4}Xk�v¼¶ z"{

v"����zAtXru}�qu}¼�³{�zw¶�vyn)(
K0I∗(z,ζ,λ)

}Xx
KI∗(z,ζ,λ) ¾ m�z"nok (z,ζ,λ) ∈ Uz0 × Uz0 \

∆(Uz0) × ∆0I∗
¾ |ol�I�{oru��m�vyk

K0I∗(z,ζ,λ) =
(−1)n(n−1)/2

(2iπ)n
〈ψ0I∗,dζ〉 ∧ 〈(∂z,ζ + dλ)ψ0I∗,dζ〉

n−1

∧ d(ζ1 − z1) ∧ · · · ∧ d(ζn − zn),

� + Â ���

}Xx�m�vyk

KI∗(z,ζ,λ) =
(−1)n(n−1)/2

(2iπ)n
〈ψI∗,dζ〉 ∧ 〈(∂z,ζ + dλ)ψI∗,dζ〉

n−1

∧ d(ζ1 − z1) ∧ · · · ∧ d(ζn − zn).

� + Â + �



�F�������
	��������� ���������
	������ ���

� {�m�z���}¯lX»�vyqu}X¹�}X{�x ¾ mZz"nok (z,ζ) ∈ Uz0 × Uz0 \ ∆(Uz0)
¾

BI∗(z,ζ) = C0I∗(z,ζ) =

∫

λ∈∆0I∗

K0I∗(z,ζ,λ)

CI∗(z,ζ) =

∫

λ∈∆I∗

KI∗(z,ζ,λ)

}Xx�t¼z"¹�¹�}¯mok�l¼t¼l¼|o}X¹�¹�}X{�x,z"{Ùv

∂z,ζBI∗ = Bδ(I∗) − CI∗
� + Â ���

� ×gÖ�Öû× �ÎÚ#Û � Þ ã æ (z,ζ) ∈ Uz0 × Uz0 \ ∆(Uz0)
ï(Þ"á å²ôöå³æ�àCôöå�â#ß#Þ"á

∂z,ζ(
∑

I∈I′(k)

sgn(I)BI∗) = (−1)k
∑

I∈I′(k)

sgn(I)BI −
∑

I∈I′(k)

sgn(I)CI∗.
� + Â%$ �

��: � ������4=�	�����������Tk��"t¼}E!JqÀv�k�}XqÀvyxaruz"{ + Â � z"{@v

∂z,ζBI∗ = (−1)kBI − CI∗ +

k∑

ν=1

(−1)ν+1BI(ν̂)∗

´(z"¹�¹�}Lz"{�q�~ v�|ol � !�k�}X¹²vyk�Á�n�lL|�vy{���qÀvJ|olX¹�z"{��axak�vyxaruz"{@|;nÅËÎ}X¹�¹�} � Â%$

∑

I∈I′(k)

sgn(I)
k∑

ν=1

(−1)ν+1BI(ν̂)∗ = 0,

t¼}.Á�nor�mok�z"no½�}.qÀvJk�}XqÀvyxaruz"{ + Â%$;Â
ÏLÐÒÑ�Ó�ÔyÕgÖ9× �4Ú:9 �4à°áZÞ"ú�å ã RM =

∑
I∈I′(k) sgn(I)CI∗

à ó â ã áZà ó Þ"ô ã â#ß�Þ"á � Þ"á íð�å"ñ²àCá�â�å"ôuà�ð�àLô"; Þ õ çXæ�å�â�à ã æJð�à²è%å ã;î 	 ú í é�ß�àCñ�å"á�á@â�å"áAê�àCá�â#ß�àCô4å ã äyÞ"ß ó ßòáZåwê�à]ð�à z0 ÷
� ô ã ó õ æ�ç î ß ó çCñ²àCá¡âWï2Þ"á å õ Þ ã æ 0 ≤ p ≤ n

àXâ
n− k − q + 1 ≤ r ≤ n− k

∂z[RM ]p,r−1 + ∂ζ [RM ]p,r = (−1)
k(k+3)

2 [∆(Uz0)],
� + Â J��

Þ��
[RM ]p,r

ð�ç ó ßöê"á�à.ôså î Þ"ñ õ Þ ó å"á�â�à�ð�à ý ß�ð�à�ê"æ�ç (p,r)
àCá
z
ð�à
RM ÷

��: � ������4=�	���������Ìj%noru��Ágn�}
BM =

∑
I∈I′(k) sgn(I)BI

��vyxaru�@��vyrsx³qÀv k�}XqÀvyxaruz"{
+ Â ] ¾ rsqÎ�an���x�|o}¯mok�z"no½�}Xk6Á�n�}

∂z,ζ(
∑

I∈I′(k)

sgn(I)BI∗) = (−1)kBM −RM
� + Â%B �

vynÅ��}X{���|o}¼��t¼z"nok�vy{gx��6��nok
Uz0 × Uz0

Â



�F�������
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�Az"rsx
χ
no{�} ��z"{�tXxaruz"{Ä|o}�tXqÀv"����}

C∞ �anok
R

!Ê½�vyqu}Xnok��³|�vy{��
[0,1]

x�}Xqsqu}ÅÁgn�}
χ(x) = 1

�ar
|x| ≤ 1

2

}Xx
χ(x) = 0

��r
|x| ≥ 1

Â � { mZz���}
χε(z,ζ) = χ( |ζ−z|

ε )
Â

C6z"x�z"{���mZz"nok��ars¹�moqsr I�}Xk�qu}¼��l¼tXkarsxanok�}¼�
EM =

∑
I∈I′(k) sgn(I)BI∗

Â
j%noru��Ágn�}

1 − χε
}¼�ax,ru|o}X{gxaruÁ�n�}X¹�}X{gx]{gnoqsqu}²vyn ½�z"ru�ars{�vy»�}�|o}JqÀv±|;rÀvy»�z"{�vyqu}²|o}

Uz0 × Uz0
¾ rsq�k�l¼��noqsx�}.|;nÅËÎ}X¹�¹�} + Â ] Á�n�}

∂z,ζ((1 − χε)EM ) = ∂z,ζ(1 − χε) ∧EM + (1 − χε)((−1)kBM −RM )

vynÅ��}X{���|o}¼��t¼z"nok�vy{gx��6��nok
Uz0 × Uz0

Â
ËÎ},qu}X¹�¹�} � Â%B]{�z"n���m�}Xka¹�}Xx�|�~ v ��ka¹�}Xk�Á�n�} (1 − χε)BM

t¼z"{g½�}Xka»�}¯½�}Xk��
BM��vyrspoqu}X¹�}X{gxLvyn@��}X{��,|o}¼�,t¼z"nok�vy{�x��L�anok

Uz0 × Uz0

Ágn�vy{�|
ε
x�}X{�|Å½�}Xk��

0
ÂZ��qÌ{�z"n��

k�}¼�ax�} !,¹�z"{gxak�}Xk(Ágn�}
(1−χε)RM

¾ (1−χε)EM
}Xx
∂z,ζ((1−χε)EM )

t¼z"{�½�}Xka»�}X{gx
k�}¼�amZ}¼tXxars½�}X¹�}X{gx�½�}Xk��

RM
¾ EM

}Xx
∂z,ζEM

��vyrspoqu}X¹�}X{gx�vyn°��}X{��(|o}¼�2t¼z"nok�vy{�x����anok
Uz0 ×Uz0

Á�n�vy{�|
ε
x�}X{�|°½�}Xk��

0
}Xx�Á�n�}

∂z,ζ(1−χε)∧EM
t¼z"{�½�}Xka»�}*��vyrspoqu}X¹�}X{�x

½�}Xk��
0
Â

�Az"rsx
f
no{�} ��z"ka¹�}T|;r('�lXk�}X{gxaru}Xqsqu}T|o}TtXqÀv"����}

C∞ !]�anomom�z"kax(t¼z"¹�m�v"tXx�|�vy{��
Uz0

Â
� {Ùv

∫

ζ∈M
(1 − χε(z,ζ))f(ζ) ∧EM (z,ζ)

=
∑

I∈I′(k)

sgn(I)

∫

ζ∈M
(1 − χε(z,ζ))f(ζ) ∧BI∗(z,ζ)

=
∑

I∈I′(k)

sgn(I)

∫

(ζ,λ)∈M×∆0I∗

(1 − χε(z,ζ))f(ζ) ∧K0I∗(z,ζ,λ)

jÌvyk�|ol�I�{orsxaruz"{�|o}¼�({�zw¶�vyn)(
K0I∗
¾ |o}¼�2}¼�axars¹²vyxaruz"{���vy{�vyquz"»�n�}¼�-!Lt¼}Xqsqu}¼�(} '�}¼tXxan�l¼}¼�

|�vy{���qÀvJ��}¼tXxaruz"{ � m�z"nok�qu},{�z�¶�vyn K0I
{�z"n���|oz"{o{�}X{�x

[f(ζ) ∧K0I∗(z,ζ,λ)]degλ=|I|+1 =
∑

0≤s≤n−2−|I|
0≤m≤|I|

O|I|−2n+2(|I|+1+s−m)+m+2

Φ(|I|+1+s−m)+m

∧ ∂ρi1(ζ) ∧ · · · ∧ ∂ρim(ζ).

�%{ÆpZz"ka{�vy{gx
m
m�vyk

|I| = k ¾ {�z"n���vw½�z"{��±x�}X{�n0t¼z"¹�mox�}Ê|;n ��vyrsx±Á�n�}@�ar
I =

(i1, . . . ,ik) ∈ I ′(k)
z"{ûv

∂ρi1(ζ) ∧ · · · ∧ ∂ρik(ζ) ∧ ∂ρ∗(ζ) = 0
twvyk

ρ∗
}¼��xTno{�}

t¼z"¹Lpors{�vyru��z"{@qsrs{�lwvyrsk�}.|o}
ρ1, . . . ,ρk

Â
�Az"ru}X{�x

σ
no{�¹�z"{��"¹�}.}X{

dζ1, . . . ,dζn,dζ1, . . . ,dζn
¾ λ1, . . . ,λk+1 |o}¼��m�z"rs{�x��|o}

∆I∗
Á�nor ��z"ka¹�}X{�x±no{ �a¶;�ax�¿X¹�}@|o}�½�}¼tXx�}Xnok��±rs{�|olXm�}X{�|�vy{�x���|o}

R
k+1 ¾ tν =

Im Φ(z,ζ,λν)
}Xx
dtν = dζ Im Φ(z,ζ,λν)

ÂojÌvykT|ol�I�{orsxaruz"{Ù|o}
Φ ¾ z"{@v

dtν(z,ζ) = i(∂ρλν (ζ) − ∂ρλν (ζ)) +O1,
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}Xx�m�vyk�t¼z"{���l¼Ágn�}X{�x

∂ρλν (ζ) =
1

2
dρλν (ζ) +

i

2
dtν(z,ζ) +O1.

´(z"¹�¹�}
dρλν |M = 0

mZz"nok%x�z"nox
1 ≤ ν ≤ k+1 ¾ rsq�}�(Aru��x�}2no{�}�t¼z"{��ax�vy{�x�} C }Xx\|o}¼�¹�z"{��"¹�}¼�

σL
}X{
dζ1, . . . ,dζn,dζ1, . . . ,dζn

x�}Xqu��Ágn�}¯mZz"nok�x�z"nox
i1, . . . ,im ∈ I∗

|(σ ∧ ∂ρi1(ζ) ∧ · · · ∧ ∂ρim)|M | ≤ C
∑

|L|≤m

|σL ∧l∈L dtl| |ζ − z|m−|L|.

��qZk�l¼�anoqsx�}¯vyquz"k��2|;n°m�vyk�vy»�k�vymoµ�}
6
}Xx2|;n±Ë4}X¹�¹�}

7.4
|o}A# ],+ &�}Xx(|o}Tq�~ rs{�lX»�vyqsrsx�l + Â �Á�nÎ~ vymok�¿¼��rs{gx�lX»�k�vyxaruz"{²m�vykaxaru}Xqsqu}�}X{

λ ¾ | ∫ζ∈M χε(z,ζ)f(ζ)∧EM (z,ζ)|
}¼�ax�t¼z"{�xak �"qul

m�vyk�no{�}.��z"¹�¹�} I�{oru}¯|�~ rs{gx�lX»�k�vyqu}¼�,|o},qÀv �#z"ka¹�}%Í

Ms,ε =

∫

ζ∈M∩B(z,ε)

|σs ∧
s
ν=1 dtν |

Πs
ν=1(|tν | + |ζ − z|2)|ζ − z|2n−k−s−2

,

z32
1 ≤ s ≤ k

Â
��q({�z"n��]k�}¼�ax�} !Åmok�z"no½�}Xk�Á�n�}²qu}¼�=�#z"{�tXxaruz"{��J|o}³x�z"nox�}0��vy¹�rsqsqu} !

k
lXqulX¹�}X{gx��

}�(Axak�vyrsx�}�|o}�qÀv/��vy¹�rsqsqu}
(tν)1≤ν≤k+1

mZ}Xno½�}X{gxE?Xxak�}]noxarsqsru��l¼}�t¼z"¹�¹�}�t¼zAz"k�|oz"{o{�l¼}¼�
quzgtwvyqu}¼�wÂ¡jÒz"nokTx�z"nox

ν ¾ 1 ≤ ν ≤ k + 1 ¾ z"{Êv ∂ρλν = i
2dtν + O1

�anok
M ¾ rsqÒ�an���x|oz"{�t]|o}L¹�z"{�xak�}Xk¯Á�n�}

∂ρλν1 ∧ · · · ∧ ∂ρλνk 6= 0 ¾ m�z"nok6x�z"nox k ·�nomoqu}Xx (ν1, . . . ,νk)}�(Axak�vyrsx�|o}
(1, . . . ,k + 1)

Â
j%noru��Ágn�}

ρλ
|olXmZ}X{�|Lqsrs{�lwvyrsk�}X¹�}X{�x�|o}

λ ¾ q�~ rs{�|olXmZ}X{�|�vy{�t¼}�qsrs{�lwvyrsk�}�|o}¼�4½�}¼tXx�}Xnok��
λ1, . . . ,λk+1 rs¹�moqsruÁ�n�}Åq�~�}�(Aru��x�}X{�t¼}Å|�~ no{�}�¹²vyxakarut¼} A rs{g½�}Xk��arspoqu}@|�~�z"k�|;k�} k + 1x�}Xqsqu}¯Á�n�}

∂ρλ• = A∂ρI∗
¾ z32 ∂ρλ•

}¼�ax2qu},½�}¼tXx�}Xnok�t¼z"quz"{o{�}¯|oz"{�x�qu}¼��t¼zAz"k�|oz"{o{�l¼}¼�
��z"{�x�qu}¼�

∂ρλν
¾ ν = 1, . . . ,k + 1 ¾ }Xx ∂ρI∗

qu}±½�}¼tXx�}Xnok³t¼z"quz"{o{�}�|o}�t¼zAz"k�|oz"{o{�l¼}¼�
∂ρi1 , . . . ,∂ρik ,∂ρ∗

¾ �ar I = (i1, . . . ,ik)
Â

�gr
ρ∗ = ρ1 + · · · + ρk

¾ z"{Ýv ¾ m�vykÅ|ol�I�{orsxaruz"{Ý|o}¼� ρij
¾ |ij | = j ¾ ∂ρ∗ =

ε1∂ρi1 + · · ·+εk∂ρik
¾ z32 εj =

ij
|ij |

Â � {³{�z"x�}
Lk
qÀv.¹²vyxakarut¼}�twvykak�l¼}6|�~�z"k�|;k�}

k+1|oz"{�x,qu}¼�
k
mok�}X¹�ru¿Xk�}¼�,qsrs»�{�}¼�,��z"{�x,ru|o}X{gxaruÁ�n�}X¹�}X{gx¯{�noqsqu}¼�¯}XxTqÀv

k + 1
·�ru¿X¹�}�qsrs»�{�}

½"vynox
(ε1 . . . εk −1)

}Xx
B
qÀv¯¹²vyxakarut¼}6k�}¼tXx�vy{o»�noqÀvyrsk�}

k+1×k ¾ Ágnor¡t¼z���{�tXru|o},v¼½�}¼tqÀv²¹²vyxakarut¼}
A + ALk

mokars½�l¼}J|o}]�1v
(k + 1)

·�ru¿X¹�}Jt¼z"quz"{o{�}Jru|o}X{�xaruÁgn�}X¹�}X{�x.{gnoqsqu}�Â
� {�v

∂ρλ• = B∂ρI
ÂA®,}�moqsn��(x�z"nox�}T¹²vyxakarut¼},twvykak�l¼}

Bk
|�~�z"k�|;k�}

k
}�(Axak�vyrsx�}T|o}

B}¼�ax�rs{�½�}Xk��arspoqu}]}Xx�|oz"{�t

∂ρλν1 ∧ · · · ∧ ∂ρλνk = det(Bk)∂ρi1 ∧ · · · ∧ ∂ρik 6= 0,

twvyk
M
}¼�ax�»�lX{�lXkaruÁgn�}�Â

� {�m�}Xnox\¹²vyrs{�x�}X{�vy{gx�rs{gx�lX»�k�}Xk�}X{�noxarsqsru��vy{gx�qu}¼�\t¼zAz"k�|oz"{o{�l¼}¼�
tν
}Xx�z"{�z"poxaru}X{�x

|

∫

ζ∈M
χε(z,ζ)f(ζ) ∧EM (z,ζ)| . ε2(1 + |lnε|)k.
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ËÎ}¼��¹0?X¹�}¼�³}¼�axars¹²vyxaruz"{�� ¾ v"����zgtXrul¼}¼��vyn ��vyrsx�Á�n�}
|∂z,ζ(1 − χε)| ≤

C1
ε
¾ rs¹J·moqsruÁ�n�}X{gx6Ágn�}

|

∫

ζ∈M
∂z,ζ(1 − χε(z,ζ))f(ζ) ∧EM (z,ζ)| . ε(1 + |lnε|)k.

C6z"n��]v¼½�z"{��L|oz"{�t�mok�z"no½�l�Á�n�}
(1 − χε)EM

t¼z"{�½�}Xka»�}���vyrspoqu}X¹�}X{gxL½�}Xk��
EM}Xx]Ágn�}

∂z,ζ(1 − χε) ∧ EM
t¼z"{�½�}Xka»�}
��vyrspoqu}X¹�}X{�x�½�}Xk��

0
Ágn�vy{�|

ε
x�}X{�|9½�}Xk��

0
Â

®T}�moqsn��\q�~�z"m�lXk�vyx�}Xnok
∂z,ζ
lXx�vy{�xF��vyrspoqu}X¹�}X{�x(t¼z"{�xars{gn ¾ ∂z,ζ((1−χε)EM )

t¼z"{g½�}Xka»�}
��vyrspoqu}X¹�}X{gx�½�}Xk��

∂z,ζEM
Â

�%xan�|;ruz"{��J¹²vyrs{�x�}X{�vy{gx�qÀvÙt¼z"{�½�}Xka»�}X{�t¼}�|o}
(1 − χε)RM

Â �Az"rsx
f
no{�}
�#z"ka¹�}

|;r('�lXk�}X{gxaru}Xqsqu}]|o}¯tXqÀv"����}
C∞ !���nomomZz"kax�t¼z"¹�m�v"tXxT|�vy{��

Uz0

Â � {Ùv
∫

ζ∈M
(1 − χε(z,ζ))f(ζ) ∧RM (z,ζ)

=
∑

I∈I′(k)

sgn(I)

∫

ζ∈M
(1 − χε(z,ζ))f(ζ) ∧ CI∗(z,ζ)

=
∑

I∈I′(k)

sgn(I)

∫

(ζ,λ)∈M×∆I∗

(1 − χε(z,ζ))f(ζ) ∧KI∗(z,ζ,λ)

jÌvykT|ol�I�{orsxaruz"{ � + Â + � |o}¼��{�zw¶�vyn)( KI∗
¾ z"{@v

f(ζ) ∧KI∗(z,ζ,λ) =
(−1)n(n−1)/2

(2iπ)n
f̃(ζ) ∧ 〈ψI∗,dζ〉

∧ 〈(∂z,ζ + dλ)ψI∗,dζ〉
n−1 ∧ dz1 ∧ · · · ∧ dzn.

´(z"¹�¹�}Åz"{ |oz"rsx²rs{�x�lX»�k�}Xk
f(ζ) ∧ KI∗(z,ζ,λ)

�anok
∆I∗
¾ Á�nor�}¼��x²|o}�|;rs¹�}X{��aruz"{k�l¼}Xqsqu}

|I| ¾ ��}Xnoqu}]qÀv�t¼z"¹�m�z���vy{�x�}J|o}�|o}X»�k�l |I| }X{ λ |;n@{�zw¶�vyn KI∗
|oz"{o{�}Xk�v²no{�}

t¼z"{�xakarsponoxaruz"{ÎÂZjÌvykT|o}¼��twvyqutXnoqu�6vy{�vyquz"»�n�}¼�*!Jt¼}Xn)(�|o},qÀv���}¼tXxaruz"{ �;¾ z"{Åz"poxaru}X{gx

[f(ζ) ∧KI∗(z,ζ,λ)]degλ=|I| =
O0 ∧W

Φn
∧ (dλW )|I|

=
∑

0≤m≤|I|
i1,...,im∈I∗

O|I|+1−m

Φn
∧ ∂ρi1(ζ) ∧ · · · ∧ ∂ρim(ζ).

C6z"x�z"{��.Ágn�}�t¼z"¹�¹�}�|�vy{��¯qu}²twv"�,mok�l¼t¼l¼|o}X{�x
m ≤ |I| = k

}Xx¯k�}X¹²vyk�Ágn�z"{��LÁgn�} ¾monoru��Á�n�}.qÀv�½�vykarulXx�l
M
{Î~�}¼��x�m�v"��x�z"x�vyqu}X¹�}X{gx6k�l¼}Xqsqu} ¾ z"{Ùv n > k

Â � ½�}¼t¯qu}¼��{�z"x�vF·
xaruz"{��ÌtXrö·�|o}¼���an�� ¾ vymok�¿¼�Òrs{gx�lX»�k�vyxaruz"{�m�vykaxaru}Xqsqu}2}X{ λ ¾ | ∫ζ∈M χε(z,ζ)f(ζ)∧RM(z,ζ)|}¼�ax�t¼z"{�xak �"qul ¾ »�k��"t¼} ! + Â �;¾ m�vyk�no{�}¯��z"¹�¹�} I�{oru}.|�~ rs{�x�lX»�k�vyqu}¼�T|o}¯qÀv=��z"ka¹�}%Í

Ns,ε =

∫

ζ∈M∩B(z,ε)

|σs ∧
s
ν=1 dtν |

Πs
ν=1(|tν | + |ζ − z|2)|ζ − z|2n−k−s−1

,
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z32
1 ≤ s ≤ k

Â
�%{ noxarsqsru��vy{gx³|o}�{�z"no½�}wvyn qu}¼�

tν
t¼z"¹�¹�}Ùt¼zgz"k�|oz"{o{�l¼}¼�²quzgtwvyqu}¼� ¾ z"{ z"poxaru}X{�x|oz"{�t.Á�n�}

|

∫

ζ∈M
χε(z,ζ)f(ζ) ∧RM (z,ζ)| . ε(1 + |lnε|)k.

C6z"n���vw½�z"{���|oz"{�t¯mok�z"no½�l]Á�n�}
(1 − χε)RM

t¼z"{g½�}Xka»�}���vyrspoqu}X¹�}X{�x�½�}Xk��
RM
Â

4 Ó�ÔyÓ65�5�7�8òÔy× �4Ú � ÜZÞ"ß#â
Ω ã á ð�Þ�ñ�å�ßòáZàÊü ý Þ"æ�ð C1 æ�àCôså�â#ßWäyàCñ²àCá�â î Þ"ñ õ å î â²ð�å"á ó

M ∩ Uz0 ÷Ü�ß
f
à ó â ã áZà (n,r) í � Þ"æCñ�àLð�à î ôöå ó�ó à C1 ð�å"á ó Ω ï n− k− q+ 1 ≤ r ≤ n− k

ï
å"ôöÞ�æ ó Þ"á å²ôöå � Þ"æ1ñ ã ôsà ó ã ßWäFå"á�â�à�å ã ó àCá ó ð�à ó î Þ ã æaå"á�â óLó ã æ M

(−1)(k+1)(r+n)+
k(k+1)

2 f(z) = ∂z

∫

ζ∈Ω
f(ζ) ∧RM (z,ζ)

+ (−1)k+1

∫

ζ∈Ω
∂f(ζ) ∧RM (z,ζ) + (−1)k

∫

ζ∈∂Ω
f(ζ) ∧RM (z,ζ).

Ü�ß
f
à ó â ã á�à (n,r) í � Þ"æCñ²àJð�à î ôså ó�ó à C1 ð�å"á ó Ω

ï
0 ≤ r ≤ q − 1

ï�å"ôsÞ"æ ó Þ�á åôöå � Þ"æ1ñ ã ôsà ó ã ßWäFå"á�â�à�å ã ó àCá ó ð�à ó î Þ ã æaå"á�â óLó ã æ M
(−1)(k+1)(r+n)+ k(k+1)

2 f(ζ) = ∂ζ

∫

z∈Ω
f(z) ∧RM (z,ζ)

+ (−1)k+1

∫

z∈Ω
∂f(z) ∧RM (z,ζ) + (−1)k

∫

z∈∂Ω
f(z) ∧RM (z,ζ).

� � &2��
������ 
�����&

� { |ol¼�ars»�{�}±x�z"n3�az"nok���m�vyk
M
no{�}���z"n���·�½�vykarulXx�lÅ´(¸P»�lX{�lXkaruÁgn�} ¾ q ·�t¼z"{�twvw½�} ¾

q ≥ 1 ¾ |o}�t¼zA|;rs¹�}X{��aruz"{9k�l¼}Xqsqu} k |�vy{�� C
n }Xx.m�vyk z0 no{ûm�z"rs{�x]|o} M Â�®¯vy{��.qÀv��}¼tXxaruz"{ + {�z"n���v¼½�z"{���|ol�I�{or�no{�},��z"qsnoxaruz"{ ��z"{�|�vy¹�}X{�x�vyqu}

RM
|o}Tq�~�z"mZlXk�vyx�}Xnok�|o}

´2vyn�t�µ�¶g·�¸�ru}X¹²vy{o{�x�vy{o»�}X{�xaru}Xq(�anok
M
|�vy{��,no{ ½�z"ru�ars{�vy»�}

Uz0

|o}
z0
Â �Az"rsx

Ω
no{

|oz"¹²vyrs{�}±k�}XqÀvyxars½�}X¹�}X{�x²t¼z"¹�m�v"tXx�|�vy{��
M ∩ Uz0

ÂÌjÌz"nokJx�z"nox�}
(n,r)
· ��z"ka¹�}

f
!

t¼zg} �²tXru}X{gx��6|�vy{��
L∞(Ω) ¾ z"{�mZz���}

R̃Mf(z) =

∫

ζ∈Ω
f(ζ) ∧RM (z,ζ) si n− k − q + 1 ≤ r ≤ n− k ��� Â ] �

}Xx
R̃Mf(ζ) =

∫

z∈Ω
f(z) ∧RM (z,ζ) si 0 ≤ r ≤ q − 1 ��� Â ���

C6z"n��%vyqsquz"{���lXxan�|;ru}Xk�qu}¼�Òmok�z"mokarulXx�l¼�%|o}�k�lX»�noqÀvykarsx�l2|o}�q�~�z"m�lXk�vyx�}Xnok
R̃M
}X{=�#z"{�tXxaruz"{

|o}¯qÀv�k�lX»�noqÀvykarsx�lL|o}¯qÀv�½�vykarulXx�l
M
Â
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����� � � ����� � ��� � ������	� 
���� �	� ��
� �
� {9{�z"x�}

W 0,∞
n,r (Ω)

q�~�}¼��m�v"t¼}²|o}¼�
(n,r)
· �#z"ka¹�}¼��|;r('�lXk�}X{�xaru}Xqsqu}¼��!�t¼zA} �²tXru}X{�x��

|�vy{��
L∞(Ω)

}Xx
C

1
2
n,r(Ω)

q�~�}¼��m�v"t¼}.|o}¼�
(n,r)
· ��z"ka¹�}¼��|;r('�lXk�}X{�xaru}Xqsqu}¼� !�t¼zA} �²tXru}X{�x��

µ�>"qu|o}Xkaru}X{��6|�~�z"k�|;k�} 1
2

Â
ÏLÐÒÑ�Ó�ÔyÕgÖ9× 	�ÚWÛÝÜ�ß

M
à ó â4ð�à î ôöå ó�ó à C2 àXâ n−k−q+1 ≤ r ≤ n−k

ï�ô"; Þ õ çCæaå�â�à ã æ
R̃M
à ó â î Þ"á�â#ßWá ã ðgà W 0,∞

n,r (Ω)
ð�å"á ó C 1

2
n,r−1(Ω) ÷

��: � ������4=�	��������� �Az"ru}X{�x
z1
}Xx
z2
|o}¼��m�z"rs{�x���|o}

Ω
Â � {Åv

R̃Mf(z1) − R̃Mf(z2) =

∫

ζ∈Ω
f(ζ) ∧ (RM (z1,ζ) −RM (z2,ζ)).

}Xx�m�vyk�t¼z"{���l¼Ágn�}X{�x

|R̃Mf(z1) − R̃Mf(z2)| ≤

∫
ζ∈Ω

|ζ−z1≤2|z1−z2|
1/2

|f(ζ) ∧ (RM (z1,ζ) −RM (z2,ζ))|

+

∫
ζ∈Ω

|ζ−z1≥2|z1−z2|
1/2

|f(ζ) ∧ (RM (z1,ζ) −RM (z2,ζ))|.

Ë\~�z"mZlXk�vyx�}Xnok
RM
lXx�vy{�x²qsrs{�lwvyrsk�} ¾ z"{ºmZ}Xnox³�anomomZz���}Xk²��vy{���m�}Xkax�}�|o}±»�lX{�lXk�vyqsrsx�lÁ�n�}

F
}¼�ax¯|o}JqÀv
��z"ka¹�}

f = f̃σ ¾ z32 f̃
}¼�ax¯no{�} �#z"{�tXxaruz"{û|�vy{��

L∞(Ω)
}Xx
σ
no{

¹�z"{��"¹�}L}X{
dζ1, . . . ,dζn,dζ1, . . . ,dζn

Â � {Åz"poxaru}X{�x,vyquz"k��

|R̃Mf(z1) − R̃Mf(z2)| ≤ ‖f‖∞

∫
ζ∈Ω

|ζ−z1|≤2|z1−z2|
1/2

|σ ∧ (RM (z1,ζ) −RM (z2,ζ))|

+ ‖f‖∞

∫
ζ∈Ω

|ζ−z1|≥2|z1−z2|
1/2

|σ ∧ (RM (z1,ζ) −RM (z2,ζ))|.

C6z"n���|o}X½�z"{��6|oz"{�t.}¼�axars¹�}Xk�qu}¼��rs{�x�lX»�k�vyqu}¼�

J1 =

∫
ζ∈Ω

|ζ−z1|≤2|z1−z2|
1/2

|σ ∧ (RM (z1,ζ) −RM (z2,ζ))|

J2 =

∫
ζ∈Ω

|ζ−z1|≥2|z1−z2|
1/2

|σ ∧ (RM (z1,ζ) −RM (z2,ζ))|.

C6z"n�����nomomZz���}Xk�z"{��6Á�n�}
|z1 − z2| ≤ 1

Â�¸6}X¹²vyk�Á�n�z"{���Á�n�}

J1 ≤

∫
ζ∈Ω

|ζ−z1|≤2|z1−z2|
1/2

|σ ∧RM (z1,ζ)| +

∫
ζ∈Ω

|ζ−z2|≤3|z1−z2|
1/2

|σ ∧RM (z2,ζ)|.
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C6z"n���vw½�z"{���½An�|�vy{���qu},m�vyk�vy»�k�vymoµ�}Lmok�l¼t¼l¼|o}X{�x,Á�n�}

σ ∧RM (z,ζ) =
∑

I∈I′(k)

sgn(I)

∫

λ∈∆I∗

[σ ∧KI∗(z,ζ,λ)]degλ=|I|

=
∑

I∈I′(k)

∑

0≤m≤k
i1,...,im∈I∗

∫

λ∈∆I∗

O|I|+1−m

Φn
∧ ∂ρi1(ζ) ∧ · · · ∧ ∂ρim(ζ).

��� Â ���

Ë4v,½�vykarulXx�l
M
}¼��x��anomom�z���l¼}

q
·�t¼z"{�twv¼½�},v¼½�}¼t

q ≥ 1
}Xx\m�vyk�t¼z"{���l¼Á�n�}X{gx

n > k+1
Â

Ë\~ rs{�x�lX»�k�vyxaruz"{�m�vykaxaru}Xqsqu}\m�vykÎk�vymom�z"kax !
λ
mZ}Xka¹�}Xx4|o}%t¼z"{gxak �"qu}Xk ∫

ζ∈Ω

|ζ−zj |≤cj |z1−z2|
1/2

|σ∧

RM (zj ,ζ)| ¾ j = 1,2 ¾ m�vyk�no{�}.��z"¹�¹�} I�{oru}L|�~ rs{�x�lX»�k�vyqu}¼�T|o},qÀv �#z"ka¹�}%Í

A(z1,z2) =

∫
ζ∈Ω

|ζ−zj |≤cj |z1−z2|
1/2

|σ ∧ ∂ρi1(ζ) ∧ · · · ∧ ∂ρim(ζ)|

Πk+1
ν=1|Φ(z,ζ,λν)||ζ − z|2n−3k+m−3

,

z32
λ1, . . . ,λk+1 ��z"{gxL|o}¼�¯m�z"rs{�x��L|o} ∆I∗

¾ I ∈ I ′(k) ¾ Á�norF�#z"ka¹�}X{gx.no{9�a¶;�ax�¿X¹�}
|o}¯½�}¼tXx�}Xnok���rs{�|olXm�}X{�|�vy{�x��T|o}

R
k+1 Â

� {�m�z���}Tx�z"n3��z"nok��
tν = Im Φ(z,ζ,λν)

}Xx
dtν = dζ Im Φ(z,ζ,λν)

Âo�©q�k�l¼�anoqsx�}
|o}�qÀvû|ol�I�{orsxaruz"{Ä|o}

ρ∗
}Xx²|o}�q�~�lXxan�|o} ��vyrsx�}Ù|�vy{��²qÀvû��}¼tXxaruz"{ + Ágn�}�m�z"nok�x�z"nox

¹Lnoqsxarö·�rs{�|;rut¼}
(ν1, . . . ,νk)

}�(;xak�vyrsx�|o}
(1, . . . ,k + 1) ¾ z"{Ùv

|σ ∧ ∂ρi1(ζ) ∧ · · · ∧ ∂ρim | .
∑

0≤|L|≤m

|σL ∧l∈L dtl| |ζ − z|m−|L|.

z32
L = (l1, . . . ,l|L|)

}¼��x�no{Ç¹Lnoqsxarö·�rs{�|;rut¼} |o} quz"{o»�n�}Xnok
|L| ≤ k

}�(Axak�vyrsx@|o}
(ν1, . . . ,νk)

Â
´(z"¹�¹�}

|L| ≤ k ¾ rsqÎ}�(;ru�ax�} νL ∈ {1, . . . ,k + 1} \ L
}Xx6|�~ vymok�¿¼� + Â �

Πk+1
ν=1|Φ(z,ζ,λν)||ζ − z|2n−3k+|L|−3 ≥

Πl∈L|Φ(z,ζ,λl)||Φ(z,ζ,λνL)||ζ − z|2n−k−|L|−3.

ËÎ}]x�}Xka¹�}L|o}
A(z1,z2)

t¼z"kak�}¼�am�z"{�|�vy{�xE!�no{Ù¹Lnoqsxarö·�rs{�|;rut¼}
L = ∅

}¼�ax�¹²v��az"k�l
m�vyk

A0(z1,z2) .

∫
X∈R2n−k

|X|≤cj |z1−z2|
1/2

dX

|X|2n−k−1

. |z1 − z2|
1
2

�gr
0 < |L| < k ¾ qu}¼����z"{�tXxaruz"{��

tl1 ,, . . . ,tl|L|
,tνL

m�}Xno½�}X{�x ?Xxak�}2noxarsqsru��l¼}¼��t¼z"¹�¹�}
t¼zgz"k�|oz"{o{�l¼}¼�Lquzgtwvyqu}¼��vyrs{��ar\Á�n�}J{�z"n��.q�~ v¼½�z"{��.k�}X¹²vyk�Ágn�l�|�vy{��LqÀv±��}¼tXxaruz"{ + ÂÎËÎ}¼�
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x�}Xka¹�}¼��|o}
A(z1,z2)

t¼z"kak�}¼��mZz"{�|�vy{gxA!�no{9¹Lnoqsxarö·�rs{�|;rut¼}
L
|o}�quz"{o»�n�}XnokJ�axakarutXx�}C·

¹�}X{�x�rs{)��lXkaru}Xnok�} !
k
��z"{gx�|oz"{�t.t¼z"{gxak �"qul¼��m�vykÎÍ

AL(z1,z2) .

∫
X∈R2n−k

|X|≤cj |z1−z2|
1/2

dX

Π
|L|+1
ν=1 (|Xν | + |X|2) |X|2n−k−|L|−3

. |z1 − z2|(1 + |ln|z1 − z2||)
|L|+1.

�gr
|L| = k ¾ z"{�v Πl∈L|Φ(z,ζ,λl)||Φ(z,ζ,λνL)| = Πk+1

ν=1|Φ(z,ζ,λν)|
Â � n

½�z"ru�ars{�vy»�}Ê|o}@t�µ�v"Á�n�}@m�z"rs{�x
ζ
|o}

Ω ¾ z"{ÄmZ}Xnox±�anomom�z���}Xk ¾ Ágnorsxax�} !ûk�}X{gno¹�lXk�zy·
x�}Xk]qu}¼�

λν ¾ Ágn�} 0 ≤ |Φ(z,ζ,λ1)|, . . . ,|Φ(z,ζ,λk)| ≤ |Φ(z,ζ,λk+1)|
Â � { vÅvyquz"k��

Πk+1
ν=1|Φ(z,ζ,λν)| ≥ Πk

ν=1|Φ(z,ζ,λν)|1+
1
k
Â �%{�mok�}X{�vy{�x

ν1 = 1, . . . ,νk = k ¾ z"{v
L = (1, . . . ,k)

}Xx
t1, . . . ,tk

m�}Xno½�}X{�x
?Xxak�}�t�µ�z"ru�aru}¼��t¼z"¹�¹�}�t¼zAz"k�|oz"{o{�l¼}¼��quzy·
twvyqu}¼�wÂ¡Ë4}.x�}Xka¹�}�|o}

A(z1,z2)
t¼z"kak�}¼�am�z"{�|�vy{�xE!

L
|o}.quz"{o»�n�}Xnok

k
}¼�ax6¹²v���z"k�l�|o}

qÀvJ¹²vy{oru¿Xk�}.�anors½�vy{�x�}Lvymok�¿¼��quzgtwvyqsru�1vyxaruz"{Å|o}¯q�~ rs{�x�lX»�k�vyxaruz"{.Í

AL(z1,z2) .

∫
X∈R2n−k

|X|≤cj |z1−z2|
1/2

dX

Πk
ν=1(|Xν | + |X|2)1+

1
k |X|2n−2k−3

. |z1 − z2|
1
2 .

� {@}X{@|ol¼|;norsx¯|oz"{�tLÁgn�}
J1 . |z1 − z2|

1
2
Â CTz"n��,vyqsquz"{��6¹²vyrs{gx�}X{�vy{�x.lXxan�|;ru}Xk

J2
Â
��q�k�l¼��noqsx�}.|o}¯qÀvJ|ol�I�{orsxaruz"{Ù|o}

J2
}Xx6|o} � Â � Á�n�}

J2 =

∫
(ζ,λ)∈Ω×∆I∗

|ζ−z1|≥2|z1−z2|
1/2

|
N(z1,ζ,λ)

Φn(z1,ζ,λ)
−
N(z2,ζ,λ)

Φn(z2,ζ,λ)
||σ ∧ ∂ρi1(ζ)∧ · · · ∧ ∂ρim(ζ)|,

z32
N(z,ζ,λ)

}¼�ax�no{�} ��z"{�tXxaruz"{Å|o}¯tXqÀv"����}
C∞ }X{ z ÁgnorÎ}¼�ax�no{ Ok+1−m

Â
� {�m�}Xnox�l¼tXkarsk�}
N(z1,ζ,λ)

Φn(z1,ζ,λ)
−
N(z2,ζ,λ)

Φn(z2,ζ,λ)
=
N(z1,ζ,λ) −N(z2,ζ,λ)

Φn(z1,ζ,λ)

+N(z2,ζ,λ)[
1

Φn(z1,ζ,λ)
−

1

Φn(z2,ζ,λ)
].

� quz"k���m�vykJ|o}¼�]¹�lXxaµ�zA|o}¼��vy{�vyquz"»�n�}¼�0!Ùt¼}Xqsqu}¼�]noxarsqsru��l¼}¼��|�vy{��Jq�~�lXxan�|o}±|o}
J1
¾ z"{mZ}Xnox�¹�z"{gxak�}Xk6Ágn�}

J ′
2 =

∫
(ζ,λ)∈Ω×∆I∗

|ζ−z1|≥2|z1−z2|
1/2

|
N(z1,ζ,λ) −N(z2,ζ,λ)

Φn(z1,ζ,λ)
|

. |z1 − z2|
∑

0≤s≤k

∫
X∈R2n−k

2|z1−z2|
1/2≤|X|≤C

dX

Πs+1
ν=1(|Xν | + |X|2) |X|2n−k−s−2

. |z1 − z2|(1 + |ln|z1 − z2||)
k+1.
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twvyk
|N(z1,ζ,λ) −N(z2,ζ,λ)| ≤ |z1 − z2|Ok−m

Â
Ë4v ��z"{�tXxaruz"{

Φ(z,ζ,λ)
}¼�ax�|o}.tXqÀv"����}

C∞ }X{ z }Xx�m�vyk�t¼z"{���l¼Á�n�}X{gx

1

Φn(z1,ζ,λ)
−

1

Φn(z2,ζ,λ)
.

n−1∑

p=0

|z1 − z2|

Φn−p(z1,ζ,λ)Φp+1(z2,ζ,λ)
.

�%{ºk�}X¹²vyk�Á�n�vy{gx²Ágn�}°��r
|ζ − z1| ≥ 2|z1 − z2|

1
2 ¾ vyquz"k�� 1

2 ≤ |ζ−z1|
|ζ−z2|

≤ 2 ¾ vymok�¿¼�rs{�x�lX»�k�vyxaruz"{@m�vykaxaru}Xqsqu}.}X{
λ
{�z"n��6z"pox�}X{�z"{��

J”2 =

∫
(ζ,λ)∈Ω×∆I∗

|ζ−z|≥2|z1−z2|
1/2

N(z2,ζ,λ)|
1

Φn(z1,ζ,λ)
−

1

Φn(z2,ζ,λ)
|

. |z1 − z2|
∑

1≤s≤k

∫
X∈R2n−k

2|z1−z2|
1/2≤|X|≤C

dX

Πs
ν=1(|Xν | + |X|2)1+

1
s |X|2n−k−s−1

+ |z1 − z2|

∫
X∈R2n−k

2|z1−z2|
1/2≤|X|≤C

dX

(|X1| + |X|2) |X|2n−k−1

. |z1 − z2|
1
2

}Xx�m�vyk�t¼z"{���l¼Ágn�}X{�x
J2 . |z1 − z2|

1
2
Â

� {Å}X{Å|ol¼|;norsx�|oz"{�tLÁ�nÎ~ rsqÎ}�(;ru�ax�},no{�}.t¼z"{��ax�vy{gx�}
C
x�}Xqsqu}¯Ágn�}.�ar

z1,z2 ∈ Ω

|R̃Mf(z1) − R̃Mf(z2)| ≤ C‖f‖∞|z1 − z2|
1
2 . ��� Â + �

¸�}X¹²vyk�Ágn�z"{��.Ágn�}���r�z"{û��}]k�}¼��xak�}Xrs{�x=!³no{�}�t¼z"nokap�}�t¼z"¹�moqu}�(;}Jx�vy{o»�}X{gx�} ��z"rö·
»�{�vy{�x

z1
!
z2
qÀvÊ|;r('�lXk�}X{�xaru}Xqsqu}

dzΦ
�w~ vy{o{�noqu} !@q�~�z"k�|;k�}

1
}X{

z = ζ
Â%jÌvyk³|o}¼�

}¼�axars¹²vyxaruz"{���vy{�vyquz"»�n�}¼� ¾ z"{û}X{9|ol¼|;norsx�Á�n�} R̃Mf
}¼�axL|o}�tXqÀv"����}

C1−ε �anok¯x�z"nox�}t¼z"nokapZ}.t¼z"¹�moqu}�(o}¯x�vy{o»�}X{gx�}L|o}
M
Â

®¯vy{���qu} twv"��|o}¼��m�}Xxarsx���|o}X»�k�l¼� ¾ qu}¼�±k �"qu}¼��|o} z }Xx ζ ��z"{gx�rs{�½�}Xk���l¼� � mZz"nokvymomoqsruÁ�n�}Xk�qu}¼��}¼��xars¹²vyxaruz"{���tXrö·�|o}¼���an���{�z"n���vw½�z"{���|oz"{�t±p�}¼��z"rs{ |�~ no{º{�zw¶�vynë|o}
tXqÀv"����}

C1 }X{ ζ Â�´(z"¹�¹�} RM
��vyrsx�rs{�x�}Xka½�}X{orsk�|o}¼�J|olXkars½�l¼}¼�J|�~�z"k�|;k�}

2
}X{

ζ
|o}¼�

�#z"{�tXxaruz"{��6|ol�I�{oru����vy{�x�}¼�6|o}
M ¾ {�z"n��6|o}X½�z"{����anomom�z���}Xk�Á�n�} M }¼�ax�|o}¯tXqÀv"����} C3 Â

ÏLÐÒÑ�Ó�ÔyÕgÖ9× 	�Ú:9�Ü�ß
M
à ó â(ð�à î ôså ó1ó à C3 àXâ 0 ≤ r ≤ q − 1

ï\ô"; Þ õ çXæ�å�â�à ã æ R̃M
à ó â

î Þ"á�â#ßWá ã ð�à W 0,∞
n,r (Ω)

ð�å�á ó C 1
2
n,r−1(Ω) ÷

����� � � ����� � ��� � �� 
 ����� 
 � � � � � ��� � � � �
C6z"n��6vyqsquz"{���noxarsqsru��}Xk�|o}¼��ru|ol¼}¼��|olX½�}Xquz"mom�l¼}¼��|�vy{��E# ] � &4}Xx�k�}Xmokaru��}¼��m�vyk #%B�&�Â



�F�������
	��������� ���������
	������ � B

� {û{�z"x�}
Φj(z,ζ)

qÀv
�#z"{�tXxaruz"{
ΦJ
mZz"nok

J = (λ1, . . . ,λk,λ∗) ∈ I ′(k∗)
vw½�}¼t

λj = 1

� ×gÖ�Öû× 	�Ú�� ø ô�àaù"ß ó â�à�ð�à ó î 	 å"ñ õ ó ð�à]äyà î â�à ã æ ó Y ζ
1 , . . . ,Y

ζ
k

â�å"ágê�àCá¡â ó ü M â�àCô óì ã à õ Þ ã æ]â�Þ ã â ζ ∈ U(z0)
àXâ

1 ≤ i,j ≤ k

Y ζ
i Φj(ζ,ζ) = δij ,

Þ��
δij
ð�ç ó ßsê"áZàLôuà ó ú"ñ ý Þ"ôuà]ðgà��LæaÞ"áZà î�� àCæ ÷

��: � ������4=�	���������Ìj%noru��Ágn�}
M
}¼�ax�»�lX{�lXkaruÁgn�} ¾ ∂ρ1 ∧ · · · ∧ ∂ρk 6= 0

�anok
U(z0)}Xx�m�vyk�t¼z"{���l¼Ágn�}X{�x�qÀv�¹²vyxakarut¼}

A =



〈∂ρ1(ζ),∂ρ1(ζ)〉 . . . 〈∂ρk(ζ),∂ρ1(ζ)〉ÂÂÂ ÂÂÂ
〈∂ρ1(ζ),∂ρk(ζ)〉 . . . 〈∂ρk(ζ),∂ρk(ζ)〉


 ,

z32
〈∂ρi(ζ),∂ρj(ζ)〉 =

∑n
ν=1

∂ρj

∂ζν
(ζ) ∂ρi

∂ζν
(ζ) ¾ }¼�ax�rs{g½�}Xk��arspoqu}]mZz"nok�x�z"nox ζ ∈ U(z0)}Xx�rsqÎ}�(Aru��x�}

ν1, . . . ,νk ∈ {1, . . . ,n}
x�}Xqu��Ágn�}¯qÀv�¹²vyxakarut¼}

B =




∂ρ1

∂ζν1
(ζ) . . . ∂ρk

∂ζν1
(ζ)ÂÂÂ ÂÂÂ

∂ρk
∂ζν1

(ζ) . . . ∂ρk
∂ζνk

(ζ)




}¼�ax�rs{�½�}Xk��arspoqu}LmZz"nok�x�z"nox
ζ ∈ U(z0)

Â
� {�m�z���}

Y ζ
i =

1

2

k∑

j=1

αij(ζ)
n∑

ν=1

∂ρj

∂ζν

(ζ)
∂

∂ζν
−

1

2

k∑

j=1

βij(ζ)
n∑

ν=1

∂

∂ζν

z32
[αij ] = A−1 }Xx [βij ] = B−1 Â
� {�¹�z"{�xak�}�vyquz"k�� ��v"tXrsqu}X¹�}X{�x6Ágn�}¯m�z"nok

1 ≤ i,j ≤ k

Y ζ
i Φj(ζ,ζ) = δij et Y ζ

i ρj = 0.

j%noru��Ágn�}
ρ∗ = ρ1 + · · · + ρk

¾ z"{@v�m�vyk�|ol�I�{orsxaruz"{Ù|o} ΦI∗

ΦI∗(z,ζ,λ) =

k∑

j=1

(λJ + λ∗)Φj(z,ζ) +O2.
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jÒz"nok
λ ∈ ∆I∗

¾ z"{Å|ol�I�{orsx�qu}.t�µ�vy¹�m���|o}¯½�}¼tXx�}Xnok�� Y ζ
λ

m�vyk

Y ζ
λ =

k∑

j=1

λj + λ∗∑k
j=1(λj + λ∗)2

Y ζ
j ,

ËÎ}Lt�µ�vy¹�m��6|o}¯½�}¼tXx�}Xnok
Y ζ

λ

}¼�ax�x�vy{o»�}X{�x�!
M
}Xx�½�lXkar I�}

Y ζ
λ ΦI∗(ζ,ζ,λ) = 1

mZz"nok
ζ ∈ U(z0)

}Xx
λ ∈ ∆I∗

Â
� Ñ���� 8�� 8WÓ�� 	�Ú�� �ÒáZà � Þ�æ1ñ²à@ð"ß �6çCæaàXá�â#ß�àXôòôuà ð�ç���á�ß�à ó ã æ U(z0) × U(z0) × ∆I∗å õ�õ å"æXâ#ß�àCá�â2ü²ôså î ôöå ó�ó à Eδ

ó ß�àCôWôuà õ à ã â ó ; ç î æ1ßWæaà
Eα+k−m

(ΦI∗ + δ)β
∂ρi1 ∧ · · · ∧ ∂ρim ,

Þ��
Ej = O0(ζ − z)j àXâ α àXâ β ó Þ"á�â�ð�à ó àCá�â#ß�àCæ ó â�àCô ó ì ã à 2n− 1 − 2β + α ≥ 0 ÷	2á ð�ßòæaå³ì ã ; ã áÊá¡Þ�ú�å ã Lδ

à ó â(ð�å�á ó ôöå î ôså ó�ó à Lδ
ó ß

Lδ(z,ζ) =

∫

λ∈∆I∗

Eδ(z,ζ,λ),

Þ��
Eδ
å õ�õ å"æXâ#ß�àXá�â(ü Eδ ÷ËÎ}�{�zw¶�vyn

RM
}¼�ax4no{�}���z"¹�¹�}�I�{oru}�|�~�lXqulX¹�}X{gx��%|o}\qÀv�tXqÀv"����}

L0
Â�¸6}X¹²vyk�Á�n�z"{��

Á�n�}J�ar%z"{ k�}X¹�moqÀv"t¼}
RM
m�vyk¯no{Ê{�z�¶�vyn9|o}�qÀv±tXqÀv"����}

Lδ
¾ δ > 0 ¾ q�~ rs{�lX»�vyqsrsx�l � Â +k�}¼�ax�}�½Ak�vyru}�v¼½�}¼t�no{�}�t¼z"{��ax�vy{gx�}

C
Ágnor%{�}�|olXm�}X{�|o�¯m�v"�.|o}

δ ¾ twvyk |ΦI∗ + δ| ≥
1
2 (Re ΦI∗ + | ImΦI∗|)

Â
�gr
Xz }¼�ax¯no{ût�µ�vy¹�m��L|o}�½�}¼tXx�}Xnok.x�vy{o»�}X{gx !

M
}X{ qÀv°½�vykarÀvypoqu}

z ¾ z"{ {�z"x�}
Xζ qu}¯t�µ�vy¹�m���t¼z"kak�}¼�am�z"{�|�vy{�x,}X{�qÀvJ½�vykarÀvypoqu} ζ Â
� ×gÖ�Öû× 	�Ú 	���ßsù�Þ"á ó δ > 0

ï õ Þ ã æ�â�Þ ã â�á¡Þ"ú�å ã Eδ
ð�à î ôöå ó1ó à Cl å õ�õ å"æXâ�àCá¡å�á�â6ü

Eδ
ï%ßòôÎàaù"ß ó â�à ε > 0

â�àXô�ì ã à õ Þ ã æ (z,ζ) ∈ U(z0)×U(z0)
äyçCæCß ��å"á�â

|z− ζ| < ε
Þ"á

å
XzEδ = −XζEδ +

(Xz +Xζ)ΦI∗

Y ζ
λ ΦI∗

Y ζ
λ Lδ +Gδ ,

Þ��
Gδ
à ó â ã áZà ó Þ�ñ�ñ²àF�\á�ß�àLðgà.áZÞ"ú�å ã ù±ð�à î ôså ó1ó à Cl−1 å õ�õ å"æXâ�àCá¡å"á�â2ü Eδ ÷

��: � ������4=�	��������� � {�k�}X¹²vyk�Ágn�}±Á�n�}°monoru��Ágn�}
Y ζ

λ ΦI∗(ζ,ζ,λ) = 1
m�z"nok

ζ ∈

U(z0)
¾ rsq(}�(;ru�ax�} ε > 0

}Xx]no{�}±t¼z"{��ax�vy{gx�}
C
x�}Xqsqu}�Á�n�}

Y ζ
λ ΦI∗(z,ζ,λ) > C

�ar
|z − ζ| < ε

Â�jÌvyk6vyrsqsqu}Xnok��
(Xz +Xζ)Ej = Ej

(Xz +Xζ)ΦI∗ = E1

Y ζ
λE

j = Ej−1.
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ËÎ}¯qu}X¹�¹�}¯k�l¼�anoqsx�}]vyquz"k���|�~ no{ÅtwvyqutXnoq4|;rsk�}¼tXxwÂ
� {Æ{�z"x�}

W l,∞
n,r (Ω)

q�~�}¼�am�v"t¼}Ê|o}¼�
(n,r)
· �#z"ka¹�}¼�±|;r('�lXk�}X{�xaru}Xqsqu}¼��|o}@tXqÀv"����}

Cl

|oz"{�x\qu}¼�\|olXkars½�l¼}¼��|�~�z"k�|;k�}
l
|o}¼�\t¼zA} �²tXru}X{�x��(vymom�vykaxaru}X{o{�}X{�x !

L∞(Ω)
}Xx

C
l+ 1

2
n,r (Ω)q�~�}¼�am�v"t¼}.|o}¼�

(n,r)
· ��z"ka¹�}¼��|;r('�lXk�}X{�xaru}Xqsqu}¼�T|o}¯tXqÀv"����}

Cl |oz"{gx�qu}¼��|olXkars½�l¼}¼��|�~�z"k�|;k�}
l
|o}¼�6t¼zg} �²tXru}X{gx�����z"{gx�µ�>"qu|o}Xkaru}X{o{�}¼�6|�~�z"k�|;k�} 1

2

Â
ÏLÐÒÑ�Ó�ÔyÕgÖ9× 	�Ú ��Ü�ß

M
à ó âJð�à î ôså ó�ó à Cl+2 àXâ n − k − q + 1 ≤ r ≤ n − k

ï
ô"; Þ õ çCæaå�â�à ã æ R̃M

à ó â î Þ"á�â#ßWá ã ð�à W l,∞
n,r (Ω)

ð�å"á ó Cl+ 1
2

n,r−1(Ω) ÷
��: � ������4=�	���������Ì�Òr (oz"{��(no{�mZz"rs{gx

z1
|�vy{��

Ω
}Xx2t�µ�z"ru�aru����z"{��2no{�} ��z"{�tXxaruz"{

χ!³��nomomZz"kax,t¼z"¹�m�v"tXx.|�vy{��
Ω
x�}Xqsqu}JÁgn�}

χ(ζ) = 1 ¾ ��r |ζ − z1| ≤
ε
4
¾ }Xx χ(ζ) = 0 ¾�ar

|ζ − z1| ≥
ε
2
¾ z32 ε

}¼�ax�|oz"{o{�l�m�vyk�qu}²ËÎ}X¹�¹�} � Â � Â � { mZz���} D(z1) = {z ∈
Ω | |z − z1| ≤

ε
4}
Â � {Ål¼tXkarsx

R̃Mf(z) =

∫

ζ∈Ω
χ(ζ)f(ζ) ∧RM (z,ζ) +

∫

ζ∈Ω
(1 − χ(ζ))f(ζ) ∧RM (z,ζ).

� {�{�z"x�}
J1(f)

qÀv�mok�}X¹�ru¿Xk�}.rs{�x�lX»�k�vyqu}]|;nÅ��}¼t¼z"{�|±¹�}X¹]pok�}L}Xx
J2(f)

qÀvJ��}¼t¼z"{�|o}�Â
j%noru��Ágn�}

RM (z,ζ)
}¼�ax6|o}.tXqÀv"����}

C∞ }X{ z m�z"nok z 6= ζ ¾ q�~ rs{�x�lX»�k�vyqu} J2(f)
}¼�ax

|o}.tXqÀv"����}
C∞ �anok D(z1)

Â
� ×gÖ�Öû× 	�Ú � Ü�Þ"ß�àXá�â

δ > 0
ï
Lδ ã áÊá¡Þ"ú�å ã ð�à î ôså ó1ó à Cl å õ�õ å"æXâ�àCá¡å"á¡â(ü Lδ

àXâ
f

ã áZà (n,r) í � Þ�æ1ñ²à�ð�å"á ó W l,∞
n,r (Ω) ÷ Ü�ß

L̃δf(z) =

∫

ζ∈Ω
χ(ζ)f(ζ) ∧ Lδ(z,ζ)

àXâ ó ß Xz
1 , . . . ,X

z
j
ó Þ�á�âLð�à ó î 	 å"ñ õ ó ð�à�ä"à î â�à ã æ ó â�å"ágê�àCá¡â ó ü M ï j ≤ l

ïLå"ôsÞ"æ ó
Xz

1 . . . X
z
j L̃δf

å õ�õ å"æXâ#ß�àCá�âÒü C 1
2
n,r(Ω)

àXâÎßWôoà�ù"ß ó â�à ã áZà î Þ"á ó â�å"á�â�à Cj
ßòá¡ðgç õ àCá¡ð�å"á�â�àð�à

δ
àXâ(ðgà

f
â�àCôòôuà�ì ã à

‖Xz
1 . . . X

z
j L̃δf‖ 1

2
,D(z1)

≤ Cj‖f‖∞.

��: � ������4=�	���������ÌËÎ}¯ËÎ}X¹�¹�} � Â � }Xx�no{�}¯rs{�x�lX»�k�vyxaruz"{Ùm�vyk�m�vykaxaru}¼��|oz"{o{�}X{gx

XzL̃δf(z) =

∫

ζ∈Ω
X̃ζ(χ(ζ)f(ζ)) ∧ Lδ(z,ζ) +

∫

ζ∈Ω
χ(ζ)f(ζ) ∧ Pδ(z,ζ),

z32
X̃ζ }¼�ax±no{Çt�µ�vy¹�m���|o}Ê½�}¼tXx�}Xnok���x�vy{o»�}X{�x !

M
rs{�|olXm�}X{�|�vy{�xÙ|o}

δ
}Xx
Pδno{�}L��z"¹�¹�}EI�{oru}L|o}¯{�z�¶�vyn)(Ù|o}.tXqÀv"����}

Cl−1 vymom�vykax�}X{�vy{�x�!
Lδ
Â��\{@vymomoqsruÁgn�vy{�x

�an�t¼t¼}¼���ars½�}X¹�}X{gx�qu}¼��t�µ�vy¹�m��6|o},½�}¼tXx�}Xnok��
Xz

1 , . . . ,X
z
j
¾ z"{�z"poxaru}X{�xT|oz"{�t

Xz
1 . . . X

z
j L̃δf(z) =

j∑

ν=0

∑

jν∈{1,...,j}

∫

ζ∈Ω
Xζ

j1
. . . Xζ

jν
χ(ζ)f(ζ) ∧Qδ(z,ζ),
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z32
Qδ
}¼�axTno{�}J��z"¹�¹�} I�{oru}J|o}�{�zw¶�vyn)( |o}�tXqÀv"����}

Cl−1 vymom�vykax�}X{�vy{�xA!
Lδ
Â � {

mZ}Xnox¯}¼�axars¹�}Xk,qu}¼�Trs{�x�lX»�k�vyqu}¼�¯|;nÊ¹�}X¹Lpok�}�|o}�|;k�z"rsx�}�t¼z"¹�¹�}J|�vy{��TqÀv³��}¼tXxaruz"{ � Â ]v¼½�}¼t2|o}¼�Òt¼z"{���x�vy{�x�}¼�Ìrs{�|olXmZ}X{�|�vy{gx�}¼�%|o}
δ
vyrs{��arAÁ�n�}�{�z"n��4q�~ vw½�z"{���k�}X¹²vyk�Á�n�l2vymok�¿¼�

qÀv�®,l�I�{orsxaruz"{ � Â + Â
�4}Xka¹�rs{�z"{���qÀv@|olX¹�z"{��axak�vyxaruz"{ |;n �2µ�l¼z"k�¿X¹�} � Â%$;Â � { {�z"x�} Lδ,M

qu}°{�zw¶�vyn
z"pox�}X{�n�}X{ k�}X¹�moqÀv3Gwvy{gx

ΦI∗
m�vyk

ΦI∗ + δ
|�vy{��

RM
Â � { mZ}Xnox¯¹�z"{gxak�}Xk]}X{ noxarö·

qsru��vy{�x�qu}¼��¹0?X¹�}¼�³vyka»�no¹�}X{�x��°Ágn�}�|�vy{���qu}�ËÎ}X¹�¹�} � Â ] ] |o} #%B'&�Á�n�}
L̃δ,Mf

}Xx
Xz

1 . . . X
z
j L̃δ,Mf

t¼z"{g½�}Xka»�}�no{or ��z"ka¹�lX¹�}X{�xL½�}Xk��
R̃Mf

}Xx
Xz

1 . . . X
z
j R̃Mf

�anok
Ωquz"k���Á�n�}

δ
x�}X{�|°½�}Xk��

0
Â;ËÎ}¼��t¼z"{��ax�vy{gx�}¼�

Cj
|;n�ËÎ}X¹�¹�} � Â J lXx�vy{gx�rs{�|olXmZ}X{�|�vy{gx�}¼�|o}

δ ¾ qu},xaµ�l¼z"k�¿X¹�}]}¼�ax�vyquz"k���|olX¹�z"{gxak�l�Â1�{9xak�v¼½�vyrsq��ars¹�rsqÀvyrsk�}�}X{ûrs{g½�}Xk���vy{�x]qu}¼�¯k �"qu}¼�L|o}
z
}Xx
ζ
m�}Xka¹�}XxL|�~�z"pox�}X{orskLqu}

xaµ�l¼z"k�¿X¹�}L�anors½�vy{�xÎÍ
ÏLÐÒÑ�Ó�ÔyÕgÖ9× 	�Ú ��Ü�ß

M
à ó â6ðgà î ôså ó�ó à Cl+3 àXâ 1 ≤ r ≤ q − 1

ï�ô ; Þ õ çCæaå�â�à ã æ R̃Mà ó â î Þ"á�â#ßWá ã ðgà W l,∞
n,r (Ω)

ð�å"á ó Cl+ 1
2

n,r−1(Ω) ÷
C6z"n���x�}Xka¹�rs{�z"{��2}X{²mok�z"no½�vy{�x2no{²qu}X¹�¹�}T|o}�jÌz"rs{�twvyk�lTmZz"nok�qu}

∂b
vw½�}¼t�k�lX»�n;·

qÀvykarsx�l
Cl+ 1

2
Â

ÏLÐÒÑ�Ó�ÔyÕgÖ9× 	�Ú���ÜZÞ"ß�àCá�â
M ã áZà6äFå"æCß�ç¼â�ç�èÎéëêgçCáZçCæCß#ì ã à q í�î Þ"á î å"äyà1ï�ð�à î Þ�ð"ßòñ²àCá íó ß�Þ"á æaç�àCôòôuà k ï�ð�à î ôså ó1ó à C3 õ ôsÞ"ágê�ç�à³ð�å"á ó

C
n àXâ z0 ã á õ Þ"ßòá¡â2ðgà M ÷ � Þ ã æ�â�Þ ã âäFÞ"ß ó ßWá¡åwê�à±Þ ã äyàCæXâ U ðgà z0 ð�å"á ó M ï6ßòô�àaù�ß ó â�à ã á äFÞ"ß ó ßWá¡åwê�à±Þ ã äyàXæCâ V ⊂ U

ð�à
z0
àXâ õ Þ ã æ²â�Þ ã â r â�àCô�ì ã à 1 ≤ r ≤ q − 1

Þ ã n − k − q + 1 ≤ r ≤ n − k
ï ã áÞ õ çCæaå�â�à ã æ

Tr : Cn,r(U) → Cn,r(V )

õ Þ ó�ó çað�å"á¡â�ôuà ó õ æaÞ õ æCß�ç¼â�ç ó.ó ã ßWäFå"á�â�à ó��
� ÷ þ ß ÿ f |V = ∂bTrf + Tr+1∂bf

ï õ Þ ã æ 1 ≤ r ≤ q− 2
àXâ
n− k− q+ 1 ≤ r ≤

n− k
ï

� ÷ þ ßòß ÿ f |V = ∂bTrf
ï ó ß r = q − 1

àXâ
∂bf = 0

ï
� ÷ þ ßòßWß ÿ ó ß f ∈ Cl

n,r(U)
å"ôsÞ"æ ó Trf ∈ C

l+ 1
2

n,r (V ) ó ß�� à ó â.ð�à î ôöå ó�ó à Cl+3 àXâ
1 ≤ r ≤ q − 1

Þ ã ó ß���à ó â�ðgà î ôså ó1ó à Cl+2 àXâ n− k− q + 1 ≤ r ≤ n− k ÷
��: � ������4=�	��������� �;vy{���mZ}Xkax�} |o}Ê»�lX{�lXk�vyqsrsx�l9z"{ÇmZ}Xnox���nomomZz���}Xk�Ágn�}

U
}¼�ax

t¼z"{�x�}X{�n |�vy{��
M ⊂ U(z0)

Â �Az"rsx
B
no{�}³mZ}Xxarsx�}²pZz"noqu}°t¼}X{�xak�l¼}°}X{

z0
x�}Xqsqu}°Á�n�}

Ω = B ∩M
��z"rsxTno{@|oz"¹²vyrs{�}�!²pZz"k�|

C1 k�}XqÀvyxars½�}X¹�}X{�x.t¼z"¹�m�v"tXx.|�vy{�� U Â �gr f}¼�ax�no{�}
(n,r)
·F��z"ka¹�}¯t¼z"{�xars{gn�}]��nok

U ¾ z"{Å|ol�I�{orsx�qu}¼��z"mZlXk�vyx�}Xnok�� Pr
m�vykÎÍ

Prf(ζ) = (−1)(k+1)(r+n)+ k(k+1)
2

∫

z∈bΩ
f(z) ∧ [RM ]n,n−k−r−1(z,ζ)

si 1 ≤ r ≤ q − 1,
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Prf(z) = (−1)(k+1)(r+n)+
k(k+1)

2

∫

ζ∈bΩ
f(ζ) ∧ [RM ]n,r(z,ζ)

si n− k − q + 1 ≤ r ≤ n− k.

��q�k�l¼��noqsx�}�|o}�qÀv.|ol�I�{orsxaruz"{°|o}¼��{�zw¶�vyn)(
RM
Ágn�}�qu}¼��z"m�lXk�vyx�}Xnok��

Pr
��z"{gx�t¼z"{�xars{gn��

|o}
Cl

n,r(U)
|�vy{��

Cl
n,r(Ω)

�arÎÉ }¼��x�|o}¯tXqÀv"����}
Cl+3 }Xx 1 ≤ r ≤ q − 1

z"nÅ�ar�É }¼��x
|o}�tXqÀv"����}

Cl+2 }Xx n−k−q+1 ≤ r ≤ n−k
Â �Az"rsx

B ′ no{�}�vynoxak�}�pZz"noqu}�t¼}X{�xak�l¼}�}X{
z0
x�}Xqsqu}6Á�n�}

B′∩M ⊂⊂ Ω
Â �%{³noxarsqsru��vy{�x�qu}�{�zw¶�vyn°|o} � }X{��grs{°v"����zAtXrul-!,qÀv¯p�z"noqu}

B′ ¾ z"{�z"poxaru}X{�x�no{�z"m�lXk�vyx�}Xnok�qsrs{�lwvyrsk�}¯t¼z"{�xars{�n Lr
|o}

Cl
n,r(B

′)
|�vy{��

Cl+ε
n,r−1(B

′) ¾
0 < ε < 1 ¾ x�}Xq4Ágn�}

Prf |B′ = ∂Lr−1Prf + Lr∂Prf.
� {�mZz���}.vyquz"k��

Trf = (−1)(k+1)(r+n)+
k(k+1)

2 R̃Mf + (−1)kLr−1Prf.

Ë4v
��z"ka¹Lnoqu}�|�~ µ�z"¹�z"x�z"moru}�|;n 5��(7¯k�l¼�anoqsx�}�vyquz"k��¯|;n9´(z"k�z"qsqÀvyrsk�} + Â � }Xx.|;n ��vyrsx
Á�n�} ¾ »�k��"t¼}*! + Â JA¾ ∂Pr = Pr+1∂b

¾ ��r 0 ≤ s ≤ q−2
}Xx
n−k− q+1 ≤ r ≤ n−k

Â
ËÎ}6mZz"rs{gx 5����(7(��}�|ol¼|;norsx2vyn����ar�|;n±´(z"k�z"qsqÀvyrsk�} + Â � }X{³k�}X¹²vyk�Á�n�vy{gx�Á�n�} ∂Prf =

0 ¾ �ar ∂bf = 0
}Xx
r = q− 1

Â �%{�vymomoqsruÁgn�vy{�x�qÀv�j%k�z"m�z��arsxaruz"{ � Â � }Xx2qu}TË4}X¹�¹�} + Â ]
z"{Åz"poxaru}X{�x

∂z,ζRM = (−1)k+1
∑

I∈I′(k)

sgn(I)CI .

É@vyru� ¾ |�~ vymok�¿¼�Lqu}�Ë4}X¹�¹�} � Â + ¾ ∂z[CI ]n,n−k−q = 0
}XxLm�vykL|o}¼�Jvyka»�no¹�}X{�x��Jvy{�vF·

quz"»�n�}¼� !Jt¼}Xn)(±|olX½�}Xquz"mom�l¼��|�vy{���# ] � & � ËÎ}X¹�¹�} � Â + }Xx � Â ���C¾ m�z"nok�x�z"nox I ∈ I ′(k) ¾z"{�mZ}Xnox�vymomok�zAt�µ�}Xk�no{or ��z"ka¹�lX¹�}X{�x,vyn�½�z"ru�ars{�vy»�}¯|o}
bΩ
qu}¼�

[CI ]n,n−k−q
m�vyk�|o}¼�

�#z"ka¹�}¼�
∂z
· �#}Xka¹�l¼}¼�¯vyn@½�z"ru�ars{�vy»�}J|o}

Ω
Â � quz"k��6qÀv0�#z"ka¹]noqu}�|o} �gx�z���}¼�TmZ}Xka¹�}Xx¯|o}

mok�z"no½�}Xk6Ágn�}
∂Pq−1f = 0 ¾ ��r ∂bf = 0

Â
�Ìrs{�vyqu}X¹�}X{�x 5������(7]}¼�ax.no{�}³t¼z"{���l¼Ágn�}X{�t¼}²|o}¼� �2µ�l¼z"k�¿X¹�}¼� � Â%$�}Xx � Â%B�}XxL|o}�qÀvk�lX»�noqÀvykarsx�lL|o}¼��z"m�lXk�vyx�}Xnok��

Lr
Â

� � ��� #�����
���#

´(}Xx�vymomZ}X{�|;rut¼}°k�}Xmok�}X{�| |o}¼��k�l¼�anoqsx�vyx��J|olX¹�z"{�xak�l¼��|�vy{�� # ],+ & ¾ noxarsqsru��l¼��mZz"nok}¼�axars¹�}Xk�q�~ rs{�x�lX»�k�vyxaruz"{Ê}X{
λ
mZz"nok�qu}¼��|;r('�lXk�}X{�x��6{�zw¶�vyn)(�Â

�Az"ru}X{�x
h ≥ 2 ¾ no{ë}X{�xaru}Xk°}Xx K = (k1, . . . ,ks) ∈ P ′(h) ¾ z"{ m�z���} dλK =

dλk2 ∧· · ·∧dλks

Â �Az"ru}X{�x�|o}2moqsn��
C∗
¾ δ }Xx ε |o}¼�%t¼z"{��ax�vy{gx�}¼�\m�z��arsxars½�}¼� ¾ ϕ1, . . . ,ϕh|o}¼��{�z"¹Lpok�}¼�6t¼z"¹�moqu}�(;}¼��x�}Xqu��Ágn�}

Re ϕj ≥ δ + ε � $;Â ] �
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�gr
i,j ∈ {1, . . . ,h}

vw½�}¼t
i 6= j ¾ ∇i

j

k�}Xmok�l¼��}X{gx�} qÀv9|olXkars½�l¼}Êm�vykaxaru}Xqsqu} ∂
∂λj}X{Çt¼z"{��aru|olXk�vy{�x

λj
|�vy{��±qu}Ê�a¶;�ax�¿X¹�}Ê|o}@t¼zAz"k�|oz"{o{�l¼}¼�

(λ1, . . . ,λ̂i, . . . ,λh)
�anok

∆(1,...,h)
}Xx6z"{�{�z"x�}

∇i1...it
j1...jt

= ∇i1
j1
. . .∇it

jtmZz"nok
t ≥ 2 ¾ }Xx 1 ≤ iν ,jν ≤ h ¾ vw½�}¼t iν 6= jν (ν = 1, . . . ,t)

Â
�Az"ru}X{�x

γ
}Xx

Γ
|o}Xn)( �#z"{�tXxaruz"{��6|o}¯tXqÀv"����}

C∞ �anok ∆(1,...,h)
x�}Xqsqu}¼��Ágn�}

|γ(λ)| ≤
ε

4
� $;Â ���

|∇i1...it
j1...jt

γ(λ)| ≤
ε

4
� $;Â ���

|Γ(λ)| ≤ C∗
� $;Â + �

|∇i1...it
j1...jt

Γ(λ)| ≤ C∗
� $;Â ���

mZz"nok�x�z"nox
λ ∈ ∆(1,...,h)

¾ 1 ≤ t ≤ h + 2 ¾ 1 ≤ iν ,jν ≤ h ¾ vw½�}¼t iν 6= jν (ν =
1, . . . ,t)

Â
¸6vymom�}Xquz"{���qu}¼��}¼��xars¹²vyxaruz"{���mok�z"no½�l¼}¼��|�vy{���qu}E�2µ�l¼z"k�¿X¹�}=$;Â ] |o}0# ],+ &�Í

ÏLÐÒÑ�Ó�ÔyÕgÖ9× �ÎÚWÛÝÜ�ß õ Þ ã æLâ�Þ ã â p ∈ N
ï�Þ"á@á¡Þ�â�à

Cp = (3p)!27p ï�å"ôsÞ"æ ó
� ÷ õ Þ ã æLâ�Þ ã â p ∈ N

ï�Þ"á å
∣∣∣∣∣∣

∫

∆(1,...,h)

Γ(λ)dλ(1,...,h)(∑h
j=1 λjϕj + γ(λ)

)p

∣∣∣∣∣∣
≤

CpC∗

(δ + ε)p

� ÷ õ Þ ã æLâ�Þ ã â K ∈ P ′(h)
àXâ(â�Þ ã â p ≥ |K| + 1

∣∣∣∣∣∣

∫

∆(1,...,h)

Γ(λ)dλ(1,...,h)(∑h
j=1 λjϕj + γ(λ)

)p

∣∣∣∣∣∣
≤

CpC∗∏
j∈K |ϕj |(δ + ε)p−|K|

� { |ol�I�{orsx6¹²vyrs{gx�}X{�vy{�x.qÀv²{�z"xaruz"{ |o}E��vy¹�rsqsqu}]|o}���z"¹�¹�}Xx��¯v"|;¹�ru���arspoqu}¼�,t¼z"k�·
k�}¼�amZz"{�|�vy{gx��°qÀvJ®,l�I�{orsxaruz"{ J Â � |�vy{�� # ],+ &�Í
� Ñ���� 8�� 8WÓ�� ��Ú 9 ÜZÞ�ßWâ

α
ôså î Þ"á ó â�å�á�â�àJð�Þ"á�á�ç�à õ å"æ]ôöå°æ�àCôså�â#ß#Þ�á � ÷���÷ �4áZà ��vy¹�rsqsqu}

|o}���z"¹�¹�}Xx��³v"|;¹�ru����rspoqu}¼� à ó â ã á�à � å"ñJßòôWôuà�Þ"æað�Þ"á�áZç�à (λ1, . . . ,λl)
ð�à õ Þ"ßWá�â ó ð�à

∆(1,...,N+1)
â�àXôòôuà�ì ã à �þ ß ÿ�ßWôAàaù"ß ó â�à K = (k1, . . . ,kl) ∈ P

′(N+1)
â�àCôAì ã à λj ∈ ∆K

ï õ Þ ã æ j = 1, . . . ,l �þ ßòß ÿ
λ1, . . . ,λl

ó Þ"á�â�ðgà ó äyà î â�à ã æ ó ô ßòá�çaå"ßWæaàCñ²àCá¡â�ßWá¡ð�ç õ àCá¡ð�å"á¡â ó ð�å"á ó R
l �
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þ ßWßòß ÿ õ Þ ã æLâ�Þ ã â (ζ,z,τ) ∈ C
n × UD × ∆(1,...,l)

ôså � Þ"á î â#ß#Þ�á γ ð�ç��\á�ß�à õ å"æ

γ(ζ,z,τ) = ϕ(ζ,z,
l∑

j=1

τjλ
j) −

l∑

j=1

τjϕ(ζ,z,λj)

äyçXæ1ß �(àLôsà ó æ�àCôså�â#ß�Þ"á ó¯ó ã ßWäFå"á�â�à ó��
|γ(ζ,z,τ)| ≤

α

8
|ζ − z|2 � $;Â%$ �

|∇i1...it
j1...jt

γ(ζ,z,τ)| ≤
α

8
|ζ − z|2 � $;Â J��

õ Þ ã æLâ�Þ ã â 1 ≤ t ≤ l + 2
ï
1 ≤ iν ,jν ≤ l

ï�å"ä"à î iν 6= jν (ν = 1, . . . ,t) ÷
�gr

(λ1, . . . ,λl)
}¼�ax�no{�} ��vy¹�rsqsqu}.|o}¯��z"¹�¹�}Xx��6v"|;¹�ru���arspoqu}¼� ¾ vyquz"k�� ¾ z"{Å{�z"x�}

∆(λ1, . . . ,λl) =





l∑

j=1

τjλ
j,τ ∈ ∆1,...,l





� {Å|;rsxTvyquz"k���ÁgnÎ~ no{Ù��rs¹�moqu}�(;}
∆
}¼��x å�ð"ñJß ó�ó ß ý ôuà ��~ rsq4}�(Aru��x�},no{�}���vy¹�rsqsqu}.|o}.��z"¹J·

¹�}Xx��6v"|;¹�ru���arspoqu}¼� ¾ (λ1, . . . ,λl) ¾ x�}Xqsqu}LÁ�n�} ∆ = ∆λ1,...,λl

Â
� {ºmZ}XnoxJ¹²vyrs{gx�}X{�vy{�x³lX{�z"{�t¼}Xk�qu}°qu}X¹�¹�}��anors½�vy{�x ¾ Ágnor�}¼�ax�|olX¹�z"{�xak�l�|�vy{��

# ],+ &�Í
� ×gÖ�Öû× ��Ú�� ø ô6à�ù"ß ó â�à ε > 0

â�àCô6ì ã à1ï ó ß K = (k1, . . . ,kl) ∈ P ′(N + 1)
àXâ

λ1, . . . ,λl ∈ ∆K
ó Þ"á¡â�ð�à ó ä"à î â�à ã æ ó ô ßWáZçaå�ßòæ�àCñ²àCá�â�ßòáZð�ç õ àCáZð�å"á�â ó å"ä"à î

|λi − λj | < ε, (1 ≤ i,j ≤ l)

å"ôöÞ�æ ó (λ1, . . . ,λl)
à ó â ã áZà � å"ñJßòôWôsàLð�à ó Þ"ñJñ²àXâ ó å�ð"ñJß ó�ó ß ý ôuà ó ÷

®J~ vymok�¿¼�\qu}�ËÎ}X¹�¹�}*$;Â �;¾ z"{�m�}Xnox\|;rs½gru��}Xk ∆I
}X{�no{�{�z"¹]pok�} I�{or�|o}���rs¹�moqu}�(;}¼�

v"|;¹�ru���arspoqu}¼�wÂ
�gr
λ1, . . . ,λl }¼�ax�no{�}*��vy¹�rsqsqu}.|o}.��z"¹�¹�}Xx���v"|;¹�ru���arspoqu} ID(ol¼} ¾ z"{�mZz���}

∆̃(λ1, . . . ,λl) = {λ ∈
◦
∆0I |

◦
λ ∈ ∆(λ1, . . . ,λl).

ËÎ}¼�¯rs{�x�lX»�k�vyqu}¼���anok
∆0I
��z"{gxL|oz"{�t�|o}¼�.��z"¹�¹�}¼��I�{oru}¼�.|�~ rs{�x�lX»�k�vyqu}¼�Jv"����zAtXrul¼}¼� �

|o}¼���ars¹�moqu}�(o}¼��v"|;¹�ru���arspoqu}¼��Â
jÒz"nok6¹²v���z"k�}Xk�q�~ rs{�x�lX»�k�vyxaruz"{Ê}X{

λ ¾ z"{�k�}X¹²vyk�Ágn�}]vyquz"k���Ágn�}

ψ : [0,12 ] × ∆I −→ ∆̃

(τ,ϑ) 7−→
(
τ,(1 − τ)

∑l
j=1 ϑjλ

j
1, . . . ,(1 − τ)

∑l
j=1 ϑjλ

j
l

)

}¼�ax�no{Å|;r('�l¼z"¹�z"kamoµoru�a¹�}L}Xx�z"{�m�}Xnox�vyquz"k���noxarsqsru��}Xk�qu}��2µ�l¼z"k�¿X¹�}=$;Â ] Â
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