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Abstract

For traveling waves with nonzero boundary conditions, we justify the logarithmic Korteweg—
de Vries equation as the leading approximation of the Fermi-Pasta-Ulam lattice with Hertzian
nonlinear potential in the limit of small anharmonicity. We prove control of the approxima-
tion error for the traveling solutions satisfying differential advance-delay equations, as well as
control of the approximation error for time-dependent solutions to the lattice equations on
long but finite time intervals. We also show nonlinear metastability of the traveling waves on
long but finite time intervals.

1 Introduction

Solitary waves in anharmonic granular chains with Hertzian interaction forces are modelled by
the Fermi-Pasta-Ulam (FPU) lattices with non-smooth nonlinear potentials [21]. We write the
FPU lattice in the form

tin = V2 (Uuny1) — 2V, (un) + Vo(tun_1), n€Z, (1.1)

where (u,)nez is a function of the time ¢ € R, with values in R?, and the dot denotes the time
derivative. The coordinate u,, corresponds to the relative displacement between locations of two
adjacent particles. The Hertzian nonlinear potential V,, € C?(R) is given by

Vo (u) lu"TYH (—u), o> 1, (1.2)

T l+a
where H(u) is the standard Heaviside function. Recently, the FPU lattice (1.1)—(1.2) was for-
mally reduced to the logarithmic Korteweg—de Vries (log-KdV) equation in the limit of small
anharmonicity of the Hertzian interaction forces (that is, for @ = 1 + €2 with ¢ — 0) [4, 12].
Using the asymptotic correspondence u,(t) ~ —v(x,7), z = e(n — t), and T = €3t, we obtain the
log-KdV equation in the form

1
20r + T50ea + (Vlog|o]): =0, (#,7) ERXR. (1:3)

Here and in what follows, we denote partial derivatives by subscripts. Note that in the derivation
of (1.3), v is assumed to be positive (otherwise, the Heaviside function should appear in the



nonlinear term). Experimental evidences for validity of the limit & — 1 in the context of granular
chains with hollow particles can be found in [22].
The log-KdV equation (1.3) has a two-parameter family of Gaussian traveling waves

oz —br —a), a,beR, (1.4)

v(z,T) =€
where vg is a symmetric standing wave given by
va(z) = Vee ¥ gz eR. (1.5)
Global solutions to the log-KdV equation (1.3) in the energy space
X:={ve H'[R): *loglv| € L'(R)}, (1.6)

were constructed in [3]. In addition, spectral and linearized stability of Gaussian traveling waves
were proved in [3] with analysis of the linearized evolution problem. Unfortunately, technical
difficulties exist to prove nonlinear orbital stability of Gaussian traveling waves, as well as to
construct solutions in spaces of higher regularity [3]. The technical difficulties are caused by the
necessity to control the logarithmic nonlinearity near v = 0, where it is not differentiable.

This paper addresses a different problem, namely the rigorous justification of the log-KdV
equation (1.3) in the context of the FPU lattice (1.1)—(1.2). Numerical approximations of time-
dependent solutions to the FPU lattice in [12] suggest that the Gaussian traveling waves represent
well the stable solitary waves in granular chains, which are known to propagate robustly in
physical experiments [28]. Therefore, it becomes relevant to control the approximation error
between the corresponding solutions to the FPU lattice (1.1)—(1.2) and the log-KdV equation
(1.3).

In a similar context of FPU lattices with sufficiently smooth nonlinear potential V', small-
amplitude solutions are described by the celebrated KdV equation. In a series of papers, Friesecke
and Pego [6, 7, 8, 9] justified the KdV approximation for traveling waves and proved the nonlinear
stability of small-amplitude solitary waves in generic FPU chains from analysis of the orbital
and asymptotic stability of KdV solitons. Later these results were extended to the proof of
asymptotic stability of several solitary waves in the FPU lattices by Mizumachi [19, 20] and
Hoffmann and Wayne [13, 14]. Independently, validity of the KdV equation for time-dependent
solutions on the time scale of O(e~?) was obtained by Schneider—Wayne [27] and Bambusi-Ponno
[2]. Recently, these results were generalized for polyatomic FPU lattices in [11]. Because of the
lack of smoothness of the potential V,, in (1.1)—(1.2), and therefore also of the nonlinearity in the
log—KdV equation (1.3) near the origin, none of the previous results can be applied to the FPU
lattice (1.1)—(1.2).

As a first step towards the ultimate goal of justification of the log—KdV equation (1.3), we
shall here consider solutions with nonzero (positive) boundary conditions at infinity. In other
words, we shall consider solutions bounded from below by some positive constant and satisfying
the boundary conditions v(x,t) — v9 > 0 as |z| — oo for all £ € R. In the context of the
anharmonic granular chains (1.1)—(1.2), these boundary conditions correspond to the constant
precompression force applied to the granular chains.

The precompression technique is well-known both numerically and experimentally for regu-
larization of responses of granular chains [21]. Typically, small-amplitude perturbations of the
constant precompressed state are handled through Taylor expansion of the nonlinearity, thanks



to the smoothness of the nonlinear potential V' (u) or the logarithmic nonlinearity near any point
vg > 0. In comparison to this standard technique, we avoid Taylor series expansion and consider
large-amplitude solutions to the FPU lattice (1.1)—(1.2) with a = 1+¢2 in the limit € — 0. In this
way, we confirm the validity of the log-KdV equation (1.3) with nonzero boundary conditions for
the existence and stability of large—amplitude traveling waves.

Note that the nonlinear function p(v) = vlog|v| in the log-KdV equation (1.3) satisfies for
any v = vg > 0 the general assumption p”(v) > 0 and p”’(v) < 0 required by the orbital stability
theory for large-amplitude traveling waves of the generalized KdV equation (see Theorem 1 in
[15]). Consequently, traveling waves of arbitrary amplitudes with the boundary conditions v — vy
as * — oo are orbitally stable with respect to the time evolution of the log-KdV equation (1.3)
in the classical sense [1].

We report three main results in our work. First, we study traveling wave solutions to (1.1)—
(1.2) with a = 1 + €2, under the form u,(t) = u(n — ct) with speed ¢ = (v§ (1 + Ae?))Y/2, for
any A > 1. We provide a rigorous approximation of such traveling waves, in the limit ¢ — 0, by
means of traveling solutions to the log—KdV equation (1.3).

Next, we show that a simple energy argument gives nonlinear metastability of the previously
constructed (large-amplitude) traveling wave solutions to the FPU lattice equations (1.1)—(1.2)
with @ = 1 4 €2 on the time scale O(e~3), where the approximation of the log-KdV equation
(1.3) is formally applicable. The energy argument we develop here does not use the spectral
information on the linearized log-KdV equation and holds for time-dependent perturbations,
which may violate the scaling of space and time variables resulting in the log-KdV equation
(1.3). It only uses the precise justification result for the traveling waves of the FPU lattice.

Finally, we control the error in the approximation of time-dependent solutions to the FPU
lattice by solutions to the log-KdV equation up to the time scale O(e~3) by extending the same
energy argument used for control of the nonlinear metastability of traveling waves.

Although our results are analogous to the outcomes of the corresponding works [6] and [27],
a different analytical technique is adopted to obtain the justification and stability results. The
technique is thought to be applicable to a much large class of FPU models which result in the
generalized KdV equation with possibly large-amplitude traveling waves. We also point out that
the methods of neither [6] nor [27] cannot be immediately applied to the justification of the
log—KdV equation (1.3) because they require the smallness of the traveling wave amplitude.

In more details, we use the method of decomposition of solutions in the Fourier space, which
was originally developed in [24] and used in [5, 16, 25] (see also Chapter 2 in [23]) for the
justification of asymptotic reductions of solitary waves in the nonlinear Schrodinger equation
with a periodic potential. This technique is alternative to the method of Friesecke and Pego [6]
that relies on approximations of roots of the dispersion relations and on an appropriate version
of a fixed-point theorem. We also use fixed-point arguments but in a more classical way.

While the strategy adopted in [7, 8, 9] gives nonlinear stability results for FPU traveling
waves globally in time, it applies only to the small-amplitude traveling waves. It also relies on
the spectral information of the linearized KdV equation, modulation equations along the two-
dimensional manifold of the traveling waves, and careful analysis of linearized advance-delay
equations, all of which may not be available when dealing with the log-KdV equation (1.3).

The plan of the paper is as follows. Section 2 presents the main results. Section 3 is devoted
to the justification of the log-KdV approximation for the traveling waves of the FPU lattice.
Section 4 is devoted to the nonlinear metastability of the traveling waves in the FPU lattice on



the time scale O(e3). Section 5 describes justification of the log-KdV equation for the time-
dependent solutions to the FPU lattice. Section 6 discusses these results in the context of general
FPU lattices.

2 Main results

Substituting the traveling wave ansatz u,(t) = u(z) with z = n — ¢t for a positive speed ¢ > 0
into the FPU lattice (1.1)—(1.2), we obtain the differential advance-delay equation

Au'(z) = —Alu|*H(-u)(z), z€R, (2.1)
where o > 1, and A is the discrete Laplacian operator on the infinite line,

Af(z) = fz+1) =2f(2) + f(z = 1).

Since the limit o — 1 is considered, we set a := 1 4 €2 for a small positive e. Here and in the
sequel, we shall drop the dependence of the functions (such as u) upon € for simplicity, and only
mention this dependence in the main statements. With a precompression level vg > 0, we set

w(z) = —vo(1 +w(z)) and = 1)82(1 + ), (2.2)

where > —1 is an arbitrary parameter and w(z) is assumed to decay to zero at infinity and to
be bounded in the interval

—1<C_<w(z) <Cy <oo, foreveryzeR, (2.3)

where Cy are e-independent and C does not have to be smaller than one (that is, ||w||f may
exceed one). Under the a priori bound (2.3), we rewrite the existence problem in the form

1+ pw"(z) = AV (w)(2), z€R. (2.4)

Here the potential

Ve(w) := % (1 +w)2+62 - 1] —w, w>-1
is C2(—1, 00), positive near w = 0, and V.(w)/w? increases strictly with w for all w € (0, 00). For
such potentials, Theorem 1 of Friesecke and Wattice [10] applies (as it was also noted in [18]). By
this theorem, which is proved by a variational method based on the concentration compactness
principle, there exists a nontrivial positive solution w € H'(R) of the differential advance-delay
equation (2.4) for some values of the parameter y satisfying the constraint 14 > V. (0) = 1+ €2
(that is, for > €2). Moreover, recent work [29] suggests that these traveling waves are smooth
and exponentially localized.

To obtain the formal limit to the stationary log-KdV equation, we set the variables z = ez
and W (z) = w(z), use the Taylor expansions

Aw(z) = EW" (z) + %64W”//(1‘) + O(EWO (1)), (2.5)
and
Viw) = (1+w)* -1
= w4+ (14 w)log(l +w) + O(e*(1 + w) log?(1 + w)), (2.6)



and finally integrate (2.4) with u = €2\ twice in z subject to the zero boundary conditions for
W and its derivatives. Truncating at the leading order O(e*), we obtain the stationary log-KdV
equation

1
12
By Proposition 3.2 below, there exists a unique positive and even solution Wyiay € H*(R) to the
stationary log-KdV equation (2.7) with A > 1. We are now ready to formulate the main result
on the rigorous justification of this formal approximation.

AW () W"(z)+ (1+W)log(1+ W), xz€eR. (2.7)

Theorem 1. Set p := €?X\ with fized e-independent parameter X > 1. There exist positive

constants ey and Cy such that for every e € (0,¢€p), there exists a unique even solution wsiat e to
the differential advance-delay equation (2.4) in L*(R) N L™ (R) such that

Sup |wWetat e (2) — Wagar (€2)] < Coe'/®, (2.8)
zE

where Wgiay 15 the unique positive and even solution to the stationary log—-KdV equation (2.7).
Moreover, wstar . € H®(R) and for every k € N, there is a positive e-independent constant Cj,
such that
sup \8fwstat7€(z) — ek(?];Wstat(ezﬂ < Ckek+1/6. (2.9)
z€R
Remark 2.1. 1t follows from analysis of the roots of the dispersion relation associated with the
differential advance-delay equation (2.4) that wstat e decays to zero exponentially at infinity (see
Section 5 in [6]).

Remark 2.2. While the result of Theorem 1 does not exclude the sign-indefinite solution wstat,e,
the negative parts are as small as O(e!/%) in the L norm, because Wyt is positive. Nevertheless,
based on the results of the variational theory in [10], we anticipate that wgtat,c is also positive.

Using the scaling transformation

un(t) = —vo (1 + wa(¥)), ¢ =5 "%,

we can write the FPU lattice in the (formally) equivalent form of the first-order system

Wn = Pl — Prs
{ n T P n € 7. (2.10)

B = Vi(wn) = V! (wp-1),

Any (w,p) € C1(R,1?(Z)) solution to the first-order system (2.10), with w, > —1 for all n € Z,
provides a C%(R,[?(Z)) solution u to the scalar second-order equation (1.1). The FPU lattice
equations (2.10) admit the conserved energy

H = %ZpiJer/e(wn). (2.11)

nez nez

Note that the dot in (2.10) applies with respect to the new variable ¢'. In what follows, we will use
the same notation ¢ for the independent time variable of the FPU system (2.10) for convenience.

Since shift operators are bounded in I%(Z), it is easy to show the local (in time) well-posedness
of the Cauchy problem associated with the FPU system (2.10) in [?(Z)?. Furthermore, the energy



conservation (2.11) and the embedding of I2(Z) in [°°(Z) ensures global existence of the solutions,
at least for small initial data. For large initial data, any solution to (2.10) provides a solution to
(1.1) as long as all components of u remain strictly negative, that is, as long as

—1<C_ < wy(t) < Cy <oo, foreveryneN, (2.12)

where Cy are € and t-independent constants. It may be hard to control this condition during
evolution for general initial data, but our study addresses time-dependent solutions near the
traveling wave of Theorem 1, which definitely satisfies the bounds (2.12), see Remark 2.2. Let
us emphasize once again that the traveling waves and the solutions we consider are not small-
amplitude solutions to the FPU lattice (2.10).
We define a reference traveling wave (wiay, piray) € C1(R,12(Z)) solution to the FPU lattice
(2.10) by
(wtrav)n(t) = Wstat (n - Ct), (ptrav)n(t) = DPstat (n - Ct)u (213)

where ¢ = 1 + €2\ is the squared wave speed, wgiat is given by Theorem 1, and pgiat is found
from the advance equation —cw,; (2) = Pstat (2 + 1) — Pstat(2). We now ask if the traveling wave
given by (2.13) is stable in the time evolution of the FPU lattice (2.10) with small € at least on
the time scale of O(¢~3), when the approximation of the log-KdV equation is applicable.

The following theorem gives the affirmative answer to the question of the nonlinear metasta-
bility of the FPU traveling waves and specifies the precise conditions, in which the nonlinear
metastability of the traveling wave is understood. In particular, this result ensures existence of
the time-dependent solution (w,p) to the FPU lattice (2.10) up to O(e~3) times.

Theorem 2. As in Theorem 1, set ji := €2\ with fized e-independent parameter A\ > 1. For every
7o > 0, there exist positive constants €y, 09 and Cy such that, for all € € (0,€y), when initial data
(wini,eypini,e) € l2(R) Satisfy

0= ||wini,e - wtrav,e(o)Hl2 + ||pini,e - ptmv,e(o)Hl2 < 60» (214)

then the unique solution (we,p.) to the FPU lattice equations (2.10) with initial data (Wini e, Pini,e)
belongs to C([—roe 3,706 73],12(Z)) and satisfies

[we(t) = whrav.e ()i + [[Pe(t) = Prrav,e(t) iz < Cod,  t € [~r0e %, e~ . (2.15)

Remark 2.3. According to [15], the solitary wave W of the stationary log-KdV equation (2.7) is
orbitally stable in the time evolution of the log-KdV equation

AWV, + - Wege + (W) =0, () := (14 W) log(1 + W), (2.16)

where 7 = €3t and ¢ = €(n — t) are scaled variables of the FPU lattice (2.10). From Theorem 2
and this orbital stability result, one can expect that the time-dependent version of the log-KdV
equation (2.16) is a valid approximation of the time-dependent solutions to the FPU lattice (2.10)
modulated on the spatial scale O(e~!) up to the time scale of O(e~3).

Remark 2.4. Compared to the log-KdV equation (2.16), Theorem 2 gives also metastability of
the FPU traveling waves with respect to modulations on any other spatial scale, nevertheless, up
to the time scale of O(e~3).



Finally, we justify the approximation of time-dependent solutions to the FPU lattice (2.10)
by the log-KdV equation (2.16). Technically, when a solution W to (2.16) is given, we define

Pi=—W + =W, —iW —i (W)—I—iW —I—i( (W) (2.17)
so that (W, P.) solves the first equation in (2.10) up to O(e*) terms. The following theorem

controls the approximation error up to O(¢~3) times.

Theorem 3. Let W € C([—79, 11|, H*(R)) be a solution to the log-KdV equation (2.16) for some
integer s > 6 and some 19,71 = 0. Assume that there exists ryw > —1 such that W > ry.
Then there exist positive constants ey and Cy such that, for all € € (0,¢eq), when initial data
(Wini e, Pinic) € I*(R) are given such that

[winie = W (€, 0)li2 + [|Pini,c — Pe(e, 012 < €2, (2.18)

with P, given by (2.17), the unique solution (we,pe) to the FPU lattice equations (2.10) with
initial data (Wini,e, Pini,c) belongs to CH([~7oe3, 116 73],1%(Z)) and satisfies

lwe(t) = W(e(- =), 82 + [|pe(t) = Pe(e(- = 1), )|z < Coe™?, ¢ € [~moe, me™] . (2.19)

Remark 2.5. The Cauchy problem associated with the log—-KdV equation (1.3) is not understood
in full generality: global solutions in some subspace of H! are constructed in [3], but the question
of propagation of regularity remains open. However, the classical approach (see for example
Kato [17]) allows to construct short-time solutions with H® regularity, s > 3/2, given initial data
satisfying a lower bound as in the assumption of Theorem 3, namely W > ry > —1 (in the
neighborhood of which the nonlinearity g is smooth).

Remark 2.6. Using higher order asymptotic expansions and ¢/ *3/2-close initial data, the approx-

imation in (2.19) could be improved to be O(eX+3/2) for any K € N, see Remark 5.1 below.
Remark 2.7. Even if the traveling wave solution W = Wt (§ — A7/2) to the log-KdV equation
(2.16) is used in bounds (2.18) and (2.19), where Wyt is a solution to the stationary log-KdV
equation (2.7), the results of Theorems 1 and 3 do not recover the result of Theorem 2, because
the small parameter § in Theorem 2 does not depend on the small parameter e.

3 Justification analysis for traveling waves

Adopting the Fourier transform on L?(R) functions

o0
w(k) = F(w)(k) = / w(z)e **dz,
—0o0
with the inverse Fourier transform
1 [o¢]

w(z) = F L ()(z) == (ke dk,

27 J o
we can rewrite the existence problem (2.4) as the fixed-point equation

1 1

= i/ AV (w(z —y))dy, z€R, (3.1)

w(z)



where A(z) = (1 — |z|)+ is the hat function, or in the equivalent Fourier form

1 . _
(k) = —— AR F(V () (), k€ R, (3.2)
14+p
where f\(k‘) = k% sin? (%) This section presents the proof of Theorem 1, after several auxiliary

results will be obtained.

3.1 Nonzero solutions to the fixed-point equation (3.1)

We shall first investigate if nonzero solutions to the fixed-point equation (3.1) exist for u = O(€?).
Therefore, we set  := €2\ with an e-independent parameter X. The following proposition shows
that, when A > 1 is fixed and R > 0 is small enough, there is no solution to the fixed-point
equation (3.1) with the L? N L norm less than R other than the trivial (zero) solution.

Proposition 3.1. Set p:= ). For every R > 0, there exists Ag > 1 such that for all A\ > \g
and all € € (0,1) the only solution to the fixed-point equation (3.1) in

Br:={w e L*R)NL¥R) : |w|2nre < R, w >0} (3.3)
1s the trivial zero solution. Furthermore, Ag may be chosen so that )\RR—E 1.
H

Proof. We write
~ w
V/(w) = (1 +w)"* — 11+ = (14 62)/ (1+2) da.
0

Let Ay (w) denote the right-hand size of the fixed-point equation (3.1) with u = €X. Since
IAllLr =1 and ||Al|z2 = Y2 1, we apply Young’s inequality and obtain

V3
1 7/
HA)\,G(w)HLQOLOO < mHAHLmBH‘Q(w)HL?
1+ 62 2
< m(l + [Jw]| L) |lw][ 12

Consider the ball of positive functions in L?(R) N L>°(R) centered at zero with the radius R > 0,
denoted by Bp and defined by (3.3). If R is fixed, there exists an e-independent constant Cpr
such that

(1+ ||w||Lo<>)62 <1+ Crélog(l + R), for every € € (0,1).

Furthermore, Cr may be chosen so that C'g R_(>) 1.
—

For A > Ap :=1+2Cgrlog(1 + R) and € € (0,1), we have Ay, : Bg — Bg. Moreover, using
similar bounds

1 - N
[Ane(wr) = Axe(w2)llzz < <Al IV (w1) = VY (w2)]| 12
1+ e2X
1 2
S 1 _:_662)\(1 + maX{HU)lHLOQu ||w2||L°°})€2le - 7~U2||L2
1 2
< T _:_:2)\(1 + Cre?log(1 + R))|lwy — wal| 2,



we have the desired contraction property for the operator Ay, : B — Br if A > Ag. Since
Ay ((0) =0, the contraction principle guarantees that the trivial solution w = 0 is the only fixed
point of Ay . in the set Bg. ]

Next we set p := €2\ with A € (1, 00) being fixed and e-independent. Proposition 3.1 does not
rule out the existence of nonzero solutions in Bg to the fixed-point equation (3.1) for sufficiently
large R. In what follows, we will consider the nonzero solutions to the fixed-point equation (3.1),
which are close to large—amplitude traveling waves given by the stationary log-KdV equation
(2.7).

Let us now recapture the formal limit to the stationary log-KdV equation (2.7). Using the
Taylor series expansion as k — 0,

A 4 ok Lo 4
and the power series (2.6) for V/(w), we truncate the fixed-point equation (3.2) with p = €2X at
the leading-order terms as follows

—_— 1 —_—
62)\wlead(k) = _Ekalead(k) + EZf((l + wlead) log(l + wlead))(k)' (35)

Using the inverse Fourier transform and setting the variables z = ez and W(z) = Wieaa(2), we
hence recover the stationary log-KdV equation (2.7).

3.2 Solitary waves for the stationary log—KdV equation

A standard construction of solutions to the stationary log-KdV equation (2.7) is based on a
dynamical system approach and gives the following result.

Proposition 3.2. For any A > 1, there exists a unique (up to the spatial translation) solution
Witat to the stationary log-KdV equation (2.7) in H'(R), such that Wygai(z) > 0 for all x € R.
Moreover, Wyat € H*®(R), W/, vanishes only at one point on R, and

sta
Wit () < Che™™ 2L 2 e R, (3.6)
for some \-dependent positive constants Cy and kj.

Proof. Integrating the second-order differential equation (2.7), we obtain the energy

W) = 2 <M

_ 1
24\ dx

1
L+ wW)? — 5AW2 = F,

2
> + %(1 + W)?log(1+ W)
which is constant in z. Since any solution in H'(R) should decay to zero at infinity, we set
Ey = —3. Because E(W) — oo as W — oo, the turning point Wy > 0 such that E(Wy) = E
exists if E(W) is concave near W = 0. This is ensured by the condition \ > 1.

Further analysis of the nonlinear potential shows that if A > 1, there is a unique turning point
Wy and a unique homoclinic orbit in the right-half of the phase plane (W, W’) that connects the
saddle point (0,0) for Ey = —i. For this homoclinic orbit, W’ vanishes at exactly one point
xg, where W (xzg) = Wy. By the theory of stable and unstable manifolds, the homoclinic orbit
for the nondegenerate saddle point decays exponentially fast at infinity with the precise decay
rate k) := y/12(A — 1). Furthermore, bootstrapping arguments for the differential equation (2.7)

yield Wgtat € H*(R) because W — log(1 + W) is C* on (0, 00). O



Remark 3.1. By the translational symmetry, we can always shift Wi so that zg = 0, in which
case, W/.:(0) = 0 and Wyt is even.

Linearizing the nonlinear differential equation (2.7) at the solitary wave Wgiat, we obtain the
Schrodinger operator with a bounded and decaying potential

1 02

Ly = ————
A 12 022

+ A =1 —log(1 4+ Wat) : H*(R) — L*(R). (3.7)
Although the exact location of the spectrum of L) is unknown, several facts follow from the
Sturm theory (see Chapter 5.5 in [30] for review of the Sturm theory).

Proposition 3.3. For any A > 1, the spectrum of Ly in L*(R) includes one negative eigenvalue
A_1 and the zero eigenvalue N\g = 0 with the eigenfunction Wy = W.. The rest of the spectrum
of Ly lies in (0,00) and is bounded away from zero by a positive number. Consequently, the linear
operator Ly, is invertible with bounded inverse on the subspace of functions in L*(R) orthogonal

to W().

Proof. Since Ly is self-adjoint, it has a real spectrum. The zero eigenvalue is due to the possible
translation of the solitary wave Wat in space: LyWY,, = 0. Since W/, has exactly one zero,
there exists exactly one negative eigenvalue A_;. The continuous spectrum of L) is bounded from
below by the positive number A — 1, thanks to the fact that the potential log(1 + Witat) of the
Schrodinger operator Ly is bounded and exponentially decaying at infinity. By Sturm’s theory,

there may exist a finite number of positive eigenvalues between 0 and A — 1. ]

For iterations of the fixed-point equation (3.1), it is more convenient to work with the operator

1 92 - 2 2
Sy = <_EW + A= 1> log(l + Wstat) L (R) —H (R) (3'8)

The following result is an equivalent reformulation of Proposition 3.3.

Proposition 3.4. For any A > 1, the spectrum of Sy in L*(R) lies in (0,00) and includes
one simple eigenvalue p_1 bigger than 1, a simple eigenvalue pg = 1 with the eigenfunction
Wo = W, and the rest of the spectrum of Sy is located in the interval (0,1) bounded away
from po = 1. Consequently, the linear operator I — Sy is invertible with bounded inverse on the
subspace of functions in L*(R) orthogonal to Wy.

Proof. The operator Sy is conjugated via the positive operator (—%8% + A= 1) 1/2 to a self-
adjoint operator in L?(R). Hence the spectrum of S is real. Moreover, since log(1+Wggas (7)) > 0
for all x € R, the spectrum of S is positive.

By Sylvester’s inertia law (see Chapter 4.1.2 in [23]), operators Ly and I — Sy have the same
number of negative eigenvalues and the same multiplicity of the zero eigenvalue. By Proposition
3.3, L) has one simple negative eigenvalue and a simple zero eigenvalue. Equivalently, Sy has
one simple eigenvalue 1 > 1 with an eigenfunction W_;1 and a simple eigenvalue pg = 1 with
an eigenfunction Wy. Moreover, the eigenfunction of Sy for pg =1 is the same as that of L) for
)\0 = O, that iS, WO = Ws,tat'

Because the positive spectrum of L) is bounded away from zero, the rest of the spectrum of S

is located in the interval (0,1) and bounded away from py = 1. Consequently, ||.S)|| xtore <L
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where Xy := span{W_1, Wy}, and, by von Neumann’s theorem, I — S} is invertible with bounded
inverse on the subspace Xg- C L2(R). Furthermore, since 1 > 1, it is also invertible on the
subspace of functions in L?(R) orthogonal to Wj. O

Remark 3.2. Tt follows from the criterion given by Pego [26] that Sy is actually a compact operator
in L?(R). However, we do not need to use this fact here nor to construct the spectrum of S
explicitly.

3.3 Strategy to prove Theorem 1

Let us divide the infinite line for the Fourier variable k into two sets Z, := [—€P, €] and
Jp = R\Z,, where a positive e-independent parameter p is to be defined later. Let xg be
the characteristic function of the set S C R. Then, we decompose the solution in the Fourier
form into two parts:

w(k) = a(k) +6(k), where (k) := xz,(R)i(k), 0(k) = xa, (k)id(k). (3.9)

The original problem (3.2) with p = €2\ is now written as a system of two equations

(k) = ﬁm(m(w (V/(u+)k), ked, (3.10)
and 1
(k) = Ty xa, (MARF(V (w + 0))(k), k€T, (3.11)

Here we set A > 1 to be e-independent. For R > 0 and r € (—1,0), we define

Bry:={uc L*R)NL®[R): r< i%fu, supu < R}, (3.12)
R

to consider functions which may have small negative and large positive values.
First, we show that for any u € Bg, and for any small €, there exists a unique solution v to
the first equation (3.10) in L?(R) N L°(R) such that

0]l L2nLee < Crore®™ 2 Jull 2, (3.13)

where the positive constant Cr, is independent of € and ||u|| ;2. We use the contraction principle
for equation (3.10) which holds if p < 1. Let us denote the solution by v*(u).

Second, we show that, when v*(u) is substituted into equation (3.11), there exists a unique
solution u to equation (3.11) in Bg, near the solution wjeaq = Witat (€-) to the stationary log-KdV
equation in the Fourier form (3.5):

[u — Watas (€)] 2o < Cryx max{e® 2, €22} Was (€) | 12, (3.14)

where the positive constant Cg . ) is independent of e. We use a fixed-point argument for equation
(3.11). Note that no contraction principle can be applied directly neither to the full equation
(3.2) nor to the reduced equation (3.11) because even if the fixed point exists, the nonlinear
operator on the right-hand side is not a contraction operator in the neighborhood of the fixed
point. In particular, this fact is justified by the appearance of eigenvalue 1 > 1 in Proposition

11



3.4. Therefore, we have to regroup the left-hand and right-hand side terms of equation (3.11)
before applying fixed-point arguments.

Note that ||Witat(€e))||z2 = O(e~'/2) as € — 0, therefore, both corrections u — Wia and v are
small in L* norm if

1 1
2—2p—§>0 and 4p—2—§>0, (3.15)

5 6
that is, for p € <§, §> The optimal (smallest) bound occurs at p = 2/3 and corresponds to

the power 1/6 in the bound (2.8). Thanks to the positivity of Wi, we have r = O(e!/9) as
e — 0. At the same time, R = O(1) depends on A\ > 1 and can be as large as necessary (but
e-independent).

We now follow the scheme above and prove bounds (3.13) and (3.14). As explained above,
these bounds yield the first part of Theorem 1.

3.4 Proof of the bound (3.13)
The following lemma yields the bound (3.13).

Lemma 3.1. For R >0 and r € (—1,0), let u belong to the set B, defined in (3.12). For any
A>1,p € (0,1), and sufficiently small €, there exists a unique solution to equation (3.10) in
L*(R) N L**(R) such that

[0l 2o < Crre® ?P|luf 2, (3.16)

where the positive constant Cr, is independent of € and ||ul|;2. Moreover, the map Br, > u —
v € L2(R) N L2(R) is C*.

Proof. We write V/(w) = w + N.(w), where

€2

M@o:u+wf@—1—w=mgyum/ (1+w) " dz
0

and

w2 w2

N.(w1) — Ne(ws) = € /wl(l + :1:)62d$ + /w1 log(1+ ) (/06 (1+ J:)ydy> dx.

The function f(w) := log(1 + w)/w is strictly decreasing for w > —1 with f(0) = 1. As a
result, for every r € (—1,0), there is a positive constant C,. such that

IN(w)] < ECo(1+ [w) < |w], w7

and
2
|Ne(wq) — Ne(we)| < 0, (1 + max{|w|, \w2|})1JrE |wy —wel|, wy,ws =T

Note that C) may be chosen so that C, —>O 1.
r—

Therefore, we rewrite equation (3.10) in the equivalent form

= 5 A5 (F) (0(k) + F(Ne(u +0))(K)), k€ Ty, (3.17)

12



where Ajp(k) = ij(k)f\(k). Because |k| > €’ for k € J,, we note from (3.4) that there exists
an e-independent positive constant C' such that

1Az, L= < 1—Ce.

Let Ay ((u,v) = .7:_1(/1,\,6(11,17)) and consider Ay ((u,-) for a given v € Br, as a bounded
operator from L?(R) N L*(R) to itself. By Plancherel’s Theorem, we obtain

I
el 0z = =l )i

1A, laee (o2 + 1 Ne(os + 0)l]z2)
< (1= ) (Jollza + 01+ u+ ol )+ fu+ ol 2)

N

By Cauchy—Schwarz inequality, we also have

1o
Mxe(w, V)l < ol AN )
< 1Az ol + Ve + 0)llz2)
NG )
< (Bl + @O o)t vl )

Let u € Br, be defined by (3.12), where R > 0 and r € (—1,0) are fixed independently from
e. Recall that if p < 1, then €?? >> €2 as ¢ — 0. Also note that

Mxe(u, 0l z2nze < Crae?|lull 2,

where the positive constant Cg, is independent of € and ||ul|z2. Then, for every u in Br,, A > 1
and § > 0, for sufficiently small € > 0 (say, €2 < C9 for a small positive constant C), the operator
A e(u,-) maps the ball of functions v in L?(R) N L®(R) centered at zero with the radius § to
itself. Moreover, the operator A) ((u,-) is a contraction in this ball, using similar bounds,

Az, | Loz (Jvr — vallpz + | Ne(u + v1) — Ne(u + v2)]|2)
(1= Ce?)(1+ ECo(1+ R+ 8)) vy — va 2.

AN e(u,v1) = Ax e(u, v2)||L2npe <
<

Again, the contraction is ensured by the fact that €’ > ¢2 as ¢ — 0. Note that the Lipschitz
constant is bounded from above by 1 — C'e¢?” independently from R.

By the contraction mapping principle, for every given u in Bg,, A > 1, p < 1, and sufficiently
small € > 0, there exists a unique fixed point of the operator equation v = Ay ((u,v) in L*(R) N
L>(R) satisfying the bound (3.16), where €% is lost because of the proximity of the Lipschitz
constant to unity. Differentiability of the mapping Br, 2 u — v € L*(R) N L°°(R) also follows
from the contraction mapping principle, since the nonlinear operator A ((u,v) is differentiable
with respect to both v and v. ]

3.5 Proof of the bound (3.14)
The following lemma yields the bound (3.14).
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Lemma 3.2. For any fixed A > 1 and p € (%, g), let v € L2(R) N L¥(R) be uniquely expressed
in terms of u € Br, for some R > 0 and r € (—1,0) by Lemma 3.1, where Bg, is defined by
(3.12). For sufficiently small €, there exists a unique solution to equation (3.11) in Br, such
that

[ = Witat (€) || L2z < Crypa max{e'? 2, 2P| Wigas () 2, (3.18)

where Witat is the unique positive and even solution to the stationary log-KdV equation (2.7) and
the positive constant Cr . is independent of €.

Proof. By the Taylor expansion (3.4), we can represent A(k) for any k € 7, as

A 1+ Apem (k

A(k) = ++em()’ k| < €,
1+ k2

where the remainder term satisfies the bound

||XIPARemHL°° < CA€4P7

for a positive e-independent constant Cy. We now write V/(w) = w4+ €2(14+w) log(1+w)+ M, (w),
where

M (w) = (1—|—w)1+62—1—w—62(1—|—w)log(1—|—w)

2

= log*(1 +w) /O (/Ox(1+w)1+ydy> dx.

Recall that the function f(w) := log(1 + w)/w is strictly decreasing for w > —1 with f(0) = 1.
Therefore, for any r € (—1,0), there is a positive constant C, such that

1
M. (w)| < —e*C(1 + |w 1+62w2, w =,
2
and
2
| M (w1) — Mc(w2)| < 0, (1 + max{|w|, \wg|})1+€ max{|wi|, jwa| Hwi —wal|, wi,we =7

Note again that C}, may be chosen so that C), — 1.

r—0
Equation (3.11) can be rewritten in the equivalent form

2 ~
()\ + %) (k) — xz,(k)F((1 +u+v)log(l +u+v))(k) = He(a,0)(k), (3.19)
where
~ 2 A v
H(1,?)(k) := —%a(k) + € 2xz, (B) F(Me(u+v)) (k) + € *xz, (k) Arem (k) F (V! (u + v)) (k).

It follows from the above estimates that for sufficiently small €, the right-hand side of (3.19)
satisfies the estimate

1~ . A\e?P 1 2
\/—2—7r||He(U7U)||L2 < T lullze + 5ECHA + Hlu vlle) T lu+ wllpes [lu + o]l 2

+ CAEP2(1+ EC (1 + [Ju+ |20 ) ) Ju + v 2.
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Recall that if p < 1, then €72 > ¢ > ¢ as € — 0. Let v = v*(u), where v*(u) € L?2(R)NL>®(R)

is uniquely expressed in terms of u € L?(R) N L>°(R) by Lemma 3.1. Then, we obtain
L||He(ft7@*(ﬁ))llL2 < Oy (14 62_2PHU||L2)1+62 l[ull 2, (3:20)
V2T ’

where the positive constant Cr, is independent of € and ||u||y2. Since Z, is compact, we also

have

1, - eP/2

o IHe(@, 0 ()] < Ellﬁe(@ﬁ*(ﬂ))llm (3.21)

Let us define the set
Brrci={u€Br,: |ulp < Ce},

for some e-independent constant C' > ||[Wstat|| 2. If p belongs to the bounds (3.15) and u belongs
to B¢, then the term €2~ 2P||u| ;2 is bounded by a small constant as e — 0. For convenience, we
will simply omit this term in the upper bounds. In what follows, we use a fixed-point argument
in Br, c, which ensures that u satisfies (3.18).

Let H.(u,v) :== F~'H(i,). From (3.20) and (3.21) for u € Br,.c, we have

1 He(u, v* ()| 2z < Croe'2|ful 2. (3.22)

Since the mapping u +— v is differentiable and all nonlinear functions in H,(u,v) are differentiable
with respect to both u and v, the remainder term H(u,v*(u)) is differentiable with respect to u
in L2(R) N L*(R). A A
Next, we study the left-hand side of (3.19). We write it as F(u) + G¢(t,0), where
k’2

Fu@)(8) = (A 1hg ) 608) = xa, (0L + ) log(1 -+ ) (1)

and

~

Ge(0,0)(k) := —xz,(B)F((1 +u+v)log(l +u+v) — (1 + u)log(1 + u))(k).
Since the function f(w) := (1 + w)log(l + w) is differentiable for any w > —1 with f'(w) =
1+ log(1 + w), we have the bound
1 .
—=Ge(@, 0|2 < [[(1+u+0v)log(l+u+v) = (1+u)log(l+u)e
e

(1+Cplllog (1 +u+ v)|zoe ) [|v]| .2

<
< (L4 Grllu+ vl ze)[v]] 2

Using the bound (3.16) from Lemma 3.1 and a similar bound for ||Ge(@,9)]|11, we hence have for
(NS BR,T,C7

G, 8 (@) 2 < Cryr€® [lull 2 (3.23)
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Let Ge(u,v) := F1Ge(@,0). From (3.23), we have
1Ge(u, v* ()l 2nr0e < Cror€® P full 2. (3.24)

Again, G(u,v*(u)) is differentiable with respect to u in L?(R) N L (R).

It remains to study the leading-order part Fe(a), where we apply arguments based on the
implicit function theorem. Let us define F.(u) := F~Y(F.(a)). For any ¢ > 0, the nonlinear
operator F.(u) is a bounded operator from a subset of L2(R) N L®(R) to L*(R) N L>(R) thanks
to the bounds

1
V2T

and a similar bound for ||F.(4)||z:. The map u — F.(u) is C* thanks to the smoothness of the
function u — log(1 + u) on (-1, c0).

Consider the solitary wave Wyt solution to the stationary log-KdV equation (2.7) from
Proposition 3.2, and let wieaq = Witat(€-) be the corresponding solution to the same equation
written in the Fourier form (3.5). We have the relationship between the Fourier transforms of

1) 2 < (A T S Gl Hu||Loo>> Jull 2

12¢2(1-p

Wiead and Wigat:
T > —ikz 11— (k
wlead(k) = Wstat(ez) € dz = E stat E . (3.25)

o0

We further define an approximation of W, by truncating the Fourier transform we,q on 1z,
that is,

:27T

~ _ | 1o -
wapp(z) =F l(XIpwlead)(Z) _/I wlead(k)e F dk = % / . Wstat("ﬁ)e “dk. (326)
P —eP™

Since Wyt € H*(R) by Proposition 3.2, Sobolev’s embedding implies that Wy € C°(R),

which then implies that Wi, decays faster than any power at infinity. It follows from (3.26) for
p < 1 that the integration interval extends to the entire line as € — 0. As a result, for any s > 0,
we have an e-independent positive constant Cy such that for all sufficiently small € > 0,

l[wapp — Wiead [| L2nL < Cse”. (3.27)
The nonlinear operator F,(u) evaluated at u = waypy, is given in the Fourier form by
FlE(wapp )l (k) = Xz, (F)F((1 + wapp) 1og (1 + wapp)) (k) — Xz, (F) F (1 + wicad) log(1 + wicaa)) (k).

Consequently, thanks to the smoothness of the map u +— F.(u) in L?(R) N L>®(R) and the bound
(3.27), we obtain
[ Fe(wapp )| L2nL~ < Cs€®, (3.28)

for any s > 0 and sufficiently small e.
We rewrite equation (3.19) as the implicit equation

fe(u) = he(u,v), (3.29)
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where

_ k2 -t i ~ ~
fetw) == Flxg, <)\ -1+ @) (Fe(u) - Fe(wapp)) :
k2 -1 A A ~
he(u,v) = ]:_IXI,, <)\ -1+ @) (He(ﬁaﬁ) — Ge(@,0) — Fe(wapp)) :

Since A > 1, we infer from the bounds (3.22), (3.24) and (3.28) that for v € Bg, ¢,
e, v ()| L2z < Crn max{e™™2, 2P} ful| 2, (3.30)

where the positive constant Cg , ) is independent of € and ||u|| 2. Therefore, the right-hand side
of (3.29) is small in L?(R)N L>°(R) norm, if p satisfies the bounds (3.15) and u belongs to Br ¢
The left-hand side of (3.29) is zero at u = wypp.

Let us now consider the linearized operator 0, fc(wapp). In the Fourier form, the linearized
operator acting on U is given by

2

1
FlOuTwa)U)6) = 00—, (8) (A= 14 155 ) Fllog(1 + w0

Note that wapp(2) is an even function of z if Wyiae(x) is an even function of = because W//St\at(k)
is an even function of k£ and the truncation in the Fourier domain is taken symmetrically around
k = 0. Also note that the fixed-point problem (3.2) preserves the parity property in the space of
even functions. Therefore, we can consider u or U := u — wapp in the space of even functions.

Recall the unbounded Schrodinger operator Ly given by (3.7) and the bounded operator Sy
given by (3.8). Let us now define the bounded operator Sy, in the Fourier form by

2

L B2\ !
[S,\,pU](k) = XIp(k) (/\ -1+ @> F(log(1 4 wieaq)U) (k),

where we recall the correspondence between the Fourier transforms in x and z variables, see
(3.25). Therefore, we obtain the bound

1 1 1

LGSO = L 1

< (1262722 log (1 + wiead) U 22,

"F(log(l + wlead)U)(k)|2 dk

which yields, thanks to the positivity of wieaq,
1(Sx = Sap)Ull 12 < 126*|lwicaal| 2= |U]| 2. (3.31)

By Proposition 3.4, the linear operator I — Sy is invertible with bounded inverse on the
subspace of even functions in L?(R). Thanks to the bound (3.31), the linear operator I — Sy, is
also invertible with bounded inverse on the subspace of even functions in L?(R). Finally, thanks
to the bound (3.27), the linearized operator 0, fc(wapp) is also invertible with bounded inverse
on the subspace of even functions in L?(R). In other words, there is a positive e-independent
constant Cy such that for any sufficiently small € and any even function h in L?(R), we have

| [0 fe(wapp)] " Rl 2 < CAll| 2
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Since Z,, is compact, we then have

I [Oufe(Wapp)] " Bl 20 < CllR] 2. (3.32)

Writing © = wapp, + U, we can now apply the standard implicit function theorem to obtain a
unique solution U to the implicit equation (3.29) in L2(R) N L>(R) close to the zero solution for
small € > 0. In view of the bounds (3.30) and (3.32), the solution satisfies the bound

Ul z2nz0 < Crypmax{e ™%, 7} Jwapp ()] 2,

where the positive constant Cr, ) is e-independent. This bound yields (3.18) thanks to the
proximity between wieaq = Witat(€-) and wapp given by the bound (3.27). O

3.6 Proof of the bound (2.9)

By bootstrapping arguments, applied to the differential advance-delay equation (2.4), a solution
in L?(R) belongs to H>®(R), because V/ is smooth on (—1,00). Here we prove the bound (2.9)
for k = 1. The proof extends to every k& € N by similar arguments and by induction.

To control the derivative of the solution w = u + v of the fixed-point equation (3.1) in the
L*(R) N L*(R) norm, we multiply the two equations (3.10) and (3.11) by k. After multiplication
by k, equation (3.17) for k € J), is rewritten in the form

N I
ki) = T

We repeat the estimates in the proof of Lemma 3.1, after commutation of the Fourier transform
and of the multiplication operator by k, which becomes the derivative operator with respect
to z applied to the nonlinear function N (w). The nonlinearity w — N¢(w) is smooth since
w=r>—1.

Let By, be the set

(k) (ko (k) + kF(Ne(u+v)(k), ke T, (3.33)

Bg, ={u € Br, : 0.u€ L*(R)N L™(R), [[0.ull~ < R}. (3.34)

By the same technique as in the proof of Lemma 3.1, we obtain from equation (3.33) for sufficiently
small € that for any fixed A > 1, p € (0,1), R > 0, r € (—1,0), and any u € B}%Jﬂ, the unique
solution to equation (3.17) satisfies, in addition to the bound (3.16),

1020l 2z < Crae®?Pl|0:ull 2, (3.35)

where the positive constant Cr, is independent of € and ||u||g:.

We then proceed with analysis of equation (3.19), which we also multiply by k. From the
same arguments as in the proof of Lemma 3.2, we obtain, in addition to the bounds (3.22) and
(3.24),

10 H, (u, 0* (@) 2oz < Crpe 20,0 12 (3.36)
and
10:Ge(u, v* (W)l 2z < Crore® || 0zull 2, (3.37)

where v*(u) is obtained from equation (3.17) to satisfy the bounds (3.16) and (3.35). Applying
now derivative with respect to z to the implicit equation (3.29), we obtain

8zfe(u) = azhe(u’ U)’ (3'38)
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where the right-hand side satisfies the bound
10:he(u, v* ()| 2o < Oryx max{e® 2, €72} 0.ul 2. (3.39)
The derivative of the linearized operator 0, fc(wapp) applied to U is, by the product rule,

az (aufe(wapp) U) = aufe(wapp)azU + (8z8ufe(wapp)) U,

where the second term is bounded as

1 (020u fe(wapp)) Ull2 < CrpallOzwapp || L |U || 2 (3.40)

Using the bounds (3.32), (3.39) and (3.40), we obtain from equation (3.38) for sufficiently small
e that for any fixed A > 1, the unique solution to equation (3.29) satisfies, in addition to the
bound (3.18),

10:t — Otrappll 21pe < Crrr ma{e? 2, 220 |0, 1. (3.41)

where the positive constant Cr .\ is independent of e. Thanks to the proximity of derivatives
of Wiead = Witat(€:) and wapp, the bound (3.41) yields (2.9) for k = 1, since the error bound is
optimal for p = % and

10: Wetas(€:)|| 12 < Ce 12,

where the positive constant C' is independent of e.

4 Stability of FPU traveling waves near the log—KdV limit

This section presents the proof of Theorem 2.

Let (Wiray, Prrav) € CH(R,1%(Z)) denote the traveling wave solution to the FPU lattice (2.10)
with the squared speed ¢ = 1 + €2)\. The amplitudes (Wstat, Pstat) Of the traveling wave (2.13)
are solutions to the system of advance equations

~ c R. 4.1
Pl (2) = V (wggar(n — ct) — V! (wsag (n — 1 — b)), (4-1)

Properties of wgat are described by Theorem 1 for sufficiently small e.
For any fixed ¢, we decompose

{ —CWtat (2) = Pstat (2 + 1) — Pstat (2),

w(t) = weray (t) + W(t),  p(t) = prrav(t) + P(1),
and rewrite the system of FPU lattice equations (2.10) in the perturbed form

Wn = I'n4+1 — PTH
7.371 = ‘z,/(wstat ('n, - Ct))Wn - ‘z/,(wstat (n - 1 - Ct))Wn—l (42)

1~ 1~
+ §Vem(wstat (n— Ct))W?z - §Vem(wstat (n—1- Ct))WZ—l + R, (W),
where the remainder term R is cubic in W thanks to the smoothness of V; on (—1,c0). Therefore,

in the perturbed form (4.2), it is assumed that the solution w remains within the a priori bounds
(2.12), which happens if W, is sufficiently small for every n € Z.
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Let B, denote the ball in [*(Z) centered at zero with radius p > 0. Thanks to the embedding
of I?(Z) into I°°(Z), for any p > 0 small enough, there is a positive constant C, such that the
remainder term satisfies the bound

[BROV) iz < Cp Suglﬁ””(wstat(z))\ Wz, W e B,. (4.3)
1S

In what follows, such a number p is fixed, and C), denotes a positive constant that depends only
on p. Similarly to (4.2), we expand the energy (2.11) near the traveling wave

H:H0+H1+H2+HR, (44)

where

1 ~
Hy = 9 Zpgtat(n —ct) + Z Ve(wstat (0 — ct)),

nez neL
Hy = Zpstat(n - Ct)Pn + Z f/gl(wstat (n - Ct))Wny
nez neL
1 1 ~
Hy = 53 Prtg > Vwaa(n—c))W,
nez ne”L

and the remainder term Hpg satisfies the bound

|Hr| < Cp Sggl‘l’"(wsmt(@)\ VI (4.5)
z

From the time conservation of H, it follows that H is independent of ¢. This can be checked
by explicit differentiation, using the system (4.1),

dHy,

0 =3 b — ) [~ bluae (1) + V(e (0 — 1 = ) =V (wsar (0 — et))] =0,

ne”Z

On the other hand, H; is no longer constant. Using (4.1) and (4.2), we obtain

dH .-
d—tl = gz [pstat(n — Ct)Pn + ‘/s/l(wstat (n - Ct))(pstat (n + 1- Ct) — Pstat (n - Ct))Wn}
= 5 2 wha(n = )V (wstas(n = )W + S, (4.6)
nez

where the remainder term satisfies the bound

1Srl < Cp Slel]g|‘7e,/,/(wstat(z))w;tat(z)‘ VI, (4.7)

which follows from the bound (4.3).
We shall now recall that

€2

V/(w) =1+ +w)", V(w)=e(1+e)1+w) !,
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and so on. Since the negative part of wgat is as small as O(el/ 6), see Remark 2.2, H5 is a convex
quadratic form with the lower bound

1 1
Hy > 5HPII% + §||W||l22. (4.8)

Using the bound (2.9) for £ = 1, bounds (4.7) and (4.8), we can estimate the balance equation
(4.6) as follows:

dH
| < Gt Wi <2080+ o

dt

as long as ||[W||;2 < p, where the positive constant C, is independent of €. As a result, we obtain
the lower bound
1t

Hi(t) = Hi(0) > 20,81 +p) | H(t)a' (4.9)

Now, using the energy expansion (4.4) as well as the bounds (4.5) and (4.9), we can write

1t
H— Hy— Hi(0) > —2C,e*(1+p) | Ha(t)dt' + Ha(t)(1 — Cre?p). (4.10)
0

By Gronwall’s inequality, we obtain

H — H() - Hl(O) eC’PeSM’

Hs(t) <
2(t) 1—-Cue?p

(4.11)

where C‘p is another positive e-independent constant. Since H — Hy — H;(0) is t-independent, we
can express it at t = 0 by

H — Hy— H(0) = Hy(0) + Hp(0) < C28°, (4.12)

where C’g is yet another positive e-independent constant and the initial bound (2.14) is used.
When 7y > 0 is given, the bounds (4.8), (4.11), and (4.12) imply the stability bound (2.15) with

Cy > 2ép€%épTO,
for € € (0,¢p) and 7 € [—79, 70|, with sufficiently small constants ¢y > 0 and dp € (0, 1). Possibly
decreasing dg, so that 6y and Cydg become less than p, Theorem 2 is proved.
5 Justification analysis for time-dependent solutions

This section presents the proof of Theorem 3. In fact, it is a modification of the arguments in the
proof of Theorem 2. The arguments follow quite closely to the method described by Schneider
and Wayne [27], where the interaction of counter-propagating waves has also been included. We
add this section for completeness, as well as for comparison with stability theory of traveling
waves in FPU lattices as described by KdV-type equations.
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From the assumptions of Theorem 3, we know there exist constants ry and Ry such that
—1<rw <W(E,7)<Rw, (€R,T€[—T0,71] (5.1)

For €y > 0 small enough, for all € € (0,¢€p), initial data (winic, Pini,c) satisfying the bound (2.18)
are such that all the terms in the sequence wiy; . are greater than some r > —1 independent of €.
Thus there exists a solution (w,p) € C*([~Tp, T1],13(Z)) to the FPU lattice equations (2.10), at
least for small times 7,77 > 0. We show that, with ¢y small enough, we can ensure Ty > Toe 3
and Ty > 713, together with the approximation (2.19).

Let us use the decomposition

wn(t) = W(e(n — 1), E3) + Wy(t), pn(t) = P.(e(n —1t),é3t) + Pu(t), n € Z, (5.2)

where W (&, 1) is the considered smooth solution to the log-KdV equation (2.16) (and thus W
is e-independent), whereas the e-dependent function P (&, 7) is found from the truncation of the
first equation of the system (2.10) rewritten as

P&+ e,7) = Pe(&,7) = —eOW (&, 7) + €0 W (€, 7). (5.3)
We look for an approximate solution P, to this equation, under the form
P.:= PO 4 epM) 1 2p® 4 3pB), (5.4)

with functions PU) decaying to zero as & goes to infinity. Plug this ansatz into (5.3) and collect
together the powers of e:

O(e) : 9P = —0: W, satisfied when P = —W,
1
O(€®) : 0. P + %85213(0) =0, satisfied when P = §8§VV,
1 1
0(63) : 85P(2) + %85213(1) + %3?13(0) satisfied when P = —gagw — 5g(V[/')7
= — 5 08W = 30e9(W),
. 1 1
O(e') : 8£P(3) +%8€2P(2) + %853]3(1) satisfied when P®) = —853W + —0eg(W),
1 54 p(0) 48 4
+3510; P =0,

where g(w) := (1 + w)log(1l + w). Note that equation (5.3) is satisfied by the expansion (5.4)
only approximately up to the terms of formal order O(e®).

Recall from the proof of Theorem 1 that we can write the nonlinear potential in the perturbed
form

V/(w) = w + g(w) + M. (w),

where )

M, (w) = log?(1 + w) /0 </Ox(1 +w)1+ydy> dz.

Substituting the decompositions (5.2) and (5.4) into the FPU lattice equations (2.10), we obtain
the evolution problem for the error terms

Wi(t) = Pag1(t) — Palt) + Res (1),

Pn(t) = Wh(t) = Wh-1(t)
+ 2g' (W (e(n — t), E))Wy(t) — €29 (W (e(n — 1 —t), 1)) W,_1 (1)
+ Ra(W,W)(t) + Res{(t),

(5.5)
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Ru(WW) =€ (g(W(e(n —-),€%) + W) — g(W(e(n —-),€%)) — g (W(e(n —-),€) )W)
e (gW(e(n —1 =), ) + Wn1) = g(W(e(n — 1 =), *)) = g'(W(e(n —1—-),¢*))Wy1)
+ M (W(e(n—-),e3) +Wy) — Mc(W(e(n —1—"-),€) +W,_1)
and
Res( () == €D W (e(n — 1), 3t) — 0, W (e(n — 1), €3t)
+ Pe(n+1—1),%) — P.(e(n —t), 3t)
Res(? (t) == €de Po(e(n — t), 1) — €0, Po(e(n — t), €%t)
+Wie(n —t),e3t) — W(e(n — 1 —t), %)
+ Eg(W(e(n —t), %)) — 2g(W(e(n — 1 —t), €%t)).

Lemma 5.2 below deals with estimating the nonlinear and residual term of the system (5.5).
Its proof relies on the following lemma, which is an improvement of Lemma 3.9 from [27].

Lemma 5.1. There exists C > 0 such that for all X € HY(R) and € € (0,1],
lzlle < Ce V21X g,
where x, := X(en), n € Z.

Proof. We first prove the above inequality when X is in the Schwartz class. Denote z,, := X (en),
and let Z : R — C be the 27-periodic C*° function defined by

_ § :xnefznG’

nez
so that 1
Ty = — &(0)e™dl, nel.
27
On the other hand, by the inverse Fourier transform applied to X, we have
Ty = / X (k) e dk
- L@
2me oo €

1 @m+1)7 p ;
T Z:Z/@m—l)w * (Z) e

- L Z/ <9+27Tm> L9 gg.
e .

Due to the decay of X , summation and integration can be interchanged. Then, the 27-periodic
1 s [0+ 2

C* function 0 — — Z X (ﬂ
€

€
meZ

j:(@):—z <9+2”m>, feR.

meZ

> has the same (inverse) Fourier coefficients as Z, so that

they coincide:
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Now, using Parseval’s equality, we estimate the [> norm of z,

1 T s [0+ 2mm |2
2 _
ot = 5o [ |2 % (F) [

meZ

0 + 2mmy 0+ 2mmeo
<W/ 1 G |
T mi,mo€Z
0+ 2mmy 0+ 2mmeo
g X[ () ()
mi,moE€Z

Inserting the weights (1 + m2m?/e?)~1(1 + 72m3/e?)~! and using Cauchy-Scwarz inequality, we

get
/ % 0 + 2mmy % 0 + 2mms 40 < 1 ! 1 !
o € € 1+ 72m35/e2 1+ n2m3/€?
1 ™ 2.2\ 2 R 9 2 1 T 2 9\ 2 . 9 2
y _/ 1+7Tm1 b 0+ 2mmy d0—|——/ 1+7Tm2 0 + 2mmeo aw)
2/, €2 € N €2 €
Summing with respect to m; and meo, the two terms in the right-hand side above result in the
same quantity, so that

2,,2

1 1 Tm
2 2
]l < Ire2 Z 1+ 72m2/e2 Z <1+ €2 >/
mi1€Z 1

mo€Z -

s

2

€

For € € (0,1], the first term in the product takes values between 1 and Y, ., (14 7?m?)~! < cc.
The second term can be compared with the H' norm of X:
1 [e.e]

2 2 % 2
IXI = 5 (1+k)‘X(k)‘ dk

ZQMZ/AHW+%W)X@%WW

For any m € Z, 6 € [—m, «], we have (0 + 2mm)? > m2m?, so that the factor (1 + (0 + 27m)?/e?)
is bounded from below by (1 + 72m?/e?). This gives the desired inequality with

1
C:= Z (1 + 7m2m2)1/2’

meZ

2
dé.

When X belongs to H!(R), we can consider a sequence {X ) },.cy of functions in the Schwartz
class converging to X in H'. For each € € (0,1] and n € Z, X (en) tends to X (en) as k tends
to infinity, and Fatou’s lemma concludes the proof. O

Lemma 5.2. Let W € C([—79,11], H*(R)) be a solution to the log-KdV equation (2.16), for an
integer s = 6 and 19, 71 = 0. Assume that there exists ry > —1 such that W > ry. Then, there
exists a positive constant Cyy such that for all t € [—m0e 3,7 3] and € € (0,1],

[Res™ (8)]l2 + [|Res® (#)]],2 < Cwe”2. (5.6)
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Furthermore, for eg € (0,1] and for all € € (0, ], let WE € C([—10e 3, 716 73],12(Z)) be such that,
for some r > —1 and R > 0 independent of e,

—1<r<W(en—1),E)+Wi(t) < R<oo, n€Z, te[-Toe > me . (5.7)
Then, there exists a positive constant Cy. pw such that, for all € € (0, €], we have
IRV V) @)z < Crrw (EIW @)1 + VD)2 + €72), ¢ € [~r0e %, e (5.8)
In addition, the constant C,. grw may be kept with the same value when €q is decreased.

Proof. To obtain the part of estimate (5.6) concerning Res™ (t), we use the definition (5.4) of
P., the expressions of the P)’s as linear combinations of derivatives of W and g(W), and Taylor
expansions. The coefficients of €, ..., ¢* vanish, due to the fact that W is a solution to the
log—KdV equation (2.16). As a consequence, Res(l)(t) is then expressed as a sum of integrals of
the form

1 1
& / (1= P RW(e(n —t+7),8)dr and & / (1= 1) O2g(W)(e(n — t + ), t)dr.
0 0

with 0 < k < 4 and 0 < I < 1. The associated [? norm is them easily estimated in terms of
|[W || z6, thanks to Lemma 5.1. The proof of the rest of estimate (5.6) concerning Res(® (t) follows
the same lines.

To prove the bound (5.8), we recall that for all » > —1, there exists C, > 0 such that for all
wi,wy = 1 and € > 0,

[Me(w1) = Me(wz)| < €Cy (14 maxc{|wn |, jwa[}) ' max{|wi], [ws|}ewr — w]. (5.9)
Then, using again Taylor expansions, we get

IRW W)@z < C(Ellg" (W (el — 1), )l W + e W (el — 1), )]z [Wllie
+E[[ (DWW (e(- — 1), €))nezlliz) ,

which yields the bound (5.8). O

Thanks to Lemma 5.2, we complete the proof of Theorem 3 using energy estimates. When
€0 > 0 is given, we consider for each ¢ € (0, ¢p) initial data (wipi, Pinie) satisfying the bound
(2.18). Fixing

rw — 1

ri=— € (—=1,rw) and R:=2Rwy > Ry,

with €y small enough, we can define for each € € (0, ¢g) a local-in-time solution (w,p) to the FPU
lattice equations (2.10), decomposed according to (5.2), and then set

Ti(e) == sup {Tp € (0,706 *]: 1T < W(e(n—1),et) + W,(t) < R, n€Z, te[-Tp0]}
and
Ti(e) :=sup {T1 € (0,71€?]: r<W(e(n—1),e%) +Wyn(t) <R, neZ te0,T1]}.

We shall prove that for ¢y small enough, we have T§(e) = moe > and T} (€) = Ty 5.
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Let us define the energy-type quantity
1

Et) =5 S [P+ WEE) + €9 (W(eln — 1), E))Wa(t)] . (5.10)
neZ
With ey < min (17 ||2g’HZ°1°/(2rW Rw))’ from the bounds (5.1), we get, for € € (0, ¢),

IPOIE + W7 <4EE®), te (=15, T7).
Taking derivative of £ with respect to time ¢, we obtain

%(t) = 3 [PaORAW V) + Pu®ResP ()

nez
+ W ()1 + 29/ (W (e(n —t), e3))|ResD (1)
2

+ 59" (W (e(n = 1), ENW2 (D) (—ede + E0)W (eln — 1), %)

Then, using Lemma 5.2 and the Cauchy—Schwarz inequality, we estimate

d& 3
‘E < Pl IRV W) i + [Pz lRes® |2 + 5 Wiz

Res(l)Hl2 + SCw W%
< Owel? (69/2 L S3gl? 4 625> ,
with a new constant Cyr. Choosing Q = £/2, we rewrite the energy balance equation in the

form
9|
dt

By Gronwall’s inequality, we obtain

Cw (69/2 +63Q—|—62Q2) .

Q(t) < (0(0) + Cyw e 2t]) e Wl t e (=17, T7).

Now, the bound (2.18) ensures that ||(W,P)||z2 is O(¢%/2) at t = 0, so that from the definition
(5.10) of £, Q(0) is also O(e%/?), for € small enough. Thus, we get

Q(t) < Cyw (1 + max(o, 7)) /20w max(rom) = ¢ (73 TF). (5.11)

Finally, choosing €y so that the right-hand side in (5.11) is so small that

1
W] < mox (S5 )

shows that for all € € (0,¢), T (€) = 06> and T} (¢) = T1e 3. Theorem 3 is proved.

Remark 5.1. Using instead of (5.2) an asymptotic expansion

K
wa(t) = Wleln—1),e)+ > FWH(e(n —1), ) + Wi(2),

k=1
K+3
pa(t) = Y EPW(e(n—1), )+ Pu(t),
k=0
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at any order K € N, together with expansion of f/e/ (w) in powers of €2, we could improve the
approximation (2.19), replacing Coe®/? by Cxe®+3/2 for any K € N. The approximation time
remains O(e~?) in such an improved approximation. Here the correction terms {W(k)}kK:]L satisfy
a sequence of linearized log-KdV equations with source terms, whereas the correction terms
{P(k)}kK:JB3 are found from the expansion of equation (5.3) in powers of e.

6 Discussion

The comparison of the two results given by Theorems 2 and 3 raises a serious concern on the
validity of the KdV-type approximation for the stability theory of the traveling waves in the FPU
lattices. On one hand, Theorem 2 yields nonlinear stability of the FPU traveling waves up to
the time scale of O(e~3) at which the traveling waves are proved to satisfy the specific scaling
leading to the KdV-type approximation. On the other hand, Theorem 3 shows that the nonlinear
stability of the FPU traveling waves may depend on the orbital stability of the traveling waves in
the KdV-type equations. It happens for the log-KdV equation (2.16) that the positive traveling
waves are orbitally stable for all amplitudes [15]. However, it does not have to be the case for all
KdV-type equations.
For instance, if we consider the FPU lattice (2.10) with the nonlinear potential

2

~ 1
Ve(w) = §w2 + Zﬁwpﬂ, for an integer p > 2,

the results of Theorems 2 and 3 hold true but the generalized KdV equation takes the form
1
2W. + EW§§§ + (Wp)g =0. (6.1)

The generalized KdV equation (6.1) is known to have orbitally stable traveling waves for p = 2,3, 4
and orbitally unstable traveling waves for p > 5 [1]. Thus, it may first appear that the results of
Theorems 2 and 3 are in contradiction.

No contradiction arises as a matter of fact. The energy methods used in the proof of Theorems
2 and 3 give the upper bounds on the approximation errors (2.15) and (2.19) to be exponentially
growing at the time scale of €3t, that is, on the time scale of 7. The unstable eigenvalues of
the linearized generalized KdV equation (6.1) at the traveling waves (if they exist) lead to the
exponential divergence at the time scale of 7, which can not be detected with the approximation
results provided by Theorems 2 and 3.

Therefore, within the approximation results of Theorems 2 and 3, we are still left wondering
if the traveling waves of the FPU lattice with the nonlinear potential V. for ¢ > 0 small enough
are nonlinearly stable at the time scale of 7 = €3¢. What the stability result of Theorem 2 rules
out is the presence of the unstable eigenvalues of the size O(e?) for any ¢ < 3 in the linearized
operator associated with the FPU lattice as in [8]. However, unstable eigenvalues of the size
O(e?) for g > 3 are still possible.

Note that the result of Theorem 2 does not depend on the nonlinear potential V. as long as the
latter provides the specific scaling leading to the KdV-type approximation. We did not have to
construct the two-dimensional manifold of the traveling waves or use projections and modulation
equations from the theory in [7, 8, 9]. Although this theory gives a complete proof of nonlinear
orbital stability of FPU traveling waves of small amplitudes, it relies on the information about
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the spectral and asymptotic stabilities of the KdV traveling waves, which is only available in the
case of the integrable KdV equation (6.1) with p = 2 (such information may also be available in
the case p = 3, since the corresponding so-called “modified KdV” equation is integrable as well).
It is not clear at the present time if any bits of the information needed to proceed with the theory
in [7, 8, 9] can be obtained for the log-KdV equation (2.16), although the existing theory in [15]
excludes unstable eigenvalues and guarantees nonlinear orbital stability of the traveling waves in
the log-KdV equation.
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