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Higher preprojective algebras and stably
Calabi—Yau properties

CLAIRE AMIOT AND STEFFEN OPPERMANN

In this paper, we give sufficient properties for a finite-dimensional
graded algebra to be a higher preprojective algebra. These
properties are of homological nature, they use Gorensteiness and
bimodule isomorphisms in the stable category of Cohen—Macaulay
modules. We prove that these properties are also necessary for 3-
preprojective algebras using [18] and for preprojective algebras of
higher representation finite algebras using [5].

1. Introduction

Preprojective algebras play an important role in many different parts of
mathematics. Such an algebra is associated to a quiver () without oriented
cycles. It has been defined by Gelfand and Ponomarev in the 1970s to
get a better understanding of the representation theory of the path alge-
bra of the quiver (). Recently, in the context of higher Auslander—Reiten
theory, Iyama generalized the definition of preprojective algebras. If A is
a finite-dimensional algebra of global dimension d — 1, its d-preprojective
algebra T14(A) is defined as the tensor algebra Ty Ext.'(A, A®) where A°
is the enveloping algebra A ®@j A°P. It is naturally a positively graded alge-
bra. The bimodule Extjijl(A,Ae) is the zeroth cohomology group of the
inverse of the “canonical bundle” Homy (A, k)[—d + 1] in the derived cate-
gory DP(mod A). In the case where A satisfies some geometrical properties
(Fano, quasi-Fano, etc), its preprojective algebra has also been studied in
the context of non-commutative algebraic geometry (see [12, 21, 22]).

In this paper, we are interested in the properties that characterize finite-
dimensional preprojective algebras. For d = 2, the preprojective algebra Il =
II2(kQ) is finite-dimensional if and only if @ is a Dynkin quiver and, in
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that case by a classical result, the algebra II is self-injective and there is a
functorial isomorphism

Ext;(X,Y) = DExt{(Y, X)

for any X,Y € mod II. So in other words, the triangulated category mod II
is 2-Calabi—Yau. The duality above comes from an isomorphism

Homyp (I1, I1°) = Q3. 11(1)

in the stable category of graded bimodules gr-II° (where II(1) is the graded
bimodule II shifted by 1). This isomorphism can also be written as

RHomyy (I1, 11%)[3] 2 TI(1)  in D"(gr-11°) /gr-perf I1°

using the triangle equivalence gr-II° = D" (gr-II°)/gr-perf II°. The main
result of this paper is the following.

Theorem 1.1 (Theorem 3.1). Let Il = P, IL; be a finite-dimensional
graded algebra satisfying the following properties:

(a) pdim DII = idimII < d — 2, that is, II is of Gorenstein dimension <
d—2;

(b) RHomyp (1, T1¢)[d + 1] = TI(1) 4n DP(gr-11°) /gr-perf I1¢; and

() Bxt? ;1. (ILII(i)) = 0 for all i < 0 and j > 0.

Then 11 is isomorphic as a graded algebra to I14(A) for some algebra A of
global dimension at most d — 1.

Property (b) can be understood as an algebraic (and graded) enhance-
ment of the property stably Calabi-Yau for the algebra II. In particular,
it implies that the stable category of maximal Cohen—Macaulay modules
over Il is a d-Calabi—Yau triangulated category. Gorensteinness and stably
Calabi—Yau property are homological properties that appear naturally in
the study of preprojective algebras (see [20]). Therefore (a) and (b) are nat-
ural hypotheses to consider. Hypothesis (c) becomes also natural when the
algebra II has finite global dimension (see Observation 3.3).

In a second part of the paper, we show that in certain situations also
the converse of the above theorem holds. We prove that properties (a)—(c)
are satisfied by the finite-dimensional preprojective algebras for d = 2 and
3 (Theorems 5.1 and 5.7). Moreover, using the results of Dugas in [5], we
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prove that properties (a)—(c) hold for self-injective d-preprojective algebras
for any d. More precisely we prove the following.

Theorem 1.2 (Theorems 4.8 and 5.9). The map Ar—1I;(A) gives a
one-to-one correspondence between (d — 1)-representation finite algebras A

and finite-dimensional  self-injective  graded algebras 11  satisfying
RHomyye (TT, T1¢) [d + 1] = TI(1) in DP(gr-11°) /gr-perf T1°.

This result is very similar to Theorem 4.35 of [12] that asserts that
the preprojective construction gives a one-to-one correspondence between
(d — 1) representation-infinite algebras A and homologically smooth algebras
IT satisfying RHompe (IT, 11°)[d] =2 TI(1) in DP(gr-TI°).

Plan of the paper

The paper is organized as follows. We start in Section 2 with preliminaries
on graded Gorenstein algebras, and Cohen—Macaulay modules, and define
the notion of bimodule stably (1)-twisted d-Calabi-Yau algebras. The main
result of the paper is proved in Section 3. Section 4 gives an interpretation
of the Gorenstein dimension of a d-preprojective algebra II;(A) in terms of
some Hom-vanishing in the category DP(mod A). In Section 5, we prove that
the converse of Theorem 3.1 is true for d = 2 and 3, and for preprojective
algebras of (d — 1)-representation finite algebras.

Notation

All algebras in this paper are finite-dimensional algebras over a field k.
For an algebra A, we denote by A® the tensor algebra A ® A°P. The dual
Homy (A, k) of A is denoted by DA. When nothing else is stated explicitly,
tensor products are over the field k.

2. Preliminaries
2.1. Graded algebras and graded modules

Let A=,y An be a positively graded algebra. For a graded A-module
M = ,,c; My, and for any p € Z, we denote by M(p) the graded module
D,.cz Mnyp, which is the degree n part of M (p) is M. We denote by gr-A
the category of finitely generated graded A-modules. Morphisms in gr-A are
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graded morphisms homogeneous of degree 0. The category gr-A is an abelian
Krull-Schmidt category.

By an abuse of notation, for M € gr-A we will denote by M € mod A its
image in mod A under the forgetful functor gr-A— mod A. Note that the
A°P-module Homy (M, A) = P,z Homg, a(M, A(p)) is naturally graded.

We write

gr-proj<o A = add{A(i) | i > 0},
gr-proj-o A = add{A(7) | i < 0}

for the subcategories of gr-proj A of projectives generated in positive, respec-
tively, in non-positive, degrees.

For an additive category A, we denote by K»~(A) (resp. K’(A)) the
homotopy category of right bounded (resp. bounded) complexes of objects
in A.

Proposition 2.1. Let A be a positively graded algebra, such that Ag has

finite global dimension. Then DP(gr-A) = K~ (gr-proj A) has a semiorthog-
onal decomposition

Kb’_(gr—proj A) = <Kb (gr-projy A), Kb’_(gr—proj <0 A)> .

That is, we have Homgy, - (gr-proj A) (Kb(gr—projgo A), K>~ (gr-proj. o A)) =
0, and for X € K»~(gr-proj A) there is a triangle

X<o X Xso0.
~—~ ~—
€KP(gr-proj, A) €K (gr-proj., A)
Remark 2.2. It follows that the triangle in Proposition 2.1 is functorial in

X. We will denote by (—)so and (—)<o the functors in the triangle.
This semiorthogonal decomposition has already been used in [23].

Proof of Proposition 2.1. Since A is positively graded the space
Homg, 4 (A(7), A(j)) vanishes whenever j < i. It follows that

Homg,_proj 4 (gr-proj<o 4, gr-proj.g A) = 0,

and thus we have the Hom-vanishing of the proposition.
To obtain the triangle, we observe that any graded projective is the
direct sum of a graded projective generated in non-positive degree and a
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graded projective generated in positive degree. Choosing such decomposi-
tions for all terms of a right bounded complex X of graded projective A-
modules gives rise to a short exact sequence X¢g>—> X —> X and thus to
a triangle in the homotopy category, where Xy € Kb’*(gr—projgo A) and
X-0 € K> (gr-proj.y A). Finally observe that, since Ay has finite global
dimension, we may assume that only finitely many terms of the complex are
not generated in positive degrees, that is X¢ is also left bounded. ([

2.2. Graded Cohen—Macaulay modules

Definition 2.3. An algebra A is said to be Gorenstein if its injective dimen-
sion (denoted id A) and the projective dimension of its dual (denoted pd D A)
are both finite. For such an algebra, the Gorenstein dimension of A is the
integer id A = pd A. We define the category of (mazimal) Cohen—Macaulay
modules by

CM(A) := {X € mod A | Exty(X,A) =0 for i > 0}.
If moreover A is a graded algebra, we denote by

gr-CM(A) := {X € gr-A | Exty(X,A) =0 for i > 0}
the category of graded (maximal) Cohen-Macaualy A-modules.

The next result is the graded version of a famous triangle equivalence
[3, Theorem 4.4.1] (see also [19, 24]).

Theorem 2.4. Let A be a graded Gorenstein algebra, then gr-CM(A) is a
Frobenius category and there is a triangle equivalence

DP(gr-A)/gr-perf A — gr-CM(A).

Because of this equivalence, we will use the notation gr-CM(A) for the
category DP(gr-A)/gr-perf(A). That is, we may write M = N in gr-CM(A)
even if M and N are not Cohen—Macaualy modules.

The next two lemmas are classical results on maximal Cohen—Macaulay
modules that will be used in this paper.

Lemma 2.5. Let A be a graded Gorenstein algebra of dimension g. For
X € gr-A, its gth syzygy Q9(X) is Cohen—Macaulay.
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Lemma 2.6. Let A be a graded Gorenstein ring and M a graded A-module.
Then there is a short exact sequence

K> oM —> M

with pd K < 0o and oM € gr-CM A.
In this situation oM is called a Cohen Macaulay replacement of M.

Proof. This fact is well known, but we include a sketch of the proof for the
convenience of the reader.

Sufficiently high syzygies of M are Cohen—Macaulay by Lemma 2.5,
so the claim trivially holds for them. Assume we already found the upper
sequence in the diagram below:

approx.
) e > Py
Kict = =n (M) == 7

The right vertical sequence is the defining sequence of QM , and the middle
one is obtained by taking a left projective approximation of CM(QiM ) and
its cokernel. We obtain an induced map as indicated by the upper dashed
arrow, which can be assumed to be split epi (by enlarging P;_; if necessary).
Then we obtain the desired sequence in the lower row of the diagram. Indeed,
K,_1 has finite projective dimension since both the kernel of Pj_; — P;_;
and K; do. O

Remark 2.7. The proof above also shows that, provided M is generated
in degree 0, we may choose ;M to only have projective summands which
are generated in degree 0.
Lemma 2.8. In the setup of Lemma 2.6, the following are equivalent:

(1) Vj > 0Vi<0: Ext!_,(M, A(i)) =0 and

(2) K can be chosen such that it has a projective resolution in gr-proj<o A.
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Proof. Since oM is Cohen-Macaulay, applying the functor
Homyg, 4 (—, A(7)) to the short exact sequence, we obtain isomorphisms

Ext! (M, A(i)) = Ext] (K, A(i)) for all j > 1
and an exact sequence

Homyg, 4 (M, A(i)) > Homgya (M, A(3)) —>
— Homg, 4 (K, A(i)) — Exty, 4 (M, A(3)).

(1) = (2): Pick a minimal projective resolution of K

0 Py Py K.

Let j be the leftmost position such that P; is not contained
in gr-projy A (assuming such a term exists). It follows that
Extér_A(K, A(7)) # 0 for some i < 0. By (1) and the discussion above it
follows that 7 =0. Thus K has a non-zero direct summand in
gr-proj- o A. Since Extér_A(M, gr-proj. g A) = 0 such a summand can
be split off of the short exact sequence.

(2) = (1): Since K has a projective resolution in gr-projg 4,
Extér_ 4 (K, A(4)) vanishes for all i < 0 and all j. The claim then imme-
diately follows from the discussion above. (]

2.3. Stably graded Calabi—Yau algebras

Definition 2.9. A Gorenstein graded algebra A is called stably (p)-twisted
d-Calabi—Yau if there is a functorial isomorphism

DExt!

gr—A(X7 Y) = @g;ix(y(l))a X)

for any X,Y € gr-CMII and for any i € Z.

Definition 2.10. A graded algebra A is called bimodule stably (p)-twisted
d-Calabi—Yau if there is an isomorphism

RHom 4:(A, A°)[d + 1] = A(p) in gr-CM(A®).

The integer p is called the Gorenstein parameter.
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Remark 2.11 (see [10]). Recall that a bimodule (d + 1)-Calabi-Yau alge-
bra is a homologically smooth algebra satisfying

RHom 4. (A, A%)[d + 1] 2 A in DP(gr-A°).

So the choice of d for the Calabi—Yau dimension in our definition could seem
strange. But the reason of our choice is motivated by the following result.

Theorem 2.12. Let A be a finite-dimensional graded Gorenstein algebra
which is bimodule stably (p)-twisted d-Calabi-Yau, then A is stably (p)-
twisted d-Calabi—Yau.

Proof. This can be shown using an Auslander—Reiten formula in gr-CM A as
it is done in [27, 3.10; 14, Theorem 8.3] for local isolated singularities. Here
we give a different argument using the description of the category gr-CM A
as the localization DP(gr-A)/gr-perf A.

From [17, Lemma 4.1] we know that for any X,Y € DP(gr-A) there is a
functorial isomorphism

L
D HOme(gr_A) (X,Y) = HOme(gr_A) (RHom 4 (A, A®) ®4 Y, X).

Moreover since the algebra A is Gorenstein, the functor

RHom 4. (A, A°) é) 4 — sends any perfect complex to a perfect complex.
Therefore, we can apply [1, Proposition 4.3.1] to deduce that the category
DP(gr-A)/gr-perf A has a Serre functor whose inverse is given by
RHom 4. (A, A®)[1] @%A —.

Now for any objects X,Y € gr-CM A and for any i € Z we have functo-
rial isomorphisms

DExt}, 4(X,Y) = DHom,, 4(X,Y[i])

L
= Hom,, 4 (RHomae(A, A°)[i +1] @4 Y, X)

It

L
7H0mgr—A (A[Z - d] (p) ®aY, X)
I—Ioin’lgr—A(}/ p)7 [d - Z])
Extg " (Y (p), X). O
Note that if A is bimodule stably (p)-twisted d-Calabi-Yau, then it is

bimodule stably d-Calabi—Yau as an ungraded algebra. Therefore, by the
same argument the stable category CM A is d-Calabi—Yau.

Il

12
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Remark 2.13. For a self-injective (or a Frobenius) algebra, the non-graded
version of Definition 2.10 coincide with the definition of Frobenius d-Calabi—
Yau algebra [8, Definition 2.3.6]. In this setup, Theorem 2.12 is [8, Theo-
rem 2.3.21].

2.4. Higher preprojective algebras

Let A be a finite-dimensional algebra of global dimension d — 1. We denote

L
by S4—1 = —®a DA[—d + 1] the composition of the Serre functor with the
(d — 1) desuspension of the bounded derived category DP(mod A). It is an
autoequivalence of DP(mod A). We denote by 74_1 the composition

Sa— 0
! DP(mod A)

mod A —— DP(mod A) mod A.

The algebra A is called 74_1-finite if the functor 74_1 is nilpotent.

Definition 2.14 ([16]). The d-preprojective algebra of A is defined to be
the tensor algebra

I4(A) := Tp Extd '(DA, A).

It is immediate to see that we have II;A = P, 7,7, A as A-bimodules.
Hence the algebra A is 74_1-finite if and only if I1;(A) is finite-dimensional.

3. Homological characterization of finite-dimensional
preprojective algebras

In this section, we prove the main result of the paper, that gives a sufficient
condition for a finite-dimensional graded algebra II to be the d-preprojective
algebra of its degree zero subalgebra.

3.1. Main result and strategy of the proof
Theorem 3.1. Let Il be a finite-dimensional positively graded algebra, and

an integer d > 2, such that

(1) II is Gorenstein of dimension at most d — 2, that is idII = pd DII = g,
for some g < d—2;

(2) II is bimodule stably (1)-twisted d-Calabi-Yau; and
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(3) Ext’

gr_HO(H, I1°(3)) = 0 for alli < 0 and 7 > 0.

Then A =11y is a T74_1-finite algebra of global dimension < d—1, and II is
the d-preprojective algebra of A.

The main ingredient of the proof is the triangle

<o I <o in DP(gr-I¢)

given by Proposition 2.1, that is a decomposition of the projective bimodule
resolution of IT according to the degrees the projective bimodules are gener-
ated in. More precisely, the strategy of the proof consists of the computation
of the cohomology groups of the triangle

Mo @5 A—TT@E A—Tlog ®% A—  in DP(gr-Tl @ A%P).

Let us start by reformulating some of the conditions. By Lemmas 2.6
and 2.8 and Remark 2.7 there is a short exact sequence of I1°-modules

K> M —TI,

such that K has a finite projective resolution, with terms generated in non-
positive degree, and M is a Cohen—Macaulay [1°-module, all of whose pro-
jective summands are generated in degree zero.

Observation 3.2. We may reformulate the condition that II is bimod-
ule stably (1)-twisted d-Calabi-Yau (condition (2)) by adding the following
isomorphisms (in gr-CM(II®)) in front of and after the defining one:

def
RHompe (M, I1%)[d + 1] = RHompe (IT, I9)[d + 1] = T1(1) 2= Q& I[d + 1)(1).

Note that since M is Cohen—Macaulay we may drop the R in the left-
most term. Moreover by condition (1) we have that also Q%}HH is Cohen—
Macaulay. Thus, under condition (1), condition (2) is equivalent to

Homppe (M, T1°)(—1) = Q&I
up to projective summands generated in degree 1.

Observation 3.3. When we consider the special case where II has finite
global dimension, conditions (1)—(3) are very easy to check. Then we imme-
diately have gl.dim IT = g, so condition (1) holds whenever gl.dim IT < d — 2.
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Moreover condition (2) vacuously holds. Thus it remains to consider condi-
tion (3).

Lemma 3.4. IfIl is a positively graded algebra with finite global dimension.
Then condition (3) is equivalent to I1 being concentrated in degree 0.

Proof. If TI is concentrated in degree 0, then clearly (3) holds.

Conversely, assume that II is not concentrated in degree 0. Then there
are two graded simples S and T such that Extér_H(S, T) # 0, where S is
concentrated in degree 0 and 7' in some positive degree. Now, considering
the injective resolution of S (note that this is concentrated in non-positive
degrees) and the projective resolution of 7' (which, similarly, is concentrated
in positive degrees), we find that Ext?(DII, TI(j)) # 0 for some positive i and
negative j. ([

On the other hand, we see that under condition (1) the degree 0 part of
IT also has global dimension < d — 2, so the d-preprojective algebra of Il is
IIy. In other words, II is the d-preprojective algebra of its degree 0 part if
and only if it is concentrated in degree 0.

This indicates that, at least in the special case of Il having finite global
dimension, condition (3) actually is the “correct” condition here.

3.2. The global dimension of A

Proposition 3.5. In the setup of Theorem 3.1 we have gl.dim A < d — 1.

Proof. Tt suffices to show that pdy. A < d— 1. We have the following iso-
morphisms of A®-modules:

Q4.A = (Q¢.10),

=~ (Qpidt), since Q4. IT is CM (Assumption (1))
=~ (Qp! Hompe (M, TI°)(—1))o by Observation 3.2

> (Hompe (Qrr M, 11°) (—1))o

= Homg,.rre (Que M, TI°(—1)).

From the short exact sequence K > M —>1I, it is easy to construct a short
exact sequence K’ > Qe M —> Qe Il with K’ having a projective resolution
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in gr-projo I1°. Thus Homg,.pre (K', TI°(—1)) vanishes and we have
Homg,.rpe (1 M, 11°(—1)) = Homgy-g1e (711, II°(—1)).
Therefore we have
04 (A) = Extyy . (ILII°(—1)) = 0
by assumption (3). O
3.3. Proof of Theorem 3.1
We start with a technical lemma that will be useful.
Lemma 3.6. In the setup of Theorem 3.1 we have an isomorphism
H(ITso @% A) = HF4(II(—1) @ RHom (DA, A))  in gr<(II ® A°P)

foralli > —d+ g+ 1, where g is the Gorenstein dimension of II.
In particular

H (T @ A) 2 TI(—1) @5 Ext$ (DA, A)
and

Hi(Ilso @k A) =0 Vi>0.

Proof. Since K has a projective resolution with terms in gr-proj, II° we
have

Mso = Mo in DP(gr-I1°).

From Observation 3.2 we know that the graded Cohen—Macaualy II°-
modules M and Homnc(Q‘rl[fIH,He)(—l) are isomorphic up to projective
summands generated in degree 0. Thus

H>O & (HomHG(Q?{tlﬂa He)(_]‘))>0

Next we denote by P the complex formed by the first d + 1 terms of a
graded projective resolution of II as II®~-module. Thus we have a triangle

QEHId) — P—T1 in DP(gr-11°).
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Applying the functor (RHompe (—[—d],II¢)(—1))s0 we obtain
(RHomyy. (IT[—d], TT°) (1)) 2 —> (Homr. (P[], ) (~1)) o
— H>0 —

Observe that since Qf.II is Cohen-Macaulay, the complex
RHomy- (Qf}.I1, II°) is concentrated in homological degree 0, hence the com-
plex RHomp(IT,1I°) is concentrated in homological degrees 0,...,g.
Therefore, the complex

RHomye (IT[—d], IT°)(—1) = RHompy. (I, IT°) [d](—1)
is concentrated in homological degrees —d, ..., —d + g. Thus the complex
RHomy (II[—d], I1°) (—1) ®% A

is also concentrated in homological degrees < —d + g.
It follows that for ¢ > —d 4+ g + 1 we have

(3.1) H' (o @ A) 2 H (Homppe (P[—d], II°) (1)) s @% A)
>~ HH ((Homppe (P, 11°)(—1)) s % A).
Moreover, observe that
(Homyge (P, 1) (—1)) s = Homyge (P, 1)~ _; (—1) = Homyye (P, IT%)(—1).

Since II is a positively graded algebra, P¢q is generated in degree 0. Hence
Pep =11 ® Q ®I1, where @ is the complex formed by the first (d + 1) terms
of a projective resolution of Iy = A as A°-module. Since gl.dimA < d — 1,
Q is a projective resolution of A as A®-module, this leads to

(3.2) (Hompe (P, 11I°)(—1)) >0 = IT @5 Hompe(Q, A®) @4 II(—1).
Combining (3.1) and (3.2) we obtain

H' (I @ff A) 2 H™((Homp (P, T1°)(—1)) 0 @1 A)
=~ HH (T @, HomAe(Q, A®) @5 TI(—1) @1 A)
=~ HH(I(—1) ®F RHomp. (A, A°))
~ HH9(TI(—1) ®% RHomy (DA, A))

fori>—-d+g+1.
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Now since g < d—2, we have g —d+ 1< —1. Moreover the global
dimension of A is at most d — 1, so the complex RHomy (DA, A) is con-
centrated in degrees < d — 1. Hence we have

H(T1(—1) % RHomy (DA, A)) 2 T1(—1) ®4 Ext? (DA, A) fori= —1
=0 for ¢ > 0.

This finishes the proof. 0

We now obtain the following short exact sequence, which is an essential
ingredient to our proof.

Proposition 3.7. In the setup of Theorem 8.1 we have a short exact
sequence of graded 11 ® A°P-modules

(—1) ®p ExtC (DA, A) =TT —> A,
where I1—> A is the natural projection.

Proof. Consider IT as an object in DP(gr-II°), and the triangle

<o II 15N
given by Proposition 2.1. Applying the functor — ®1% A we obtain a triangle
Moo @ A—TT@F A—Tlog ®% A—  in DP(gr-Tl @ A%P).

Recall that from Observation 3.2, Q&I and Hompy. (M, T1°)(—1) are iso-
morphic up to projective summands generated in degree 1. Hence we have
the following isomorphisms in D (gr-II1°):

(') <o = (Hompye (M, T1°)(—1)) <0
= (Homype (II, 1I°) (—1))<o  since the projective resolution
of K is generated in non-positive

degrees

I
o

since II is a positively

graded algebra.

So we get II¢g = Pgo = Il ®p @ ® II where @) is a projective resolution of A
as A®-module. Therefore we obtain II¢g ®ﬁ A =11
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Since we clearly have I ®& A = A we obtain an exact sequence

H 1 (IIso @5 A) =TT — A —> H(I1. o @ A).

Now the claim follows from the “in particular” part of Lemma 3.6 above.
O

By Proposition 3.7 we have an isomorphism of graded II ® A°P-modules
I(—1) ®p Ext{ (DA, A) = TI.

The next proposition shows that this is enough to identify II as the tensor
algebra Ty Extld\_l(DA, A) and thus finishes the proof of Theorem 3.1.

Proposition 3.8. Let Il be a positively graded ring, A =11y, and X a
A ® A°P-module. Assume there is an isomorphism

II(—1) @a X =150

of graded II ® A°P-modules.
Then, as graded rings,

II=TrX.

Proof. Let h: II(—1) ®x XiH>0 be as in the assumption.
We define an isomorphism of graded A ® A°P-modules

p: TpX —11
iteratedly by g = idp and by letting ¢, be the composition

_ ®an Pn-1 ® ldX ~
(TAX)n =X Hn—l KA X = Hny

where the last isomorphism is the degree n-part of h.
It only remains to check that ¢ respects the ring-multiplication. It suf-
fices to check that
Pram(f ® g) = en(f)em(g)

for any f € X®" and g € X® ™, We show this by induction on m. For
m = 0 this is just the A-linearity of ¢,,. For m = 1 we have

o1 (f ©9) E h(palf) © 9) = ea( /)AL ® 9) € 0n(f)o1(9)-
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For m > 1 we may assume that ¢ = x ® ¢’ for some x € X. (An arbitrary
element is a sum of elementary tensors, but since all maps involved are linear
it suffices to consider a single elementary tensor.) Now

Prtm(f ©9) = prim(f @z @)
= ont1(f @) om-1(49") by inductive assumption

= @n(f)‘/?l(x)@m—l(g/) by the case m =1
= on(f)p1(z®4g) by inductive assumption
= @n(f)pm(9)- O

Observation 3.9. Since II is a finite-dimensional algebra, it follows that
A is 14_q-finite, since this is equivalent to Ty Extji\*l(DA,A) being finite-
dimensional.

4. The Gorenstein dimension
4.1. Gorenstein dimension and cluster tilting subcategories

In this section, we express the Gorenstein dimension of the algebra II of The-
orem 3.1 in terms of certain vanishing of extensions in the derived category
DP(mod A). We start with the following result/definition.

Theorem 4.1 ([1, 5.4.2]; [13, 1.22]). Let A be a 74_1-finite algebra. Then
the category

U = add{S}_|A |i € Z} CDP(modA)
is a (d — 1)-cluster tilting subcategory, that is,
% ={X € D°’(mod A)| Exty (%, X)=0Vi=1,...,d — 2}
= {X € DP(mod A)|Exty (X, %) =0Vi=1,...,d — 2}.
Note that if I is an algebra as in Theorem 3.1, its degree zero subalgebra
A is always 74_1-finite, so the result above applies. The aim here is to express

the Gorenstein dimension g of II using the subcategory % . More precisely,
the main result of this section is the following.

Theorem 4.2. In the setup of Theorem 3.1 the Gorenstein-dimension g of
IT is given by

g=d—1+4max{i <0 | Homps(meqr)(%, % [i]) # 0}.
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The proof of this theorem consists of two main steps: first, in Lemma 4.3
and Proposition 4.4, we calculate g in terms of the non-vanishing of homolo-
gies of the complex IT @% RHomy (DA, A). Second we show that this descrip-
tion coincides with the right-hand side term given in the theorem.

Lemma 4.3. In the setup of Theorem 3.1 we have
HY(IT @% RHomp (DA, A) =0 Vie{g+1,...,d—2}.
Proof. By Lemma 3.6 we have
HY(IT ®% RHomp (DA, A)) = H- 4 (ITsg @5 A) Vi > g+ 1.
Looking at the proof of Proposition 3.7 we see that
Hi(Tlso @5 A) =0 Vi# —1.

The claim follows from these two statements. O

We now prove a converse of Lemma, 4.3.

Proposition 4.4. In the setup of Theorem 3.1 we have
g =max{i < d— 2| H(Il @ RHom, (DA, A)) # 0}.

Proof. We have the inequality “>” by Lemma 4.3. It remains to show that
HI(IT ®% RHomy (DA, A)) # 0. To do so, we analyse what happens in the
proof of Lemma 3.6 for i = —d + g. As in the proof there, we obtain the
triangle

(RHomyy. (I[—d], T1°) (= 1))>0 @1; A~ (Homire (P[~d], TI°)(=1))>0 @ A
—II5g ®ﬁ A—

where P is the complex formed by the first (d+1) terms of a projective
resolution of II as a graded II-bimodule. Since H!(ITsg ®% A) = 0 for i # —1
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it follows that

H'((RHomyp (IT[—d], IT¢) (—1))s0 @5 A)
= H'((Hompe (P[~d], II°) (=1))>0 ®1j A)

whenever ¢ < —1. In particular

HY((RHomyre (I, 11°) (1)) 5 ®1t A)
= H9~((RHompre (TI[—d], T1°) (1)) 50 ©ff A)
= H9~((Homp (P[—d], 11°)(—1))0 ©ff A)
(since g — d < —2)
= H9((Homp (P, T1°)(—1))50 @ A).

As in the proof of Lemma 3.6 we observe that

(Hompe (P,T1°)(—1))s0 @f A 2 (Homyze (P<o, TI°) (=1)) ®F A
>~ [I(—1) ®% Homp (Q, A°)
(—1) @k RHomy (DA, A),

where () is a projective resolution of A as a A-bimodule. Hence it suffices to
show that

(-1
(-1

>~

HY((RHomyge (T, 1°) (—1) ) s @5 A) # 0.

Since the complex RHomype (I, I1I¢) is concentrated in homological degrees
at most g we have

H((RHomy (IL I1°) (1)) 0 ®ff A) = H((RHomyy. (IL, T1°) (—1))>0) @ A

Tensoring with A cannot kill a finitely generated II-module, so it suffices to
show that

HY ((RHompe (I, TI¢) (— 1)) ) % 0.

By assumption (3) the homology of the complex RHomp. (II, II°)(—1) of
graded II°-modules is concentrated in positive degrees, and hence we have

(RHomye (I1, IT°) (—1) ) >0 = RHompe (IT, II¢) (—1).
Thus it suffices that

HY (R Hompe (I, [1¢) (1)) # 0,

=Ext? (I,IT¢) (—1)
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which holds by definition of g. ]
Therefore to prove Theorem 4.2 it is sufficient to prove

max{i < d — 2 | H(II % RHomu (DA, A)) # 0}
=d —1+max{i < 0| Hompps(mea ) (%, %i]) # 0}.

For the proof, we prepare the following two lemmas.

Lemma 4.5. Let A be an algebra of global dimension at most d — 1. Assume
for some j = 0 and some p < —1 we have

H(S;7,(A) =0 Vie{p,...,~1}.

Then
ig— I+l ~ TTi(Q— —j .
H(S;UTV(A)) = (S, (7 A) Vi > p.

Proof. Since A has global dimension < d — 1 an easy induction shows that
the functor S;7, preserves the left aisle DP(mod A)S? of the canonical ¢-

structure of D”(mod A). Therefore S;f 1A is in negative degrees and we can
consider the triangle

trunc<*(S;7, (A)) — S;7, (A) — HO(S;7,(A)) —,

where trunc<°X is the usual truncation of the complex X. Applying S;_ll
to it we obtain the triangle

Sy, (trune<0(S;7 | (A))) — S7U () — S (77 A) — .

By assumption we have that trunc<0(S;Z ((A)) is concentrated in degrees
<p—1. Hence S;* (trunc<%(S;?,(A))) is also concentrated in degrees <
p — 1. Thus the triangle gives the desired isomorphism of homologies. O

Lemma 4.6. Let A be an algebra of global dimension at most d — 1. The
following are equivalent:

(1) Vi € {p,...,—1} ¥j > 0: H(S;? (A)) = 0;and
(2) Vi€ {p,...,—1} ¥j > 0: H(S; (7,7, A)) = 0.
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Proof. Condition (1) = (2) follows immediately from Lemma 4.5.
Condition (2) = (1) follows from Lemma 4.5 by induction on j. O

Now we are ready to prove Theorem 4.2.

L
Proof of Theorem 4.2. We first note that RHomp(DA,A)®, — is the
inverse Serre functor on D(mod A), and that IT is isomorphic to >0 T A
as a A-module. Hence we get the following equivalences for £ < d — 2:

. L
HY(RHomp (DA, A) @, 1) =0 Vie {(,...,d—2}
— H(SHIO) =0 Vie{l,...,d—2}

— HY(S™ 1(76;31/\))_0 \me{e L d—2YVj >0
= H(S (17 N)=0 Vie{-d+1+(...,—1}Vj>=0
= Hi(S (J“( A)=0 Yie{-d+1+¢...,—1}¥j>0

where the last equivalence is Lemma 4.6 for p = —d + 1+ £.
We may drop the restriction to non-negative j, since S;ﬁ 1(A) is concen-
trated in positive degrees for negative j. So we have

A L
H'(RHomp (DA, A) @A IT) =0 Vie{(,...,d—2}
— H(S,”(A)=0 Vie{-d+1+4...,~1}Vj
<~ Home(modA)(Aa%[i]) =0 Vie {—d+ 1+4,..., —1}.
Therefore we get the equality
max{i < d — 2 | H(II % RHomy (DA, A)) # 0}
=d—14+max{i <0| Home(modA)(%a U i]) # 0},

which finishes the proof of Theorem 4.2. O
4.2. The self-injective case

The situation of Theorem 3.1 is especially nice when the Gorenstein
dimension g of the algebra II is 0, that is when II is self-injective. In that
case, we prove that the algebra II is the preprojective algebra of a (d — 1)-
representation finite algebra.

Definition 4.7 ([15, Definition 2.2; 16, Theorem 3.1]). A 7;_;-algebra
A is said to be (d— 1)-representation finite if the subcategory % C
DP(mod A) is stable under the Serre functor, that is S% = % .
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Theorem 4.8. Let Il be a finite-dimensional self-injective positively graded
algebra which is bimodule stably (1)-twisted d-Calabi—Yau. Then A =Tl is a
(d — 1)-representation finite algebra and there is an isomorphism of graded
algebras I1 = T14(A).

In order to prove this result, we introduce a technical definition.

Definition 4.9 ([16]). Let A be a 74_;-finite algebra. We say that A has
the vanishing of small negative extensions property (vosnex for short) if

HOHlDb(mOdA)(OZ/,aZ/[Z']) =0 Vie {—(d — 3), ceey —1}.

From Theorem 4.2, we immediately deduce the following result, giving
an equivalent but more transparent characterization of what it means for an
algebra to satisfy the vosnex property.

Corollary 4.10. In the setup of Theorem 3.1 the following are equivalent:

(a) the graded algebra II has Gorenstein dimension < 1,

(b) the algebra A =Ty has the vosnex property.

Using this corollary together with Theorem 3.1 and some results in [16],
we achieve the proof of Theorem 4.8.

Proof of Theorem 4.8. First note that an algebra is self-injective if and only
if it is Gorenstein of dimension 0. Moreover if II is self-injective, then it
clearly satisfies hypothesis (3) of Theorem 3.1. Hence II is the d-preprojective
algebra of its degree zero part A. Moreover, by Iyama and Oppermann [16,
Corollary 3.7], the vosnex property implies that A is a (d — 1)-representation
finite algebra. O

5. Bimodule Calabi—Yau properties of preprojective algebras

Throughout this section k is assumed to be an algebraically closed field.

By a classical result due to Ringel [25], if @ is an acyclic quiver, the
2-preprojective algebra II of the hereditary algebra k(@) is the usual pre-
projective algebra of @Q. If @ is Dynkin, then it is well known that II is
self-injective, finite-dimensional and that mod IT is 2-Calabi—Yau.

On the other hand, if A is a mo-finite algebra of global dimension 2, its
preprojective algebra II = II3(A) is the endomorphism algebra of a cluster-
tilting object in a 2-Calabi—Yau category [2, Theorem 4.10]. Hence by Keller
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and Reiten [20, Theorem 3.3], the algebra II is Gorenstein and the stable
category CMII is 3-Calabi—Yau.

More generally, if A is a 74_1-finite algebra of global dimension d — 1, its
preprojective algebra IT = II;(A) is the endomorphsim algebra of a (d — 1)-
cluster-tilting object in a (d — 1)-Calabi-Yau category by Guo [9, Theo-
rem 4.9]. If moreover A is (d — 1)-representation finite, the stable category
modIT is d-Calabi-Yau by Iyama and Oppermann [16, Corollary 4.6] (see
also [5, Proposition 3.3]).

In this section, we prove that these Calabi—Yau properties can be
deduced from bimodule properties of the preprojective algebra. More pre-
cisely, we prove that in the above cases, the preprojective algebra satisfies
the properties (1)-(3) of Theorem 3.1.

5.1. Classical preprojective algebras

Let @ be an acyclic quiver. Then the 2-preprojective algebra Ily(kQ) =
Tro Ext}CQ (DkQ, kQ) is given by the double quiver @, obtained from Q by
adding for any a: ¢—> j an arrow a : j —> 4, with the preprojective relations:
> acQ, 4@ — aa. The functor 7 is isomorphic to the Auslander—Reiten trans-
lation of DP(mod kQ). Thus kQ is 7y-finite if and only if the quiver Q is of
Dynkin type.

Using this description, we prove the converse of Theorem 3.1 for the
case d = 2.

Theorem 5.1. Let A be a basic T1-finite algebra of global dimension < 1.
Then the 2-preprojective algebra II:=TIa(A) satisfies the following
properties:

(1) II is self-injective (=Gorenstein of dimension 0); and

(2) II is bimodule stably (1)-twisted 2-Calabi-Yau.

In particular, mod Il is a 2-Calabi—Yau category.

Note that the self-injectivity of II immediately implies that
Exty . (IL, II°(i)) vanishes for all i and all j > 0, so condition (3) of Theo-
rem 3.1 is automatically satisfied.

Proof. Condition (1) is well known (see [7]).
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Denote by P, the first three terms of the minimal projective resolution
of IT as a graded II-bimodule. Then P, is of the following form:

da
P 1e; @ eT1(—1) — ) (TMey(a) @ es@I(—1) & Meg(q) ® eg(q)TT)
1€Q0 a€Qq

dq
- @ Hei & eZ-H,
1€Qo

where the maps d; and do are given on components by

a—>1

dl : Het(a) &® es(a)H —>Ile; ® ;11

r(a) ® Es(a) > aei ®e; —e; ®eja

and

i—>a
d, e @ Il — Tleg () @ egq) 1 @ legq) ® eg(q)ll
e Qe Z €; @ €5(q)a + ey (q) @ €;

a, s(a)=t

([6, 26] for a non-graded version).

Then one easily checks that Homye(dg,II¢) 2 d;i(1), that is
Homppe (Py, 11¢)[2] 2 P, (1) in KP(gr-proj I1¢). Hence taking H~2, one obtains
Homyy. (I, I1¢) 2 Q3 (I1)(1) in gr-II°, which implies (2) by Observation 3.2
(note that II is Cohen-Macaulay by (1)). O

5.2. The case d = 3

For the case d = 3, we use a result due to Keller which shows that any 3-
preprojective algebra is given by a quiver with potential. So we start by
recalling some definitions due to Ginzburg [10] and Derksen et al. [4].

Definition 5.2. Let @ be a quiver, and W a potential, that is a (possibly
infinite) linear combination of cycles in (). Then the associated Jacobian
algebra, is

J = Jac(Q, W) = kQ/(0.W | ¢ € Q1),

where l;@ is the completion of path algebra kQ, and 0, is the unique linear
map such that 9,p = > vu for a path p.

p=uav
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Observation 5.3. Let (Q, W) be a quiver with potential. We have

kQo = J/Rad J, and
kQ1 = the kQo ® kQyP-module generated by the arrows of Q.

The complex

da dq
(5.1) @ Jesa) @ ey(a Jﬂ @ Jegq)y®e (a)JH @Jez(@e“]
a€Q1 a€Qq 1€Qo

is the beginning of a projective resolution of J as J°-module.
Here the maps are given on components by

a—>1

d, s deg(a) ®eg(a) — Jei @ e
€r(a) @ Es(a) T 0 D €; — €; @ ea
a—>b
and d, = 0y pW, where for a cyclic path p we define
Oap(P): Jes(a) ® ex(a)y] — Jegp) ® egpy
€s(a) @ €x(a) T Z €s(a)U2Et(b) & Cs(b)U3U1Ex(q)

p=ujauzbus

+ Z s(a)U3U1 () @ E5(p)U2€t(q)

p=uibuzaus

Observation 5.4. Let II be a finite-dimensional algebra, and let {e; | i €
{1,...,n}} be a complete set of idempotents. Then

Ile; ® e;11 — Homypy. (Ile; ® e;11,11°),

a1€; ® ejag —> blej ® e;bg — blejaz ® aie;by
is an isomorphism for any 4,j € {1,...,n}.

Lemma 5.5. Let (Q,W) be a quiver with potential. Let a and b be two
arrows of Q.
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Then, with the identification of Observation 5.4,
Hom je (0g s W, J¢) = Op o W.

Proof. 1t is enough to check this for a cyclic path p. More precisely, we have
to check that

i 0 Opa(p) = Hom e (0o p(p), J¢) 01,

where ¢ is the isomorphism of Observation 5.4. This can be verified by a
straightforward calculation. O

There is a link between 3-preprojective algebras and Jacobian algebras
given by the following result.

Theorem 5.6 (18, Theorem 6.12(a)]). Let A be a basic finite-
dimensional algebra of global dimension < 2. Let Q be the quiver of A, and
let R be a minimal set of relations, such that A = kQ/(R) and such that R
is the disjoint union of sets representing a basis of the Ext?\-space between
any two simple A-modules.

Then there is an isomorphism Tx Ext (DA, A) = Jac(Q, W), where Q
is obtained by adding to Q an arrow a, :t(r)—>s(r) for each r € R, and
W =3 crarr. The grading on Ty Ext3 (DA, A) is given by the arrows of
Q having degree 0, and the arrows corresponding to the relations having
degree 1.

Using Keller’s description of 2-preprojective algebras as Jacobian alge-
bras, we can prove the converse of Theorem 3.1 for the case d = 3.

Theorem 5.7. Let A be a mo-finite algebra of global dimension < 2. Let
I =Ty Ext%(DA, A) be the associated 3-preprojective algebra. Then

(1) II is Gorenstein of dimension < 1;

(2) II 4s bimodule stably (1)-twisted 3-Calabi-Yau; and

(3) Ext. (I, 11°()) = 0 for all i < 0 and all j > 0.
In particular, the category CM1I is 3-Calabi-Yau.

We start by the following lemma which gives an equivalent condition for
(2) in terms of the second syzygy of II.
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Lemma 5.8. A finite-dimensional graded algebra of Gorenstein dimension
< 1 is bimodule stably (1)-twisted 3-Calabi-Yau if and only if there is an
isomorphism Homppe (011, 11°) 2 Q. TI(1) in gr-CMII°.

Proof. First note that since the Gorenstein dimension of I is < 1, QpeIl is
Cohen—Macaulay by Lemma 2.5. Therefore Q. (II) is also Cohen-Macaulay
and does not have any projective direct summands. Then we observe that

RHomye (IT, T1°) [4] 2 TI(1) in
<= RHomp. (II[-2],1I°
<= Homppe (Qf I, 11°) = QF.II(1) in gr-CM(II°)

= Homype (0411, 11°) = Q&.T1(1) in gr-CM(II°).

n gr-CM(II?)
= T1[-2]

) = M[-2](1) in gr-CM(II?)

The last equivalence holds since both Homye (% I1,11°) and Q%.II(1) are
Cohen—Macaulay without projective summands. O

Proof of Theorem 5.7. Condition (1) holds by Keller and Reiten [20, Propo-
sition 2.1].

By Theorem 5.6, there exists a quiver with potential (Q, W) with an
isomorphism II 2 Jac(Q, W). We consider the graded version of the exact
sequence in (5.1), and its terms by

@ Heg(q) @ eg(o)II(—1 + dega),

acQ,

P = @ Hey(q) ® eg(q)Il(—dega), and
a€©1

Py = @ Ile; ® BZH(O)
i€Qo

By Lemma 5.5, keeping track of the external grading, we have
(52) Homne(dg,l_[e) = dg(l)

We denote (—)Y = Hompe (—, I1°). Since the Gorenstein dimension of IT
is < 1, the cokernel of dy is Cohen—Macaulay, and we have an isomorphism

(Cokerds)¥ = Ker(dy ).
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Using (5.2) we get the following isomorphisms:

(Q%I1)" = (Imdy)" 2 Coker((Coker dz)” = PY')
>~ Coker(Ker(dy) = P')
= Coker(Ker(dz(1)) > P»(1))
>~ Imdy(1) = QFII(1).

Hence we get (2) by Lemma 5.8.

By (1), ExtJ;. (II,1I°) vanishes for j > 2.

Denote by N the maximal summand of QpIl without projective sum-
mands. The module N is Cohen—Macaulay and we have QpeIl =2 N @ P. The
projective module P is a summand of P; and the induced map P, — P van-
ishes. Since the arrows of degree 1 correspond to minimal relations of A, and
hence also to certain minimal relations of Tx Ext3 (DA, A), P is generated
in degree 0, that is P € add I1¢(0).

Now since II is bimodule stably (1)-twisted 3-Calabi-Yau, we have iso-
morphisms

Homp (N, 11°) =2 QF.N(1) = Q3.TI(1) in gr-CMII°

The right isomorphism holds since Q3HeH does not have any projective sum-
mands.
Now we have

Exty, e (I, T1°(4)) & Homygy.qre (QureIT, T1°(4))

(Homne (QHeH, He))i

=~ (Homy (N, I1°)); @ (Homppe (P, I1°));
(Q3.10);21 © (Hompe (P, T1%));.

I

12

Now if i < 0, (Homype (P, I1¢)); clearly vanishes since P, hence Hompye (P, 11°)
are generated in degree 0. Moreover since gl.dim A < 2 the minimal projec-
tive resolution of II is generated in strictly positive degrees from position 3
on, that is (Q§.II)<o vanishes and thus claim (3) here holds. O

5.3. The (d — 1)-representation finite case
Theorem 5.9. Let A be a (d — 1)-representation finite algebra. Then its d-

preprojective algebra 11 is finite-dimensional self-injective and stably bimod-
ule (1)-twisted d-Calabi—Yau. In particular, modII is d-Calabi—Yau.
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Proof. Finite-dimensionality and self-injectivity are proved in [16, Corol-
lary 3.4].

Let A be a (d — 1)-representation-finite algebra. Then the category %
is a (d — 1)-cluster tilting subcategory of DP(mod A), which satisfies % =
% |d — 1]. Moreover, the category DP(mod A) is an algebraic triangulated
category, that is it is equivalent to the stable category of some Frobenius
category. Hence we can apply Theorem 3.2 of [5] and we obtain an isomor-
phism

Qe (Homy (=, =) = Homy (=, —[—d + 1])

in mod(% ® % °P) up to projective summands.
So we have the following isomorphisms in gr-I1°:

Qf (1) = €D Hompp (moa 4) (A, Sz Al—d + 1))
i>0
= @ Home(mod A) (SA7 S;iTlA)

i>0
On the other hand

Homyre (I1, IT°) = Homyy (DII, IT)

= P Hompe (mod o) (DA, S;7 1 A).
i€EZ

Combining these two isomorphisms, and observing that SA = DA, we
obtain Q& (IT) = Hompe (TI, T1¢) (—1) in gr-TI°. Since II is self-injective, II
is Cohen-Macaulay, so II is bimodule stably (1)-twisted d-Calabi-Yau by
Observation 3.2. O

Remark 5.10. Let A be an algebra which is 74_;-finite and satisfying the
vosnex property. In [16], the authors prove that the algebra IT = IT4(A) is
Gorenstein of dimension < 1 and that the stable category CM 11 is d-Calabi—
Yau (Theorem 1.2(1)). It follows from the proof (see [16, Theorem 5.11])
that moreover the category of graded Cohen—Macaulay modules gr-CM II is
(1)-twisted d-Calabi-Yau.

Unfortunately, it is not clear from the proof that this Calabi—Yau prop-
erty comes from a bimodule property. So we cannot use the results in [16]
to prove a result similar to Theorem 5.9 in the case where the algebra II has
Gorenstein dimension 1.
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