Fall 2020 Partial Exam M2

Representation theory

2020.11.16, 9:30-13:00

Exercise 1. Let A and B be k-algebras. Let M be a A-B-bimodule, let N be a right B-module
and P be a left A-module.

1. Show that

Fyp : Hompop(M,N) ®4 P — Hompop(Hom (P, M), N)
p@p — (f 9o f(p)
is a well defined k-linear map.
2. Show that the map Fy p is functorial in M and P.

3. Show that if N is injective and P is finitely presented, then F)s p is an isomorphism.

For M € Mod A we denote by M” := Homy(M,Q/Z) € Mod A°P the Pontrijagin dual of M.

4. Let X — Y be a A-linear map. Show that it is surjective if and only if X — Y/ is
injective.

5. Deduce that any finitely presented flat module is projective.

Exercise 2. Let A be a k-algebra.

1. Let 0 Xty -"">7 0 be a short exact sequence of A-modules. Assume
that there are two short exact sequences

f

0 P, j A 0 0 01—~ 0Qy-2>X 0

with Py, P1, Qp, @1 projective modules.

(a) Show that there exists a surjective map Py ® Qo — Y.



(b) Show that there exists a map h : P; — Qg such that the sequence
g 0
~h f

2. Let k be field, and @ be a quiver without oriented cycles. For i € Qg a vertex, denote by
S; the 1-dimensional K @-module associated to vertex i.

0——=P & Ph®dQo——Y ——0

is exact.

(a) For any i € Qq, show that there is a short exact sequence

0= @B  kQeya) = kQei = S — 0
a€Q1,s(a)=t

(b) Deduce that if M is a finite dimensional k@Q-module, then there exists a short exact
sequence of the form

0 Py Py M 0

with Py and P; projective.

(c¢) Describe such a sequence for @ given by the following quiver

4 3 2 1

and M given by the following representation

0 k<—Fk 0

Exercise 3. Let A be a k-algebra.
For X and Z in Mod A, we denote by Ext!(Z, X) the set of (Y, u,v) where Y is in Mod A,
and u: X — Y and v:Y — Z are A-linear maps such that

0 X2y Y7 0

is a short exact sequence. We define on Extl(Z, X) the following equivalence relation (Y, u,v) ~
(Y’ u/,0") if there exists an isomorphism ¢ : Y — Y such that the following diagram commutes

0— XY Y7 —>0

0 Xty Ys7 0

We denote by ExtY(Z, X) the set of equivalences classes.



. Show that the set of split short exact sequences form a class in Ext!(Z, X) that we will
denote by ez x.

. What can we say about the set Ext(Z, X) if Z is projective ?

. Let 0 K-—‘sp Z 0 be a short exact sequence. We define a map dx :
Hom (K, X) — Ext}(Z, X) as follows. If f : K — X be a A-linear map, §x(f) is defined
to be the class of a short exact sequence defined by the following commutative diagram

0 K P z 0,
v
0 X Y z 0

where the left square is a push-out.

Show that Jx is well-defined.
. Show that the composition

Hom 4 (¢,X)

Homu (P, X) Hom 4 (K, X) -2~ Ext(Z, X)

is the constant map to ezx.

. Show that if f, f/ € Homa (K, X) satisfies dx (f) = dx(f’), then f — f" is in the image of
Hom 4 (4, X).

. Deduce that if P is projective, then Ext!(Z, X) is in natural bijection (via dx) with the
cokernel Hom 4 (i, X) and that it induces a structure of k-module on Ext!,(Z, X) for which
€zx 18 the zero element.



