GEOMETRIC OPTICS AND INSTABILITY FOR NLS AND
DAVEY-STEWARTSON MODELS
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ABSTRACT. We study the interaction of (slowly modulated) high frequency
waves for multi-dimensional nonlinear Schrédinger equations with gauge invari-
ant power-law nonlinearities and non-local perturbations. The model includes
the Davey—Stewartson system in its elliptic-elliptic and hyperbolic-elliptic vari-
ant. Our analysis reveals a new localization phenomenon for non-local pertur-
bations in the high frequency regime and allows us to infer strong instability
results on the Cauchy problem in negative order Sobolev spaces, where we
prove norm inflation with infinite loss of regularity by a constructive approach.
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1. INTRODUCTION

1.1. Motivation. The Davey-Stewartson system (DS) provides a canonical de-
scription of the dynamics of weakly nonlinear two-dimensional waves interacting
with a mean-field x(¢,z1,22) € R; see [I8] for more details. In the following we
shall consider

_ 1
0+ 5 (o2, +02,) ¢ = (O, x + plv|?) ¥,
(02, + 02,) x = Ao, V2,

(DS)

where (z1,72) = ¢ € R?,t € R, and A\, € R are some given parameters. In
addition, the choice n = +1 distinguishes between to the so-called elliptic-elliptic
and the hyperbolic-elliptic variants of the DS system (see [18]). Clearly, the DS
system with n = +1 and A = 0 simplifies to the cubic nonlinear Schridinger
equation (NLS), which we consider more generally in the d-dimensional case

1
10y + §A¢ = ply)*y, zeR%

The cubic NLS equation is a canonical model for weakly nonlinear wave propagation
in dispersive media and has numerous applications in e.g. nonlinear optics, quantum
superfluids, or the description of water waves, cf. [I8]. We shall allow for more
general, gauge invariant, nonlinearities and consider

1
(NLS) 10 + §A¢ = plY|*y, xeRY

where v € N*. For such equations, one usually distinguishes between focusing
1 < 0 and defocusing p > 0 nonlinearities. The sign of p has a huge impact on the
issue of global well-posedness, since it is well known (cf. [I8] for a broad review)
that for p < 0 finite-time blow-up of solutions may occur for d > 2, that is:

Jim IVt rzmey =00, T* < +oo.

Thus, in general we cannot expect global well-posedness to hold in, say, H*(R%).
On the other hand, one might ask about the possibility that even local (in time)
well-posedness fails. To be more precise, we recall the following definition:

Definition 1.1. Let 0,s € R. The Cauchy problem for (1.6)) is well posed from
H*R?) to H*(RY) if, for all bounded subset B C H*(R?), there exist T > 0 and
a Banach space X7 — C([0,T]; H° (R™)) such that:

(1) For all p € BNH®>, (L.6) has a unique solution ¢ € Xp with }—g = ¢.
(2) The mapping o € (BAH™, || |11-) — ¥ € C([0, T}; H7 (R™)) is continuous.

The negation of the above definition is called a lack of well-posedness or in-
stability. In order to gain a rough idea why instability occurs, we consider the
Cauchy problem of with initial data 19 € H*(R?). Under the assumption
v € N*, the nonlinearity is smooth, and thus, local well-posedness (from H*(R?)
to H*(R)) holds for sufficiently large s (s > d/2 does the job). On the other hand,
one should note that is invariant under Galilei transformations,

W(t,z) > e TP 20 p o), v e RY,
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which leave the L*(R%) norm invariant. In addition, solutions to (NLS|) are invari-
ant under the scaling symmetry

t «x

O(t,x) — A~V (Az’ A) , A>0.

Denoting

N

(1.1) Se 1=

N

)

this scaling is easily seen to leave the homogeneous Sobolev space H e (R%) invariant
and thus we heuristically expect local well-posedness to hold only in H*(R?) with
s > max{s.,0}. The reason for this being that for s < max{s., 0} and sufficiently
large A > 0 we can use the scaling symmetry of (NLS) to relate the norm of large
solutions at time ¢ > 0 to the norm of small solutions at some time t* < ¢. In other
words, the difference between two solutions will immediately become very big in
H*(R%), even if they are close to each other initially.

For the cubic NLS equation we have s, = 0 if d = 2, and thus instability should
occur for 1y € H*(R?) with s < 0. Moreover, we expect the same behavior to be
true also for the DS system, since the latter can be written in form of an NLS with
non-local perturbation, i.e.

) 1
(12) 0w+ (1%, +02,) ¥ = NE (I0P) ¥+ ulufs, o€ R2
Here the operator E acting as a Fourier multiplier on [¢|? is defined via
(1.3 B = ooy F16),
£+ &3

where (£1,&) = & € R? and fdenotes the Fourier transform of f, defined as

~ 1
O 7

(1.4) (F1)E) (z)e™ " da.
With this normalization, we have F~lg = Fg, with § = g(—). Note that the
non-local term in scales like the nonlinearity in the cubic NLS equation, since
the kernel
(1.5) K(¢) = § ¢ L*(R?)

G+8 ’
is homogeneous of degree zero. We therefore expect instability of the DS system
in Sobolev spaces of negative order. It will be one of the main tasks of this work
to rigorously prove this type of instability, which can be seen as a negative result,
complementing the well-posedness theorems of [I2] (see also [I1]). To this end,
we shall rely on the framework of weakly nonlinear geometric optics (WNLGO),
developed in [5] for NLS. We shall henceforth study, as a first step, the interaction
of highly oscillatory waves within and describe the possible (nonlinear) reso-
nances between them. In our opinion this is interesting in itself since it generalizes
the results of [5] and reveals a new localization property for non-local operators in
the high frequency regime. Moreover, we shall see that possible resonances heavily
depend on the choice of n = +1.
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In order to treat the DS system and the NLS equation simultaneously, we shall
from now on consider the following NLS type model

(L6) a0+ A = AB (W) 6+ by, (0,2) = do(a),

with z € R4, A\, n € R, and v € N* and a generalized dispersion of the form
d
(1.7) A, = anaﬁj, n; = %1,
j=1

Furthermore, we generalize the operator E given in (|1.3) by imposing the following
assumption:

Assumption 1.2. The operator E is given by
E(f)=K=xf, KeS8RY,
where K is homogeneous of degree zero, and continuous away from the origin.

Remark 1.3. For A = 0 and nonuniform signs of the n;’s, equation (1.6 simplifies to
the so-called hyperbolic NLS, which arises for example in the description of surface-
gravity waves on deep water, cf. [I8].

1.2. Weakly nonlinear geometric optics. We aim to understand the interaction
of high frequency waves within solutions to (1.6). To this end, we consider the
following semi-classically scaled model

2
(1.8) el + %Anue = eAE (|u°|*) u® + ep|u[*u® , u(0,2) = uf(z),

where 0 < ¢ < 1 denotes a small semi-classical parameter. The singular limiting
regime where ¢ — 0 yields the high frequency asymptotics for in a weakly
nonlinear scaling (note that e appears in front of the nonlinearities). The latter is
known to be critical as far as geometric optics is concerned, see e.g. [].

As in [5], we shall assume that is subject to initial data given by a super-
position of e-oscillatory plane waves, i.e.
(1.9) ug(w) =Y aj(w)e™ /e,

J€Jo

where for some index set Jy C N we are given initial wave vectors x; € R with cor-
responding smooth, rapidly decaying amplitudes a; € S (R4, C). Since, in general,
we can allow for countable many «;’s, we shall impose the following summability
condition:

Assumption 1.4. The initial amplitudes satisfy
S —
D)@l + Y 1A LinLe < 4o,
j€Jo Jj€Jo
where (k;) = (1+ |r;|2)1/2.
This condition will become clear in Section[d] where we justify multiphase weakly
nonlinear geometric optics using the framework of Wiener algebras.

The initial condition (|1.9) induces high frequency oscillations within the solution
of (1.8). The first main result of this work concerns the approximation of the exact
solution u® of (1.8]) by (possibly countably many) slowly modulated plane waves.
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Theorem 1.5. Letd > 1, \,u € R and v € N*, and let E satisfy Assumption[1.3
Consider initial data of the form with k; € Z% and a; € S(RY, C) satisfying
Assumption [1.7)

Then there exist T > 0, and C,eq > 0, such that for all € €]0,eq], there exists a
unique solution u® € C([0,T); L= N L?) to 7. It can be approzimated by

sup ||u’3(t, ) — gt ')HLoomL?(Rd) E__,SO FAF0,

te[0,7T]
sup ||u(t, ) — uapp(t, )| o <Ce ifA=0.
tE[O,T] || ( ) Pp( )||L ﬁLz(Rd)
Here, the approvimate solution uipp € C([0,T]; L> N L2) s given by
Uiy () = D a;(t, w)e!s B0/,
jeJ

where the amplitudes a; € C([0,T]; L= N L?(R%)) solve the system (2.16) and the
phases ¢; are given by

d
t
¢i(t, @) =rj-x -5 D ek
=1

In addition the index set J C N can be determined from Jo by following the approach
outlined in Sections[2.1.1] and[2.21

Remark 1.6. The assumption ; € Z¢ is introduced to avoid small divisors prob-
lems. This aspect is discussed in more details in [5]. Following the strategy of [5],
we could state a more general result here. We have chosen not to do so, for the
sake of readability.

In general we have Jy C J, due to possible resonances, i.e. the creation of new
(characteristic) oscillatory phases ¢; not originating from the given initial data but
solely due to nonlinear interactions. The above theorem generalizes the results of
[5], in three different directions:

(1) The approximation result is extended to L2 N L (in [5] we only proved an
approximation in L°°).

(2) We allow for non-elliptic Schrédinger operators corresponding to non-uniform
sign for the 7;’s. This yields a resonance structure which is different from
the elliptic case (see Section . In particular, one should note that for
d=2,m = —ne and r; = (k, k) € R?, the corresponding phase ¢; simpli-
fies to ¢;(x) = k(z1 + x2), describing e-oscillations which do not propagate
in time.

(3) In comparison to [5] we can now also take into account the non-local Fourier
multiplier £. This operator, roughly speaking, behaves like local nonlinear-
ity in the limit € — 0 (see Section[2.2.2). The behavior is therefore qualita-
tively different from earlier results given in [I3], where it has been proved
that for (slightly more regular) integral kernels K, such that (¢ )I? (&) € L™,
no new resonant phase can be created by FE, in contrast to our work. Notice
that the present work shows as a by-product that the same conclusion also
holds for the Schrodinger—Poisson system (on R%, d > 3, so K (£) = ca/l€?),
even though in that case, the kernel does not satisfy the above assumption;
see Remark [2.10] below for more details.
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Remark 1.7. Finally, we underscore that Theorem includes other NLS type
models with non-local perturbations than DS, provided the corresponding kernel
K is homogeneous of degree zero and continuous away from the origin. A particular
example is given by the Gross-Pitaevskii equation for dipolar quantum gases, i.e.

1
(DGP) 0+ S AU = ulY + A (K« [UP) v, @ e R,
where the interaction kernel K is given by
1—3cos?6
1.10 K =

Here 6 = 0(z) stands for the angle between z € R? and a given dipole axis n € R?,
with |n| = 1. In other words 6 is defined via cos® = n - a/|z|. In this case, we
compute (see [6]), for £ € R?\ {0},
K@) = %(2@5/2 (3cos’© — 1)

where © stands for the angle between £ and the dipole axis. The model has
been introduced in [2I] in order to describe (superfluid) Bose-Einstein condensates
of particles with large magnetic dipole moments. Note that for our analysis, we
neglect possible external potentials V' (), usually present in physical experiments.
In this context, rescaling and studying the asymptotics as € — 0 correspond
to the classical limit of quantum mechanics.

1.3. Instability and norm inflation. The insight gained in the proof of Theo-
rem[L.5| will allow us to infer instability results of the Cauchy problem corresponding
to (1.6). Let us remark, that the first rigorous result on the lack of well-posedness
for the Cauchy problem of (NLS) in negative order Sobolev spaces goes back to [14],
where the focusing case in d = 1 was studied. This result was then generalized to
d > 1 in [7], where the lack of well-posedness for (NLS) from H*(R%) to H*(R%),
has been proved for all s < 0 (and regardless of the sign of the nonlinearity). A
general approach to prove instability was given in [3], where the authors studied
the gquadratic NLS. Applying their abstract result [3, Proposition 1] to the models
considered above, we prove a lack of well-posedness from H*(R%) to H?(RY) for
all o.

Proposition 1.8. For all s,0 < 0, the Cauchy problem for (NLS|), with d > 2,
v € N* and pu # 0 is ill-posed from H*(RY) to H7(R?). The same holds true for

the Cauchy problem of (DS)), provided A + 2u # 0, and for the one of (DGP)),
provided (X, u) # (0,0).

Remark 1.9. Our result excludes the case A\ 4+ 2u = 0, which corresponds to the a
situation in which the DS system is known to be completely integrable, see e.g. [I].
The algebraic structure of the equation is indeed very peculiar then, since there
exists a Lax pair.

The proof of Proposition [L.8] is outlined in Appendix [A] following the ideas
of [3]. Note, however, that this approach is not constructive as it relies on the
norm inflation for the first Picard iterate. As we shall see in Section [0 weakly
nonlinear geometric optics indeed allows us to infer a stronger result than the one
stated above, namely norm inflation. To this end, let us recall that in [5], weakly
nonlinear geometric optics was used to prove instability results for NLS equations
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on T9. There, we used initial data corresponding to two non-zero amplitudes aq, o
(one of which carried no e-oscillation). By proving a transfer of energy (inspired by
the ideas from [7] and [§]) from high to low frequencies (i.e. the zero frequency in
fact) we were able to conclude instability. In the present work we shall start from
three non-zero initial modes, which, via nonlinear interactions, will be shown to
always generate the zero mode. This phenomenon is geometrically possible as soon
as a multidimensional framework is considered. From this fact we shall infer norm
inflation. The price to pay in this approach via WNLGO is an unnatural condition
on the initial Sobolev space:

Theorem 1.10. Consider either (NLS) with d > 2, u # 0 and v € N*, or (DS)
(0,0).

with A+ 2u # 0, or (DGP)) with (A, n) # (0, We can find a sequence of initial
data (on)nen € S(RY), with
lenllg-1/en@ey —— 0,

— 400

and t, — 0 such that the solutions 1,, with wn‘f:o = ¢, satisfy
||¢n(tn)||Hﬁ(Rd) n—>—+)oo +00, Vo € R.

Unlike in the general approach of [3], in the proof of Theorem we construct
explicitly the sequence (¢n,)neN, as well as an approximation of (1, )nen (which can
be deduced from WNLGO). Note however, that we require d > 2, since our proof
demands a multidimensional setting. Also, the reason why we restrict ourselves to
, and in the above instability results is that we do not exhibit
adequate initial data for in its full generality. In [7], norm inflation for (NLS)
was shown from H*® to H®, under the assumption s < —d/2. Theoremimproves
this previous result in three different aspects:

(1) We consider a more general NLS type model, including non-local pertur-
bations (in particular the DS system).

(2) The range of s is larger, since we assume s < —1/(2v), in a setting where
we always have 1/(2v) < d/2 (recall that d > 2 by assumption).

(3) The target space is larger: all the Sobolev norms become unbounded at
the same time.

Remark 1.11. In the case 0 < s < s¢, the norm inflation result proved in [7] was
improved to a loss of regularity result in [2, [19], after [I5] in the case of the wave
equation (roughly speaking, one proves norm inflation from H® to H?, with o > o¢
for some oy < s). In the periodic setting € T¢, instability results (from H*(T%)
to H°(T?) for all ¢ € R) were proved in [§] in the case d = 1, and then generalized
to the case d > 1 in [B] (however, the phenomenon proved there is just instability,
not norm inflation). Finally, we also like to mention the beautiful result by Molinet
[16] in the case z € T and v = 1, and the recent result by Panthee [I7] which
shows that the flow map for BBM equation fails to be continuous at the origin from
H*(R) to D'(R) for all s < 0.

Our last result concerns the (generalized) NLS equation only, i.e. (1.6) with
A = 0, where we can prove norm inflation for a larger range of Sobolev indices.

Theorem 1.12. Letd > 2, v e N*, p e R*, A =0, and s < —1/(1+2v). We can
find a sequence of initial data ¢,, € S(R?), with

n s 07
lnll s e S
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and t, — 0 such that the solutions vy, to (L.6) with V¥, —o = @n satisfy
190 (tn)ll o rey — 400, Vo €R.
n—-+o0o

Remark 1.13. We believe that the restriction s < —1/(1 4 2v) is only due to our
approach, and we expect the result to hold under the mere assumption s < 0. Note
that for A = 0 and nonuniform signs of the n;’s in A,, the above result concerns
the hyperbolic NLS.

To conclude this paragraph, we point out that negative order Sobolev spaces
may go against the intuition. In Section [5| we shall study an asymptotic regime
(for £ — 0) where the nonlinearity is “naturally” negligible at leading order in,
say, L2 N L, but fails to be negligible in some negative order Sobolev spaces. This
strange behavior of negative order Sobolev spaces is further illustrated by very basic
examples given in Appendix [B]

Notation. Let (A®)o<e<1 and (Y9)o<e<1 be two families of positive real num-
bers.

o We write A® < T¢ if limsup A*/Y° = 0.
e—0
o We write A® < T¢ if limsup A®/T° < 0.

e—0

e We write A® &~ T (same order of magnitude) if A° < Y€ and T¢ < A°.

2. INTERACTION OF HIGH FREQUENCY WAVES IN NLS TYPE MODELS

In this section we shall study the interaction of high frequency waves for the
generalized NLS type equation ((1.6)). To this end, we shall first recall some results
from [5], where the usual case of NLS with elliptic dispersion is treated.

2.1. Geometric optics for elliptic NLS. We consider the equation
2
€
(2.1) ie0pu® + 5Au8 = eplut|?u®, =€ R4,

with d > 1, p € R and v € N*. The initial data is supposed to be given by a
superposition of highly oscillatory plane waves, i.e.

(2.2) u®(0,z) = Z o ()etriT/e,
Jj€Jo

where for some index set Jy C N we are given initial wave vectors

(I)OZ{Hj s jEJQ}
and smooth, rapidly decaying amplitudes o = (a;) € S(R?). We seek an approxi-
mation of the exact solution u® in the following form
(2.3) u(t @) ~ ug(t ) = > a;(t,z)elts o,

JjeJ

As we shall see in the next subsection, the characteristic phases ¢; will be completely
determined by the set of of relevant wave vectors:

@:{nj,jeJ}cho,

In order to rigorously prove an approximation of the form (2.3)), there are essentially
four steps needed:

(1) Derivation of the set ®.
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(2) Derivation of the amplitude equations, determining the a;’s.
(3) Construction of the approximate solution.
(4) Justification of the approximation.

In this section, we address the first two steps only. The last two points are dealt
with in Sections [3] and [4] respectively.

2.1.1. Characteristic phases. Plugging the approximation (2.3) into (2.1)), and com-
paring equal powers of ¢, we find that the leading order term is of order O(£°). It
can be made identically zero, if for all j € J:

1
(2.4) O + 5|V¢j|2 =0.

This eikonal equation determines the characteristic phases ¢;(t,z) € R, entering
the approximation (2.3). In view of (2.2]), the eikonal equation is supplemented
with initial data ¢;(0, ) = k; - , from which we can compute explicitly

(2.5) oi(t,x) =kKj -z — %|/£j|2.

Next, let (k¢,,...,ke,.,) be a set of given wave vectors. The corresponding non-
linear interaction in |uf|?“u¢ is then given by

_ i — 4t e
Qg Qpy - - Aoy, 1 € (00 =00 ¢€2V+1)/ .

The resulting phase ¢ = ¢¢, — g, +- - -+ ¢y, ., satisfies the eikonal equation (2.4,
and thus needs to be taken into account in our approximation, if there exists x € R?
such that:

2v+1 2v+1
(2.6) > (=1, =kand D (=1, [P = |k
k=1 k=1

With k; = &, a phase ¢; of the form is then said to be generated through a
resonant interaction between the phases (¢r, )1<k<2v+1-

This yields the following algorithm to construct the set ® from ®y: Starting
from the initial (at most countable) set ®y = {x; , j € Jo}, we obtain a first
generation ®; = {k; , j € J1} D @y (with J; D Jy) by adding to P all points
k € RY satisfying for some {¢¢,,...,¢¢,,.,} C Po. By a recursive scheme, we
are led to a set ® = {k; , j € J} which is (at most countable and) stable under
the resonance condition .

Remark 2.1. Tt is worth noting that @ is a subset of the group generated by ®q (in
(R%,4)). In particular, if &y C Z¢, then & C Z.

It turns out that we do not need a precise description of the resonances to
prove norm inflation stated in Theorem [I.10] or Theorem [T.12] However, in the
case of a cubic nonlinearity v = 1, all possible resonances can be easily described
geometrically by the following lemma ([10, [5]). To this end, we denote for j € J,
the set of all resonances by

2v+1 2v+1

L= { (0 lin) € TN (1) i = g D (<1 g P = [yl
k=1 k=1
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Lemma 2.2. Let v =1,d > 2, and j,k,¢,m belong to J. Then, (ki, K¢, km) € I;
precisely when the endpoints of the vectors Ky, kg, km, k5 form four corners of a non-
degenerate rectangle with k¢ and k; opposing each other, or when this quadruplet
corresponds to one of the two following degenerate cases: (ki = Kj,Kkm = Kg), OT

(Kk = Ke, Bm = Kj).

Ezxample 2.3. The proof of norm inflation will be based upon the following case.
Let

(2.7) ®¢ = {r1 = (1,0,...,0), ke = (1,1,0,...,0), k3 = (0,1,0,...,0)} ¢ R%.
The above lemma shows that for the cubic nonlinearity cubic (v = 1), the set of
relevant phases is simply

O =Py U{ko =0Ra}.
One and only one phase is created by resonant interaction: the zero phase. For

higher order nonlinearities (v > 1), we also have 0 € @ (since 0 = —k1 + Ko — K3 +
(K1 — K1+ —K1)).

2.1.2. The amplitudes system. Continuing the formal WKB approach, the O(g!)
term yields, after projection onto characteristic oscillations e%/¢ | a system of trans-
port equations:

(2.8) Owa; + K5 - Va; = —ip E ap, oy -+ Qpyyy 5 Ajji=0 = O,
(1,..l2p41)EL;

with the convention a; = 0 if j &€ Jy. As claimed above, it is not necessary to
fully understand the resonant sets to prove Theorem [I.10] or Theorem The
following lemma will suffice:

Lemma 2.4. Letv € N*, € R* and d > 2. Assume ®q is given by (2.7). There
exist aq, o, a3 € S(R?) such that if we set kg = Oga, (2.8) implies

Orag|t—o # 0.
For instance, this is so if a1 = as = agz # 0.
Proof. Assume a1 = as = a3 = o. Equation (2.8)) yields
Oragjp—o = —ip Z e, gy - gy, = —ipC(v, d)|af* a.
(€1,...,82,41)€lp
Then, C(v,d) > 1, since (1,2,3,1,1,...,1) € L. O
This lemma shows that even though the zero mode is absent at time ¢t = 0, it

appears instantaneously for a suitable choice of the initial amplitudes aq, as, as.
This is one of the keys in the proof of the results presented in Section |1.3

Remark 2.5. This result fails to be true in the one-dimensional cubic case d = v = 1,
and in a situation where one starts with only two (non-trivial) modes (d,v > 1,
but #{j € Jo | oj # 0} < 2). In both cases no new resonant mode can be created
through the nonlinear interaction (see []).
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2.2. Geometric optics for the DS system. In order to apply our approach to
the DS system , we first have to understand the resonance structure for n = —1
(a case where A, is an hyperbolic operator). We shall, as a first step, neglect the
action of the non-local term E and instead consider

2
(2.9) ieOuE + % (902, + 02,) uf = epusPu , =€ R2,
subject to oscillatory initial data of the form ([2.2)).

2.2.1. Characteristic phases and resonances. We follow the same steps as in Sec-
tion and determine the characteristic phases via

1
(2.10) 016+ 5 (10010 + (920)?) =0, 6(0.) = .
Denoting = (p, ¢), the solution of this equation is given by
t
(2.11) 6;(t,2) = pa1 +qz2 — 5 (¢ +p?).

In the case n = —1 we see that if initially x = (£p, £p), then ¢(t,z) = k- x is
independent of time.

In order to understand possible resonances due to the cubic nonlinearity, we
simply notice that, if some phases ¢y, ¢, and ¢,, are given by (with & equal
to Kk, ke and K,,, respectively), then the combination ¢ = ¢ — ¢¢ + ¢, again

solves (2.10) if, and only if, it is of the form given by (2.11)), with x = (p,q) € R?
satisfying

(212) K=kp— ket Em o, @+’ =qi — i +q2 + 0ot — i+ L)

Thus, the same iterative procedure as in Section allows us to build from a
given (at most countable) set of wave-vectors ®o = {r; , j € Jo} in R?, a new set
® = {k; , j € J}, closed under the resonance condition (2.12)). Again, it is worth
noting that ® is a subset of the group generated by ®, (in (R?,+)). In particular,
if @y C Z2, then ® C Z2. We consequently alter the definition of the resonance set
I; given above and denote, for all j € J:

L= {(k,t,m) € J® | ;= ki — Ko+ Em, G +0P7 = af —ai + a2 +n(ph —pi +p4)}

The case n = 1 has already been discussed in Section [2.1.1] To understand
better the non-elliptic case n = —1 we first note that is equivalently fulfilled
by (kg — K, ke — K, km — k), as can easily be checked by a direct computation. Thus
it is enough to understand the case where the zero mode x = (0,0) is created. In
this case the resonance condition is equivalent to

K¢ = Kg + Km, with kg, K, satisfying:  qp@m = prpm-
This leads to the following statement:

Lemma 2.6. Let n = —1, and j, k,{,m belong to J. Then, (kk,ke,bkm) € I;
precisely when (ki = Kj, Km = k¢), o1 (K = K¢, K = Kj), or when the endpoints
of the vectors Kj, Kk, kg, Km form four corners of a non-degenerate parallelogram,
with ke and Kk; opposing each other, and such that (ki — ke)/|kk — Kke| and (Kp, —
Ke)/|km — Kke| are symmetric with respect to the first bisector.
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The resonance condition is different from the elliptic case n = +1 (Lemma
based on the completion of rectangles). In particular resonances for 7 = +1 are not
necessarily also resonances for 7 = —1 and vice versa, as illustrated by the examples
below. The common feature of the two cases is that it takes at least three different
phases to create a new one via the cubic nonlinearity.

Ezample 2.7. Let ki = (2,1), km = (1,2) and k¢ = (3,3). Then the origin is
obtained by cubic resonance in the hyperbolic case n = —1, while no new phase
results of the interaction of these three phases in the elliptic case.

Ezample 2.8. On the other hand, if k; = (0,0), k¢ = (1,1) and K, = (0,2), we
obtain ki — kg + km = (—1,1): in the elliptic case n = +1, this is resonance, while

it is not in the case n = —1.

Example 2.9. With the approach we have in mind to prove Theorem let @
be given by (2.7). Like in the elliptic case, ® = ®y U {Og2} is obtained by cubic

resonance when n = —1.

2.2.2. Oscillatory structure of the non-local term. In order to proceed further, we
need to take into account the Fourier multiplier E defined in (|1.3). The correspond-
ing nonlinearity is given by
F (uf, uj, u3) = E (uiju3) ug.
Having in mind (2.3]) the point is to understand the rapid oscillations of
F (akew’“/s,agew"'/s,ameid’mk) ,

with ¢k, ¢¢ and ¢, satisfying (2.11]). The phase ¢,, obviously factors out and so
do the oscillations in time, since they are not affected by the action of E. In view
of the discussion on resonances, we must understand the high frequency oscillations
of

E (akage“"’”/f) , where Kk = K, — Ky.

If kK = 0, there is no rapid oscillation, and we can directly resume the argument of
the case E =1d. If x # 0, we denote b = aia, and write

1

—ik-x /e = Jirx/e) _ i(r—y)-£ 7> ik-(y—x)/e
e E(akage ) @ /R2 /Rze K(&)e b(y)dydg

1 . -
= W/Rz /R2 ez(x_y).(C_R)/EK(C)b(y)dydC’

where we have used the fact that the function K is 0-homogeneous. Denote by
I¢(x) the above integral. Applying formally the stationary phase formula yields:

I¢(z) E:OIA((n)b(x) = K (kg — ko)ag(z)ag(z).

This formal argument suggests that the non-local operator indeed acts like a cubic
nonlinearity when ¢ — 0, and reveals a formula for the corresponding amplitude
system. A rigorous proof for this argument will be given later in Section 4} For the
moment, we shall proceed formally by plugging the ansatz into

2
(2.13)  icdus + % (902, +02)) uf = eAB(juf2)uf + epfu?us , =z € R,
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The terms of order O(£) are identically zero since all the ¢;’s are characteristic. For
the O(e!) term, we project onto characteristic oscillations, to obtain the following
system of (non-local) transport equations

Ora; + (PO, + 430x,) aj = —iN > E(lag|*)a;
Led

— A E K(Kk — K@)akagam
(k.£m)el;
0k

—ip E LG,

(k,l,m)el;

(2.14)

subject to initial data a;(0,z) = a;(x).

Remark 2.10. The above computation suggests that if Kis M -homogeneous with
M < 0, then the second line in vanishes in the limit ¢ > 0, since e=™ can
be factored out. This argument is made rigorous in If in addition there is no
local nonlinearity, i.e. p =0, takes the form

Owa; + kj - Vya; = —i)\ZE(|ag|2)aj.
teJ

Then the modulus of a; is constant along the characteristic curves, along which
the above equation is of the form D;a; = a; x iR, so Dy|a;|? = 0. In particular,
no mode is created in this case, a situation to be compared with the framework
of [I3], where the assumptions made on K are of a different kind. An important
example where this remark applies is the Schrodinger—Poisson system (d > 3), for
which M = —2. We therefore strongly believe that also in this case one can prove
a result analogous to Theorem (with an error rate O(g), since the second line in
becomes O(s~M) = O(e?), and we will see in Section [4.2| that non-resonant
phases generate an error of order O(e)). However, we expect that the functional
setting has to be slightly modified, since the Wiener algebra framework (used to
prove Theorem may no longer be convenient due to K ¢ L>°. Nevertheless, a
setting based on L? spaces should be sufficient (to derive approximation in L?, but
not in L>), since the Poisson nonlinearity is L2-subcritical.

Similarly to Lemma with ®g as in (2.7), and we can find corresponding
initial data oy, ag, az in S(R?), such that the zero mode appears instantaneously,
provided that X\ 4+ 2u #£ 0.

Lemma 2.11. Let n = 1. Assume O is given by (2.7), and set kg = Orz. The
following are equivalent:

(i) A+2u#0.

(ii) There exist oy, ag, a3 € S(R?) such that ([2.14) implies Orag|i—o # 0.
When A +2u # 0, a1, az, a3 are admissible if and only if there is x € R? such that
a1 (x)ag(x)as(z) # 0.

Proof. For this choice of ®q, setting kg = 0, we have Iy # (). Since the only
(k,£,m) € Iy corresponding to possibly non-zero products axap,, # 0 are (1,2, 3)
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and (3,2,1), we have from (2.14)):
8ta0|t:0 = —3 ()\ (f?(ﬁl — Iﬁ:z) + f?(lﬁg — Iﬁ:z)) + 2/1) alagag

=3 ()\ (I?(f—sg) + I?(m)) + 2,u) Q10203.

Now, since p1ps + 1n91q3 = 0, we one easily checks the identity IA((ng) +K(k)=1
and thus
Orag|,_, = —i (A +2p) y@aas.

The lemma follows. O

Remark 2.12. In the case A+ 2u = 0 (integrable case), one can prove by induction
that 0;"agj;—o = 0 for all m € N. Thus, the zero mode does not appear, at least
if we consider a smooth (analytic) setting. Note, that this aspect is not due to
our initial choice ®q. If A + 2u = 0, the zero mode cannot appear, regardless of
the precise form of ®(. Indeed, grouping the sets of three phases creating the zero
mode (with of course ap = 0), we may assume that we consider only three initial
phases: the point is to notice that if kK3 — ko + k3 = 0, we still have

Orag|,_, = —i <>\ <I?(/€3) + IA((m)) + 2u> 1@z,
and we conclude as in the proof of Lemma [2.11

2.3. Possible generalizations. As far as geometric optics is concerned (i.e. de-
termining the resonances and deriving the corresponding amplitude system), the
above analysis can be reproduced without modification (except notations) in the
case of:

2
(2.15)  dedwu® + %Anue =X (K * [uf[*) uf + pelu|* v, zeR% veN,

provided K (&) is homogeneous of degree zero and continuous away from the origin.
In this case, the characteristic phases are given by

d
t
¢i(t,x) =k; -~ 5 >k,
=1

and the corresponding system of transport equations reads:

d
8,5(1]' + E NekKje 6uaj = —iA\ E E(aglagz .. .agb)aj
£=1 (£1,... k0, )ET2V,
(€15, L21,3)ET;
(216) — A E : K(Kj - K€2u+1)afla€2 s Qhgy g
(€15, Lop41)€T,
Loy 4177

— i E Qg Qs - - Qg gy s
(L1, 02 41)€ET;

where we denote E(f) = K * f and
Ij = {(£17"~7€2D+1) S J2V+1 ‘ (yb] = ¢€1 - QSZQ + - +¢52u+1}'

The only point one has to check so as to derive instability results from the geometric
optics result is that there exist initial data o , such that d;ap # 0. When A = 0,
the same proof as for Lemma [2.4] yields
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Lemma 2.13. Let v € N*, A =0, p € R* and d > 2. Assume ®g is given by
[2.7). There exist ay,az,a3 € S(RY) such that if we set kg = Oga, (2.16]) implies

Orag|t=o # 0.
For instance, this is so if a1 = as = agz # 0.

We can also take the non-local term into account, at least for the cubic nonlin-
earity and standard “elliptic” Schrodinger operator. In the case of dimension d = 2,
for all ¢ € R, introduce

g.={LeC(s',C)|veeS' L (Ee”/2> —c— L(©)}.
There is a one-to-one correspondence, through L — M, where
VOeR, M) =L("?) —c/2
between &, and the space of continuous functions on R, having the “anti” (7/2)-

periodicity symmetry M (0 + 7/2) = —M (). Lemma is a particular case
of:

Lemma 2.14. Consider K € S'(R%) such that K € L=(RY) is homogeneous of
degree 0, and continuous away from the origin, but not constant on R4\ {0}. Let
v=1, and A\, € R, with A # 0. Set k9 = Ora.
(1) In the case d > 3, there exist k1, k2, k3 € R4\ {0} and a1, aq, a3 € S(RY)
such that, with ®g = {K1, k2, K3}, implies Ozag|i—o 7# 0.
(2) In the case d = 2, the following are equivalent:
(1) K ¢ 572;1,/)\-
(ii) There exist k1, k2, k3 € R2\ {0} and a1, as, a3 € S(R?) such that, with
by = {k1, ko, K3}, implies Opagi—o # 0.
Furthermore, in the cases where Opagi—o # 0 is possible, a1, s, a3 are admissible
if and only if there is x € R? such that oy (z)as(z)as(x) # 0.

Proof. Finding k1, k2, k3 € RY\ {0} generating kg = 0 by resonance amounts to
finding two non-zero and mutually orthogonal vectors, k1 and k3: ko is then deter-
mined when forming the rectangle (ko, k1, k2, k3). Once such vectors are chosen,
since the only (k, ¢, m) € Iy corresponding to possibly non-zero products ay@a,

are (1,2,3) and (3,2,1), we have from (2.14):
8ta0\t:o =i ()‘ (R\v(’il — Kg) + [?(”433 - 52)) + ZM) 102003

This yields drag|,_, # 0 if and only if we are able to find two non-zero and mutually
orthogonal vectors k (= k1 —k2) and &' (= k3—k2) such that K (k) +K (k') # —2u/\
(and in this case, the choice for ay, ag, ag is clear).

In dimension d = 2, the possibility of finding such &, &’ is equivalent to requiring

In dimension d > 3, suppose that for all choice of non-zero and mutually or-
thogonal x and k', the restriction of K to the circle S! centered at the origin, in
the plane defined by {x, n’} belongs to &, with ¢ = —2u/A. Choosing a direction
orthogonal to both x and ' defines the ‘north pole” of an S? sphere with the above
circle as equator. Then, the value of K at this pole must be ¢ — K (k), as well as
¢ — K(r), which implies I?(n/) = K(k), and since K(r') = ¢ — K(k), we obtain
that K is constant (equal to ¢/2), and thus a contradiction. O
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This setting entails the case of the Gross-Pitaevskii equation for dipolar quantum
gases , for which d = 3. One can also easily generalize this result to higher-
order nonlinearities (¥ > 1), at least in dimension d > 3. Combining non-elliptic
Schrédinger operators with higher-order nonlinearities and non-local perturbations
would lead to more tedious computations and we henceforth do not go into any
further detail.

3. CONSTRUCTION OF THE EXACT AND APPROXIMATE SOLUTIONS

3.1. Analytical framework. We first need to introduce the Wiener algebra frame-
work similarly to what is used in [5].

Definition 3.1 (Wiener algebra). We define
WR?) = {1 e S®,C), |flw = IFlume < +oo}.

The space W enjoys the following elementary properties (see [9, [5]):

(1) W is a Banach space, continuously embedded into L>(RY).
(2) W is an algebra, and the mapping (f,g) — fg is continuous from W?2 to
W, with
If9lw < Ifllwliglw, Vf.geW.
(3) For all t € R, the free Schrodinger group

U®(t) = exp <15; An)

is unitary on W.

In the following we shall seek an approximation result in W N L? = F(L')NF(L?).
The basic idea is to first prove the result in W only and then infer the corresponding
statement in L?. We shall therefore use the extra properties:

(2a) By Plancherel formula and Young’s inequality (or simply ||f|lz= < || fllw)
VfeW, Vge L*RY), |fgllrzma) < Ifllwllgllzema)-
(3a) For all t € R, the free Schrédinger group U¢(t) is unitary on L%(R9).

3.2. Existence results. We first treat the case of the exact solution u®, and then

address the construction of the approximate solution ug, .

Lemma 3.2. Consider for x € R the initial value problem
2
(3.1) iedwu® + %Anus = e (K = [u|*) u® + pe|ut| s,  uf(0,2) = uf(z),

where v € N, \,u € R, and K € S'(RY) is such that K € L®(RY). If the
initial data satisfies u§ € W N L2, then there exist T > 0 and a unique solution

u® € C([0,T¢]; W N L?) to (3.1).

Proof. The existence of a unique local in time solution in W follows by combining
the results of [5, Proposition 5.8] and [I3}, Lemma 3.3]. In both cases property
(2) together with the fact that K € L°°(R?) implies that the nonlinearities are
locally Lipschitz and the result then follows by a standard fixed point argument.
The existence of an L? solution then follows from the fact that for all t € [0,7¢],
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uf(t,-) € L¥(RY), since W «— L. Therefore |[uf|? € L can be viewed as a
bounded perturbation potential, and using Plancherel formula we have

(B [l ™) vl e < * [uf® |2 o]l 22 < K« [ul®|lw (o] 22

~ —_—
< IR pos | Ful?”

7> 2
o ollze <Kz ully ol 2.

Thus also the non-local term can be seen like a bounded perturbation and the
existence then follows by standard semi-group theory. O

We now pass to an existence result for the transport system ([2.14]). To this end
we define the following space for the amplitudes.

Definition 3.3. Define
XRY) = {a = (a))jes | @)jes € 1(J; L' NLARY)},
equipped with the norm
lallxgay =D (lajlles + las) c2)-
JjeJ
For s € N, we define
X*RY) ={ae XRY) | ((r))" aj);c, € X(R) and 8Ja € X(R?), V6] < s},
equipped with the norm
”aHXS(Rd) = || (<K‘j>saj)jej ||X(Rd) + Z ||3fa\|X(Rd)~
1BI<s
We can state the following local in time existence result.
Lemma 3.4. Letd > 1, v € N\ {0}, \,u € R, and K € S'(R?) such that
K € L®(R%). For all @ = (aj)jes € X(RY), there exist T > 0 and a unique
solution
t = a(t) = (a;(1))jes € C([0,T], X (R?)),
to the transport system (2.16)), with a(0,z) = a(x). Furthermore, the total mass is

conserved: p
&S s =0,
jeJ
Proof. This result follows from the arguments given in [5] (see [5, Lemma 3.1] for

the last point). The main aspect to remark is that the action of the nonlinear term
F raises no new difficulty, in view of the estimate:

||E(a1d2 R azy)a/2y+1”X = ||.7‘—(E(a1(l2 L. @2,,)) * ?1\21,+1||L1
+ ||]-"(E(a1d2 ... @21,)) * a2y+1||L2

< || F(E(araz ... azu))|| L1 [|azu1l x
by Young’s inequality. Since E/(E = (27r)*d/2f?(f* g), we obtain

[E(a1az . . . Gg)azy i1l x < [[K[L~llarllx - lazv41llx.
Since the same holds true for £ = Id this shows that the nonlinearity on the right
hand side of (2.14]), defines a continuous mapping from X (R%)?**1 to X (R%). The
existence of a local in-time solution then follows by a standard Cauchy-Lipschitz
argument in the same way as it is done in [5]. O
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At this stage, we have constructed the approximate solution
uipp(t’ x) = Z a; (t7 $)6i¢j (t,:c)/é"
jeJ
where the set J and the corresponding ¢;’s are like constructed in Section
and Section [2:2.T] respectively, and the profiles are given by Lemma[3.4] Since
(a5)jes € C([0, T, X(RY)),

we have in particular
ug,, € C([0,T],W N L*(RY)).
More regularity will be needed in the justification of geometric optics.

Lemma 3.5. Under the same assumption as in Lemma we have:

(1) If « € X*(R?) for s € N, then the conclusions of Lemma remain true
with X (R?) replaced by X*(RY).
(2) Let a € X2(R%). Then in addition

t = a(t) = (a;(t))jes € C([0, T], X (RY)).

Proof. The first point is straightforward. The second point stems from the first
one, in view of the transport equations, (2.8]), (2.14]), respectively. O

Remark 3.6. In particular, if the initial profiles (a;);cs, belong to the Schwartz
class, then (a;)jes € C([0,T], X*(R?)) for all s € N.

4. JUSTIFICATION OF MULTIPHASE GEOMETRIC OPTICS

In this section we justify the multiphase geometric optics approximation. We
assume
u5(071~) = uzpp(07x) = Z aj(x)emjw/s’
Jj€Jo
with (a;)jes, € X(RY). The above Section [3| provides an approximate solution
us,, € C([0,T),W N L*(R%)). With this existence time T" (independent of ¢), we
prove:

Theorem 4.1. Letd > 1, v € N, A\, u € R, and E satisfy Assumption[I.3. Let
g C Z%, with corresponding amplitudes (o) e, € X2(RY).

Then there exists g > 0, such that for any 0 < € < €¢, the solution to the
Cauchy problem (L.8)- satisfies u € L>®([0,T); W N L?). In addition, u
approzimates ut in the following sense

(41) |-

pp

< HuE - 0.

I3 €
—
uappHLW([o,T];LWmL?) uappHLo"([&T];WﬂLQ) e—0

When A =0, ug,, approzimates u® up to O(e):

Ju < e - .

- ugppHLm([O,T};LooﬁL?) ugPpHLm([O,T];WﬁLz) N

Remark 4.2. The above result can be proven (in the same way) in cases where
the initial set of phases is not necessarily supported in Z?. We choose to prove
the approximation result in this peculiar framework since it is sufficient to infer
Theorems[I.10]and[T.12] A more general case would lead to small divisors problems,
which can be treated as in [5].
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Let w® = u® — ug,, be the error term. From Section [3.2, we know that there

exists T¢ > 0 such that
w® € C([0,T°]; W N L?).

We have to prove that for ¢ sufficiently small, w® € C([0,T]; W N L?), where T > 0
stems from Lemma[3.4] together with (4.1)). A standard continuity argument shows
that it suffices to prove (4.1). We compute

ugyp,)) + Aeri +ers +ers,

app? o

2
iedyw® + %Anws =e(G(u,...,u") — G (u]
where

G(ul, ey UQV+1> = A (K % (ulﬂg .. .ﬂgy)) U241 T HULUD . .. U241,

and the remainder terms are given by

T‘i = E (K * (a&a& o ‘afzyeiwwl _¢£2m_¢42y)/5) a€2u+1ez¢42u+1/6

(L1,--sl2p41) €T,
Loy4177

(1o - = ig;/e
- K(K] - ’{£2u+1)a21a£2 e gy, €7 )a

e __ € 7 € i e
TQ—G(uapp,... app g g G(agleml/,...,agz,,He 2V+1/>,

JEJ (L1yilayy1)€EL;
£ .
ry = —3 Ze"bi/aAna]—.
jedJ
The term 7§ corresponds to the stationary phase argument performed formally in
Section and is proved to be o(1) in Section[d.1} The term r§ is more standard,
and corresponds to the error introduced by non-resonant phases. It is proved to
be O(e) in Section by a non-stationary phase argument. Finally, the term 7§
corresponds to the fact that the approximate solution was constructed by canceling
the O(1) and O(e) terms only in the formal WKB construction: r§ corresponds to
the remaining O(¢?) terms, and is (rather obviously) of order O(¢).

4.1. Localizing the non-local oscillations.
Lemma 4.3. Under the assumptions of Theorem [{.1, we have
75 1| oo (0, 71: W L2) =0
Proof. Let j € J, ({1,...,lay41) € I, with ky,, ., # k;j. Denote
A= e, Qpy - - - Qpy,, G = Aoy i1y K= Kigyyq
bs(l‘) - B (A(x)ei(njfn)m/s> a(z)em-gc/s7
bopp (@) = K (1 — £) A(w)a(x)e™s*/,

where we have dropped the dependence upon j,¢1,...,¢2,+1 and t. Then

=2 2 (o) e

jeJ (L1, by 41)EL
Loy417#7

»—Am



20 R. CARLES, E. DUMAS, AND C. SPARBER

where the notation td;¢; is there only to avoid a discussion on the 7’s. We need to
estimate 7§ in W = F(L') and L? = F(L?), so we compute:

/I;s(g) - F (E (Aei(ﬁj—ﬁ,)m/s) aemm/s) (©)
_ (271_)—11/2 (7_- (E (Aei(mj—n)-x/€>) ( ik w/e))
— 20 [R(OA (c— “j;“) (6-¢c-%)d
=<2w>—d/2/f<(<+“ﬂ_“> ©a(s-¢c-2)dc

On the other hand,

Bopp(©) = (21 [R5y~ 0) 2O (€~ ¢ = 2) dg.

Since K is homogeneous of degree zero, we infer
(€)= bpp(6) =
(277)71/2/ (R (ks —r+20) = K (55— 1)) A(Qa (6= ¢~ ™) dc.
Therefore,

Pl <S030 /R

JeJ (L1, lop 4 1)€ET;,
Loy 4177

I?( = Rl 41 + €§) k( K:[2u+1)

|‘7: (aflafz .- 'alzw) (C)| ||a’52y+1 HWQL2 dc.

To conclude, we note that K e L*(R?), and K is continuous at Kj = Kgy, ., 7 0.
We can then conclude by the Dominated Convergence Theorem. (]

Remark 4.4. The proof shows that, in general, we cannot expect a rate in our
asymptotic error estimate. For instance, for the non-local interaction in (DS), if

k= (p,0), p #0,
—e2(3
(p+e¢i)? +e2¢3°

There is no uniform control (in ¢) other than

K (k+Ce) — K (k) =

K (k+¢e) — K (8)| < L.

4.2. Filtering the non-characteristic oscillations. Nonlinear interactions not
only produce resonances, but also other non-characteristic high frequency oscilla-
tions. The latter have to be filtered via a non-stationary phase type argument.
This becomes clear on the integral formulation for

&2
iedyw® + EAnwE = F*,
which reads:
¢
w®(t,x) = U (t)w*(0,x) — z's*l/ Us(t — 7)F¢(r,x)dr.
0

The main result of this paragraph is:
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Proposition 4.5. Let (a;);c; € X2(R%). Denote

t
Ri(t,x) = —i/ Us(t — 7)rs (7, z)dr.
0
There exists C' > 0 such that for all € €]0,1],

sup [|R3(t)lwnr2ra) < Ce.
te[0,T]

To prove this result, we first reduce the analysis to the case of a single oscillation.
Decompose 75 as

€ i € g €
r5 =G E age®nle E gy, € 2vt1/

lied Loy 11€J

J€J (b1, loy1)€ET;
Z G (ael ei¢21/5’ R a421/+1el¢lzy+l /E)

Ly,.lopr1€J

S ND DRNRCT R

JEJ (Ly,....0lay41)EL;

- Z ¢ (ah el¢e1 /57 BRI a22u+1el¢£2y+1/6) )
(£1,- 02 41)EN

where
_ 12041
N =77\
JjeJ
is the non-resonant set. Write
G (agl ei(ml/s, ey agzy+lei¢‘32u+1/5) =
AE (aglafz cee afgyei((ml _¢£2"'_¢42V)/8) Aty qa €i¢£2"+1/€

+ Hag, ... ag,, € P00 L)/E

and separate the temporal and spatial oscillations. The non-local term reads

d
exp <_i Z Tim (|H€1,m|2 - |’f€2,m|2 T |K/€2u;m‘2) t/(25)> X

m=1
xE (0,@1642 .. .agzvei(wl 7’%2...7“[2")%/8)ag2u+1€iwz”+1‘$/s,
Wlth, since (fl, R ,£2V+1) €N,
d d
2 2 2 2
Z TIm (|’€€1,m| = |Kea,m|” = |, m] ) # Z M| Kea1,m|”
m=1 m=1

We see that the following lemma is the key:

Lemma 4.6. Let T >0, w € R, k1,52 € R%, and by, by € L=([0, T); W N L2(RY)).
Denote

t
De(t,xz) == / Us(t—7) (E (b1 (7, x)eml'””/a) bg(T,x)ei”'l/seiw/(%)> dr.
0
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Let K = K1 + ka. Assume w # |k|%, and 9;b;, Ab; € L*°([0,T); W N L?(RY)),
j=1,2. Then

Ce 2
| D]l x, < m(@ﬂ [01b2]| ., + [[b1Ab2| ., + [[b2Ab1 ] ., + V01 V2| .

+ Ib1Biba |, + 1020101, ).
where || f||x, := || fllze(o,1;wnz2), and C is independent of k;, w and b;.
Proof. Let
ft,z) = E (bl(t, z)ei’“'m/g) bo(t, x)ei2/<
We compute, like in the proof of Lemma,

=t (8 (4 2)01) o) (- 2) =7 (e 2,

where

L —

oF = E5(b1)bs, and E=(b)(€) = K (5 n 7) b(e).

By the definition of U¢(t), we have

t
De(t,f) _ / e—ie(t—r)\f\2/2/g\e (t,€ _ g) e—in/(QE)dT.
0

Setting n = { — k/e, we have
t
ﬁs(t g) _ e—iat\n+“/5|2/2 / ez‘erln+n/s|2/2 g (7', 77) e~ WwT/(2€) 41
0
t
_ efist\n+ﬁ/5|2/2 / 6iT‘9/2 @\6 (7_7 77) dT’
0

where we have denoted

2

K w R|IT —W
9:5’n+7‘7—:5|n|2+2n~n+| | .
£ 9 N—— 3
0
1
02
iT02/2:

Integrate by parts, by first integrating e

t 2

N 2 ~ ! iT 0 ~
De(t,€) = =G () +*/ ™2 (ig7 (1,m) + 047 (7,m) ) dr.
92 0 92 0 2

The lemma follows, since K € L>®(R9). O

In view of Lemma [3.5] Proposition [£.5] follows by summation in Lemma [1.6]

Remark 4.7. Lemma [£.0] remains true if F is replaced by the identity operator.
In this case, we simply extend [5, Lemma 5.7] from the W setting to the W N L?
setting, an extension which requires absolutely no novelty.
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4.3. Proof of Theorem Lemma [3.5] shows that under the assumptions of
Theorem we also have

(4.2) sup |Ir5(O)llwnr2me) S €
te[0,T]

Duhamel’s formula for the error term w® = u® — ug,, reads

we(t) = —z’/o Us(t —7) (G(u, ..., u") = G(uGp, - - - ugpy)) (T)dT

t
—i/ Us(t—71)(Nrf +7r5+75) (1)dT.
0

We then proceed in two steps:

(1) Prove that w® is small (as in Theorem in W, by a semilinear analysis.
(2) Infer that w® is small in L?(R?), by a “linear” analysis.

We note the point-wise identity
Gu®,...,u%) — G(ug u,p) = (AK # [u[? + plu[*) w

app? * * *» Yapp
+ (MK = (‘“EPV — |u app|2u))u§pp +H (|u€|2V — |u app|2V) Ugpp-
Since K € L, we infer

IG(us, ... ,u¥) — G(u

app? ¢ app)

(4.3)

lw < 1wl llw® lw

(T + il T i s o
< (37 + 1 13) T o
ity O indepondent of o 10, 1) soc that 1 ore & OO TLIY, w0 thee
5y @)l < Co. ¥t € 0.7).

Since u® € C([0,T¢], W) and wf,_, = 0, there exists t¢ > 0 such that

[t=0

(4.4) [w*(@®)llw < Co
for t € [0,t°]. So long as (4.4)) holds, we infer

t
s (t)llw < / e (1) lwdr + |Mo(1) + e,

where we have used Lemma Lemma and ([£.2). Gronwall lemma implies
that so long as (4.4) holds,

[w(O)llw < [Alo(1) + ¢,

where the right hand side does not depend on t € [0,7]. Choosing & €]0, ] with
go sufficiently small, we see that (4.4]) remains true for ¢t € [0,7T], and the Wiener
part of Theorem [£.1] follows.

For the L? setting, we resume ([4.3). Plancherel’s identity and Young’s inequality
yield

IG(us, ... ,u%) — G(u

aop -+ Uapp) |22 S ([l [[we | 2

+ (I lugpp 137~ llw® llw lugpp 2.
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By Lemma us € C([0,T], L2(R%)), so by the first part of the proof of Theo-

app
rem the last line in the above inequality is Ao(1) + O(g). We also know

|u()|lw < 2Co, Ve [0,T],
provided ¢ is sufficiently small. Gronwall lemma then shows directly the estimate

sup [lw®(t)|[r2 < |Alo(1) +&.
t€[0,7]
This completes the proof of Theorem [4.1]

Note that for A = 0, we get the rate O(e) for the remainder term, while for
A # 0, no rate is expected: this follows from the analysis in

5. MORE WEAKLY NONLINEAR GEOMETRIC OPTICS

In this paragraph, we aim to get further insight on the geometric optics ap-
proximation in Sobolev spaces of negative order. As we shall see, estimates of the
approximate solution (in negative order Sobolev spaces) can be somewhat counter-
intuitive. To this end, we consider

2
€ .
(5.1) iedyu® + EAUE = pe’ ufPut , uf(0,7) = Z aj(x)eie/e,
Jj€Jo
The regime J = 1 is critical as far as nonlinear effects at leading order are consid-

ered, according to [4]. For J > 1, nonlinear effects are negligible at leading order
in L2 N L>. We shall analyze this phenomenon more precisely.

5.1. Approximate solution. Pretending that even if J > 1, the nonlinearity
behaves like in the critical case J = 1, we can resume the discussion from Section 2.1
we consider the same resonant set, and the transport system becomes

€ . e _ s -J-1 £ =€ € € .
6ta]» + K Vaj = —iue E ag, gy - Qgy 5 Qjpmg = Qs
(L1,....82,11)€;

where the notation now emphasizes that the presence of € in the equation makes the
profiles e-dependent. Working in the same functional framework as in Section [3]
we construct profiles, for which we prove first

(a5)jes € C([0,T], X(R))
for some T > 0, uniformly in ¢ € [0, 1], then infer
a5(t,r) = aj(x — try) + O (e771) in C([0,T), W N L*(R%)).

Setting

Uppp (t:) = Y a5 (t, )e!® B0/,
jeJ
a straightforward adaptation of Theorem [£.1] yields, provided that we start with
suitable initial profiles,

sup |[[u(t) — ugp, (D)llwnre = O (€).
te[0,T)
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5.2. Negligible or not? In view of the proof of the norm inflation phenomenon,
we shall now focus on the case of Example We know from before, that, starting
with three non-trivial e-oscillations, the zero mode instantaneously appears at order
e/~1. For future reference, we prove a result whose assumptions will become clear
later on.

Lemma 5.1. Letd > 1, 3> 0. For f € S'(R%) and x € R?, we denote
IF(f k) () = f (ws(l_ﬁw) gira/eHO

(1) Let k € R, with k # 0. For all o < 0, there exists C = C(o, k) such that for
all f € S(RY),

1 (£, 8) 1o (may < Ce™@C=D2HEDIN £ pay,
with

em=|o|if <1
e m=(52) 1ol if 321

In addition, we have C(o,k) — 0 as |k| — +o0.
(2) For allo <0, <1 and f € L*(RY),

175 (f, )1 Fro (ray = g d1=P)/2 <||f||2L2(Rd) + 0(1)) , ase—0.

(3) If 8=1, ¢ € R and f € H(RY, |15(£0) 0 oy = 1 By e
(4) If 3>1,0 <0, and f € H°(RY),

122 (F, 00 (ty > =P 2HEDIN £ gy

This result shows in particular that for o < 0, k # 0 and f sufficiently smooth,
we always have

115, Ol o (may > M (f, )|l o (-

Proof. We compute

I@)(g) = W/ e §f( 5(1 /2> iK- 90/5(1+‘5')/2d.73
1

— —d(1-p)/2__~ —iy-£/e(1=0)/2 iky/e
=¢ (27r)d/2 /e fe dy

—d(l—mmf(f B ’f)
e(1-B)/2 e/’

[
:E—d(l—ﬁ)/<€>2a

Therefore,

F=(f,r)(©)] de

-~ £ K
/ (g(lﬁ)/2 a 5)

2
12 ) e e |

2

de.
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To prove the first point, we write, for ¢ < 0, and g < 1,

e NI, 1) o (may =
I S S A S A T (N S
s1=-8)/2 ¢ s1=-3/2 ¢ c1=-p/2 ¢

1 2|o|
-1 3 K d(1-8)/2 2
< a7, 4 :
§Seup'i <<f> <5(16)/2 5> ) € 111 I(R4)

2

dg

Next, write

¢ s\ e MBI N K\
<g(1—ﬁ)/2 e/ <€ (5 B 5(1+5)/2)> s <5 - 5(1+ﬁ)/2> ’
where we have used the assumption 8 < 1. Then use Peetre inequality (see e.g

[20]) to get the desired estimate in the case 5 < 1.
In the case § > 1, we use another decomposition:

DN (S, “)H%{rr(nd) =
2

B <§>20 L K (1+B)c i K (1+8)|a| f L K g
o c1=-8/2 ¢ s1=-3/2 ¢ s1=8/2 ¢

-2 £ K AN d(1 2 2
< fgifd 9] <5(1_5)/2 - 5> DR Fl3 oz (may:

‘We use the obvious estimate

1+8
S AN <“> if [¢] < |H|/25(1+5)/27
€)? <€(1_5)/2 - 6> > el
<W> if €] > |k|/2e01+A)/2,

In both cases, we infer

1+
2 £ K —(1+8
<£> <5(1,3)/2 - 5> Z € ( )a

which yields the first point of the lemma. To prove the second point, write

2
11 ) o (ray = =477 / ©|f <5<€6>/2> “
:g—d(lfﬁ)/2/<6(1*ﬂ)/2§>2g f(g)rdg_
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In the case § < 1, we conclude thanks to the Dominated Convergence Theorem.
The third point of the lemma (8 = 1) is obvious. To prove the last point, we write,

20 | ~ 2
(6,00 gy = 720772 [ (-072) 7 | Fie| e
1 ~ 2
_ —d(1-B)/2
e /(1+51—5§|2)0 f(g)‘ f
_da-pyz [T f(g)f d¢
(71 + 1)
1 N 2
—d(1-p)/2+-lo| [ L
>e / T el e
and the result follows. O

Remark 5.2. The last estimate of Lemma [5.1]is sharp in terms of power of ¢, since
by dominated convergence

1
. B " ~—d(1=B)/2+(8-1)0|
15Cf, O e may 1~ € /Rd |21

for all f € L2 N H° when —d/2 < o < 0, and for all f € L? N H° such that
0 ¢ suppf when o < —d/2.

~ 2
F)| d,

Next, we shall simply apply Lemma (in the case 8 = 1) to ug,,. We find,
thanks to Lemma

llag (&)l s may = "7,

for t > 0 arbitrarily small. On the other hand, the first point of Lemma [5.1] yields,
for s < 0:
”ugpp(t) ag(t)HHS(Rd) S elsl.

We infer, if s <0,

Ol ety = 058 -ty + O (1) + 0 ),

where the last term stems from the geometric optics approximation, and the simple
control, for s < 0, ||f|lgs < ||fllz2z. We conclude that for ¢ > 0 arbitrarily small,
the zero mode is not negligible in H*(R%), provided

|s]>J—1land J—1<1, thatiss<1—J <0and J < 2.

We finally remark, that having the zero mode not negligible at leading order means
that nonlinear effects are present at leading order, in H*(R¢%). We summarize these
remarks in the following

Proposition 5.3. Let s,J € R satisfy s <1 —J < 0 and J < 2. Set Jy =
{1,2,3}, ko = Ora, and consider ®y from . Then, there exist ay, s, a3 €
S(RY), independent of s and J, and a T > 0, such that the unique solution u® €
C([0,T],L?> N L*>) to satisfies for all t €]0,T] where af(t) # 0:

s Ol caesy a0y =~ €~ > e (O] groqresy ~ ) as & — 0.
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6. NORM INFLATION

To explain our approach, we first consider the nonlinear Schrédinger equation:

. 1 ,
(61) Zatw + §A¢ = M|¢|2 1/)7 T e Rd ) w\t:O = .

We proceed in four steps:
(1) Choice of a suitable scaling in order to be able to use weakly nonlinear
geometric optics.
(2) Link between the Sobolev norms of ¥ and approximate solutions given by
geometric optics.
(3) High frequency analysis (WNLGO).
(4) Conclusion: what WNLGO implies in terms of 9.
6.1. Scaling. We consider the general scaling
ut(t,x) = e (6’6t, e'z).
To simplify the discussion, we want to fix «, 3, so that ¢ solves (6.1) and u® solves

2

€
: € € _ J,,€12v, €
ieOpu® + 2Au = pe” |u®|?uf,

with 1 < J < 2. We will relate phenomena affecting u® for times of order O(1)
with a norm inflation for ¢ on times of order o(1): this imposes S > 0. We find the
relation

1+6=242y=J+2va.

Leaving only 3 as a free parameter, this means
(6.2) w1 @) = ePHDIy (P 6112

The initial data that we want to consider for u® are

u®(0,2) = Z aj (x) eirit/e

Jj€Jo
with k; € R and o; € S(RY). In view of (6.2)), this yields
(0, z) = = (B+1-0)/(2v) Z a; (xg(lfﬁ)ﬂ) gingw/e1HA/2
Jj€Jo
This is exactly the scaling used in Lemma up to the factor e~ (F+1=7)/(2)

6.2. High frequency analysis. We resume the framework of Example and
suppose that at time ¢t = 0, u® is the sum of three plane waves:

3
u®(0,2) = Z aj (z)etrse/e,
j=1

with ay, az, a3 € S(RY) and
k1 = (1,0,...,0), k2 = (1,1,0,...,0), k3 = (0,1,0,...,0) € R%.

The important point is that by nonlinear resonance, the zero mode appears (and
possibly other modes):

Unpp (B, @) = ao(t, ) + z:OL]-(Lac)ewﬁj(t’””)/‘g7 oi(t,x) =Kj o —
j=1
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where, for j > 1, we have x; € Z¢\ {0}, and the series is convergent in L?(R?),
and more generally in all Sobolev spaces from Remark By Lemma (or
Lemma or Lemma , even though ag is zero at time ¢t = 0, we can choose
initial profiles so that d;ag|;—¢ # 0: this mode becomes instantaneously non-trivial.
Geometric optics yields:

(6.3) [[u” = wappll Lo (0.17:L2(R)) 7 O-

Below, we take advantage of this approximation, and of the fact that the new (non-
oscillating) generated mode ap is much larger than the others in negative order
Sobolev spaces, as measured by Lemma [5.1

6.3. Proof of Theorem In this case, we choose J = 1. The reason why we
have no flexibility for J here is that in Section [5] we have used the fact that a rate
for the error estimate is available, ||u® — ug, ||z (o, 7],wnr2) = O(e). Unlike the
(NLS) case, no rate is available in general in the presence of a non-local term; see
Section .11

For ¢ = 1/n, denote by %, the solution given by , and by ¢, its trace at
t = 0. Lemma [5.1] yields, for s < 0:

onll2pe ey S €7P/Y A=A/ 2+1s1046)

We have ||¢n||gs — 0 provided

B 1-p d/2 —|s|
6.4 - — —d— 1 0 <= _
(6.4) ) Ay sl 8) >0 e 5>
where s., given by (1.1)), is always non-negative in the framework of this paper.
Let 7 > 0 independent of & be such that ag(7) # 0. Set t,, = 7e” = 7/n”: t, — 0

provided 3 > 0. Denote by tapp the function obtained from ug,, via the scaling

(6.2) (the dependence upon n is omitted to ease the notation). Consider o < 0.
We have obviously

[9n(tn) = Yapp (tn) [ 1o Ry < [[¥n(tn) = Yapp(tn) | L2(R7)-
Estimate (6.3)) shows that we have

|9n (tn) — ¢app(tn)”L2(Rd) =0 (H¢app(tn)“L2(Rd)) as n — +00.
We assume 0 < 3 < 1. Lemma [5.1] yields, for 8 < 1,

—B/v—d(1-8

Wbao (b 1o ey~ [app () By~ € 72| ag (1) 3y

For 8 =1, we still have

~ o= Blv=d(1-5)/2 A,
quapp(tn)ll%{ql{d) ~e Pled0=0)2 Hwapp(tn)H%Q(Rd)-
We infer, for g < 1,
_ —d(1—
() ety o b () gy = €202
This power of ¢ is always negative, since we have s, > 0, and s, < s, < d/2. So
to prove norm inflation, we simply have to check the compatibility of (6.4)) with
the condition 0 < 6 < 1:

/2 — ||

1
<l<=|s| > —.
Se + 8]

2v
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The case of equality, which corresponds to the statement of Theorem can be
reached thanks to logarithmic modifications (multiply the initial data by ln¢), in
the same spirit as in [7] [2].

Finally, we simply note that all the negative order Sobolev norms of 1) become
unbounded along the sequence of time t,,. It is then obvious that so do the positive
order Sobolev norms.

6.4. Proof of Theorem We now assume A = 0: there is no non-local term,
and we can use the analysis of Section b} with 1 < J < 2. We mimic the discussion
from the previous paragraph, concerning the algebraic requirements on the different
parameters: (3, s, and now J. Lemma yields, for s < O:

H‘Pn”?{s(m) < g (BH1=T)/v=d(1=8)/2+]s|(1+8)

so we demand

d/2 —|s|—(J=1)/v
6.5 > .
(65) 5 e

We will still demand 0 < 8 < 1, so for all 0 € R,

||7/’n(tn)||%1cr(m) o Wapp(tn)ﬂip(m) o 201 = (BH1=) fv=d(1-p)/2.

where the new term £2/~1 is due to the fact that we consider “more weakly”

nonlinear geometric optics. This total power of ¢ is negative provided
d 1

The algebraic requirements are 0 < 8 < 1, 1 < J < 2, (6.5, and . We check
that they are compatible, provided s < —1/(1 4 2v). For such an s, we can find

6 > 0 so that
0 1

v 1420

Pick =1 and
242w
142w
The first two conditions are obviously fulfilled, at least if 0 < § < 1 (it suffices to
prove Theorem for s close to —1/(1 + 2v)). A direct computation shows that
(6-6)

so are (6.5)) and . Theorem follows.

APPENDIX A. PROOF OF PROPOSITION [[8]

Without recalling all details of [3, Proposition 1], we shall give a flavor of this
rather general result, and explain how to infer Proposition [I.8] Roughly speaking,
it suffices to prove that one term in the Picard iteration process rules out Defi-
nition [I.1] in order to deny well-posed for the solution to the nonlinear problem.
Therefore, we start with the free equation

. 1
i + §An¢ =0 , tp=o=2¢

For (NLS), we then consider the integral term

M@w@=—wAJ%%NWWWUwWﬂ
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To prove Proposition it suffices to show that the map ¢ — D(¢) is not contin-
uous from H*(R%) to C([0,T], H° (R%)), that is, there is no such control as

(A1) 1D |z (o771 ey S NN (R

The main difference with the approach of Section [f] is that now the analysis is
“much more linear”. In practice, we resume the same lines as in Section [6] up to
the factor e(3+1=7)/(2¥) which was there only to get precisely a weakly nonlinear
regime. We also fix 0 = 1, and consider

3

pla) =Y ay(z)e™ /e,

Jj=1

where a; € S(R%) and the k;’s are given by Example By creation of the zero

mode (from Lemma [2.4)), and Lemma [5.1] (A1) would imply

—s(2v+1
1 Sems@D),

which is impossible if s < 0.

In the case where the non-local term is present, one can argue along the same
lines. For (DS), the assumption A2 # 0 arises when one wants to use Lemma

in place of Lemma [2.4] For (DGP)), one uses Lemma

APPENDIX B. ON NEGATIVE ORDER SOBOLEV SPACES

Lemma [5.1| with 3 = 1 shows that all Sobolev norms for I*(f, k) = f(x)e*/
behave according to the intuition as ¢ — 0, provided f € S(R?), that is

I5(f, )l eray Se7°, Vs €R, if K #0.

The aim of this appendix is to show that in general, negative order Sobolev norms
can behave rather strangely on functions which exhibit rapid oscillations and/or
concentration effects (as it is typically the case for wave functions of quantum
mechanics in the semi-classical limit)

Ezample B.1 (Oscillatory functions). We consider a WKB state with nonlinear
phase function ¢(z) = —1|z|?:

¢ (z) = e*\w|2/26*i|w\2/(25)’ z € RY.
Lemma B.2. Letd > 1. Then
. e % if s> —d/2,
Proof. Consider more generally, for z € C with Rez > 0,

go(a) = el 2

We compute:

Fau(€) = 221817/ 22),
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For s € R, we have, if z=a + b, a,b € R, a > 0:

s 1 s ——a 2
HgZH?—[S(Rd) :Ld <€>2 Ing(€)|2d§: WLd <§>2 e aZ+4bZ €] df

2s
1 a? + 2\ 2 )
- > 7 =|nl
(B.1) = /Rd ( . ) n) e dn.

In the present case, z = 1+ i/e:

, 1 1/2 2s ,
”gE”HS(Rd) = ./Rd <1+ 62> n eI dn

2s +oo AN
~ / <g> eI dp = c(d)/ <1 + ;) e rd 1y,
R 0

We split the last integral into fos + f;oo. Then, we have

€ 7”2 ® 2
I+ ) e" r?tdr ~ e,
0 €

and by examining the local integrability near zero, we find
Foo 2\ ¢ edif s < —d/2,
/ <1 + 742) e iy & ) /
€ € e if s > —d/2.
The lemma follows. O

Ezample B.3 (Concentrating functions). Another important example concerns func-
tions which concentrate at a point, e.g.

P(z) = €fd/467|x|2/(2€)7 r € R
The function p® is a so-called coherent state in quantum mechanics (centered at the
origin in the phase space).
Lemma B.4. Letd > 1. Then
e ifs > —d/2,

1P° | 2rs (Ray & /4
e if s < —d/2.

Proof. Resume the above computation, with now a = 1/¢ and b = 0. We have

2s
n 2
= [ (35)

We can then resume the same computations, by simply replacing € with /. O
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