Hysteresis for ferromagnetism: asymptotics of
some 2-scale Landau-Lifshitz model

Eric Dumas! Stéphane Labbéf

Abstract. We study a 2-scale version of the Landau-Lifshitz system of ferro-
magnetism, introduced by Starynkevitch to modelize hysteresis: the response of
the magnetization is fast compared to a slowly varying applied magnetic field.
Taking the exchange term into account, in space dimension 3, we prove that, un-
der some natural stability assumption on the equilibria of the system, the strong
solutions follow the dynamics of these equilibria. We also give explicit exam-
ples of relevant equilibria and exterior magnetic fields, when the ferromagnetic
medium occupies some ellipsoidal domain.

1 Introduction

Hysteresis is a widely studied, yet not completely understood phenomenon. It
has played a role from the very beginning of the works on magnetism. Lord
Rayleigh [11] proposed a model for ferromagnetic hysteresis in 1887, while the
most achieved micromagnetism theory goes back to Landau and Lifshitz, in
1935 (see [3]).

In [15], Visintin gives many historical references, underlines the links between
several forms of hysteresis (in particular, from plasticity, and from ferromag-
netism), and how it is related to phase transitions. He performs a mathematical
study of the so-called hysteresis operators, including the most famous one, due
to Preisach.

Recently in [3], Carbou, Effendiev and Fabrie have proved the existence of
strong solutions to a model of ferromagnetic hysteresis due to Effendiev.

In this paper, we rather investigate properties of a two-scale model intro-
duced by Starynkevitch in [13]. This model describes the dynamics obtained
when some exterior magnetic field is applied to the ferromagnetic material under
consideration, while the response of the magnetization occurs on a much shorter
time scale (say, denoted by £ > 0). Mathematically, such models, associated to
ordinary differential equations, had been studied in the nonstandard analysis
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framework, leading to “canard cycles” (see [6]). Considering a Landau-Lifshitz
model in 0 space dimension (thus, an ODE), Starynkevitch studies the possible
equilibria of the system, and the asymptotic behavior of the solutions (as the
above mentioned parameter ¢ goes to zero) when the exterior magnetic field
slowly varies.

Our aim is to extend Starynkevitch’s approach to the Landau-Lifshitz model
in space dimension three, taking exchange term into account. This means, giving
the asymptotic description of solutions to the slow-fast corresponding system
of partial differential equations. Here, we prove such a result away from the
bifurcation points of hysteresis loops. More precisely, assuming that the system
(described by its magnetization) possesses at each time ¢ some stable equilibrium
Meq(t), and is submitted to some slowly varying exterior magnetic field, we
show that the magnetization follows the dynamics of m.q. We also give explicit
examples (for ellipsoidal domains) of relevant equilibria and exterior magnetic
fields.

The paper is organized as follows: in Section 2, we present the model and our
results; Section 3 is devoted to some preliminary functional analysis lemmas, and
to remarks about equilibria of the Landau-Lifshitz equation; Section 4 contains
the proof of the main theorem, while Section 5 contains the proofs of other
related results; finally, we give the proofs of several lemmas in Section 6.

2 Statement of the results

The initial and boundary value problem associated to the 2 scale Landau-Lifshitz
equation considered reads:

edym® = mc A h® —am® A (m® Ah®), fort >0, x € Q,
(2.1) dymy, =0,
m;y  =m
[t=0 0-

The unknown is the magnetization m*®, function of the time variable ¢ > 0 and
of the space variable z € €2, with values in the sphere S? C R3. The domain €2
occupied by the ferromagnet is a subset of R?. Furthermore, h¢ = h(t, m®(t)),
where the total magnetic field h is defined by

(2.2) h(t,m) = Am + ha(m) + hexq(t).

Here, the first term Am is the “exchange term”, which tends to impose a con-
stant magnetization (in domains called “Weiss domains”); Am denotes the ex-
tension of Am by 0 out of Q. The second term, yielding spatial variations of
the magnetization, is the “demagnetizing field” hq(m), which results from a
quasi-stationary approximation of Maxwell’s equations; it is defined (at least,
for m € L?(Q,R3), as an element of L?(R3 R3)) by

curlhg(m) =0 and  div (hg(m) +m) =0 in R3,

Classical properties of the mapping m — hq(m) are recalled in Section 3.1. The
third term, heyt, denotes some given exterior field, which is assumed to depend



on time (and possibly on space). The positive constant « is some damping
coefficient, which appears in the model when passing from a microscopic to a
macroscopic description. The small parameter ¢ > 0 expresses the fact that,
while the exterior field hoyy depends on ¢, and has time variations at scale 1,
the magnetization m* essentially depends on ¢/e, and thus has variations at the
much more rapid scale €.

Throughout this paper, for any s € N, we denote by H*(Q2) the usual Sobolev
space of functions with values in some vector space RY, whereas H*(£, 52) is
the Sobolev space of functions with values in the sphere S? (which is not a
vector space),

H5(Q,5%) = {m € H*(Q) | |m| = 1 almost everywhere}.

Finally, for s > 2, H3(2) denotes the subspace of functions in H*(§) with
homogeneous von Neumann boundary condition,

HY(Q) = {m € H*(Q) | 9,m,,, = 0}, HY(Q,5%) = H*(Q,5%) N Hy(Q).

All these spaces (even if not vector spaces) inherit the (metric) topology given
by the usual norm on H*().

Theorem 2.1. Let Q be an open and bounded subset of R?, with smooth bound-
ary. Let T > 0, and heyxy € CH([0,T],C°°(R3)), bounded with bounded deriva-
tives. Assume that there exist meq € C1([0,T], HZ (22, 5?)) and mg € H% (9, S?)
such that

(1) for all to € [0,T], meq(to) is an equilibrium for

(2.3) Om =m A h(tg,m) —am A (m/\h(to,m))

(see (3.1));

(i) the solution ng to the initial and boundary value problem

Omno = ng A h(0,n9) — ang A (no A h(0, n0)>,
(24) duno|yq =0,
ng|,_, = Mo,

is global (ng € C([0,00), H% (9, S?))), with VAny € L*((0,00) x ), and ng(t)
converges in H2(), as t goes to 0o, towards meq(0);
(1i1) the linearized operator L£(meq) given by (4.29) has the following dissipation
property:
(2.5)

there exist Ciin > 0 and n > 0 such that,

for all 6 € C([0,T], H*(Q)) with |meq + 6| =1 and 9,9),, = 0,A6,, =0,

sup [6()|| g2 (0) < n implies:
t€[0,T)

e 0.7], (L(tme()o0) 5) < —Cualld(®)3e0)-

H2(Q)



Then, there is 9 > 0 such that, for alle € (0,e¢), the solution m® to (2.1) exists
up to time T (m® € C([0,T], H%(, 5?))), and converges in L*((0,T), H*(Q))N
C([t,T], H*(R)) towards meq as € goes to zero, for all t € (0,T).

To prove Theorem 2.1, we first show that m® converges to Mmeq(0) within
an initial layer of size t. = celn(1/e). This is achieved via classical energy
estimates (in H?), carefully controlling the dependence upon € —~more technically
speaking, the quasilinear and parabolic degenerate system of PDE’s in (2.1)
is first converted into a perturbation of some linear, strongly elliptic system,
yielding the usual smoothing properties, and a Galerkin approximation is used.
In a second step, we prove that m® converges towards m.q on the whole time
interval [t.,T]. This amounts to proving a long-time existence and return to
equilibrium result for small initial data. Toward this end, we use again energy
estimates, together with the stability assumption (2.5).

Figure 1 illustrates this corresponding asymptotic behaviour.

Figure 1: Dynamics of the magnetization away from bifurcation points.

The above assumptions on the equilibrium m.4 are discussed in Section 3.2
below. In particular, Assumption (ii) in Theorem 2.1 may be understood as a
choice of ‘prepared’ data myg allowing to deal with the initial layer (0, ce In(1/¢)).
The dissipation property (2.5) expresses, for all ¢y € [0, T, the stability of the
linearization around meq(to) of (2.1), with ¢ = 1 and with hey; replaced with
hext(to), independent of time. This is a strong assumption, which ensures global



existence of the solutions to the corresponding Landau-Lifshitz equation, for
initial data close to meq(to):

Proposition 2.2. Let © be an open and bounded subset of R3, with smooth
boundary. Consider an exterior magnetic field heyy € C™(R3) (independent
of time) bounded with bounded derivatives. Assume that there exists meq €
HZ,(2,8?) (independent of time) satisfying the equilibrium condition

(2.6) Meq A (AMeq + ha(Meq) + hext) =0 on Q,
as well as the stability condition

there exist Cyn > 0 and n > 0 such that,
for all 6 € H* () with |meq + 0| =1 and 0,9,, = 0,Ad,, =0,
(2.7) 1) || 2 (0) < n implies:

(£Ome)s 18) < ~Cualldllf o).

()

for the linearized operator L(0,meq) given by (4.29) (with Meq(0) and hex;(0)
replaced with Meq and hext, Tespectively).
Then, there exists ng > 0 such that, for all mg € H%, (2, S?) satisfying

[[mo — meq||H2(Q) < Nos

the solution n to the initial and boundary value problem

on=nAh(0,n) —anA (n A h(O,n)),
(2.8) 0Ny =0,

’I’L|t:0 = my,

is global (n € C([0,00), H% (€, 5?))), with VA(n — meq) € L*((0,00) x Q), and
n(t) converges in H?(S)), as t goes to 0o, towards meq.

In the case of meq(0) constant over €2, Proposition 2.2 expresses that in
Theorem 2.1, assumptions (i) and (iii) imply assumption (ii), so that we get:

Corollary 2.3. Let Q be an open and bounded subset of R3, with smooth
boundary. Let T > 0, and hex € CL([0,T],C®(R3)), bounded with bounded
derivatives. Assume that there exist meq € C1([0,T), HZ (2, S%)) satisfying as-
sumptions (i) and (i) from Theorem 2.1. Assume furthermore that meq(0) is
constant over §).

Then, there exist ng,e0 > 0 such that, for all mg € H% (2, 5%) such that

Mo — Meq(0)[| 2 (0) < No,

and for all € € (0,gq), the solution m® to (2.1) exists up to time T (m® €
C([0,T], H% (9, 5%))), and converges in L*((0,T), H*(Q))NC([t,T], H*(Q)) to-
wards meq as € goes to zero, for allt € (0,T).



In Lemma 3.5 below, we give examples (in ellipsoidal domains) of equilib-
ria meq satisfying the assumptions of Corollary 2.3. We do not know other
situations for which this assumption can be checked. Finding other classes of
examples is an interesting problem. The difficulty comes from the non-local
demagnetizing operator, which generally produces a non explicit demagnetizing
magnetic field, so that computations become more intricate.

3 Preliminaries

3.1 Some functional analysis

In this section, we recall some functional analysis results useful in the sequel.

The first of them deals with the continuity properties of the demagnetizating

field operator hq. Continuity on Sobolev spaces H® is immediately deduced
T - §

from the Fourier representation hq(u)(§) = — (£ u(€)) Gk Via singular in-
tegral representation, this operator also acts on LP (see e.g. [14], chap. VI,
Theorem 3.1). The proof of the result on W? and WP is given in [4].

Lemma 3.1 (hg properties). Let Q be an open subset of R®. For all s in N and
u in H*(Q?), one has

[ (u)ll s (rey < llullms()-
Furthermore, for all v in L*(Q)) we have
(ha(u) | v)2(0) = —(u | ha(v))L2(0)-

Finally, for allp € (1,00) and s = 0,1 or 2, there exists C > 0 such that, for
all uw in WP (Q), the restriction of hq(u) to Q belongs to W*P(Q), and we have

|ha(w)|lwsr ) < [Jullwsr@)-

In addition to the usual Sobolev embeddings, we recall the following esti-
mate, which results from the coercivity of the operator A = 1— A, with domain
D(A) = {m € H*(Q) | 8,m,,, = 0} (see for example [7])

Lemma 3.2. Let Q be a smooth bounded open set in R3. There exists a constant
C > 0 such that for all u in H%(Q) one has

[N

Jullzo oy < € (Nul3aa + 1AullEzq )
In the sequel, we will need the following definition.

Definition 3.3. Let Q be a smooth bounded open set in R3. For k € N*, let P,
be the L%(Q)-orthogonal projection onto Vi, the vector space spanned by the first
k eigenfunctions of A = 1= A, with domain D(A) = {m € H*(Q) | d,m,,, = 0}.



The family of operators (Px)ren satisfies useful properties:
Lemma 3.4. The following properties hold.
(i) Yk € N*, Vu € D(A), APyu = P, Au,

(i) Vk € N*, Vs e N, Vu € H*(Q0), Pyu € H5()
(and Pyu € HY () when s > 2),

(111) Vs € N, klim (1 — Pr)ull s () = 0 for all u € H*(2) when s = 0,1, and
— 00
for allu € H () when s > 2.

3.2 About equilibria

Global solutions and equilibria. In [I, Th. 4.3], in the case of ellip-
soidal domains Q C R? and under a smallness assumption (on | hext||z~ and
IlAmg||z2), Alouges and Beauchard construct global smooth solutions to (2.1).
Furthermore, these solutions satisfy

T
VT >0, [[Am(T)|2sq + C / IV Am|220 < | Amoll (),

so that VAm belongs to L?((0,00) x Q). This is a part of our assumptions
on the equilibrium m.q, when requiring the existence of the global solution ny.
Saying that meq(to) is an equilibrium for (2.3) means

(3 1) { meq(t0> A h(to,meq(t0)> =0,
aumeq(%)‘m = 07

and requiring H? convergence of ng(t) towards meq(0) as ¢ goes to oo implies

that meq(0) is an equilibrium for (2.3) with ¢y = 0.

Energy minimization. It is worth noting that energy decay occurs along the
evolution of ng(t), with ng given by (2.4), so that one may hope at least H'!
convergence of ng(t) towards some local minimum of the energy, as ¢t goes to oco.
To the Landau-Lifshitz system (2.1) is associated the energy

e(tm) =5 [ (9mf =5 [ mhatm) = [ - heto)

and when m¢ is solution to (2.1), we have

d

SEE () = =l () A (e () [y = [ m(0) - 0o (1)

Since the exterior magnetic field does not depend on time during the evolution
of ng, we get

e (t,mol0) = ~allno(t) A (e, mo(0) (0



In the case of ellipsoidal domains, special configurations are available. See
[10], and references therein: there exists a real 3 x 3 definite positive diagonaliz-
able matrix D giving the demagnetizing field resulting from any magnetization
constant over Q (this fact characterizes ellipsoids amongst domains in R?; this
was known as the Eshelby conjecture, and recently solved in [7] and [9]):

Yo € R?,  hq(v)), = —Dv.

Hence, if v € S? is an eigenvector of D associated to the eigenvalue d > 0, and
if the exterior magnetic field is hext = Au for some A > 0 (or hext () = Ax(z)u
for some y € C°(R3,[0,1]) to get a spatially localized field), then the system
possesses two explicit equilibria mj;l and mg:

(3.2) mZ = +u.

One easily computes the energy associated to perturbations of these equilibria:
for all 6 € H3, (2, R?) such that [mE + 6] =1 a.e.,

Elmi, +8) = Em) = 5 [ 18P =5 [ 5 ha@)+ 5 a) [ 18P
Q Q Q

The first two terms are non-negative, so that for A large enough (A > d), m,j‘q is
a global minimum of &; but for A small, it may fail to be even a local minimum.

Concerning m_, for all A > 0, if d is the largest eigenvalue of D, and § is

eq7
A
constant in space, then the difference of energies above is less than —3 / |0 \2,
Q
thus negative, whereas for 0 with large variations, the gradient term dominates,

and the energy difference becomes positive. Hence, m, is always a saddle point
for £.

The dissipation property (2.5). We have the following lemma, the proof of
which is postponed to Section 6.1:

Lemma 3.5. For A > 0 large enough, the equilibrium m,jq from (3.2) satisfies
the dissipation property (2.5) (for some constant Cy, depending on \).

For m¢,

Lemma 3.6. For A > 0 large enough, there exist C = C(a,\) > 0 and
n = nla,\) > 0 such that, for all 6 € C([0,T], H*(Q)) with |meq + 0| =
1 and 0,9,, = 0,A6,, = 0, when [|0]|g2(q) < n, we have:

vt € [0, 7], (L‘(t,mgq(t))é(t) | 5(t))

it is shown in Section 6.1 that for A large, we have on the contrary:

> C6)%2/0n-
. 1601722 02)

4 Proof of Theorem 2.1

First, consider the solution ng to the Cauchy problem (2.4), and define n® by
Vit >0, n°(t)=noe(t/e).



Then, n° € Cp([0,00), H*(Q)) (with VAn® € L2((0,00) x Q)), and we know
that

(4.1) t./e—r00 = n°(te) —> meq(0) in H*(Q).
e—0 e—0

Next, as in [1], we observe that for smooth functions m with constant mod-
ulus (w.r.t. z), one has m - Am = —2|Vm|?, so that smooth solutions to (2.1)
equivalently satisfy

edym® — aAm® = F(t,mc),
(4'2> a”misasz =0,

m = Tmy,

g
le=o

where
(4.3)  F(t,m) = m A h(t,m) + a|Vm|*m — am A (m A (ha(m) + hext(t))).

Furthermore, smooth (L$°H2) solutions to (4.2) issued from mg with constant
modulus, equal to one, are shown to keep the same modulus for all time, (due to
uniqueness of the solution a = |m|? to ed;a = aAa+2a|Vu|*(a—1), d,qy,, =0,
aj,_, = 1). We thus solve (4.2) in the Banach space C([0,T], H3 (), and
deduce from this conservation that the solution actually belongs to the space
C([0,T), H% (9, 5%)).

It is worth noting that (2.1) is an initial and boundary value problem for
some quasilinear and parabolic degenerate operator, which is seen in (4.2) as a
perturbation of a linear and strongly parabolic one.

Standard energy estimates ensure local-in-time existence and uniqueness of
solutions continuous in time, with values in H?(2)) (with an existence time
depending on €): see for example [1] or [4]. By the usual continuation argument,
we simply need to bound the H? norm of m® to ensure existence up to time 7.
Actually, we shall prove convergence (as £ goes to zero) at the same time, via
energy estimates.

We first show that, after some time ¢, of the form ¢, = Celn(1/e), m® and n®
are close: supy ;| [|m® —n®||g2(q) goes to zero with e; thus, for £ small enough,
me(t.) is as close (in H%(Q)) to meq(0) as desired. We then use the stability
property of meq(t) to show that me(t) stays close to it, for ¢ € [t., T).

4.1 First step: the initial layer [0, .]
4.1.1 Galerkin scheme

For k € N*, let P be the L?(f2)- orthogonal projection onto Vj,, the vector space
spanned by the first k& eigenfunctions of A =1— A, with domain D(A) = {m €
H?(Q) | 9,my,,, = 0}, as in Definition 3.3. Define a Galerkin approximation of
(4.2) by:

(4.4) { eoym§, — aAm§, = P F(t,m5),

£ —
Mg,y = Prmy.



The projection nj, = Pyn® also satisfies
0, — aAng =Py F(0,15) + o Py, Aln® + Py (]—'(0, n®) — F(0, ni))
:Pk]:(ovni) + Pk[Pka‘F(Oz )](ns)’

since for u € D(A), PyAu = APyu, according to Lemma 3.4.
Now, perform energy estimates (in L?) for ¢} = mg — ny, solution to

(4.5) { 0y, — alpy = By (F(t, mg) — F(0, ni)) — Py[Py, F(0,)](n%),
Phlio =0

4.1.2 L? estimates
Take the scalar product (in L?(£2)) of ¢f with the first equation in (4.5) to get

= (I6tlam) + ol Vil = T+ b+ Ts + I,
with
I = (i | mi At mi) =i ABOR))
I = a(gi | |VmiPmi ~ [VniPnf) -
Iy = —a (i [ mi A (mf A (ha(mf) + hext (1))
=i A (15 A (ha(15) + et (0)) ))

o= (6 1P FOI0)

L)’

Estimating I;. Decompose m§, = n§ + ¢5. For all p,h € R?, - (9 Ah) =0,
so that

1 = (% | nf A (A +07) + ha(nf + 1) + hexe (1))
e A (Anz + ha(nS) + hext(O)))

:(<p; | n§ A (Aps + hd(wi)))

L2 ()

+ (f 17 A (e (8) = e (),

L2(Q) L2(Q)

Using the continuity of hq on L?(Q2), we get, for some constant C' depending on
||8thext||L;’j; and ||nOHL°°((0,oo),H2(Q))I

(4.6) I < CII@iIILz(m(IIsOiHHz(Q) +t)’

10



Estimating I. Write
(Vi [Pmy, — [V g, = (IVm§|* — [Vag [ )mg + [Vag P}
= (V(2n +¢k) - VeR) (nf, + 1) + Vi [Pg5.
Then, use Sobolev’s embeddings, such as

(or 1 (Vns - Veing) | <Dkl IVl 2@ Ve L Inl o)

L2(Q)
S ekl mz @) 0 @) IVer e @ Ing 21 @),
and

(@i | |V"Z|2€02)L2 ) < H<Pi||%oo(ﬂ)|\vni||i2(n) S ||<P2||§12(Q)||”2H§11(Q)7

«Q

to get the estimate

(4.7) I < Cllgill o) (Il + 1ol )

for some constant C' depending on [|10 .5 ((0,00), 51 (02))-

Estimating I3. As for I, cancellations allow to write
Iy =—a(f | 75 A (5 A ha(ef) + 97 Aha(nf)) + 05 A (97 A hes (1)) )

_ a(@; | nS A (nk A (hext (t) — hext(O))))

L2(Q)

L2(Q)
Boundedness of hg on LP for finite p provides the bounds
15, A (ng A ha(@i) |2 @) < InillZe o 19k Lo @)

and

5, A (7 A ha(ni)ll2) < Ing s oy ll@illLs )-
The above L8 norms are controlled by H'! norms. Thus, for some constant C
depending on ||hext||L§f’Ia Ho”'thextHng and ||n0||Loo((O’oo)’H1(Q)):

(4.8) I < C||¢i||L2m>(IIsoi\|H2<m +t)’

Estimating I,. Setting rf = ||[Py, F(0, )](ni)H%Q(Q), we have:
(4.9)
I, < Hapi”%z(m + g, and 1}, . 0 in L(0,T) for all T > 0, with ¢ fixed.
— 00

This is a consequence of the following lemma, the proof of which is postponed
to Section 6.2.

Lemma 4.1. For all T >0 and n € C([0,T], H%(Q)) N L%((0,T), H3(2)),

11



Gathering L? estimates. Adding (4.6), (4.7), (4.8) and (4.9), we get

ed
== (IeillZ2 () ) + @l VeilZ2
(4.10) 24t

< Cligillme (¢ + Il + 198 e + 7)),

with 7 from (4.9), and for some constant depending on the quantities || hext | se, ,
[Othext || Lgs, and [[nol| L ((0,00), 51 (02))-

4.1.3 H? estimates

Next, take the scalar product in L?(2) of A%¢$ with the first equation in (4.5)
to get

| o

(18513200 ) + QlVAGEIE2@) = Th + 11> + s + 111,

DO ™
o

t
with

T = (8% | mi A h(tmi) =i ABOR))

1, = o A% | [Vmi Pmi — [Vng i)
ITy = —a (A% | mi A (mf A (ha(m) + hext(1)) )

=i A (1 A (ha(nf) + hea(0))))

11y = (8% | [P FO)(0))

Estimating 1I,. Split
1L =11 + 11 o+ 11 3,
with
I :(A25 S A(AGE +h ) :
1,1 @k | mi A (Apg + ha(er)) L)

_ 2 € £ £
o= (8% A hEnD),,

111,3 = (A2§02 | ni A (hext(t) — hext(O))> L2(Q)'

The first term is written

I = (A% | niA(Agitha(en))) , o +(8%0 | in@eithater)) , -

12



Integrating by parts,
A2 € €A (AOE h S ) —_
(8% I ni A (Agh +haled)) , o

— (VA(,Oi | V?’LZ A (A(Pi + hd(@i)) + ni A vhd((pi)) L2(Q)

<nlIVAGE Iz + Cn (I 2y + IV AR 320y ) Il
for all n > 0, for some (large) constant C,, using Sobolev’s inequalities. From

this, we deduce that for all n > 0, there exists C,, > 0, depending only on
||TL0||L00((07OO)7H2(Q)), such that

(A% [ AT +ha(eD) , <
(4.11) @)

MV AGE Iz + Co (14 IVARE 320y ) 165 120

Integrating by parts again,

(8% 1 of A (Af +hale) o =

— (VAGE | Vi A (A + ha(R) + 9 A V()

SIVAG 2@ (IAVER 2@ + [IVeRlla@) Iekllm2@)
+ HVA@iIIy(Q)H<Pi||?{2(n)v

L3(Q)

using [|[Vha(e5)|Iz2) S ha(@p)laz) S 95 lla2Q)- Hence, there exists an
absolute constant C' > 0, and for all n > 0, there exists C;, > 0 such that

(A2<pi | oA (A, + hd(@i)))

(n+ Clleill m2e) ||VA<P2||2L2(Q) + CWHSDZH%J?(Q)'

Summing up (4.11) and (4.12), one gets C' > 0 and, for all n > 0, a constant
077 >0 (depending on ||n0||Loo((07oo)7H2(Q))) such that

<
(4.12) L2(Q)

I < (401 ekl a2 @) IVAGLZ2 0

(413) €12 c12 c12
+ Cy (1+ IVAnE 20y + i Mz ) 1l -

The second term is

I =— (VAgoi | Vi, A (An§, + ha(ng,) + hcxt(t))>L2(Q)

_ (VAsoZ | i A (VAR + Vha(ep) + Vhext(t)))m(m'

Using Sobolev’s inequalities again, we have, for all > 0, a constant C, > 0
(depending on ||hext||Lff’za HVhest”L;’f’z and ||n0||Loo((0,oo)7H2(Q))) such that

(414)  Ihe <0IVAGEIRa@ + Cy (1+ 1VARE a0y ) 165132
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The third term is

— 2, € €
ITs = (A%5 | 0§ A (hesa (1) - hext(O))>L2(Q).

Integrating two times by parts, it is easily estimated, thanks to a constant C'
depending on ||8thext|\LfoW§,oo, as

(4.15) I 3 < Ctlng || g2 |0kl 729)-

This gives finally, summing up (4.13), (4.14) and (4.15): there is C' > 0,
and for all n > 0, there is C;, > 0 (depending on 7, ||nollLe((0,00),F2(2))>
[ hextll poorptoe and [|O¢hexc| o pyy2.o ), such that

(4.16)
11 < (0 + Cllgill =@ ) IVAGE 320)

+ Cy( (14 1IV AR5 2200y + 62 ) 195130 + il 2 )-

Estimating I1>. Split
1l = Iy + 1139,

with
I = (%5 1 (VmE — 190 P)nk +60))

— A2 €Vt - (Vs IVNne 6)
( ek | Vo - (Vg + 2V )my, 2@’

_ 2 € €12 £ _ € _ 2, € €12, €

Then, using in particular the Sobolev inequality from Lemma 3.2
IVnillLe @) S IVnille) + [IVARE| L2(q),

we get:

Ty = ~(VAGL | Ai - (Vei + 2V +60)) |,

- (VAQDZ | Vi, - (A, + 2Ang) (ng, + Wi)) L2()

~ (VAGL | Vi - (Ve + 2Vnd) (Vi + Vo)),

< [VAL 2@ |AvE Il 2 o) X
x (||V<PZ||LOQ(Q) + 2||Vni||Loo(Q)) (||”Z||Lo<v(9) + HWiHLw(Q))
+ VALl L2 @) IVek I La ) X
% (18l s + 21Ang sy ) (Inf e @) + il o) )
+ [IVAQL] L2 [ Vor I s () %
X (||VS02||L6(Q) + 2||Vni||L6(Q)) <||V”i\|L6(Q) + ||V902||L6(Q))

(4.17)
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S IVAGE @) Ik o) (I 20y + Il ) %

% (el + 192G 2@ + Iz + IV ARE 12 )
< (n+ ekl (Infll e + 1ot ) 192G 12y
2
+ Colllr ey (I oy + Iy + 1V ARE 20y ) %

2
% (Ini i) + ekl )
for all n > 0, for some C;, > 0.
Also, for all n > 0, there is C}, > 0 such that

Iy = (VAT | 2VniAnie) | = (VAGL | IVni[2Vef)

L3 () L?(Q)
< IVAGEI 2@ (20975 e @) | Ang 2@ Ik <o)
(4.18) 1V 2o IV oo
S VA2
+ Cy (I lrz ) + IV ARE a0 + 1) Ik ey 052 -

Summing up (4.17) and (4.18), we get: there is C' > 0, and for all » > 0, there
is C;) > 0 (with C' and C,, depending on [|ng|| £ ((0,00), 72(02))) Such that

(4.19)
11, < C(n+ Ikl (1+ 6kl ) ) IVAGEI320)

+ Colleilaay (1 + Itz ) (1+ Ik Iy + IVARE [F2(q) )-

Estimating I[13. Now,
Il =1II31 + 113,

with

II;, = _a(Mp; | mE A (mi A hd(mi)) —nj A (nk A hd("i)))p(m’

I3 = fa(A%z | mS A (mi A hm(t)> —nS A (nk A hcxt(0)>)L2(Q).
Concerning 1 1, first write m§ = nj 4+ ¢j,, then integrate once by parts, so that
113, takes the form of a L? scalar product between VAgf and a sum of terms
V(abc), where a, b, ¢ may be n§, (or hq(ng)) or ¢5 (or ha(¢5)), and at least one
of them is ng (or hq(ns)). Estimating each of a, b, ¢ and their gradients in L°,
one gets: for all n > 0, there is C), > 0 such that

2
(4.20) I3, <77||VAS02||2L2(Q) +Cn(1+ H”i”%ﬁ(m +H<Pi||§12(9)) ”902‘@[2(9)'
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Then, split 139,
I35 = —Q(Azwi | i A (mi A (hexe(t) = he’“(o))))wm

— o A%p5 E/\(E/\hx0>—€/\(5/\hXO)) :

04( @k | mi A {mi A hext (0) nj, A (15 A hext (0) L2(Q)
The second term is estimated as I3 ;. The first one is split into a sum
involving ng A (ni A (hext () — hext(O))), and products of heys(t) with two terms,

one of them being ¢, and the other, ¢}, or ng. This leads to: for all n > 0,
there is C,, > 0 (also depending on hext) such that

oy Mo VA + Co((1+ i3z + Nk 3z e ) Il 3rm e

+ tlng e ey ol ) )

Finally, summing up (4.20) and (4.21), we have: for all n > 0, there is C;, > 0
(depending on |[ng]| Lo ((0,00),H2(2))) Such that

I3 <[ VA7)
(4.22) . 2 .
"‘Crz((l"'H‘Pk”m(Q)) ||%0kHH2(Q)+t|\<Pk||H2(Q))-

Estimating I1,. Integrating once by parts, we get

1, = *(Vﬁwi | VI[P, F(0, ')](”€)>L2<m'

Thus, for all n > 0, there exists C),, > 0 such that

(4.23) Iy < nl[VAGE|[72 () + Corias

with

o1 = V[P, F(0, -)](n8)||%2(g) k:;O in L*°(0,T) for all T > 0, with ¢ fixed,
thanks to Lemma 4.1.

Gathering H? estimates. From (4.16), (4.19), (4.22) and (4.23), we deduce
that there is a constant C' > 0 (depending on ||ng]| £ ((0,00), 73 (02)))> and for all

n > 0, there is C;, > 0 (depending on 71, (|10 || o< ((0,00), 73 (02))> ||hext||L(t,<,v[,11v,oc and
||athcxt||L?on2,00), such that

ed
== (1868320

= C(n+ Ikl (1 + 6k lmo) ) IVAGE220)
Cn(”@i”%ﬁ(g)(l + ||<Pi||§{2(g))(1 + ||<Pi||§{2(ﬂ) + ||VAnZ||2L2(Q))

+ tloll o) + 750 )-

(4.24) +(
<
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Sum up (4.10) and (4.24), to get: there is a constant C' > 0 (depending on
Im0 o= ((0,00),E3(02))), and for all m > 0, there is C;, > 0 (depending on 7,
||n0||Loo((07oo)7H2(Q)), ”hextHLfOW,j"’O and ||8thext|\LtooW5m), such that

(4.25
d
dt

~

(132 ) + (@ = COr+ Il (1 + Ikl o) ) IV AR 32
< On(”‘ﬁi”?ﬂ(g)(l + H@i”?ﬂ(g))(l + ||<Pi||§12(9) + ||VAni”2L2(Q))
+ tleillmae) + 7).

with 7 = ||[ Pk, F(0, )] (n%)[|%,1,y — 01in L>(0,T) for all T > 0, with ¢ fixed.
C @) 52,

4.1.4 Conclusion

We take advantage of the H? estimate (4.25) by applying the following Gronwall
lemma (the proof of which is postponed to Section 6.3).

Lemma 4.2. There is a constant K > 0 (depending on ng and hext) such that,
for all c € (0,1/K), setting t- = celn(1/e), there is g = eo(a, ¢, K) such that
(4.25) implies:

Ve € (0,e0], 3k(e) e N*, Vk > Ek(e),
El—cK _ o2
sup ||<p2||%,2(9) < < + K||7”2|L1(0,t50)5_1—cl{> HNVAPIONL2 (0 0y xay
[0,.] K

4.1.5 Passing to the limit k£ — oo

For each ¢ € (0,¢0] fixed, by Lemma 4.2, the sequence (¢, )ren+ is bounded in
L>((0,t.), H?(£2)). Equation (4.5) then implies that the sequence (9;¢%)ken=
is bounded in L>((0,t.), L*(2)). Furthermore, (4.25) shows that (¢ )ken- is
also bounded in L2((0,t.), H3(Q2)). Aubin’s Lemma (see [2], [12]) then implies
that there is a subsequence of (¢5)ren+ converging in L?((0,¢.), H(2)) towards
some ©°.

Up to a subsequence, we may assume that (9,95 )ren+ also converges weakly
in L2((0,t.), L?(Q)) towards 9;¢°. As k goes to oo, Pyn® converges towards n®
in C([0,t.], H*(Q))NH!((0,t.), L*(2)). Thus, (m$)ken+ converges towards some
m® in L?((0,t.), H*()), with (0ymg ) gen+ converging weakly in L?((0, t.), L*(Q))
towards 0;m®. This is enough to pass to the limit in (4.4), so that m* is solution

o0 (4.2). With ¢ fixed, showing that m¢ is continuous in time with values in H?
is standard, as well as uniqueness and stability properties: see [4], or [1].
Finally, passing to the limit in Lemma 4.2 yields:

1—cK
e 2
7BKHVA"0”L2((0,QC)><Q) ,

sup [[0%[|F2 (o) <
! ) S T

sle
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which we write

(4.26) sup lo®ll7r2 () < K'e'7°F.

075

4.2 Second step: following the slow dynamics after .

From the local-in-time existence result, we know that, for each € € (0,¢¢), there
is t° > t. such that m® exists, as a solution to (4.2), in C([0,¢], H*(Q)) N
L2((0,t°), H3(2)). We shall show, via a priori estimates, that t* > T (possibly
reducing &g).
From (3.1), and with F from (4.3), we deduce that, on [0,7] x €,
€0tMeq — AAMeq = F (£, Meq) + €04 Meq.

Substracting to (4.2), we get (on [0,¢%] x Q):
(4.27)

(0, — a)(mF = Meq) = (£(meq) + R(1meq) ) (= meg) + Dme,

Oy (m* —Megq) |y =0,

and we consider the associated Cauchy problem with data given at time ¢.. The
data at time t. = celn(1/e) satisfy (using (4.26) and (4.1)):

(4.28)
[(m® = meq)(te)llm2(0) < [[(M° = 1) (te) [ H2(0) + In°(te) = meq(0) [ 12(0)
+ 1114 (0) = meq (1) [ 2 (0
< K'e' 7 + [Ino(cIn(1/€)) — meq(0)lm2(0)
+ 1114 (0) = Meq (te) || 2(0) 3 0-

Here, for all § € H?(Q2) and t € [0,T],
L(t, Meq () § =0 Vimeq (t)[25 + 20 <Vmeq(t) : va) Meq(t)
+ 6 A h(t, Meq(t)) + Meq(t) A (Aa + hd(a))
(4.29) —ad A (meq(t) A (hd(meq ¥ Proe (¢ ))
))

— Mg (1 (6 A (hd Meq(t)) + Pext (t
— ameq(t) A (meq(t) A ha(9 >)

and
(4.30)
R(t, meq(t)) (8) = 2a(vmeq -V6)6 + alVE[25 + 6 A (Aé + hd(5)>

—ad A (5 A (hd(meq(t)) + hext(t))) —ad A (meq(t) A hd(é))
— aMeg(t) A (5 A hd(a)) —ad A (5 A hd(5)>.
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In the sequel, we consider
0% i=m" — Meq € C([O> t€]7 HQ(Q)) n LQ((Ov te)a Hs(Q))a

and we simply prove that in (H?) energy estimates, the term due to the resid-
ual R(Mmeq)0° is dominated by the terms due to a/Ad® and to the linear term
L(meq)d°. We thus come back to the Galerkin approximation & of 6%, as
in Paragraph 4.1.1. Take the L?()) scalar product of the equations with
6 and A%57 and integrate by parts. Estimating (65 | R(meq)(0%))r2() is
straightforward. Due to the continuity properties of hq on Sobolev spaces,
(A25% | R(meq)(05)) 12() produces three kinds of terms. Dropping the expo-
nent € and subscript & (and using the notation L(vq,...,v,) for any n-linear
application), we examine each of them.

From § A (6 A hd(é)). We have

(A25 | L(5,6,6)) 12y = (AS | AL(8,6,8)) 12 < | A0]| 20 [IAL(S, 6, 8) | 120

which is bounded from above by C’||§H‘}{Q(Q)7 since H%(Q) is an algebra.
In the same way, the terms of the form (A?6 | L(6,8)) 12(q) are controlled by

16132 - This rules out the terms from 6Aka(8), 5A (5/\ (hd (eq () +hexs (t))) ,
A (meq(t) A hd(5)> and meq (t) A (5 A hd(5)>.

From |V§|?5. Write

(A%6 | L(V6,V65,6))2(0) =
— (VAS | L(V6,V6,V6)) 12() — (VAS | L(AG,V6,6)) 12(0)-

Then,

|((VAS | L(V6,V6,V6)) L2(0)| < VA L2(0) |1L(VE, VI, V6 12(0)

<
< CIIVMIILm)HWIIis(Q),

and by Sobolev’s inequalities, ||Vd| s (q) is controlled by ||6] 2 (q)-
Also,

(VAS | L(A8,5,8)) 2] < CIV A 2|48 2 V8] e 0 181] 2< -
From the estimate
Vol ) S IVOllz2) + [IVAS| L2 (0,
we get

((VAS | L(A6,V8,8)) 20| < CUIVAS| 20 81372 (@) + IVAS| L2 (0 16112 (c2))-

19



This leads to
(A%5 | L(V6,V6,0)) 12 () < C(IVAS L2(0) 10172 () + IVASIF 20 18] Fr20)-
In the same way, we have

(A%0 | (Vimeq(t) - V0)8) < ClIVAS| L2 l10]1372 () -

The § AN Ad term. Again,
(A% | L(3,A8)) 120y = —(VAS | L(V3, A8)) 120y — (VAS | L(5, VAS)) 12(c),
and as above, we get
(A6 | L(3, A0)) r2(0) < C(IVAS| L2 lI8]1Fr2(q) + IV AS]|72 () 1] 2 (2))-

Finally, there is C' > 0, and for all » > 0, there is C,, > 0 such that

(57 | ROmea) 52y < (n+ CIF ey + Cl0 Ira ey ) IV A 2
+ o (15 By + 105022 ) + 105 152 )

Let k go to infinity, so that the above estimate applies to §° instead of 47, up to
the local existence time t¢ obtained via the convergence of the Galerkin scheme.
Coming back to (4.27), still with 6° = m® — meq, we get, using (2.5): there is
C > 0, and for all > 0, there is C);, > 0 such that

(4.31)
€ d € € € €
= (1812 ) + (o = 1= CO+ 18 2@ 16 260 ) V5

<(Colt + 18 2016 1201 — Ciin ) 15° By + €20l

As in the proof of Lemma 4.2, fix € (0, ), and consider the time ¢ < t° up
to which, in (4.31), the parenthesis in front of HV(SEH%{Q(Q) (resP. ||(55H%{2(Q))
remains positive (resp. less than —Cy;,/2). We have, for ¢ € (¢, t°):

ed Clin
=t (191200 ) < =216 ) + €210emeal -

Gronwall’s lemma then implies that

sup [[6°1% () < 16°(te) 172 () + 26T sup [|0meql32(q)

[te,t] 0,

so that, for £ small enough, we get ¢ > T, and Sup[; 1) 6%l &2 () —(>)O. This
’ e—
finishes the proof of Theorem 2.1. O
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5 Proof of Proposition 2.2 and Corollary 2.3

Proof of Proposition 2.2. For any T > 0 and n € C([0,T], H*(Q)), it is
equivalent for n to be solution to (2.8) or to

(0, = 0) (1 = meq) = (£(0.meq) + R0, meq) ) (1 = meg).

with the same initial and boundary conditions. The operators £(0,meq) and
R(0, meq) from (4.29) and (4.30) do not depend on time, now. Arguing as in
Section 4.2, we get an estimate analogue to (4.31),

(5.1)
1d )
2 dt (||n - meq||H2(Q))
—I—(a —-n—-C(+ Hn - meqHH?(Q))”n - meqHH?(Q)) ”V(n - mﬂl)”%ﬁ[?(ﬂ)
<(Co(1+ lIn = meqlr2(2)*In = meallr2(ey = Ciin) In = meallfz(ay-

Once n € (0,a/2) is chosen, take 79 > 0 such that, when |[mg —meq | m2(0) < M0,
the parentheses in front of [[V(n — meq)||72(q) and in front of [|n — meq |72 o
are positive and negative at ¢ = 0, respectively. The bootstrap argument then
shows that n € C([0,00), H?(2)), and that n(t) converges in H*(Q,S?), as t
goes to oo, towards meq(to):

(5.2) [n(t) — meq”H?(Q) < 770@_Ct»

for some C € (0, Ci,) depending on 7g. Coming back to (5.1), we see also that
V(n —meq) € L*((0,00), H*(Q)). O

Proof of Corollary 2.3. When mq(0) is constant over €, Proposition 2.2
ensures there exists some 79 > 0 such that for all mg € HZ (€2, 5?) satisfying

Mo — Meqll 52(02) < Nos

Asumption (ii) in Theorem 2.1 holds true. Furthermore, estimations (5.1) and
(5.2) show that the corresponding function ng has norms in L>((0, 00), H2(£2))
and in L?((0,00) x §)) controlled in terms of meq(0) and ng only. Thus, &y in
the proof of Theorem 2.1 may also be chosen depending on meq(0) and 7y only,
uniformly with respect to my. O

6 Appendix
6.1 About the dissipation property (2.5): proof of Lem-
mas 3.5 and 3.6

For 6 € C([0,T], H*(Q)) such that [meq + 6| =1 and 9,9),, = I, AJ|,, =0,
(6.1)
L’(mil) = (AFd)dAu £ uN(AS+hq(0)) + a(dFA)uA(dAu) — auA(uAhq(0)).
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6.1.1 L? estimates
Take the L?(2) scalar product of (6.1) with §. This yields

(L(meq) 618) o) = /5 (u A AG) /5 (u A ha(6

(6.2)
a(d$/\)/9|5/\u|2—a/ﬁ(u-hd(é))(u-é)+a/ﬂ§-hd(5).

First consider the case of m . Denoting n the exterior normal vector to €, the
first term in the right-hand s1de of (6.2) is equal to

(6.3) 2/5 di(u A 9;d) = Z/ uAaanﬁ/aQs.(uAancs):o

Since hq is continuous on L? with norm 1, the second term is bounded from
above by ||5H%2(Q). Similarly, due to the non-positivity of hq, the last term is
non-positive. In the two other terms, we inject the identities

(6.4) 16> = —2u-8 and |6 Aul*=10]* — \(5|47

which stem from the equality |u + §| = 1. This leads to
(E2) 81 ) < W51y + ala =) [ (617 = 157/4

(65) +5 [ (e nato)ar
=(1+a(d- )\))Héniz(m + O(||5H?i2(g))~

In the case of m_,, we obtain in the same way

eq’

(6.6) (L(meq)d | 0) > (a(A +d) = o) 0]|Z2 () + OUI0ll72 ()

L2(Q) =
for some constant ¢ depending on 2 and « only.

6.1.2 H? estimates

Take the L?(Q) scalar product of the Laplacian of each term in (6.1) with AJ.
This yields

(AL(ME) 6 | A8) a0y =(AF d) /A(S A Au) + /A<5 Au A AS)

L2(Q) =
(6.7) i/g(s-A(uAhd(é))+a(dm>/9|MAu|2

- a/QAJ “A(u A (u A ha(9))).
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Since A(6Au) = (Ad) Au = 0, the first term on the right-hand side vanishes. So
does the second one, by the same argument as in (6.3). The equality |u+d| =1
implies
A5 Auf? = [AS]2 — (V82 = (5 - A8)2)?,
so that (6.7) gives, for md;:
(6.8)
(AL(m,) 3 | A5)L2(Q) < —a(A— d)HA(S”%?(Q) + C||5||12H2(Q) +0 H(SH?LI?(Q)) ;

for some constant ¢ depending on 2 and « only. Together with (6.5), we get

(6.9)  (L0nE)818) aey < — (@O =) = &) 81320y + O (I8l

which concludes the proof of Lemma 3.5. O

In the case of m,, we have

(6.10)
(ALE) S | 26) 120, :—/QA&A(u/\hd(é))+oc()\+d)HA6||2L2(Q)

—a [ A5 AwA @AR@) +0 (I51em)
which, together with (6.6), leads to Lemma 3.6. O

6.2 Proof of the commutator lemma 4.1
Writting
[Pg, F(0,)](n) = (P — 1)F(0,n) + F(0,n) — F(0, Pyn),

the result follows from the convergence of Py towards 1 pointwise as an operator
on H(Q) (which rules out the term (P, — 1)F(0,n)) as well as on H%(Q),
combined (to deal with F(0,n) — F(0, Pyn)) with the continuity of F(0,-) from
C([0,T), H*(Q)) N L?((0,T), H?) to L*((0,T), H').

The latter is a consequence of the continuity properties of hq and of Sobolev’s
embeddings, implying that H2(f2) is an algebra (so that all applications n
n A ha(n), n = nAnAhan)), n = nAhx(0), n = n A (n A hext(0))
are continuous on L*>((0,T), H*(Q2))), and that the product operation maps
H? x H' to H', so that n — n A An and n +— |Vn|*n are continuous from
L*°((0,T), H*(Q)) N L?((0,T), H3) to L2((0,T), H). O

6.3 Proof of Gronwall’s lemma 4.2

First, consider k € N* and ¢ > 0 fixed. Set ¢°(t) = ||<p2||§{2(9), r(t) = 75(1),
No(t) = [V APuno(D)]2a g and Ne(t) = [V AnE (1)[2: g, so that

Ne¢(t) = No(t/e) and Ny € L'(0,00).
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With C from (4.25), choose n € (0,a/(2C)). Hence, there exists x, € (0,1)
such that

Vo € [0k, Cln+e(1+9)) <a/2.
Set K = 8C, (also from (4.25)), c € (0,1/K) and t. = ceIn(1/¢). Then, with

» =sup{t € [0,t.] | Vt' € [0,], ¢°(t') < Ky}
(t5, > 0 since ¢°(0) = 0), we have:
vt e [0,t], o™ () < K((1+ N°(8)6°(¢) +t +r(t)).

From this, we deduce:

t K t
vt € [0, 8], / r(t)) exp ( / (1+ Nf(t”))dt”> d
o € e Jy
( t +r(t )) exp <K) dt ) HINol L1 (0,00
5
( 7H7ﬂ||Ll OTO)) eKt/EeKHNO”Ll(O,oo),

with Ty = cegIn(1/ep) (and gq is chosen below). Now, since ¢ € (0,1/K) and

te = celn(1/e),

El—cK
K

vt € [0, min(t5, 1)), 6°(1) < (

+ K||T||L1(O,TO)5_1_CK) eKHNOHLl(O,m)7

which is less or equal to k,, as soon as ¢ belongs to (0, &g], for

1 1/(1—cK)
o = <2/inK6KIN0“L1(O'°°)> 5

and k greater than K () such that

1 €1+CK

Vk > K(€), ||flf:||L1(0,To) < §KWT€_KHNOHL1(0,00)

(which is possible by Lemma 4.1). For this choice of ¢ and k, we thus have
t7. = te, and the result follows. O
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