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Abstract

We use the vorticity formulation to study the long-time behavior of solutions to the Navier-Stokes
equation on R®. We assume that the initial vorticity is small and decays algebraically at infinity. After
introducing self-similar variables, we compute the long-time asymptotics of the rescaled vorticity
equation up to second order. Each term in the asymptotics is a self-similar divergence-free vector
field with Gaussian decay at infinity, and the coefficients in the expansion can be determined by
solving a finite system of ordinary differential equations. As a consequence of our results, we are
able to characterize the set of solutions for which the velocity field satisfies |[u(-,t)|z2 = o(t=>/%)
as t — 4o00. In particular, we show that these solutions lie on a smooth invariant submanifold of
codimension 11 in our function space.

1 Introduction

We consider the motion of an incompressible viscous fluid filling the whole space R2. If no external force
is applied, the velocity u(x,t) of the fluid satisfies the Navier-Stokes equation

8tu+(u~V)u:1/Aufle, divu =0, (1)
p

where p is the density of the fluid, v is the kinematic viscosity, and p(x,t) is the pressure field. Replacing
x,t,u,p with the dimensionless quantities
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where L is an arbitrary length scale, Eq.(1) is transformed into
du+(u-Vju=Au—-Vp, divu=0. (2)
Since the length L was arbitrary, Eq.(2) is still invariant under the scaling transformation
u(z,t) — Au(Az, \’t) ,  p(x,t) — Np(Ax, \*t) | (3)

for any A > 0.

As no external force is applied, it is intuitively clear that all finite-energy solutions of (2) should
converge, as time goes to infinity, to the rest state u = 0, p = const. As a matter of fact, if u(x,t) is
any global weak solution in L?(R?) satisfying the energy inequality, it is known that ||u(-,#)||z2 — 0 as
t — oo (Masuda, 1984). Moreover, if
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for some a > 0, then
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where 8 = min(a, 5/4) (Wiegner, 1987). This last result shows that the solutions of (2) decay to zero at
the same rate as those of the linear heat equation, provided this rate does not exceed t~%/4. As we shall
see below, the restriction 8 < 5/4 in (5) is due to the nonlinearity in (2) and to the incompressibility
condition divu = 0.

Wiegner’s result raises a very natural question: can we characterize the set of solutions of (2) such that
t5/4|u(-,t)||z2 — 0 as t — oo? Put differently, given a solution u(z,t) satisfying (5) with 8 = 5/4, under
which conditions can we prove the corresponding lower bound |[u(-,t)| 2 > C(1 +t)~3/4? This problem
has been intensively studied during the last 15 years, especially by M.E. Schonbek (Schonbek, 1985),
(Schonbek, 1986), (Schonbek, 1991), (Schonbek, 1992), who found sufficient conditions for such a lower
bound to hold. For technical reasons, these results were established assuming some additional decay of the
initial data ug = u(-,0) at infinity. Typically, it is assumed that ug € L*(R?)? and (1+ |z|)up € L}(R3)3,
so that (4) holds with o = 5/4.

Very recently, T. Miyakawa and M.E. Schonbek obtained an interesting characterization of the “rapidly
decreasing” solutions of the Navier-Stokes equation in R™Y, N > 2. In the case N = 3, their result reads:
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Theorem 1.1 (Miyakawa & Schonbek, 2000) Assume that ug € L*(R3)3, divug = 0, and (1 +
|z|)up € LY(R3)3. Let u(x,t) be a global weak solution of (2) with initial data u(-,0) = g, satisfying the
bound (5) with 8 =15/4. For all k,£ € {1,2,3}, define

bke:/ zrpue(x,0)dx | cu:/ / ug(z, ug(z, t) dede . (6)
R3 o Jms

Then
Jlim £54|u(-, 1)z = 0 (7)

if and only if there exists ¢ > 0 such that
bre =0 and cpe=core, k,£€{1,2,3}. (8)

The proof is a direct calculation using the integral equation satisfied by the solutions of (2). While
clearly written, this argument does not provide much intuition as to the meaning of the conditions (8).
From our point of view, the most surprising feature of Theorem 1.1 is the fact that assertion (7) is
translation invariant in time, whereas conditions (8) are not. More precisely, if u(-,t) satisfies (7), so will
any time translation of the solution; but if we restrict u(-,t) to a time interval [T, +00) for some T > 0
and if we choose u(-,T) as our initial data, then (8) may no longer hold. In fact, the first condition
in (8) may not even make sense, since in general (1 + |z|)u(-,7) ¢ L'(R3)3. Thus Theorem 1.1 is a
characterization of the solutions of (2) that satisfy (7) and whose initial data lie in the noninvariant
subspace W = {u € L?(R?)3| (1 + |z|)u € L*(R?)3}. Nontrivial examples of solutions that remain in W
for all times have been recently constructed (Brandolese, 2001), but as we will prove below there are other
solutions that satisfy (7) which do not have this property. We also note in anticipation of what follows
that the results of (Miyakawa & Schonbek, 2000) hold for solutions whose initial data are arbitrarily
large, while in what follows we will work solutions whose initial vorticity is small in an appropriate norm.
See Remark 5.2 for a further discussion of this point.

In this paper, we use the vorticity formulation to study the long-time behavior of the solutions of the
Navier-Stokes equation (2). Setting w = rotu, Eq.(2) is transformed into

wi+(u-Vw—(w-Viu=Aw, divw=0. 9)
The velocity field u can be reconstructed from w via the Biot-Savart law:
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where A denotes the cross product in R3. Although (2) and (9) are formally equivalent, we believe
that using the vorticity formulation to compute the long-time asymptotics has a crucial advantage:
roughly speaking, the spatial decay of w is preserved under the evolution defined by (9). For instance,
if (1+ |z|)™wo € L?(R?)3 for some m > 0, then (9) has a unique local solution w(z,t) with initial data
wo satisfying (1 + |2])™w(-,t) € L*(R?)3 whenever it exists. Again, we point out that this property
does not hold for the velocity field u(z,t) if m > 5/2. This is the reason why the integrability condition
(1+ |z|)u € LY(R3)3 is not preserved under evolution.

In the sequel, we always assume that the vorticity w(z,t) is small and decreases sufficiently fast as
|| — oo. The smallness assumption is not a restriction as far as the long-time behavior is concerned,
since all global solutions of the Navier-Stokes equation in our function space converge to zero as t — oo,
see Remark 2.4. Moreover, this hypothesis allows to deal with global strong solutions of (9). On the
other hand, assuming that the vorticity decreases rapidly as |x| — oo is very reasonable from a physical
point of view. This is the case, for instance, if the initial data are created by stirring the fluid with a
(finite size) tool. In addition, this property is very helpful to study the long-time asymptotics, since the
spatial and temporal behaviors of solutions of parabolic equations are intimately connected.

To actually compute the asymptotics, we express the vorticity w(z,t) in terms of the self-similar
variables (&,7) defined by ¢ = z/y/1+t, 7 = log(1+t), see (18) below. Although the transformation is
time-dependent, the rescaled vorticity w(&, 7) still satisfies an autonomous equation, as a consequence of
the scaling invariance (3). Linearizing this equation around the origin w = 0, we find that the generator
A of the time evolution has a countable set of real, isolated eigenvalues with finite multiplicities, and
that the essential spectrum can be pushed arbitrarily far away into the left-half plane by choosing the
function space (i.e., the spatial decay of the vorticity) appropriately. Thus, the long-time asymptotics
in a neighborhood of the origin are determined, at any prescribed order, by a finite system of ordinary
differential equations.

This reduction procedure, or some variant of it, has been often applied to investigate the long-time
behavior of solutions of nonlinear parabolic or damped hyperbolic equations (Bricmont & Kupiainen,
1996), (Eckmann et al., 1997), (Eckmann & Wayne, 1998), (Escobedo et al., 1995), (Galaktionov &
Véazquez, 1991), (Gallay & Raugel, 1998), (Gallay & Raugel, 2000), (Kavian, 1987), (Wayne, 1997). In
the context of the Navier-Stokes equation, rescaling techniques have been used to study the vorticity
equations in two and three dimensions (Carpio, 1994), (Carpio, 1996). In (Cannone & Planchon, 1996),
a large family of self-similar solutions of the three-dimensional Navier-Stokes equation is constructed.
These solutions correspond to fixed points of our rescaled vorticity equation, but do not belong to the
function spaces we use, because they decay too slowly as |z| — oco. In a companion paper (Gallay &
Wayne, 2002), we follow the procedure outlined above to study the solutions of the two-dimensional
Navier-Stokes and vorticity equations. In addition, we exploit the fact that the spectrum of the generator
A is discrete to construct finite-dimensional invariant manifolds that are approached, at a prescribed
rate, by all solutions in a neighborhood of the origin.

The rest of this paper is organized as follows. In Section 2, we prove the existence of global solutions
of the vorticity equation (9) in a neighborhood of the origin, and we estimate their decay rate as t — oc.
The results we obtain are comparable to those of (Wiegner, 1987). Section 3 is devoted to the first order
asymptotics. Under appropriate conditions, we show that

T
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w(x,t) ~ .
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where fi,f5, f3 are explicit divergence-free vector fields with Gaussian decay at infinity, and by, bs, b3
are real coefficients which can be computed from the initial data. Using (10), a similar result can
be obtained for the velocity field u(z,t). In Section 4, we give a higher order asymptotic expansion
of w(x,t), including terms of the form (1 + ¢)~5/2g(x/\/1+t). This result is used in Section 5 to
characterize the set of solutions w(z,t) of (9) for which the velocity field u(z,t) satisfies (7). It is shown
that these solutions lie on a smooth invariant manifold of finite codimension, which is tangent at the
origin to a spectral subspace of the generator A. Intersecting this manifold with the (noninvariant)
subspace {ug € L?(R3)?|(1 + |z|)up € L'(R3)3}, we recover exactly conditions (8) in Theorem 1.1.



Finally, Appendix A describes the spectral properties of the generator A, and Appendix B collects various
estimates of the velocity field u in terms of the vorticity w in weighted Lebesgue spaces.

Current notations. Throughout the paper, we use boldface letters for vector-valued functions, such
as u(z,t) and w(z,t). However, to avoid a proliferation of boldface symbols, we use standard italic
characters for vector variables, such as x = (z1,z2,23). In both cases, | - | denotes the Euclidean norm
in R |u| = (u? +ud +u)V/?, |z| = (23 + 22 + 23)/2. For any p € [1, oc], we denote by |f|, the norm
of a function f in the Lebesgue space LP(R?). If f € LP(R?)3, we set |f], = | |f] |,. Weighted norms play
a very important role in this paper. We always denote by p : R?® — R the weight function defined by
p(z) = 1+ |z|. For any m > 0, we set || fllm = [p" fl2, and [[f||m = [p"f]2. If f € C°([0,T], LP(R?)),
we often write f(-,¢) or simply f(¢) to denote the map x — f(z,t). Finally, we denote by C' a generic
positive constant, which may differ from place to place, even in the same chain of inequalities.
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2 The Cauchy problem for the vorticity equation

The aim of this section is to prove the existence of global solutions of the vorticity equation for small
initial data in weighted Lebesgue spaces. We first recall a few standard estimates for the velocity field
u in terms of the associated vorticity w = rotu. Further estimates in weighted spaces can be found in
Appendix B.

Lemma 2.1 Let u be the velocity field obtained from w via the Biot-Savart law (10).
(a) Assume that 1 < p < 3, % < q < oo, and % = % - % If w € LP(R?)3, then u € LY(R3)3, and there
exists C > 0 such that

lulg < Clwly . (11)
(b) Assume that 1 < p < 3 < q < o0, and define a € (0,1) by the relation % = %Jr I_TO‘. If w e
LP(R3)3 N LY(R3)3, then u € L>™(R3)3, and there exists C > 0 such that

oo < Cleof2efi . (12)
(c) Assume that 1 <p < co. If w € LP(R?)3, then Vu € LP(R?)? and there exists C > 0 such that
[Vul, < Clwlp - (13)
In addition, divu = 0 and, if divw = 0, then rotu = w.

Proof: Part (a) is a direct consequence of (10) and of the Hardy-Littlewood-Sobolev inequality, see for
instance (Stein, 1970), Theorem V.1. To prove (b), assume that w # 0, and let R = (|w|,/|w|,)?, where

B=1=3 7= 3}53‘1. Using Holder’s inequality, we find

1 1 1 1
lu(z)| — lw(z —y)l7m dy + — lw(z —y)|i— dy
A Jiyi<r ly[? AT Jiy >R ly[?
< C|<.u|qR1 a -|-C|<.u|p—R%_1 < 20|w|p|w|é )

Finally, Vu is obtained from w via a singular integral kernel of Calderén-Zygmund type, hence (13)
follows from Theorem I1.3 in (Stein, 1970). O



In the sequel, for any p € [1, 0], we denote by LP(R3?) the function space
LP(R?) = {f € LP(R*)* | divf =0} , (14)

equipped with the same norm as LP(R?)2. As is well-known, the L3-norm of the velocity field u(z,t) is
invariant under the scaling transformation (3). For the vorticity w(z,t), the corresponding critical space
is L3/2(R3). The following result shows that the Cauchy problem for (9) is globally well-posed for small
initial data in L3/2(R?).

Theorem 2.2 There ezists eg > 0 such that, for all initial data wy € L3%(R3) with |wols/2 < €0, (9)
has a unique solution w € C°([0,00),L3/2(R3)) N C((0, 00), L>®(R3)) satisfying w(0) = wo. Moreover,
for all p € [3,+00], there exists C, > 0 such that

wt), < =5, t>0. (15)

Finally, if u(x,t) is the velocity field obtained from w(x,t) via the Biot-Savart law (10), then u € LI(R3)
for all g € [3,+00] and there exists Cqy > 0 such that

@y < —5—z—, t>0. (16)

Proof: The proof of Theorem 2.2 follows exactly the argument of (Kato, 1984) which shows that the
Navier-Stokes equation has global solutions for small initial data in L3(R?). The same argument also
shows that the Cauchy problem for (9) is locally well-posed in L3/2(R?), without smallness assumption
on the data. More generally, one can prove that (9) has global solutions for small data in the Morrey
space M3/2(R3), see (Giga & Miyakawa, 1989). g

Following (Gallay & Wayne, 2002), we now introduce the “scaling variables”

xT

$=

, T=log(l+1¢). (17)

:

If w(z,t) is a solution of (9) and if u(z,t) is the corresponding velocity field, we set

1 x

w(z,t) = —1+tw(—_1+t,1og(1+t)), (18)
1 T

wot) = e v(m,log(1+t)) . (19)

Then the rescaled vorticity w(&, 7) satisfies the evolution equation
Orw=Aw—(v-V)w+ (w-V)v, divw =0, (20)
where A is the differential operator
‘A=A5+%evk+1, EeR3. (21)
The rescaled velocity v is reconstructed from w via the Biot-Savart law:

L[ E=naw)
A Jgs 1€ —n3

As in the two-dimensional case (Gallay & Wayne, 2002), we shall solve the rescaled vorticity equation
in weighted L? spaces. For any m > 0, we define

v(§) = (22)

L*(m) = {f € L*R°) ||| f]lm < o0} , (23)



where
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Here and in the sequel, we denote by p the weight function p(¢) = 1+ |¢]. In analogy with (14), we
introduce the space of divergence free vector fields

L*(m) = {f € L*(m)?| divf = 0} , (24)

equipped with the norm ||f||,, = [p™|f||2, where |f| = (f2 + f3 + f3)'/2.

In Appendix A, we show that the operator A is the generator of a strongly continuous semigroup
e™ in L?(m), for any m > 0. Since ;A = (A + 1)9; for i = 1,2,3 (where §; = &), it is clear that
Oie™ = eze™9; for all T > 0. Thus, using the fact that divv = divw = 0, we can rewrite (20) in
integral form as follows:

wilr) = wz+z/awﬂA(<u@wmm@m, (25)

where ¢ = 1,2,3. The main result of this section states that, if the initial data are small, (25) has global
solutions in IL2(m) which decay exponentially to zero as 7 — +oc.

Theorem 2.3 Let 0 < <1 and m > 2u + % There exists ro > 0 such that, for all initial data wo €
L2(m) with ||wollm < 70, equation (25) has a unique global solution w € C°([0,00),1L2(m)) satisfying

w(0) = wq. In addition, there exists Ko > 1 such that
[w(T)l[m < Koe T [Wollm , 7>0. (26)
Proof: Given wq € L?(m), we shall solve (25) in the Banach space

X ={w e %[0, +00),L*(m)) | [|w||x = supHW( ImeH™ < oo} .

We first note that 7 — e wq € X; namely, there exists C; > 1 such that

le™ wollm < Cre™#7[|Wollm , 720 (27)

This follows from the estimates on the semigroup e™ established in Proposition A.3. Indeed, if m < %,
(27) is nothing but (63) with e =m —2u— 3, @ =0, and n = —1 or 0. If m > 2, (27) is a consequence
of (64) with &« =0 and n = 0.

Next, given w € C9([0, +0),L?(m)), we define F[w] € CY([0, +00),1L2(m)) by

Z/ del7~ $)(A=3) (w;(s)vi(s) — vj(s)wi(s))ds, T>0. (28)

We shall prove that F maps X into X, and that there exists Cy > 0 such that
[Fw]|x < Callwlk . [Fw] —F[W]|x < Coflw—wlx(|lwllx + [[%]x) (29)

for all w,w € X. As is easily verified, the bounds (27), (29) imply that the map w +— e™*wy + F[w] has
a unique fixed point in the ball {w € X| lwllx < R}if R < (202)7! and ||wo|m < (2C1) "' R. This fixed
point is a global solution of (25) in the the space X. Moreover, since |w| x < Ci||wollm + Cal|w|% <
Ci||wollm + 3[|w]|x, the bound (26) holds with Ky = 2C}.

To prove (29), we use the following estimate, which is a consequence of Propositions A.3 and A.4.
Assume that f: R® — R satisfies p™ f € L3/?(R?), where p(¢) = 1+ |¢]. Then there exists C3 > 0 such
that, for j = 1,2, 3,

e VT

Ha eTAme < 03 ( )3/4 |p f|3/2 ,y T > 0 ) (30)



where a(t) = 1 — e 7 and v = min(y, 3). Indeed, if 0 < 7 < 2, then (30) follows from (65) with p = 2
and ¢ = 3/2. If 7 > 2, we have

1067 VAA f i < Ce™ TV e f I < O™ flay (31)

where the second inequality is again a consequence of (65). The first inequality in (31) follows from (63)
with e =m — 2 — 1 and n = —1 if m < 3/2, and from (64) with n = —1 if m > 3/2. This proves (30)
for all 7 > 0.

Given w € X and s > 0, we apply (30) to f = w;(s)vi(s) — v;j(s)w;i(s), where ¢,7 € {1,2,3} and
v = (v1,v2,v3) is the velocity field obtained from w via the Biot-Savart law. Using Holder’s inequality
and Lemma 2.1, we can bound

lp" wjvilzj2 < [p"wjl2|vile < Cllwjllm|wilz < Cllw;llml|willm , (32)

so that |p™ fl32 < Cal|w(s)||2, for some Cy > 0. Combining this bound with (30) and using (28), we
obtain, for all 7 > 0,

T ) (r—s) ,
IE(W) (@)l < 3CsCy / € w(s)[2, ds (33)
o a(r—s)
§ T o= (1) (r—s)

3C3Cy||w| / e s < Co||w||Re M,
3 4|| ||X 0 a(T_S)3/4 s> 2” ||X

since v + % > u. This establishes the first inequality in (29), and the second one can be proved along the
same lines.

It remains to verify that the solution we constructed is unique. Assume that w, w € C°([0, T, 1L%(m))
are two solutions of (25) with the same initial data wo = Wo € L?(m). Then w(7) — w(7) = (F[w])(1) —
(F[w])(7) for 7 € [0, T]. Proceeding as above, we thus obtain

[w(r) = w(r)lm < Cs /OT [w(s) = W()llm(|W()llm + [[W(s)][m)ds ,

for some Cs > 0. By Gronwall’s lemma, ||w(7) — W(7)||m = 0 for 7 € [0,T], which proves uniqueness.
This concludes the proof of Theorem 2.3. U

Remark 2.4 A slight modification of the above proof shows that, if wo € L?(m) for some m > 1/2, there
is a mazimal time T* = T*(wq) € (0,00] such that (25) has a (unique) solution w € C°([0,T*),1L%(m))
satisfying w(0) = wo. If T* < oo, then |W(T)||m — 00 as 7 — T, i.e. the solution blows up at time
T*. On the other hand, if T* = oo, then in fact ||W(T)||m — 0 as T — oco. To see this, we note that the
corresponding velocity field satisfies v(t) € L3(R?)3 for all 7 > 0, since |v|s < Clwlzn < Clp™w|g if
m > 1/2. It follows that u(z,t) defined by (19) is a global mild solution of (2) in L3(R3)3. By a recent
result (Gallagher et al., 2002), |u(t)|s — 0 as t — oo, which is equivalent to |v(T)|s — 0 as T — oc.
Since the parabolic equation (20) is regularizing, it follows that |v(T)|, — 0 as T — oo for all p > 3. Now,
from the proof of Theorem 2.3, we have

B T () (=)
[W(T)llm < Cre™T[[Wollm + Ce/ [W(s)mlv(s)leds , 7=0,

o a(r—s)3/4
see in particular (32) and (33). Since |v(7)|g — 0, this estimate implies that |w(7)|lm — 0 as T — oo.
Thus, we see that Theorem 2.3 applies in fact to all global solutions of (20) in 1L2(m), and not to small
solutions only.

Since the semigroup e™ is not analytic in I.?(m), the solution w given by Theorem 2.3 is in general
not a smooth function of 7. In particular, 7 — w(7) ¢ C1((0,+00),L?(m)), so that w is not a classical
solution of (20) in L?(m). Nevertheless, following the common use, we shall often refer to w as to the
(mild) solution of (20) in L?(m). Remark that the evolution defined by (20) is regularizing in the sense
that w(&,7) is a smooth function of £ € R3 for any 7 > 0. This property is well-known, and will not be
proved here. We only quote the following result:



Proposition 2.5 Let 0 < p < 1, m > 2u+ 1, and let w € C°([0,00),1L?(m)) be the solution of (20)

given by Theorem 2.3. There exists K1 > 0 such that, for all p € [2,+00],
[P w(T)lp < Ka(L+777%) e |lwollm , 7>0, (34)
).

Proof: In view of (26), it is clearly sufficient to prove (34) for 0 < 7 < 1. This can be done by a standard
bootstrap argument, using Proposition A.4, Lemma 2.1, and the integral equation (25) satisfied by w.
We omit the details. 0

where p(€) =1+ €] and v, = 3(3 —

=

Corollary 2.6 Let 0 < <1 and m >2u+ 1. Let w € C°([0,00),L2(m)) be the solution of (20) given
by Theorem 2.3, and let v be the corresponding velocity field. There exists Ko > 0 such that, for all
T2>1,

if 5<m<3%,

[\V][eV]

—uT JAS (Pm,OO]
[W(T)|p < Koe™#7||Wol|m for all {p €11, o0] if m>3 (35)
and ( ] ) s
— QT q € (gm, 0 Zf §<m§§7
[V(T)|q < Kae " ||Wol|m for all {q e(lioo] if m>3 ) (36)
where p,, = Q’Jr% and gm = H%' Moreover, the bounds (35), (36) hold for all T >0 if p < 2, ¢ <6.

Proof: If p > 2, (35) is a direct consequence of (34). If p,, < p < 2, then |w|, < C|p™w|s by Holder’s
inequality, and (35) again follows from (34). Using (35) and Lemma 2.1, we easily obtain (36) if ¢ > 3/2.
Finally, if 3/2 < m < 5/2 and ¢, < ¢ < 3/2, then |v|, < C|p"v|s < C|p™w|z = C||w|,, by Holder’s
inequality and Proposition B.1. This proves (36) for m < 5/2, and the general case follows. U

Remark 2.7 The fact that the value ¢ = 1 is excluded in (36) if m > % is not a technical restriction. As is
shown in Corollary B.4, the velocity field v(&, ) is not integrable in this case, unless fR3 &w;(€,7)dE=0
foralli,je{1,2,3}.

For the vorticity w(x,t) and the velocity u(x,t) in the original variables, Corollary 2.6 implies, for
the same values of p and ¢:

—1— 3 _1_ 3
w(B)lp < Kot 2 |wollm , u(t)ly < Kot™2 M lwoll £ 21

We now explain our motivation for introducing the scaling variables (17). As is shown in Appendix A,
the spectrum of A acting on L?(m) can be decomposed as d(A) = 4(A) Uo.(A), where

2l ken}, JC(A):{AEC‘%()\)SE—%} .
(See Fig. 1.) Remark that the discrete spectrum o4(A) does not depend on m, whereas the continuous
spectrum o.(A) can be shifted arbitrarily far away from the origin by choosing m appropriately. Therefore,
if m > 0 is sufficiently large, the long-time behavior of the solutions of (20) in a neighborhood of the origin
is governed by a finite system of ordinary differential equations. This system is obtained by projecting
(20) onto the finite-dimensional subspace of IL?(m) spanned by the eigenfunctions of A corresponding to
the first eigenvalues A\ = —%, with £k =1,2,..., ko.
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Fig. 1: The spectrum of the linear operator A in L2(m), when m = 4.

A rigorous justification of this reduction, using invariant manifold theory, can be found in (Gallay
& Wayne, 2002) for the two-dimensional vorticity equation. Specifically, given any v > 0, we prove the
existence of a finite-dimensional locally invariant manifold, which is tangent at the origin to the spectral
subspace corresponding to the first eigenvalues of A, and which is approached at a rate O(e™7) or faster
by any solution of (20) that stays in a neighborhood of the origin for all times. This method allows,
at least in principle, to compute the long-time asymptotics of the solutions to arbitrarily high order by
studying a finite-dimensional dynamical system — the restriction of the rescaled vorticity equation to the
manifold.

Invariant manifolds can be constructed in the three-dimensional case also, and we use them in our
discussion of the set of solutions of the Navier-Stokes equations which decay “faster than expected” in
Section 5. However, for computing the asymptotics, we show that one can also use a different approach.
Given kg € N* and m > ko + 2, we decompose any solution w of (20) in L?(m) as

ko k(k+2)

=> Z are(T)Wre(§) + R(E, 7)

k=1 (=1

where age € R and, for any k& € {1,...,ko}, {wre|€ = 1,...,k(k+2)} is a basis of the eigenspace
{w|Aw = -2l w}. Using this decomp051t10n (20) becomes a system of ordinary differential equations

for the coefficients oy coupled to a partial differential equation for the remainder R. A direct analysis

of this system allows to compute the asymptotics up to order O(e "), where v = min(k°+2, T - i)

This program is carried out in Section 3 for ko = 1 (first order asymptotics) and in Section 4 for kg = 2
(second order asymptotics).

3 First-order asymptotics

In this section, we consider the behavior of the solutions of (20) in L?(m) with 3 < m < Z. In this
space, the discrete spectrum of A consists of a single isolated eigenvalue A\; = —1, of multiplicity 3. A

convenient basis of eigenvectors is given by {fy, f3, f3}, where f; = rot(Ge;). Here and in the sequel, G is
the Gaussian function

. e~lEP/4 g e R3



and {e1, ez, e3} denotes the canonical basis of R3. A short calculation shows that f; = p;G for i = 1,2, 3,
where p;(§) = %(ei A €). Explicitly,

1 0 1 53 1 752
Pi)=5|-8&|, pA) =5 0 |, ps) =5 & | - (37)
2 & 2 —& 2 0

The vector fields p; satisfy divp; = 0 and rot p; = e;. Integrating by parts, we thus find
/ p; - f;d¢ =/ rot(p;) - (Ge;) d€ = (e; - ej)/ Gdg =0y -
R3 R3 R3

Moreover, if A* = A — %(5 -V) - % is the formal adjoint of A, it is easy to verify that A*p; = —p; for
i =1,2,3. The velocity fields v corresponding to f; are computed in Appendix B. In particular, we
mention that [vi (&)| ~ |€]|72 as |¢| — oo, so that vii ¢ L!(R3). Using these notations, any solution w of
(20) in L?(m) can be decomposed as

3
w(¢, 1) = Z@-(r)fi(s) +R(,T), (38)
where
ain) = [ p(© wiende i=1.23. (39)

Then R(-,7) belongs to the subspace W of L?(m) defined in (62), which is the spectral subspace associ-

ated with the continuous spectrum {\ € C|R()) < 1 — 2} of the operator A. As in the two-dimensional

case (Gallay & Wayne, 2002), the coefficients 3; obey a linear evolution equation:

Lemma 3.1 Assume that m > 3, and let w € C°([0,T],L%(m)) be a solution of (20). Then the coeffi-

cients B; defined by (39) satisfy, for oll 7 € [0,T],
Bi(r) = —Bi(r) , i=1,2,3.
Proof: Since rot(v Aw) = (w-V)v — (v-V)w, (20) is equivalent to
O,w=Aw+rot(vAaw), divw=0.

Differentiating (39) formally with respect to 7 and integrating by parts, we thus find

BZ-:/ pi~(AW+I‘Ot(V/\W))d§:*5i+/ e (VAw)dE, (40)
R3

R3

where we used the fact that A*p; = —p;. Since the right-hand side of (40) belongs to C°([0,7]) and
depends continuously on w, the calculations above can be justified by a density argument. In particular,
B; € C1([0,T)) for i = 1,2,3. Finally, using the identity v Aw = v Arotv = $V|v|> — (v V)v and the
fact that divv = 0, we see that the last integral in (40) vanishes, hence B; = —i. O

In particular, it follows from Lemma 3.1 that the subspace W, is invariant under the evolution defined
by (20). The remainder R in (38) satisfies the equation

OR=AR+Q:i((w-V)v—(v-V)w), divR=0,

where Q; : L?(m) — W) is the spectral projection (for the operator A) onto the subspace W;. Explicitly,

3
Q1W:W—Z(/R3pzwdf)fl .
i=1

The following result describes the first order asymptotics of w(7) as 7 — oo.
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Theorem 3.2 Let 1 <v <32, m>2v+1, and let w € CY([0,00),L2(m)) be the solution of (20) given

by Theorem 2.3 with i = 1. Then there exists K3 > 1 such that

3
[w(r) = > bie 6|, < Kse ™7 |[Wollm , 720,
=1

where by = [ps Pi- Wod€, i =1,2,3.

Proof: If w € C°([0,00),1L2(m)) is the solution of (20) given by Theorem 2.3 and v the corresponding
velocity field, we define 3; and R by (38), (39). By Lemma 3.1, 8;(7) = bje™" for i = 1,2,3. To bound
the remainder R, we use the integral equation

R(7) = e Ry + /OT Q1®(1 —s,w(s),v(s))ds , (41)

where Rg = Q1wq and ®(0, w,v) = e (w-V)v — (v - V)w).
By Proposition A.3, there exists C7 > 0 such that

le™ Rollm < Cre™"7[Wollm , T>0. (42)

Indeed, if g <m < %, (42) is a consequence of (63) with « =0, n =1, and e = m — 2v — % If m > %,
(42) follows from (64) with = 0 and n = 1.

To estimate the integral in (41), we proceed as in the proof of Theorem 2.3. Exchanging V with e”?,
we can write ® = (®1, Dy, P3), where

3
(I)i(O',W, V) = Zaje”(A*%)(w]—vi — ’Uj’LUZ') , = 1, 2, 3 y
7j=1

see (25). By (30), (32), there exists Cy > 0 such that ||Q1®(0, W, V)| < Coo™3/4||w||2, for all o € (0, 1].
Using (42) and (26), we thus find

IR(T)[m < Cillwollm +/ Co(r—8) " (Kol wollm)® ds < Cl|wollm ,
0

for all 7 € [0,1]. (Here and in the sequel, we use the fact that ||wgl|m < 79, see Theorem 2.3.) If 7 > 1,
we write R(7) = e™*Rg + Ry (7) + Ra(7), where

Ri(r) = /OT_ TN Q, B (1, w(s), v(s)) ds

Ra (1) /T_l Q1P (T — s,w(s),v(s))ds .

Proceeding as above, we obtain
T—1
R1(T)lm < / Cre T 179Gy (Koe™*|[wollm)* ds < Ce™7|[woll7, ,
0
IR ()[[m < / Co(7—5) % (Koe ™" ||wol|m)* ds < Ce™ 7 [[wol|3, -
T7—1

Thus, there exists K3 > 0 such that |R(7)||m < K3ze™"7||Wol|m, for all 7 > 0. O

Corollary 3.3 Let 1 <v <3 andm >2v+ L. Let w € C°([0,00),IL%(m)) be the solution of (20) given
by Theorem 2.3 with =1, and let v be the corresponding velocity field. There exists K, > 0 such that,

11



for all T > 1,

\w(f) =S b h| < Kie|wollm . 1<p<oo, (43)
i=1 p
3
’V(T) — Zbie_vai < Kpe™" || wollm, 1<qg<o0, (44)
i=1 a

where v/ is given by (69). Moreover, the bounds (43), (44) hold for all T >0 ifp <2, ¢ <6.

Proof: Using the analogue of Proposition 2.5 for R(&, 7) and proceeding as in the proof of Corollary 2.6,
we obtain (43) for 1 < p < co and (44) for 1 < ¢ < co. If 5/2 < m < 7/2 and if v® is the velocity field
obtained from R via the Biot-Savart law (22), then using Holder’s inequality and Proposition B.1 we can
bound [vR[; < C|p"vR|s < C|p™R|2 = C||R||m, which proves (44) for ¢ = 1. O

In terms of the original variables, Corollary 3.3 shows that, for all ¢ > 1,
() = wapp(B)lp < O 3 Juwo |, 1< p< o0,
[u(t) = Wapp(B)lg < Ct* 5wl . 1< g <o,
where wapp (2, 1), Wapp(x,t) are the self-similar vector fields defined by

3 3

b; x b; ) X
Wapp(@, 1) = Z 407 fl(\/l—ﬂ) » Bapp(®,) = vafl( 1+t) '

i=1 i=1

Remark that uapy(-,t) ¢ L' (R?), unless by = by = b3 = 0.

4 Second-order asymptotics

We now turn our attention to the solutions of (20) in L?(m) with 2 < m < §. Acting on this space, the
operator A has exactly two isolated eigenvalues: Ay = —1 (of multiplicity 3) and Ay = —% (of multiplicity
8). Let E5 be the subspace of L?(m) spanned by the eigenfunctions corresponding to A2, see Appendix A.
A convenient basis of E; is provided by the vector fields g; and h;;, which we now define.

a) For i =1,2,3, let g; = rot f; = rot(p;G) = $((4 — |£[*)e; + &€). Explicitly,

4-&5-¢63 §1é2 §1&3
G 2 53 G G
g1=7 §1é2 ;&= 4-8-6 |, &= 1 §283 - (45)
§163 §283 4-€7-63
Then divg; = 0 and Ag; = —%gi. By construction, the velocity field associated to g; is v& = f;. In
particular, v& has a Gaussian decay as |{| — co. We also define
L (26 1 [ && 1 [ &8s
ai(§) = S| 9% | q2(§) = 5|2~ &, a6 = S| &8 |- (46)
163 §283 2-¢&3

Then divqg; =0, rotq; = p;, and A*q; = f%qi. It follows that

/Qi'gjdéz/ rot(qi)~fjd§:/ pi - £;d=0;5 .
RS RS RS

b) For (ij) € S = {(11),(12), (13), (22), (23) }, we define h;; = 9;f; + 9;f;. Explicitly, we have h;; = —§f;
for i = 1,2 and

-&1&3 &6 £ — &3
hyp = % §26€3 ; hig = % &—¢ |, has= % —&i& | - (47)
& -8 —&283 &1&3
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Then divh;; = 0 and Ah;; = fghij for all (ij) € S. The velocity fields vi corresponding to h;;
are computed in Appendix B. In particular, we remark that [vPi(&)] ~ [¢]7* as || — oo, so that
pvPii ¢ L'(R®)3. We also define r1; = 3£1&3€2, roo = —1683€1, and

—&183 1 [ & 0

1
T2 =35 §283 , Ti3=3 0 , T3 =g &1 | . (48)
—&283 £183
Then divr;; = 0 and A*r;; = f%rij for all (ij) € S. A direct calculation shows that the following

orthogonality relations are satisfied:

/rij'hkld§:5ik5ﬂ, /rij'gkdéi/ qr-h;;d§=0.
R3 R3 R3

Using these notations, any solution w of (20) in L?(m) can be decomposed as

Zﬁl + Zvl l Z Cl] + R(g’ ) ’ (49)

(ij)es

where §;(7) is given by (39) and

350 = [ @@ wende, G = [ e wierds (50)

Then R(-,7) belongs to the subspace Wa of L?%(m) defined in (62), which coincides with the spectral
subspace associated with the continuous spectrum {A € C|R()\) < % — &} of the operator A. The
coefficients vy; and (;; satisfy the following evolution equations:

Lemma 4.1 Assume that m > %, and let w € C°([0,T],L*(m)) be a solution of (20). Then the coeffi-
cients i, Ci; defined by (50) satisfy, for all 7 € [0,T],

W) = —au(r), =123,

: 3 1

§”(T> = 2§’Lz( ) 5 /RS(U3(§77_)2 - ’Ui(§77')2)d§ ) 1= 172 ’ (51)
g’LJ(T> 7§§( )7/]1%3”1(577)”](557—)(15 ) 1§7’<]S37

where v = (v1,va,v3) is the velocity field obtained from w via the Biot-Savart law (22).

Proof: We proceed as in the proof of Lemma 3.1. Differentiating (50) and integrating by parts, we find

/ q; - (Aw +rot(v Aw)) dé = _§%. _|_/ pi - (%V|v|2 —(v-V)v)d¢
R3 R3

Yi = 5
3 3
= —5%4-/ V'((V'V)Pi)dff:—i%',
R3

because (v - V)p; = 3&; Av L v. Similarly, for all (ij) € S, we find
: 3
Gij = _§Cij + [ v ((v-V)rotry)d¢ .
RB
But rotr;; = %(égeg —¢&e;) and rotr;; = f%(giej +¢;e;) for i # j, hence
1
v ((v . V)rotrii) = 5(1}% —v?), v ((v . V)rotrij) =—vv; (i#7J).

13



This concludes the proof. O

The remainder R in (49) satisfies the equation
OR=AR+Q:((w-V)v—(v-V)w), divR=0,

where Q2 : L2(m) — W, is the spectral projection (for the operator A) onto the subspace Wa, see
Appendix A. Our next result describes the second order asymptotics of w(7) as 7 — oo.

(
Theorem 4.2 Let 3 <v <2, m>2v+ 3, and let w € CY([0,00),L2(m)) be the solution of (20) given
by Theorem 2.3 wzth w=1. Then there exist constants b;, ¢;, di;, and Ky such that ||W(T) — Wapp(T)||m <
Kse "7 ||wol|m for all T > 0, where

3
Wapp(6,7) = Y bie TE;(€ JchZe 2Tgi(€) + D dije 2 Thy;(€) | (52)
=1

(ij)es

Proof: If w € C°([0, 00),1L2(m)) is the solution of (20) given by Theorem 2.3 and v is the corresponding
velocity field, we define 08;, i, (i;, and R by (39), (49), (50). It is clear that 8;(7) = bje™" and

7i(T) = ¢;e™ 37, where

bi = /]RS pi(E) Wo(g) d§ , Ci= /R3 Qi(f) WO(f) df , i = 1,273 -

By Corollary 2.6, there exists C7 > 0 such that [v(7)|2 < Cre™7||wo|s, for all 7 > 0. Thus, it follows
easily from Lemma 4.1 that |¢;;(7) — dije™ 27| < Coe™27||wy||2, for all 7 > 0, where

dii = Cu / / U3 6; _Uz(é-a ) )dng ) 1= 152 ) (53)
dij = (0 / / vi(§,T)vj(§,7)dedr, 1<i<j<3.

To bound the remainder R, we proceed exactly as in the proof of Theorem 3.2. By Proposition A.3,
there exists C3 > 0 such that ||e™*Ro||,, < C3e™7||wol/m for all 7 > 0. Using the integral equation

R(7) =™ Rg + /OT Qa® (T — s,w(s),v(s))ds ,

together with the bound ||w(7)||m < Koe 7||wollm given by Theorem 2.3, it is easy to show that

IR(T)||m < Cae™"7||wo|m for all 7 > 0. 0

Corollary 4.3 Let 3 <v <2 andm >2v+ 1. Let w € C°([0,00),1L?(m)) be the solution of (20) given
by Theorem 2.3 with u =1, and let v be the corresponding velocity field. There exists K¢ > 0 such that,
forallT > 1,

(W(T) = Wapp(T)lp < Kee " [|[Wollm , 1<p<oo, (54)
lv(r) — Va;up( |q < Kee "l wollm , 1<g<oo, (55)

where

3
Vapp Ea Zb e v )‘f’ZCie_%TVgZ Z dwe g v w 5) .
=1

(ij)es
Moreover, the bounds (54), (55) hold for all 7> 0 if p <2, ¢ <6.
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In terms of the original variables, Corollary 4.3 shows that, for all ¢ > 1,
() = wapp(B)lp < O o, 1< p< o0,
[u(t) = Wapp(t)lg < Ct 2 20wl 1< g <00, (56)
where wepp (T, 1), Uapp(x,t) are the self-similar vector fields given by

1 T
wapp(ac,t) = mwapp(ﬁ,log(l +t)) N

1 T
Ugpp(z,t) = mvapp(m,log(l —i—t)) . (57)
Remark 4.4 In contrast with the two-dimensional case, the second order asymptotic expansions of
w(z,t) and u(z,t) contain only integer powers of (1 + t)~Y2, and not resonant terms of the form
(14 t)~>log(1 + t). However, following (Gallay & Wayne, 2002), one can show that such logarith-
mic terms do appear in the third order asymptotics. This is the reason why the case v = 2 is excluded in
Theorem 4.2. In fact, if m > 9/2, the proof of Theorem 4.2 yields the estimate

[W(T) = Wapp(T)lm < Ks(1+7)e™ " [[Wollm , 720,
which appears to be optimal.

Two prior papers which discuss the second order asymptotics of solutions of the Navier-Stokes equa-
tions are those of (Carpio, 1996), and (Fujigaki & Miyakawa, 2001). As we demonstrate below, the
results of Corollary 4.3 extend the results of these two references. The extension results from the fact
that by imposing decay conditions on the initial velocity field (see the hypotheses of Theorem 0.6 in
(Carpio, 1996) and (1.4) of (Fujigaki & Miyakawa, 2001)) certain terms in the approximating velocity
field u,,, are forced to be zero. Thus, certain solutions of (2) of finite energy (i.e. of finite L? norm)
whose asymptotics Corollary 4.3 allows us to compute are excluded from consideration by the decay
conditions of (Carpio, 1996) and (Fujigaki & Miyakawa, 2001). This is a further reason that we feel it is
more natural to impose decay conditions on the vorticity rather than the velocity. Note that in deriving
the higher-order asymptotics in (Fujigaki & Miyakawa, 2001) (Theorem 2.2 (ii)) increasingly stringent
decay conditions are imposed on the velocity which results in more and more terms in the asymptotics
being zero. To compare the results of Corollary 4.3 with those of the previous references, first note that
the requirement that (1 + |z|)u® € L*(R3) implies that b; = 0 for i = 1,2,3 by Corollary B.4. Moreover,
by Corollary B.5, the remaining coefficients in v, satisfy

c1 =boz , c2 =b31, c3 =0b12,

and

dii = = (33 —c11) , doa = =(c33 — €22) , dia = —c12, dag = —Co3 , d13 = —c13,

5(
where by and cye are defined in (6). The expressions for d;; follow from (53), plus the assertion in
Corollary B.5 that (;r = 0 under these conditions.

Now consider the term A(¢) = e=37/2 Z _1¢v9(€), in Vapy. Since v = f; = 2(e; A )G (see the

line just following (45)), with G(¢) = (47)~ 32 exp(—|€]?/4), this sum can be rewritten as

N =

3
16%72% (e; ANEYG(E) = %e*%TG(g)(c AE) .

Examining this expression component-by-component, we see that the first component is

1 s 1 3
56‘57(1(5)(0253—@52) = Ee_iTG(O(bsléB*bu&):*6 27 (b195G — b1205G)
3
= —e_%TZbklakG ;
k=1
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using the anti-symmetry of the b;,. The other components are treated in like fashion and we find
3
_3,
Aj(©) = €727 briOkG

To treat the term B(£) = e~ 37 > (ij)es di;vPii (€) we note that using the expressions for v in Appendix
B one has

Vh” = 2818](V¢) + (&G)ej + (@G)ei y

where —A® = G. Then using the expressions for d;; from above a straightforward computation shows

that
3

_3,
B(f) = —€ 2 Z Cij (&@(V@) + (&G)ej) .
i,j=1
If we now compare our notation with that of (Fujigaki & Miyakawa, 2001), we see that the self-similar
quantities E; and Fy jx (-, t) satisfy 0xG = O E1 and 0,0¢(0;®) + (0¢G)dr; = Fr jk(-,1). Thus, written in
terms of this notation, Corollary 4.3 implies:

Corollary 4.5 If in addition to the hypotheses of Corollary 4.3, one assumes that the initial condition
for the velocity field satisfies pu® € L1(R3)3, then one has the estimate, for all q € [1,0],

_1_,.3
Jus -+t HZ%%M Z exa Fr i (5 D)}y < CE 3745wl 22
k=1

Comparing with (2.4) of (Fujigaki & Miyakawa, 2001) we see that this is compatible with the results of
Fujigaki and Miyakawa. Rewriting the asymptotics in a slightly different way one finds that they also
agree with Theorem 0.6 of (Carpio, 1996).

5 The strong-stable manifold of the origin

In this section, we assume that m > 7/2 and we consider in more detail the dynamics of (20) in the
invariant subspace Wi of IL?(m) defined by (62). If wg € W, satisfies ||wol|m < 70, where rg > 0 is as in

Theorem 2.3, the solution w(-, 7) of (20) with initial data wy can be decomposed as

) =2 (&) + D Gu()hi (&) +R(ET) (58)

(ij)€eS

where 7;, ¢;; are defined in (50) and R(-,7) belongs to the subspace Ws of L?(m). As for the velocity

field, we have
3

vET) =) w(n)vE )+ D Giln) +vR (7).

i=1 (ij)es

Setting b; = 0 in Theorem 4.2, we see that |[w(-,7)||m = O(e™27) as 7 — +00. We now define the local
strong-stable manifold of the origin by

wioe = {wo € L2(m) |[IWollm <70, lim e¥7|@rwollm =0} (59)

where ®,wy = w(7) is the solution of (20) in L?(m) with initial data wq. It is clear from Theorem 3.2
that W!°¢ C W;. However, as we shall see below, W!°¢ ¢ Wj.

By construction, Wy = W5 @ V, where V is the eight-dimensional space spanned by the vector fields
g; for i = 1,2, 3 and h,; for (ij) € S. Using invariant manifold theory as in (Gallay & Wayne, 2002), it is
rather straightforward to show that W!°¢ is a smooth submanifold of W; which is tangent at the origin
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to the subspace Ws. In other words, there exists a smooth function f : Wy — V satistying f(0) = 0,
f'(0) = 0, and such that W!°¢ = G(f) N B(rg), where

G(f) ={w+ f(w)|[weWa} CWi, B(rg) ={w e Wi ||Wl|[m <10} .

In particular, the manifold W!°¢ is of codimension 8 in Wi, hence of codimension 11 in L2(m). By
construction, W!°¢ is locally positively invariant in the following sense: if wo € W!°¢, then w(r) =
O, wo € W as long as w(7) € B(rg). If in addition ||wl|m < ro/Ko, where Kj is as in Theorem 2.3,
then w(r) € W!°¢ for all 7 > 0 and €27 |w(7)|lm — 0 as 7 — +oo.

It follows from Lemma 4.1 that W!°¢ ¢ W, i.e. the map f: Wy — V is not identically zero. Indeed,
Wlee ¢ Wy would mean that W!°¢ = W, N B(rg), which would imply that the subspace W is positively
invariant in a neighborhood of the origin. But it is easy to verify that the integrals in the right-hand side

of (51) do not vanish identically for (small) vorticities w € Wh.

loc
W

Fig. 2: A schematic picture of the local strong-stable manifold Wé”c (shaded surface). The horizontal plane is the infinite-
dimensional subspace Wsa, and the vertical axis the eight-dimensional space V. The intersection Wsl"c N Wa, which is also

infinite-dimensional, is represented by two line segments.

The following result is characterization of the local strong-stable manifold.

Proposition 5.1 Fiz m > 7/2, and assume that wo € Wy C L2(m) satisfies || wo|m < ro, where ro > 0

is as in Theorem 2.3. Let w(§,T) be the solution of (20) with initial data wo, and let v(§,7T) be the
corresponding velocity field. Define the functions v;(7), i; (T) by (50) and the coefficients cye by (6), with
1 v( z
VIi+t V14t
Then the foglowing three statements are equivalent:
1) lim e27||w(-,7)|lm = 0, namely wo € Wl°c,
2) lim t*/*u(-,t)|s = 0.
t—oo
3) 71(0) = 72(0) = v3(0) =0,
¢11(0) = 3 (c11 — e33), C22(0) = $(c22 — €33), (12(0) = c12, (13(0) = c13, (23(0) = ca3.

u(z,t) = Jlog(1 + t)) . (60)

Proof: We apply Theorem 4.2 with % <v< - %. Since wy € Wy, we have b; = 0 for = 1,2, 3, so

that [|[w(7)|lm = O(e™27) as T — +oo. We shall show that statements 1), 2), 3) in Proposition 5.1 are
all equivalent to
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4) ¢; =0fori=1,2,3 and d;; = 0 for all (ij) € S.
Indeed, it is clear from (52) that ||Wapy(7)|[m = Ke 27, where K = 0 if and only if 4) holds. Thus
1) < 4) by Theorem 4.2. Similarly, it follows from (57) that [Wap,(t)]2 = K'(1+t)~%/*, where K’ = 0 if
and only if 4) holds. Since |u(t) — Uapp(t)|2 < C(1 4 t)3~* by (56), we conclude that 2) < 4). Finally,
using (6), (53) and the change of variables (60), we obtain the relations

1 )
dii = Cii(0)+§(c33*0iz‘) , 1=12,
dij = Gj(0)—cij, 1<i<j<3.
We also know that ¢; = v;(0) for i = 1,2, 3. Therefore, 3) < 4). O

Using Proposition 5.1, it is easy to prove Theorem 1.1 in the case where wg = rot(ug) satisfies
[wollm < ro for some m > 7/2. Indeed, let w(&,7) be the solution of (20) with initial data wg, and
define v;(7), ¢ (1) by (50). By Corollary B.5, the assumption puy € L*(R3)? implies that wo € Wy (so
that w(7) € Wy for all 7 > 0) and that (;;(0) = 0 for all (ij) € S.

a) Assume first that (7) holds, namely wo € W!°¢. Then point 3) in Proposition 5.1 shows that c;; =
co2 = ¢33 and ¢;; = 0 if ¢ # j, hence the matrix (cke) is scalar. In addition, since 7;(0) = 0, we have
bre = 0 by Corollary B.5. This proves (8).

b) Conversely, assume that (8) holds. Then 7;(0) = 0 by Corollary B.5, and since (;;(0) = 0 = 1 (c;; —c33)
for i = 1,2, ¢;;(0) = 0 = ¢;; for i # j, it follows from Proposition 5.1 that wo € W!°¢. This concludes
the argument. O

As is clear from this proof, if wo lies in W!°¢ and if the corresponding velocity field v, satisfies
pvo € LY(R3)3, then necessarily wo € Wa. Thus, from our point of view, Theorem 1.1 is a characterization
of the noninvariant set W!°°N W, and not of W!°¢ itself. As was already observed, W!°¢ is not contained
in Wj, and it is not a priori obvious that W!°¢ N W, # {0}! In fact, using a nice argument due to L.
Brandolese, it turns out that W!°¢ N W, is infinite dimensional. Following (Brandolese, 2001), we say
that a vector field u : R?* — R? is symmetric if it satisfies the following two properties:

A) uy (21, w2, 23) = uz(x3, 21, 72) = usz(we, w3, 21) for all z = (21,72, 23) € R3.
B) For all i € {1,2,3}, u;(x1, x2,x3) is an odd function of z; and an even function of z;

for all j # .

If u is symmetric, then Au and (u - V)u are also symmetric. This implies, roughly speaking, that the
space of symmetric velocity fields is invariant under the Navier-Stokes evolution (whenever defined).

Assume now that v : R® — R3 is symmetric and that the vorticity w = rotv belongs to L?(m) for
some m > 7/2. Then w satisfies:

A) wi(&1,82,83) = w2(€3,&1,&2) = w3(&2,83,61) for all & € RP.
B’) For all i € {1,2,3}, w; (&1, &2, &3) is an even function of & and an odd function of ¢;

for all j # 4.

Using these properties together with (39), (50), we discover that 3; = v; = ¢;; = 0 for all 4, j, hence
w € Ws. On the other hand, it is clear that the integrals in the right-hand side of (51) vanish identically
if v is symmetric, so that ¢y = 0 in (6). Thus, if ||wl/,, < 70, it follows from Proposition 5.1 that
w € W', Summarizing, we have shown:
Wlenw, o {W € L*(m) ‘ lWllm <ro, w=rotv with v symmetric} .

Remark 5.2 Our discussion of the result of Theorem 1.1 above is apparently restricted to small solutions,
whereas Miyakawa and Schonbek impose no such restriction on the solutions they consider. However, a
better way to view the difference between our results and those of (Miyakawa & Schonbek, 2000) is that we
focus on strong (or classical) solutions while Miyakawa and Schonbek work with weak solutions. Indeed,
as is explained in Remark 2.4, our results describe in fact the long-time behavior of all global solutions
of (20) in our function space. In particular, in two dimensions where one has a global existence for
strong solutions our approach yields a global strong-stable manifold and hence a global characterization of
solutions satisfying (7), see (Gallay & Wayne, 2002). In the three-dimensional case, we have of course
to exclude the solutions that blow up in finite time (if there are any).
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We conclude this section with a somewhat surprising observation. Let ¥, be the local semiflow defined
by the vorticity equation (9) in L?(m) for m > 7/2. If w € L?(m), let U, be the velocity field obtained
from w via the Biot-Savart law (10). Then

wiee = {wo € L2(m) | |wollm < 7o, Jim /4 U] = 0}

This characterization follows from the equivalence 1) < 2) in Proposition 5.1 and from the fact that
the change of variables (18), (19) reduces to the identity when ¢t = 0. As a consequence, W'°¢ is locally
invariant under both semiflows ¥; and @, although the orbits of the same initial point under ¥y and ®.,
are of course different! This curious property originates in the fact that in both the original and rescaled
variables this manifold can be characterized in terms of the decay rate of solutions lying in it, see (Gallay
& Wayne, 2002) for a more detailed discussion. In concrete terms, the observation above implies that
the picture of W!°¢ in Fig. 2 is not affected at all when we return to the original variables using (18).

A Spectrum of the operator A

In Appendix A of (Gallay & Wayne, 2002), we study in detail the linear operator

1 N
L:A§+§§-vg+§, EcRY, N>1, (61)

acting on the function L?(m) = {f € L2RY) | ||f||m < oo}, where

1/2
I = ([ a4l 7©RaE) =l e

In particular, we determine exactly the spectrum of L:

Theorem A.1 (Gallay & Wayne, 2002) Fiz m > 0, and let L be the linear operator (61) in L?*(m),
defined on its mazimal domain. Then the spectrum of L is

a(ﬁ):{)\e(c‘%()\)gg—%}u{—g‘kel\l}.

k

Moreover, if m > % and if k € N satisfies k + % <m, then py, = —5 is an isolated eigenvalue of L, with

N-Hc—l) )

multiplicity ( 4

The eigenfunctions corresponding to the isolated eigenvalues pg = 7% can be computed explicitly.
Moreover, it is shown in (Gallay & Wayne, 2002) that £ generates a Cy semigroup e in L?(m), and

sharp estimates are obtained for the norm of e™* in various spectral subspaces of L2(m).

In this section, we adapt the results in (Gallay & Wayne, 2002) to the particular case where N = 3
and where £ = A + 1 acts on the space of divergence free vector fields L?(m) defined in (24). Remark
that div(Af) = Ldiv(f), so that A preserves the divergence free condition. The analogue of Theorem A.1
is:

Theorem A.2 Fiz m > 0, and let A be the linear operator (21) in L?>(m), defined on its mazimal
domain. Then the spectrum of A is

a(A):{)\eC‘%(A)S —T}u{—ﬂ‘kzeN*},

1

4 2 2

where N* = N\ {0}. Moreover, if m > g and if k € N* satisfies k + % < m, then A\ = f% s an
isolated eigenvalue of L, with multiplicity k(k + 2).
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Proof: We first discuss the discrete spectrum of A. Fix k € N, and take a = (a1, ag, a3) € N? such that
|a] = a1 + ag + a3 = k. Then the Hermite function ¢, : R® — R defined by

1 2
_ aay — Aol gaz 9as _ —[£7/4
o = 0°G = 071 05205°G | WhereG(f)—(4ﬂ)3/2e||/ :

is an eigenfunction of £ with eigenvalue —%. Let Ej, = span{¢s |a € N* | |a| = k} and
Ex = {f: (fl,fg,f3)| divf=0, f; € Ey fori = 1,2,3} .

By construction, Ex, C L2(m) for all m > 0, and any f € Ej, satisfies Af = —%f. Moreover, using the
characterization of Ej in Fourier variables (see (Gallay & Wayne, 2002)), it is not difficult to show that
dim(Eg) = k(k +2). In particular, for any k € N*, \, = f% is an eigenvalue of A with multiplicity (at
least) k(k + 2).

Next, fix A € C such that R(A\) < 1/4 and —(A 4+ 1) ¢ N. Proceeding as in (Gallay & Wayne, 2002),
it is easy to verify that the function 1y : R® — R defined in Fourier variables by

dalp) = [p| "2 Ve 1P (—ipy, ipy, 0)

satisfies Ay, = MYy and divipy = 0. Moreover, 1y € L2(m) if and only if R(A) < § — 2. This shows
that o(A) D {A e C|R(\) <1 -2},
Now, fix n € Z and assume that m >0, m > n + % Let

W, = {f € L2(m) ’ / € F(€)d€ = 0 for all & € N® with |o] < n} .
R3

In particular, W,, = L?(m) if n < 0. We define closed subspaces V,,, W,, of L?(m) by V,, = &%_,Ej and
W, = {f € L*(m)| f; € W, for i =1,2,3} . (62)

By definition, V, = {0} and W, = L?(m) if n < 0. (We recall that any f € L*(m) with m > 32
satisfies fRS f(£)d¢ = 0 as a consequence of the divergence free condition; hence Wy = IL?(m).) Using
again the characterization of L?(m) in Fourier variables, it is easy to verify that I.?(m) = V, @ W,,. Let
P, : L%(m) — LL?(m) be the (unique) continuous projection satisfying range(P,) = V,, ker(P,) = W,
and let @, =1 — P,. In particular, P, =0 and @,, = 1 for all n € Z, n < 0. The following estimates on
the semigroup e™ = e~ 7/2¢7£ are proved in (Gallay & Wayne, 2002) (Proposition A.2):

Proposition A.3 Leta(r)=1—e"7, 7> 0.

a) Fixm > 0, and take n € Z such that n + 2<em<n+3. ForadlaeN? and all € > 0, there exists
2 2

C > 0 such that

(1 _m+te
107"l < 2G| fll,., T>0, (63)

C
(7‘)|04‘/2
for all f € W,, C L?(m).

b) Fizxn € NU{-1}, and take m € R such that m > n + 2. For all o € N* and all € > 0, there exists
( 2

C > 0 such that o
o T —nt2,
|\5€Af||m§W€ = fllm s >0, (64)

for all f € W,, C L*(m).
If m and n are as in part (a) of Proposition A.3, it follows from (63) that
€72 Quf || < CeZE=4|f|,, . 720,
for all f € L?2(m). By the Hille-Yosida theorem, this implies that o(AQ,,) C {\ € C|R(\) < i —my
- i

2
On the other hand, by construction, we have o(AP,) =0 if n <0 and o(AP,) = {-1;—3;...; -2} i
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n € N*. In particular, o(AP,) N o(AQ,) = 0, hence the multiplicity of the eigenvalue A\ (k =1,...,n)
is exactly k(k + 2). Finally, since o(A) C 0(AP,) Uo(AQ,,), we have

amw:peCPHMgi—%}u{fgiheNﬂ.

This concludes the proof of Theorem A.2. O

The estimates in Proposition A.3 can be generalized to weighted L? spaces with p # 2, see (Gallay &
Wayne, 2002). For our purposes in this paper, the following result will be sufficient:

Proposition A.4 Let 1 <g<p<oo, m>0and T > 0. For all « € N3, there exists C > 0 such that,
for all f € L(m),

C
=l |pmf|qa 0<7<T, (65)

maae‘r/\ <
|p f|p— (%7%)4»7

a\T

[N

where p(€) =1+ [€].

Proof: See (Gallay & Wayne, 2002), Proposition A.5.

B Bounds on the velocity field

We first list a few identities that are satisfied by the vorticity w as a consequence of the divergence free
condition. If w € L!(R3)3, then

/ wi(€)deé =0 forallie {1,2,3}, (66)
]RS

because w; = div(§;w). This fact is not hard to prove in Fourier variables, but has been overlooked in
some papers on the subject until recently. If in addition pw € L'(R3)3 (where p(¢) = 1 + [£]), then

[ (6@ + (@) dg =0 forallij e {1.2,3). (67)

because &w; + {jw; = div(§;§;w). Thus only three first-order moments of w (out of nine) are possibly
nonzero. Finally, if we assume that p?w € L'(R3)3, then

[ (665006 + §6n(©) + Gy (€) dg =0 for all i,k € {1,2,3) (63)

because &;&;wi + &;&pw; + Ep&iw,; = div(€;€;€,w). This means that only eight second-order moments of
w (out of eighteen) are possibly nonzero.

Next, we give explicit formulas for the velocity fields corresponding, via the Biot-Savart law (10), to
the first eigenfunctions of the linear operator A acting on L2(m).

1) If m > 5/2, the first eigenvalue Ay = —1 has multiplicity three. A basis of eigenfunctions is {fi, f5, f3},
where f; = p;G and p1, p2, ps are defined in (37). The corresponding velocity fields are

vl = 0;(V®)+ Ge; , i=1,2,3, (69)
where
®O) = e | et e (o)
e —_ e A y .
(4m)3/2 |€] Jo

Remark that —A® = G, so that divvf = 0 and rot v = rot(Ge;) = f;. A direct calculation shows that
v~ |¢]73 as |¢] — oo, hence v ¢ L!(R?).
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2) If m > 7/2, the second eigenvalue A3 = —3/2 has multiplicity eight. A convenient basis of eigenfunc-
tions is given by {g;}i=1,2,3 and {hj;}i;)es, where g; are defined in (45) and h;; in (47). (We recall that
S ={(11),(12), (13), (22), (23)}.) The corresponding velocity fields read

ve =1, vhi =9gvh 4 ajvfi )
Clearly, v& (¢) has Gaussian decay as |¢| — oo, whereas vP (€) ~ [¢|7%. In particular, vP4 € LY (R3),
but pvhii ¢ LY(R3).

Now, we assume that w € IL?(m) for some m > 7/2. Then w can be decomposed as

3 3

w(€) =Y Bifi(©) + > v+ D> Gihii(€) +W(e) | (70)
i=1 i=1 (ij)es

where the coefficients §; are defined in (39) and ~;, ¢;; in (50). The velocity field v associated to w has

a similar decomposition:

3 3
v(€) =D AVEE) + D uvE (O + D Gv(€) + () (71)
i=1 i=1 (ij)es
where v is obtained from w via the Biot-Savart law (10). In view of (39) and (67), it is clear that 3; =0
for i =1,2,3 if and only if
/ Cw;(€)dE =0 foralli,j € {1,2,3} . (72)
R3
On the other hand, it follows from (50) and (68) that ¢;; = 0 for all (ij) € S if and only if

M212 = M3}3 = *2M122 = *2M133 )
M121 = M??3 = *2M112 = *2M233 )
M131 = M232 = *2M113 = *2M223 )

M111:M222:M§3:07
M213:M123:M132:07

where

= [ GG ds = My L ik e (1,23

If in addition v; = 0 for ¢ = 1, 2, 3, then M;k =0 for all 4,5,k € {1,2,3}.

The main result of this section is the following estimate for the velocity field in terms of the vorticity:

Proposition B.1 Let w € L2(m) for some m > 0, and let v be the velocity field obtained from w wvia
the Biot-Savart law (10). Assume that either
1)0<m<3/2, or
2)3/2<m<5/2, or
3)5/2<m<7/2and 3; =0 fori=1,2,3, or
4)7/2<m<9/2, 3; =0 fori=1,2,3, and (;; =0 for (ij) € S.
Then there exists C > 0 such that
lp"vle < Clp"wlz (74)

where p(§) =1+ [£].

Remarks.

1. More generally, Proposition B.1 holds for any (not necessarily divergence free) vector field w satisfying
p"w € L2(R3)3, provided that either

1) 0<m < 3/2, or

2) 3/2 <m < 5/2 and (66) holds, or

3)5/2 <m < 7/2 and (66), (72) hold, or
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4) 7/2 < m < 9/2 and (66), (72), (73) hold.
Roughly speaking, the result means that v(§) decays like |£ |*m’% as [£| — oo.

2. The bound (74) is clearly a generalization of (11) with ¢ = 6, p = 2. Of course, it is possible to obtain
such a result for other values of p, g satisfying 1/¢ = 1/p—1/3. One can also prove the following weighted
version of (12): If w € IL?(m) satisfies p™w € L"(R?)3 for some r > 3, then

1" V]ee < C(|p"wW|a 4 [p"W],) , (75)

under the same assumptions as in Proposition B.1. The proof of (75) is very similar to that of (74) and
is left to the reader.

The proof of Proposition B.1 is naturally divided into four steps. In the case 1), the bound (74) is a
direct consequence of (22) and of the following weighted Hardy-Littlewood-Sobolev inequality:

Lemma B.2 If —-1/2 <m < 3/2 and

_ w(n) 3
U(g)/ﬂ{3|€_77|2d777 gER )

then [pMule < C|p"w|z.

Proof: We use the dyadic decomposition

R? = GBj :
j=0

where By = {€ € R3[[¢| < 1} and B; = {€ € R?| 2771 < |¢] < 27} for j € N*. Let u; = ulp, and
w; = wlpg,, 1 € N. Clearly u; = ZJEN A;j;, where

w;(m)
5@ =1000) [ 2D
18 =18 | e
If [i — j| < 1, it follows from (11) that |Ajjle < Clwjl2. If [i — j[ = 2, Young’s inequality implies that
|Aijle < Mf’/4M21/4|Wj|2, where

1 2/3 1 2/3
My = su / —d , My = su / ——d .
! sefa-( B; € —nl? 77) ? negj( B; §—n? 6)

If i > j+2 then [£ —n| > |¢|—|n] > 2071 =27 > 2772 for all £ € B;, n € Bj. Thus M; <
C27%1(B;)?/3 < €272(79) and My < C27%u(B;)?/® < C for some C > 0 independent of i, j, hence
1Ajjle < €273 |wjly. If j > i+2, then |€ —n| > 2072 for all £ € By, 1) € B, and a similar calculation
shows that [Ay;]s < C2720D|w,|,. Summarizing, we have shown that

|ui|6§CZKij|wj|2, iGN,
jEN

where K;; = 271i=31=3(=7) Now, by definition of the sets B;, we have |p™u;| < C2™|u;| and |p™w;| >
C2™|w,| for all 4,j € N. It follows that

PMuls < €Y KV lpMwylz €N,
JEN

where KZ(]m) = 2-li=il+(m=5)(i=J)  Ip particular, |K1(Jm)| < 2723l for some a > 0, hence K("™) defines a
bounded linear operator from ¢?(N) into ¢5(N). This concludes the proof. a

To prove (74) in the remaining cases, we also need the following variant of Lemma B.2:
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Lemma B.3 Iff% <m < % and

o w(n) 3
U(g)_/]R?*K—T]ldn’ fER ’

then |pmule < C|p™ T wls.

Proof: We use the same notations as in the preceding proof. If |i — j| < 1, it follows from the Hardy-
Littlewood-Sobolev inequality that |A;| < Clwjlg/s. By Hélder, |wjlg/s < Cu( N3 wjle < C27|wj)a,

hence |Alg < C27|w;la. If |i — j| > 2, then |Ayls < N3/4 1/4

1 2/3 1 2/3
Ny = sup / ——=dn , Ns = sup / ——d¢ .
! geBi( Bj |§*77|3/2 ) 2 nij( B; |§*77|3/2 )

Proceeding as above, we deduce that [Ay;]g < C2721i79127|w;|, for all i,j € N. Tt follows that

|w;l2, where

" uils < O30 Ko s
jeN

where f(l(Jm) = 2~ ali=il+m(i=)  Thus, if |m| < 1/2, K(™) defines a bounded linear operator from ¢2(N)
into (5(N). 0

We are now ready to prove Proposition B.1 in the case 2). If 3/2 < m < 5/2 and w € L?(m), then w
is integrable and (66) holds. As a consequence, we can rewrite (22) in the form

- Z cin [ (Rt~ s untman (76)

where €;;, = sign(o) if (ijk) is a permutation o of (123), and €;;; = 0 otherwise. Using the identity

117 (&5—m) — |€=nl>&5 = (&=mp)IEP (€] — €=nl) + 1E=nl(2&; (€ - m) — njl€I° — & nl?)
we obtain

1617 (&5—mj) — 1€=nI*&;] Cle=nllglnl (&l + ) (77)

C(I&=nllEl[nl + 1g=nl*[¢ln]) -
Thus, it follows from (76) that [v(£)| < C(f (&) + g(£)), where

_ 1 [ Inllw(n) _ 1 nllw(n)]
1O =g [ e 90 =g [ T

Since we already know that |v|s < Clwl]s, it is sufficient to bound |pg'v|s, where po(€) = [£[1{j¢|>1}- Ap-
plying Lemma B.2 with u(§) = [¢]f(£) and w(n) = [n|[w(n)|, we find [pf fls < [p™" uls < Clp™ 'wl>
C|p™w|s. Similarly, applying Lemma B.3 with u(§) = [¢[*g(&) and w(n) = [n|lw(n)|, we find |pg’gls
Clp™2ulg < Clp™ tw|z < C|p™wlz. Summarizing, we have shown that [p"v|g < C|p™w|y if 3/2
m<5/2.

We next assume that 5/2 < m < 7/2 and that §; = 0 for i = 1,2,3. As was already observed, this
implies that (72) holds. Thus (76) can be written in the form

IN

VASIVAN

=N 3(€ - .
MO Ze”’“/ TR (ﬁgg)@)wk(mdn- (78)
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To bound the right-hand side, we observe that

1€1°(&—ny) — [EP1E=nI>(§—ny) — 3IE=nI* (€ - )&
= (&= €2 (€7 — [€=nl® = 3I€|(€ - m)) (79)
+3(&-mEP(E&—my) — 1€ —nl’E) -
We claim that
|[€P = 1e=nl® = 3IE(E - m)| < ClnlP(I€] + Inl) - (80)
Indeed, this follows from the identity

P = 16=nl> = 3lEl€-m) = 2(1&=n| = [EN(E -n) — [E=nl[n[?
—[el(ENE—nl + (€ -n) =€),

and from the bound )
0 < [Ellg—nl+ (&-n) — |¢° < §|77|2 ; (81)

which is easily proved by setting n = ¢ — ¢, ¢ € R3.
Using (79) together with (77), (80), we obtain

[1€1°(&5—m;) — [€121€=nl*(&—ny) — 3lE—n (€ - m)&;]
< ClE=nlIEPm* (1€l + Inl)
< C([E=nllEP nl* + 1E=nl?|E12(n]?) -

Thus, it follows from (78) that |v(§)| < C(f(&) + g(§)), where

_ L[ P L P w(m)l
10 =g [ ey 90 =g [ e

Applying Lemmas B.2 and B.3 as in the previous case, we easily obtain |pg" fle + |p5'gle < C|p™W|s.
This prove (74) in the case 3).

Finally, we assume that 7/2 < m < 9/2 and that §; = 0 for ¢ = 1,2,3, (;; = 0 for (ij) € S. As we
already remarked, this implies that (73) holds. Using (73), it is straightforward (but somewhat tedious)
to verify that

S e [ (P mmy + &l = 5(€ ) wnman =0, i€ (123} (2

J,k=1

Assuming (82), we can rewrite (78) in the form

wO="5 Z/ et =

where

Aj&n) = |€|7(§j—77j)—|€|4|§—77|3(§j—377
BIE[P 6=l (€ - (&—ny) — F&i1E—nP (B(E - ) — [€[*nl*) -

We claim that

451 < Cle=nllglP Il (le] + 1nl) < CUE=nllel* Il + €=nl*I€*nl) - (84)
Assuming (84) for the moment, we deduce from (83) that |v(§)| < C(f(§) + g(£)), where

LT Plwi) LT Plw)
= [ WAL, = [ WAL,
76 |s|3/Rs ez 970 9 |«s|4/Rs TR
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Applying Lemmas B.2 and B.3 again, we obtain |pg" fls + |pg'gle < C|p™w]|2. This proves (74) in the
case 4).
It remains to establish (84). We first remark that A; = (£;—n,)|¢|?B + C;, where

B

3
€17 — 1&g =nl” = BlE=n*(€ - m) = SIEIGBE - m)* = €I ,
3
Ci = (P& =n) = &le—nP) (3¢ - m)* — € nf?) -
In view of (77), it is clear that |C;| < C|¢—n|[€]*|n>(|€] + |n]). Thus, it is sufficient to show that

B < Clellnl* (18] + [n]) - (85)

To this end, we remark that

B = [D+ (€ n (e — le—nl® ~ 3jele - m)
(el ~ e (e - ) — Enl?) ~ 2P (€ - mle—l (56)
where
D = [el*~ [ePe-m) + leln? — 5(€ - m)? — [ePlen]

= S (lelle—l + (€ -m) — IEP) (elie—nl ~ Iel) — (€ )

Using (81), we find [D| < $[¢||n|®. Inserting this bound into (86) and using (80), we obtain (85). This
concludes the proof of Proposition B.1. O

We conclude with two corollaries which are used in the preceding sections.

Corollary B.4 Assume that w € L?(m) for some m > g, and denote by v the velocity field obtained

from w via the Biot-Savart law (10). Then v € LY*(R3)3 if and only if B; = 0 for i = 1,2,3, and in this
case [ps vi(§)dE =0 fori=1,2,3.

Proof: Without loss of generality, we assume that 5/2 < m < 7/2. For any w € L?(m), we have the
decomposition

3 3
W:Zﬂlfl+w, V:Zﬂivﬂ+{f7
i=1 i=1

where the coefficients 3; are defined in (39). Then the remainder w € IL?(m) fulfills the moment conditions
(72). By Proposition B.1, the corresponding velocity field satisfies p™v € LS(R3)3, hence v € L}(R3).
On the other hand, it is easy to verify that Y ;v € L'(R?) if and only if 8; = 0 for i = 1,2,3. Thus
v G(Ll SR?’) if and only if 31 = 32 = 33 = 0. In this case, [p; v;(§)d€ = 0 for i = 1,2, 3 because divv = 0,
see (66). ]

Corollary B.5 Assume that w € L?(m) for some m > %, and denote by v the velocity field obtained

from w via the Biot-Savart law (10). Then pv € L*(R3)3 if and only if 3; =0 for i =1,2,3 and (;; =0
for (ij) € S. In this case, the matrix (bye) defined by

wzkgwwm k0e{1,2,3) (87)

18 skew-symmetric, and bio = v3, bag = 1, b31 = Ys.

Proof: Without loss of generality, we assume that 7/2 < m < 9/2. If w € L?(m), then w and v can be
decomposed according to (70), (71). By construction, the remainder w € 1.?(m) has vanishing first-order
and second-order moments. Applying Proposition B.1, we deduce that the corresponding velocity field
satisfies p"v € L5(R3)3, hence pv € L'(R?)3. Therefore, using the expressions above of f;, g;, and h;;,
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it is not difficult to show that pv € L'(R®)? if and only if 3; = 0 for i = 1,2,3 and (;; = 0 for (ij) € S.
In this case, the matrix (bye) defined by (87) is skew-symmetric because divv = 0, see (67).

Assume now that pv € L'(R?)3, and consider the vector field A (€) = q3(£) Av(€), where qs is defined
in (46). Then A € L3/2(R3)? and div A = p3 - v — q3 - W, where p3 = rot q3 is defined in (37). It follows
that

0:/ divAd&z/ (b3 v —ag - w)de = biz — 73 ,
R3 R3

in view of (37), (87), and (50). The relations bas = 71 and bs; = 2 are proved in a similar way. O
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