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Abstract

The large time behavior of non-negative solutions to the viscous Hamilton-Jacobi
equation dyu — Au +|Vu|? = 0 in (0,00) x RY is investigated for the critical exponent
qg=(N+2)/(N+1). Convergence towards a rescaled self-similar solution to the linear
heat equation is shown, the rescaling factor being (In t)_(N +1) . The proof relies on the
construction of a one-dimensional invariant manifold for a suitable truncation of the
equation written in self-similar variables.
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1 Introduction
The dynamics of integrable non-negative solutions to the viscous Hamilton-Jacobi equation
o —Au+|Vul? =0, (t,r) € (0,00) x RV (1)

depends strongly on the value of the parameter ¢ € (0, 00) and results from the competition
between the linear diffusion term Awu and the nonlinear absorption term |Vu|? An important
issue is therefore to determine which mechanism (diffusion or absorption) is dominant for
large times. A first indication is given by the behavior of the L' norm |[|u(t)||z:, which is
time-independent for non-negative solutions of the heat equation and strictly decreasing for
nontrivial non-negative solutions of (1). For such solutions, it is proved in [1, 5, 11] that

. N +2
>0 if q > Qs = m,
L = i [u(t) 1 2

=0 if ge(0,q].

This suggests that diffusion dominates the large time behavior when ¢ > ¢,, whereas ab-
sorption becomes effective for ¢ < ¢,. As a matter of fact, if ¢ > ¢, it is shown in [3, 13]
that the nonlinear term |Vu|? becomes negligible for large times, and that the solution of
(1) behaves as t — oo like the self-similar solution /., g of the linear heat equation, where

g(t,x) = W%G(tl%> and G(§) = (47T1)N/2 exp <—¥) (3)

On the other hand, if ¢ € (1, g,), both diffusion and absorption play a role in the large time
asymptotics. Indeed, if u(0, ) decays faster than |z|~ as |z| — oo with a = (2—¢q)/(¢—1) >
N, it is proved in [3] that the solution u(t) converges as t — oo to the so-called very singular
solution, a self-similar solution of (1) whose existence and uniqueness have been established
in [4, 6, 22]. In that case, the L'-norm of u(t) decays to zero like t=(*=M/2 as t — oo.
Finally, the influence of the absorption term |Vu|? is much stronger for ¢ € (0, 1]: depending
on the initial data, one might have exponential decay of the solution as t — oo [1, 9, 10, 18],
or even extinction in finite time if g € (0, 1) [7, 8, 18]. For such values of the parameter, it
is the diffusion term which is expected to be negligible for large times.

To summarize, precise asymptotic expansions show that the large time behavior of non-
negative solutions to (1) with sufficiently localized initial data is determined by the sole
diffusion if ¢ > ¢, whereas absorption plays an important role if ¢ < ¢,. With this per-
spective in mind, it is interesting to investigate the critical case ¢ = ¢, = (N +2)/(N + 1)
where a transition between both regimes is expected to occur. Very few results are available
in this situation: we only know that [|u(t)||,: — 0 as t — oo, as already stated in (2), and
that |[u(t)||,1 cannot decay faster than (In¢)~(N+1 for large times [7, Proposition 3]. The
purpose of this work is to fill this gap and to give an accurate description of the large time



behavior of the non-negative solutions to

ou—Au+ |Vul* = 0, (t,x) € (0,00) x RV, (4)
uw(0) = wuy, xRV, (5)

when the initial data ug(x) decay to zero sufficiently rapidly as |z| — co. More precisely, we
assume that ug > 0 belongs to the weighted L? space

L2, (®Y) = {ue @) | uln = (1+]z) 2ullz2 < o0}, (6)

for some m > N/2. Then (by Holder’s inequality) uy € L'(RY) N L*(RY) and it fol-
lows from [5, 12, 19] that the Cauchy problem (4), (5) has a unique global solution u €
C([0,00); LYRM))NC((0, 00); WEH=(RY)). Our main result describes the large time behavior
of this solution:

Theorem 1 Assume that the initial condition ug is non-negative, not identically zero, and
belongs to L2, (RY) for some m > N/2. Then the (unique) solution u to (4),(5) satisfies, for
allp € [1, 0],
M,
t) — —c—glt
) ~ gy 90

w2

lim ¢

t—o0

170 () M+ = 0, (7)

Lp

where M, = (N + 1)N+! HVG||Z§£V+2) and g(t,z), G(&) are defined in (3).

In other words, if the initial condition decays sufficiently rapidly at infinity, the solution
u to (4) behaves asymptotically like a particular self-similar solution M, g of the linear heat
equation, with an extra logarithmic factor due to the effect of the absorption term. Such a
logarithmic correction also appears in other parabolic equations with critical nonlinearity,
for instance in the nonlinear diffusion equation dyu— Au™4+u™+tN) = 0 with m > 1, see e.g.
[15, 16, 21] and the references therein. It is interesting to observe that, in both situations,
the leading order term in the long-time asymptotics is completely independent of the initial
conditions. In the case of the viscous Hamilton-Jacobi equation (4), Theorem 1 indeed shows
that neither the asymptotic profile (¢, z) nor the prefactor M, (Int)~™+Y depends on w.
This universality property reflects the important role played here by the nonlinearity: when
the large time behavior is driven by the linear part of the system, which is the case for (1)
when ¢ > q,, the leading term in the asymptotics does depend on the initial condition.

Remark 2 As ||g(t)||zr = 1 for all t > 0, the L*-norm of the solution u(t) behaves exactly
like M,(Int)~WN+Y for large times under the assumptions of Theorem 1. This has to be
compared with [7, Proposition 3], where it is shown that there is no nontrivial non-negative
solution of (4) such that ||u(t)||r < C(Int)™ fory > N + 1. In fact, using Theorem 1 and
a comparison argument, it is straightforward to verify that, for all nontrivial non-negative
integrable data, the solution of (4) satisfies

li{ninf I w2 > M, .



Our analysis of the large time behavior of solutions to (4), (5) relies on an alternative
formulation of (4) in terms of the so-called “scaling variables” or “similarity variables”

X

R

and 7 =1In(1+1). (8)
Introducing the new unknown function v defined by

u(t,z) = In(1+1), (t,x) € [0,00) x RY (9)

o T
TEDLEN (1+072)"
we deduce from (4), (5) that v(7, £) solves the initial-value problem

0w = Lv—|Vu|*, (1,6 € (0,00) x RV, (10)
v(0) = wuy, E€RY, (11)

where the linear operator £ is given by
1 N
Lo(€) = Av(§) +5& Vu(§) + S u(§), &€ RY. (12)

Observe that equation (10) is still autonomous, although it was obtained from (4) through
the time-dependent transformation (9). This crucial property follows from the fact that
(4) is invariant under the rescaling u(t, z) — AVu(\%t, \x), because q, = (N + 2)/(N + 1).
Remark also that LG = 0, where G is defined in (3).

At this stage, we follow the approach of [17, 23] and prove that the large time behavior
of the solutions of (10), (11) is governed, up to exponentially decaying terms, by an ordinary
differential equation which results from restricting the dynamics of (10) to a one-dimensional
invariant manifold. This manifold is tangent at the origin to the kernel RG of £, and solutions
to (10) which lie on this manifold satisfy v(7,£) ~ M(7) G(&) for large times. Inserting
this ansatz into (10) and integrating over RY we obtain the ordinary differential equation
dM/dr + |VG||%,. M% = 0 for M(7), from which we deduce that M(r) ~ M, 7~ "+D
for large times. Returning to the original variables (¢,x), we then conclude that wu(t) ~
M, (Int)~WN+Vg(t) as t — oo, and Theorem 1 follows.

To construct the center manifold, it is necessary to assume that the solutions we consider
decay a little bit faster as |x| — oo than what is needed to be integrable. Indeed, using
the results of [17, Appendix A], it is easy to see that the spectrum of the linear operator £
in LY(RY) is just the left half-plane {z € C|R(z) < 0} (no spectral gap). In contrast, the
spectrum of the same operator in L2 (RY) = L2(RY; (1 + [£|*™) d€) is given by

o(L; L2, (RY)) = {ze@)m(z) g%—%} U{—g‘keN},

see [17, Theorem A.1]. Thus, if m > N/2, the operator £ has a simple isolated eigenvalue
at the origin and the rest of the spectrum is strictly contained in the interior of the left half-
plane, a spectral configuration which allows to construct the center manifold. This explains
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the choice of the weighted Lebesgue space L2 (RY) in Theorem 1. In fact, since the nonlin-
earity in (4) involves the gradient of the solution wu, we shall rather use the corresponding
Sobolev space H! (RY) (defined in (16) below) in the proof.

The rest of this paper is organized as follows. In the next section, we recall existence and
uniqueness results for (10), (11) and establish the convergence to zero of the solution v(7)
in H! (RY) as 7 — oo. In Section 3, we study a suitable truncated version of (10), (11) to
which we can apply an abstract result of [14] to construct the invariant manifold. The proof
of Theorem 1 is then performed in the final section.

2 Global existence and convergence to zero

In this section we briefly discuss the Cauchy problem for the rescaled equation (10) and we
show that the solutions converge to zero as 7 — oo. We first consider initial data in the
Lebesgue space L'(RY) N L2(RY).

Proposition 3 Let ug be a non-negative function in L'(RY) N L?*(RY). Then (10), (11)
have a unique non-negative (mild) solution

v e C([0,00); L*(RY) N LA(RM)) N LS

loc

((0,00); WH(RY)),
which moreover satisfies

Tim {{lo(7)][or + ()]l + [[Vo(T)][z=} = 0. (13)

Proof: For such initial data wg, the results of [5, 12, 19] imply that the original system (4),
(5) has a unique (mild) solution

u € C([0,00); LY(RY) N LARY)) N C((0, 00); WH(RM)) .

For all ¢t > 0, the function u(¢,z) is C! with respect to ¢, C* with respect to z, and (4) is
satisfied in the classical sense. In addition, the following bounds hold for all ¢ > 0:

lu()llzs + Y2 u(®) |z + V2 [ Vut) = < Cllu@/2)n < Cllullp. (14)
Since ||u(t)||;1 — 0 as t — oo by [5, 11], we deduce from (14) that

tim {u(t)] 4+ 72 ()]~ + D2 [Vu()]| =} = 0. (15)

The conclusions of Proposition 3 are straightforward consequences of these results, since (10)
is obtained from (4) via the simple transformation (9). In particular, ||v(7)| 1 = ||u(t)|| L1,
l(r)llz = A+ l[u(®)]lr, [IVo(T)|ze = (14+)N D2 Vu(t)]| e, hence (13) follows
immediately from (15). Finally, as the transformation (9) involves a time-dependent dilation
which is not continuous in L>®(RY), the fact that u € C((0, 00); W1>(RY)) only implies that
v € L. ((0,00); WHe(RY)). O

loc



We next study the properties of solutions to (10), (11) in the weighted Lebesgue space
L% (RY) defined in (6), and in the corresponding Sobolev space

HL(RV) = {v e HY(RY)

[ollm = (02, + [V0[2,)72 < oo} (16)

where

bl = ([ 1) loeprag)

Proposition 4 Let ug be a non-negative function in L2 (RY) for some m > N/2. Then the
solution v to (10), (11) given by Proposition 3 satisfies

v € C([0,00); L%, (RM)) N €((0,00); H- (RY)),

and
lim ||v(7)|lm = 0. (17)

Proof: The fact that v € C([0,T); L2 (R™)) N C((0,T); H: (RY)) for some T > 0 can be
established by a classical fixed point argument, which will be implemented in Section 3 for a
truncated version of (10). Here we just obtain differential inequalities for the norms |v(7)|,
and |Vo(7)|,, which imply (in view of the local existence theory) that 7" > 0 can be chosen
arbitrarily large and that (17) holds.

We first multiply (10) by v and integrate over RY. Using the non-negativity of v and
integrating by parts, we find

Ld v d¢ :/ vo;vd€ §/ vLvd€ = —/ |Vv|2d§+ﬁ/ vide. (18)
2 dr RN RN RN RN 4 RN

Similarly, multiplying (10) by |£|*™ v, we obtain

1 d 2m , 2 2m 1 N
S < _¢. -
53 [ e dg < [ jePmo(dus ¢ vos So) e (19)
_ 2m—N "
= —/ €17 [Vol? g — 2m/ P2 og - Vode — = / €2 v2 de .
RN RN RN

The only difficulty is to bound the integral involving £ - Vuv. If m > 1, we have by Young’s
inequality

1
2m[¢P o[ Vol < SISVl 4 2mP I, and (€T < el 4 Oe),
where € > 0 is arbitrary. If 1/2 < m < 1 (which is possible only if N = 1) we find similarly
1
2m[¢Pm o[Vl < SIVol* +2m%¢T 0%, and g < el¢ 4 Cle).
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In both cases, summing up (18) and (19), we obtain the inequality

2m—N—8m?e

5 (D) < (m+4m*C(e)) o)z (20)

d 2 2
27 [0 + [VU(T) [ +

We now choose ¢ > 0 sufficiently small so that 2m — N — 8m?¢ > 0. Since |[v(7)]|zz — 0 by
(13), the differential inequality (20) implies that |v(7)|,, — 0 as 7 — oc.

We next control the evolution of Vu. Multiplying (10) by —Awv and integrating by parts,
we obtain

1d N+2
—— | |Vu]Pde = —/ |Av|2d§+—+/ |Vv|2d§+/ Av|Vo|™d¢.  (21)
2 d'T RN RN 4 RN RN
Similarly,
1d . . N+2 —2m .
s [l ivepds = = [ jepmiaopag+ SEEEE [ e wopag
2dr RN RN 4 RN

—2m/ IEP" 2 Avé - Vo dE + / (\&\Qm Av + 2mlE|Pm 2 ¢ Vv) Vol dE.  (22)
RN RN
Using the crude estimate |£[*"~! < 1+ [£]*™, we find
1
2m/ €17 Av] [Vl d€ < = |Av]?, 4+ C| Vo3, .
- 4
Moreover, as ||Vv|| e is uniformly bounded for all 7 > 1 by (13), we have for such times
1
[ QP 180l [Tt dg < G180, + C|Te,
RN 4
am [ €PN Vel [Velrdg < OV
RN
Thus adding up (21) and (22), we obtain
d
[V + 1A + Vo), < KIVo@)l,, 71, (23)

for some K > 0. Now, if we combine (20) and (23), we see that h(7) := K|v(7)|%, +|Vuv(7)
satisfies a differential inequality of the form

[

W(r)+eoh(r) < Cllo(n)lz., 7>1,

for some positive constants g and C. Thus h(1) — 0 as 7 — oo, and (17) follows. This
concludes the proof of Proposition 4. 0



3 Construction of the center manifold

We now proceed along the lines of [17, Section 3] to describe the large time behavior of the
non-negative solutions to (10), (11) in the space L2 (RY). By Proposition 4 these solutions
converge to zero in H} (RY) as 7 — oo, hence the large time asymptotics remain unchanged if
we truncate the nonlinearity in (10) outside a neighborhood of the origin. This modification
will allow us to apply the center manifold theorem as stated in [14].

The goal of the present section is to verify that our problem fits into the general framework
considered in [14]. First, we introduce a truncated version of system (10) and we show that
it generates a C'-smooth and globally Lipschitz continuous semiflow (p,),>o in H} (RY)
(Proposition 5). Using [14, Theorem 1.1], we then prove the existence of a one-dimensional
center manifold W, C H} (R"™), which is tangent at the origin to the kernel of the linear
operator £, and which attracts all trajectories of the semiflow (¢,),>0 as 7 — oo (Theorem 9).
Thanks to this construction, proving Theorem 1 is reduced to determining the large time
behavior of the solutions on the center manifold, a relatively simple task that is postponed to
Section 4. The reader who is mainly interested in computing the large time asymptotics may
just read the beginning of Sections 3.1 and 3.2, including the statements of Proposition 5
and Theorem 9, and then proceed directly to Section 4.

3.1 The semiflow of a truncated system

Throughout this section, we fix a function x € C*([0,00)) such that 0 < xy < 1, x(r) =0
if >4 and x(r) =1ifr < 1. For o > 0 and r > 0, we denote x,(r) = x(r/0*). Given
0 € (0,1) and m > N/2, we consider the initial-value problem

O,v = Lv—F,(v), (1,€) € (0,00) x R, (24)
v(0) = vo€ HL(RY), ¢eRY, (25)

where £ is the linear operator (12) and F, is the truncated nonlinearity
Fy(v) = X (IlVl5,) [Vol*™, v e H,(RY). (26)

We first establish the well-posedness of (24), (25) and show that this system generates a
C'-smooth semiflow in H] (RY).

Proposition 5 Fir 9 € (0,1) and m > N/2. For each vy € H} (RY), the initial-value
problem (24), (25) has a unique global solution v € C([0,00); HL(RY)). Moreover, the map
o, HL(RY) — HL (RY) defined for 7 > 0 by o, (vy) = v(7) is globally Lipschitz continuous,
uniformly in T on compact intervals. Finally @, is Ct-smooth for all T > 0, so that the family
(07)r>0 defines a Ct semiflow in HY (RY).

Before proving Proposition 5, we recall that the linear operator £ defined by (12) is the
generator of a strongly continuous semigroup (eTﬁ)T>O in L2 (RY), see e.g. [17, Appendix A].



If m > N/2, this semigroup is uniformly bounded, i.e. there exists C'; > 0 such that, for all
w e L2 (RY),
‘eTﬁw‘m < Cy|wlpm, 72>0. (27)

More generally, let b(¢) = (1 + |£]?)/2 and assume that v™w € LP(R") for some p € [1,2].
Then e™“w € L2,(RY) for all 7 > 0, and there exists Cy > 0 such that

C
[e™w],, € ——x W wlle, 7> 0, (28)
a(T)2'r 2

where a(7) =1 —e™7, see [17, Proposition A.5] and [17, Proposition A.2]. Similar estimates
hold for the spatial derivatives of e™“w. For instance, as Ve™® = e™/2 ¢4V, it follows from
(27) that |[Ve™wl,, < Oy e™?|Vw),, for all w € H! (RY). In addition, if b™w € LP(RY) for
some p € [1,2], we have the analog of (28):

Vertu| < —
m 5(

v 0" w||», T>0. (29)
a(t

B =

In the rest of this section, we fix p € (1,2) such that

2(N +1) 2(N +1)

N+3 PN (30)
Given T > 0 and w € C([0, T]; HL (RY)), we define
War(r) = [ e B s ds, T e 0.7). @1
0

Then N,w belongs to C([0,T]; H} (RY)) and enjoys the following property:

Lemma 6 There exists a constant Cy > 0 such that, for all T > 0, all p € (0,1), and all
wy,wy € C([0,T); HL(RN)), the following inequality holds:

[(Nowr = Nows) ()], < CaZy(r) 0" sup [[(wi —wa)(s)]lm, 7 €[0,T],

s€[0,7]

where

S

Z() = /OT a(s)%l(%— ) <1 + a(sl)1/2) ds.

Proof: We first observe that our choice of p in (30) guarantees that (1 — 1) <1 so that
p

Z,(1) is well-defined and finite for every 7 > 0. The following inequality will also be useful:

if f,g € L2 (RY), then b™|f|* tg € LP(RY) and
o™ 1A= gl < 5 1 gl (32)

9



Indeed, by Holder’s inequality,

2p
2—p’
But [[6™gl> < Clglm, and 1 < r < 2 by (30), hence |[f|lr < C(|f ]| + [[fllz2) < C[f|m
because L2 (RY) — LYRY) N L*(RY) for m > N/2. This proves (32).
Now, let T'> 0, o0 € (0,1), and wy,wy € C([0,T]; HL (RY)). For all 7 € [0,T] we have by
(31), (28)

o™ F1 gl < 0" gll2 15T, where 7 = (g, —1)

((Nowr = Npws) (T)],,, < /OT |7 (Fy(wi(s)) = Fy(wa(s)))],,, ds

L[&_ﬁi——mwgmw»—&wwmmm&@m

T—S)%(%_%)
For a fixed s € [0, 7], we can assume for instance that ||wi(s)]||,m > ||w2(s)||m- Then

167 (Fy(wi(s)) = Folwa()) o < [xe (lwr(s)l17) = xo (lwa(s)[7)] 107 [Vwa(s)[* [ s
+ X (lwr(9)ll5) 187 (IVwi(s)|™ = [Vwa ()|l -
Obviously, the right-hand side vanishes if ||wa(s)||,» > 20, hence we can suppose that

|wa(s)|lm < 20. To bound the first term, we apply (32) with f = g = |Vws| and obtain
16" [Vws ()| || 1r < C5|Vwsa(s)|% < Co%. Moreover, if ||wy(s)]|m < 4o, we have

C C

[Xe (T (9)117,) = xe (lwa(s)]7,) | < P (lwr(s)l7 = lhwa(s)ll7) < 5 1w = w2)(8)llm

and the same estimate holds if ||w;(s)]|,, > 4o because ||(w; — w2)(s)||m > 20 in that case.
Thus

Xe (lw1()117) = xo (lwa(s)[7) | 167 [Vawa(s)|™ |, < C o™ (w1 — w2) ()]l -

On the other hand, using (32) and the inequality | [y|? — |2]% | < ¢.(Jy|% ™ +|2]% )|y — 2|,
we obtain

Xe (Ilhwor(s)[17,) 167 (IVwa(s)]™ — [Vawa(s)| ™)l

Cxe (Iler(s)lI7) (IVwr(s)lf ™" + [Vwa(s)i ™) [V (wr = ws)(s)l,,
CXe (Ihor(s)l[7) Twi ()15 1wy = wa)(s)ll,,

C o™ I (wr — wa)()l|m

Therefore [|b™(Fy(w1(s))—F,(w2(s)))||zr < C 0% (w1 —w2)(s)|lm, and inserting this bound
into (33) we conclude that

IA AN IA

Ny = Nuz) ()], < Cont [ s
0 a(t—s

10



Finally, using (29) and proceeding in the same way, we also obtain

|V (Ngwy — Nyws) (1)],, < /0 a(T_S>C3 167 (Fp(wi(s)) — Fy(wa(s)))],, ds

S ng*l/
0 a(t—s)

Lemma 6 is now a immediate consequence of (34) and (35). O

oz
N
S
|
N|—=
N
_l’_

—_ N[

ooy N =), ds. (39)

w2

Proof of Proposition 5: Given vy € HL(RY), we choose K > 2C||vo||m and T > 0
sufficiently small so that

1
2 Y

where C is as in (27) and C4, Z, are defined in Lemma 6. We introduce the set

K
Cilvollme™? < =, and Cy o™ 'Z,(T) <

3 (30)

Xicr = {wec(O. 7 HL®Y)) | sup () < K|

T€[0,T

which is a complete metric space for the distance dr defined by

dr(wy, w) = Sl[lp] [(w1 — wo) ()|, (w1, w2) € Xgr X Xkr-
T€[0,T

Using (27) and Lemma 6 it is straightforward to verify that, if w € Xk 7, then the function
T,w:[0,T] — HL(RY) defined by

(Tyw)(r) = ™ v — (Npw)(7), T€0,T],

belongs to Xk r, and that the map w — 7,w is a strict contraction in Xk 7. By the Banach
fixed point theorem, 7, has thus a unique fixed point v in Xk . This proves that the Cauchy
problem (24), (25) is locally well-posed in H! (RY).

Let T.(vg) € (0,00] be the maximal existence time for the solution of (24), (25) in
HL(RY). For all 7 < T.(vp), it follows from (27), (34), and (35) (with w; = v and w, = 0)
that

[0() |l < C1e™?|Jtg]lm + Ca Qq*l/
0 af

Using a version of Gronwall’s lemma (see e.g. [20, Lemma 7.1.1]), we deduce that ||v(7)]||m
cannot blow up in finite time, hence T, (vy) = co. Thus (24) has a unique global solution
v € C([0,00); HL (RY)) for all vy € H}(RY), and we may define a semiflow (p,),>¢ by the
relation ¢, (vg) = v(7) for 7 > 0.

By construction, the map vy — ¢, (vg) is globally Lipschitz continuous, uniformly in time
on compact intervals: for each T > 0, there exists L(T") > 0 such that

le7(v0) = = (D0)l,,, < L(T) [lvo = Doll,y, - (37)

11



for all 7 € [0, 7] and all (v, 99) € HL(RY) x H! (RY). Indeed, by the semigroup property, it
is sufficient to prove (37) for a 7" > 0 satisfying (36), in which case (37) follows immediately
from the fixed point argument above, with L(T) = 2C; e’/2. This proof also shows that
L(T) can be chosen independent of ¢ if o € (0, 1). Finally, the fact that the map ¢, is C! for
each 7 > 0 is obtained by classical arguments which we omit here. We only mention that,
given vy € HL (RYN), 7 > 0, and h € H},(RY), the differential Dy, (vg)h of ¢, at vy applied
to h is equal to V(7), where V' denotes the solution of the linear non-autonomous equation

0V = LV — gy (IWl2) Vo] Vo TV =2, ([0]2) [Vel* <o,V 3.
V() = h.

Here v(1) = ¢, (vy) and < -, - >>,, denotes the scalar product in H! (RY). In particular,
since o, (0) = 0 for all 7 > 0, this formula shows that Dy, (0) = e™* for each 7 > 0. O

Remark 7 [t can actually be shown that the differential Dy, : HL (RYN) — Z(H} (RY)) is
Hoélder continuous with exponent q, — 1 for any 7 > 0.

For later use, we also point out the following properties of the time-one map ¢;:

Corollary 8 The map R = ¢, —e* belongs to CL(HL,(RY); HL (RY)) and satisfies R(0) = 0,
DR(0) = 0. Moreover R is globally Lipschitz continuous and there exists Cs > 0 (indepen-
dent of o) such that its Lipschitz constant satisfies Lip(R) < Cg o1

Proof: We know from Proposition 5 that R is indeed a Cl-map from H} (RY) into itself,
and it was observed at the end of the proof that ¢1(0) = 0 and Dy, (0) = £, hence R(0) = 0
and DR(0) = 0. Now, given wvg, 0y in H (RY) we define v(7) = ¢, (v) and 0(7) = ¢, (1)
for 7 > 0. Using Lemma 6 and estimate (37) we find

IR(vo) = R (D)ll,, = [INw)(1) = N0) D)L, < Cag™ " sup [[(v—2)(s)]

s€[0,1]

< CyL(1) o™ v — Dol

which is the desired bound. O

3.2 Existence of the center manifold

Having associated a C!-semiflow to the truncated system (24), we now turn to the construc-
tion of a center manifold for this semiflow at the origin. If m > N/2, we can decompose
H! (RY) = E, @ E,, where E. = {aG | a € R} is the kernel of the operator £ and

B, — {w € HL (RY) ’ /RN w(€) dé = 0} . (38)
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We recall that G is the Gaussian function defined in (3). Let Py be the continuous projection
onto F, along E,, namely

P = (/RNw@d&) G, we HLRY),

and let Qo = 1—Fy. It is easily verified that ) and )y commute with £, so that the subspaces
E. and Ej are invariant under the action of £. Moreover, we know from [17, Appendix A]
that the spectrum of the restriction of £ to the invariant subspace Ej is strictly contained
in the left-half plane in C, because the associated semigroup e™ decreases exponentially in
E,. More precisely, if po € (0,1/2) satisfies 2u9 < m — (IN/2), there exists C7 > 0 such that

‘eTﬁQow‘m + a(r)'/? ‘VeTﬁQow‘m < Cre M7 wly, , (39)

for all w € L2, (RY) and all 7 > 0, see [17, Proposition A.2].
We are now in a position to apply the invariant manifold theorem as stated in [14,
Theorem 1.1]. The main result of this section reads:

Theorem 9 Fiz pn € (0,1/2) such that 2u < m— (N/2). If 0 > 0 is sufficiently small, there
exists a globally Lipschitz continuous map f € C*(E,; Es) with f(0) =0 and Df(0) = 0 such
that the submanifold W, = {aG+ f(aG) |« € R} C HL (RY) enjoys the following properties:

(a) o.(W,) =W, for every T > 0,

(b) for every vy € HL(RYN) there exist a unique wy € W, and a positive constant Cg(vy)
such that

lp7(v0) = @r(wo)ll,, < Cs(vo) ™ for 720, (40)

Proof: Theorem 9 readily follows from [14, Theorem 1.1] once we have checked that the
assumptions (H.1)-(H.4) of [14] are fulfilled in our case. By Proposition 5, (¢, ),>¢ is a C!
semiflow in H! (RY) and ¢, is globally Lipschitz continuous, uniformly for 7 € [0, 1]. There-
fore, [14, (H.1)] is verified. Next, assumption [14, (H.2)] is nothing but the decomposition
@1 = e + R described in Corollary 8. To check [14, (H.3)], we remark that Pye* Py = 1,
hence
H(PQGEP())_ICPQH = ||P0||3(Ec), for all k € N.
Z(Ee)

On the other hand, if we choose py € (p, 1/2) such that 2y < m—(N/2), it follows from (39)
that ||e*“Qow||,, < C e 0 ||w]|,, for all k € N. Since Qg and e* commute, this inequality is
equivalent to

H(QO eLQO)onHz)(E) < Ce* forallkeN.

As e < 1, we have thus checked that [14, (H.3)] is fulfilled. Finally [14, (H.4)] is
automatically satisfied if the Lipschitz constant of R is sufficiently small. By Corollary 8§,
this is easily achieved by choosing g appropriately small.
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Therefore, by [14, Theorem 1.1], there exist p; € (0, 19) and a globally Lipschitz contin-
uous map f € C'(FE,; E,) such that the submanifold

W. = {aG + f(aG) |a € R} C H! (RY)

enjoys the following properties:

Invariance: ¢, (W,) = W, for all 7 > 0, and the restriction to W, of the semiflow (¢,),>0
can be extended to a Lipschitz continuous flow on W..

Invariant foliation: There is a continuous map h : H} (RY) x E, — E. such that, for each
v € W,, one has h(v, Qov) = Pyv and the manifold

M, = {h(v,w) +w|w € E,} c H. (RY)

passing through v satisfies ¢,(M,) C M, () for 7 > 0 and is characterized by

M, = {we HL®Y) | msup ~ n (o (w) — ¢ (0)],) < —m

T—00

Completeness: For every v € W,, M, N W, = {v}. In particular, M, N M,, = 0 if
(v,w) € W, x W, and v # w, and H.(RY) = U,ew, M,,.

Moreover, we can assume that py € (p, p1o) if 0 > 0 is sufficiently small.

We can now conclude the proof of Theorem 9. Assertion (a) is nothing but the invariance
property of W.. To prove (b), let vy € H} (RY). By the completeness property of W, there
is a unique wy € W, such that vy € M,,,. Since u < pi, we deduce from the invariant
foliation property of W, that there is 79 > 0 such that

lo-(v0) — @r(wo)ll,, < e, forallT>m.

Using in addition (37), we obtain (40). O

4 Large time behavior

This final section is entirely devoted to the proof of Theorem 1. Assume that ug is a
non-negative function in L2 (RY), m > N/2, such that |lug|z > 0. Let u(t,z) be the
corresponding solution of (4), (5) and v(7,§) the corresponding solution of (10), (11). By
the strong maximum principle [19, Corollary 4.2], we know that w(t,z) > 0 for all £ > 0
and all z € RY. Choose i € (0,1/2) such that 2u < m — (N/2) and ¢ € (0,1) sufficiently
small so that Theorem 9 applies.

By Proposition 4, the solution v of (10) converges to zero in H}! (RY) as 7 — oo, hence
there exists 79 > 0 such that ||v(7)||,, < o for all 7 > 7y, Setting vy = v(79) and v(7) =
v(T+7p), we obtain a solution ¢(7) of (10) with initial condition vy € H} (RY) which satisfies

|o(T)||m < o forallT>0. (41)
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Using the notations of Section 3, it follows that 0(7) = ¢, (vg) for 7 > 0, because (41) implies
that x, (][o(7)||2,) = 1. Thus, in view of Theorem 9, there exist wy € W, and Cy > 0 such
that

[0(7) = @r(wo)ll,, < Co ™, 720. (42)

To simplify the notations, we set w(7) = ¢, (wp) and

M) = [ w7z

We claim that

M(t)>0 forall7>0, and lim M(r)=0. (43)

T—00

Indeed, since H! (RY) — LY(RY), it follows from (42) that

< Cllo(r) —w()llm < Croe™, (44)

| itrera =)

for all 7 > 0. Assume by contradiction that there exists 7 > 0 such that M(7) < 0. Since
w is a solution of (24), (25) and F, > 0, it is clear that 7 — M (7) is non-increasing, hence
M(7) < M(m) <0 for 7 > 71. Using (44) and recalling that © is non-negative, we thus find

lo()l = / B(r,€)dE < M(7) + Croe™ < Croe ™,
RN

for 7 > 7. As a consequence,
[l = [90n(148) — m)lin < Croeh™ (1+8)* for £ > e+ — 1.

By (14), we also have [|u(t)|p~ < Ct=#~/2) for ¢ sufficiently large, a property which
implies that u = 0 by [7, Proposition 3] and [19, Corollary 4.2]. This contradicts the fact
that u(t,z) > 0 for ¢ > 0, hence we have proved the first assertion in (43). As for the second
claim, it is a straightforward consequence of (13) and (44).

Now, since ||0(7)||m — 0 as 7 — o0, it follows from (42) that there exists 75 > 0 such
that ||w(7)|lm < o for all 7 > 7. On the other hand, as w(r) € W, for each 7 > 0, we have
w(r, &) = M(1)G(E) + f(M(7) G(€)) for (1,€) € [0,00) x RY, where f is as in Theorem 9.
In view of (24) and (26) we deduce that, for 7 > 7,

dM qx — gx qx
5 (1) = —/RN [V (7, | dE = —[[VGLe M(1)" —w(7), (45)

where

o) = [ (19w ol - M) [VEE@) ds.
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To bound w(7), we remark that | |y + 2|% — |y|% | < ¢.(|y| + |2|)% 7Yz for all y, 2 € R. Also,
since
1 g1 N N+1 N +2
2m

- — 1, and 2mg - =
2T TNy T M Ty

> N +2,

it follows from Holder’s inequality that, for all g, h € L2 (RY),
A1 gl < 07 RIE 167 gl 2 167" | paovenn < C1RJ% ™ glm,

where b(¢) = (1 + [£]?)/2. Thus

Ol < 0 [ (MOIPCOI+ V) GO)N)" V101 66 d¢

< CMD) Gl + 1F (M) GYllm) ™ 1 (M(7) G) [lm
< CM@O* T FM(T) G)llm
where in the last inequality we have used the fact that f(0) = 0 and f is globally Lipschitz

continuous. Since f € C!(E.; E,) with f(0) = 0 and Df(0) = 0, the above inequality and
(43) imply that

. w(7)
| 4
e M(7)e (46)
Combining (43), (45), (46), and recalling that ¢, — 1 = 1/(N+1), we conclude that
1
lim 7M (1) ! = ie. lim 7Y M(r) = M, , (47)
T—o0 (. —=DIVGITa. o0

where M, is as in Theorem 1. As w(7,§) = M(7)G(§) + f(M(7) G(E)), we deduce from
(43), (47) and the properties of f that 7V ||w(7) — M(7) G||,, — 0 as 7 — oo. Combining
this result with (42), (47), we arrive at

M,

. N+1 || A
lim 7 (1) — g G

T—00

= 0. (48)

Lt

Of course, the same result holds for v(7) = 9(7—7p). If we now return to the original function
u(t, z) via the transformation (9), we obtain exactly (7) for p = 1. The case p € (1, 00| then
follows from (14) by a classical interpolation argument. O
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