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SupMéca, Saint-Ouen, May-2013



Semantics of colours:

Blue = “Standard” Mathematics

Red = Constructive, effective,

algorithm, machine object, . . .

Violet = Problem, difficulty,

obstacle, disadvantage, . . .

Green = Solution, essential point,

mathematicians, . . .
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First significant computability result in Algebraic Topology:
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Problem: Tractable algorithms ???

Main obstacle: Infinite objects !!!

Didactic example: π3(S
2) := π0(C(S3, S2)) = ???

Hurewicz Theorem ⇒ π2(S
2) = H2(S

2) = Z. (easy)

X3 = K(Z, 1)×τ S2 with appropriate τ ⇒
π3(S

2)
τ
= π3(X3)

Hurewicz
= H3(X3)

But K(Z, 1) = infinite simplicial set

⇒ Implementation of K(Z, 1) on a machine ???
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Functional trick:

The functional trick often allows one

to implement infinite objects.

Example: K(Z, 1):

{n-simplices} := {lists of n integers}

σ = (12 23 34 45 56) = 5-simplex of K(Z, 1).

Example of geometric structure: 3-face of σ = ???

∂3σ := (12 23 79 56) (34+45=79)
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H∗(K(Z, 1)) = ???

Theorem (Gödel, Church, Turing, Post):

@ general algorithm:

[Simplicial set functionnally coded X] 7−→ H∗(X)

E. Brown solution: Approximation of infinite objects

by sufficiently large finite approximations.

Effective Homology solution: Defining pairs:

Functional Infinite objects
ε⇐⇒ Finite objects

connected by functional objects.
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Definition: An object with effective homology X is a 4-

tuple:

X = X,C∗(X), EC∗, ε

with:

1. X = an arbitrary object (simplicial set, simplicial group,

differential graded algebra, . . . )

2. C∗(X) = “the” chain complex “traditionally” associated

with X to define the homology groups H∗(X).

3. EC∗ = some effective chain complex.

4. ε = some equivalence C∗(X)
ε⇐⇐⇒⇒ EC∗.
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Main result of effective homology:

Meta-theorem: Let X1, . . . , Xn be a collection of objects with

effective homology and φ be a reasonable con-

struction process:

φ : (X1, . . . , Xn) 7→ X.

Then there exists a version with effective ho-

mology φEH:

φEH: (X1, C∗(X1), EC1∗, ε1 , . . . , Xn, C∗(Xn), ECn∗, εn )

7→ X,C∗(X), EC∗, ε

The process is perfectly stable

and can be again used with X for further calculations.
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Example:

Julio Rubio’s solution of Adams’ problem:

ΩX := C(S1, X). Adams: Computation of H∗(Ω
nX) ???

X = (X, C∗(X), ECX
∗ , ε

X)

⇓⇓⇓

ΩX = (ΩX, C∗(ΩX), ECΩX
∗ , εΩX)

=⇒ Trivial iteration now available.

ΩEH
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⇒ Very simple solution of Adam’s problem :

Indefinite iteration of the Cobar construction ???

X = (X,C∗(X), ECX
∗ , ε

X)

⇓ ΩEH

ΩX = (ΩX,C∗(ΩX), ECΩX
∗ , εΩX)

⇓ ΩEH

Ω2X = (Ω2X,C∗(Ω
2X), ECΩ2X

∗ , εΩ2X)

⇓ ΩEH

Ω3X = (Ω3X,C∗(Ω
3X), ECΩ3X

∗ , εΩ3X)

⇓ ΩEH

Ω4X = . . . “Cobar”
3

(ECX
∗ )

6

-
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Simple example of calculation now possible.

X := P∞R/P 3R

X is not a suspension ⇒ computation of H∗Ω
3X = ???

X has finite type ⇒
trivial object with eff. hom.: (X,C∗X,C∗X, ε0 = id).

Julio Rubio ⇒ (Ω3X,C∗Ω
3X,EC∗Ω

3X, ε3)

EC∗Ω
3X has finite type ⇒

Computing H∗(EC∗Ω
3X) is elementary.

Example: H5Ω
3X = H5(EC∗Ω

3X) = (Z/3)⊕ (Z/2)5 ⊕ Z
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