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Chain Complexes
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Serre (1950): Up to homotopy

any map can be transformed into a fibration.

Fibration = Twisted Product

Topology —— Algebra

Product Eilenberg-Zilber Theorem

Twisted product Serre Spectral Sequence

Discrete vector fields

= New understanding of the Eilenberg-Zilber Theorem

= An effective version of the Serre Spectral Sequence

as a

direct

consequence of this version of Eilenberg-Zilber.
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Example: Rubio-Morace homotopy for Eilenberg-Zilber:

RM:Cy(X XY) > C,1(X XY)

RM(xp, xy,) = > (=1 " *e(n,n)...
0<r<p-—1

0<s<p—r-—1
(n,n')€Sh(s+1,r)

e (PP )N —5-10p—p g1+ + - Opp X P (N) Oyt Op—r—1Yp)

with Sh(p, q) = {(p, g)-shuffles} = {(n;,_, - - - Nig» Mjp_s =+ - Mjo) }
for0< 40 < <11 <p+qg—1
and 0 < jo<---<Jg-1<ptqg-—1
and {ig,...y%p—1} N {Joy-++sJq-1} = 0.

and * (Mg -+ ) = NareNprr -+ (1% = k-shift operator.)
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Simpler:

once the notion of discrete vector field is understood.
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Discrete vector fields

Ordinary vector fields ﬁ

Discrete vector fields
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L» Algebraic vector fields

Ordinary vector field:

D? =

D2~ o
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Discrete vector field in a cellular complex.

Example for a cubical complex.
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Definition:

A Discrete Vector Field is a pairing:

V = {(0i, Ti) }ico

satisfying:

e Vi € v, T; =some k;-cell and o; = some (k; — 1)-cell.

e Vi € v, o;is a regular face of 7;.

o Vi #£ ) E v, O'i#dj#Ti#Tj.

e The vector field V is admissible.




8/36
Definition: A(n algebraic) cellular chain complex C,

is a triple C, = {C), B3, dp} ez satisfying:

® 3, is a distinguished basis
of the free Z-module C), = Z[3,)].

e d,: C, — C,_; is a differential (d* = 0).

Examples: Chain complexes coming from:

e Simplicial complexes, cubical complexes,

simplicial sets, CW-complexes. ..
e Digital images.

e Chain complex defining some Koszul homology (Z — ¥).
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C,. = {Cp, Bp,dp}pcz = Cellular chain complex.

Definition: A p-cell is an element of 3,.

Definition: If 7 € 8, and o € 3,_1,

then (o, 7) := coefficient of o in dr
is called the incidence number between o and 7.

Definition: o is a face of 7 if e(o, 7) # 0.

Definition: o is a regular face of 7 if e(o, 7) = +1.

[More generally if Z — R,

regular face & (o, T) invertible]
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Geometrical example of non-regular face:

o = regular face|

0]

o = non-regular face|

0 0] 0]
Triangle P2R
C.(Triangle) = {0 73 73 7 — 0
( gle) = { T }
1 0 -1 —1
0 1 1
C.(P°R) = {0 Z A Z 0}
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C. = {Cp, Bp,dp}pcz = Cellular chain complex.

V = {(o0;, Ti) }ico = Vector field.

Definition: A critical p-cell is an element of 3,

which does not occur in V.

Other cells divided in source cells and target cells.

'—I—°—I—°—I—'<— Source cells

Example: ‘—I—‘—‘—I—'
l i\l 2 1 —— Target cells

\_/

o < < =
\; Critical cells



12/36

C. = {Cyp, By, dp}pcz = Cellular chain complex.
V = {(o0;, Ti) }ico = Vector field.

Definition: V-path = sequence (0, Ti;y Tiys Tins o+« s Tis Tiy)
satisfying: 1. (o4, 7;) € V.
2. o face of Ti;_q-

3. Uij 75 Gij—l’

Remark: o;; not necessarily regular face of Tij_y-

L 4 L 4 €
Examples: U A V-path of length 6

V-path of length 3

T
&1 <5
(I.\
——t
(—
——&

<—¢
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Definition: A vector field is admissible if

for every source cell o,
the length of any path starting from o
is bounded by a fixed integer (o).

Example of two different paths with the same starting cell.

Remark: The paths from a starting cell

are not necessarily organized as a tree.
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Typical examples of non-admissible vector fields.

77

~ 0

777

R x I
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Main motivation. f_\

Source cells

«—— Target cells

Critical cells

Fundamental Reduction Theorem =

d¢=
p:C,= CS = w =Z<1—OZ:Circle
ds
°

Rank(C,) = (16,24,8) vs Rank(C¢) = (1,1,0)
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Homological Reductions.

Definition: A (homological) reduction is a diagram:

p: | hSC,—=C,

with:

1. C, and C, = chain complexes.

2. f and g = chain complex morphisms.
3. h = homotopy operator (degree +1).

4. fg = idc, and dgh + hdg + gf = idg, .

5. fh = 0, hg = 0 and hh = 0.



ved Cp1 et Cpel Cps1eds---}y= C
E—— m—1 —/——= m — m+1 —/—— *
S | I

Am—l Am Am—l—l te } = A,

Ne | Aol o | & &

Sn | T W | T | T W |

e B, 1 B, Bm—l—l : } = | B«

P & P &

d Cl‘ . d dl d Cl‘ . d . } — C«/

m— m m-+ *

T 1T T IT
f~g ~g fg ~g

U U U U

el C et Cped C et ...} = C,
A, =ker fNnkerh| B, =ker fNnkerd C!=im(g)

6'* = |A, @ B.exact| d C. = C,
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Fundamental Theorem:

Given: C, = (Cp, Bp, dp)pez = Cellular chain complex.

V = (04, Ti)ico = Admissible Discrete Vector Field.

= Canonical Reduction:

pv = hl = (va pr dp)pEZ j’: (sz Icﬁ dgca)PEZ

Initial Complex| =3 Critical complex
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Toy Example. /\

Source cells

—— Target cells

Critical cells

Fundamental Reduction Theorem =

de=
p:C.= CS = Cy :Z<1—OZ:Circle
d

Rank(C,) = (16,24,8) vs Rank(C¢) = (1,1,0)
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Product problem in Combinatorial Topology.

1. Simplicial organisation necessary

for example for Eilenberg-MacLane spaces.
2. = Elementary models = A" for n € N.

3. Fact:

No direct simplicial structure for a product AP X A9,
4. What about twisted products = Fibrations 77

5. Classical solution = Eilenberg-Zilber + Kan + RM

+ Serre and Eilenberg-Moore Spectral sequences.

6. Other solution = |Discrete Vector Fields|.




Two A? in A x A': (0,0) < (0,1) < (1,1)
(0,0) < (1,0) < (1,1)

Three A% in A% x A': (0,0) < (0,1) < (1,1) < (2,1)
(0,0) < (1,0) < (1,1) < (2,1)
(0,0) < (1,0) < (2,0) < (2,1)
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Rewriting the triangulation of A2 x Al.

22/36

(0,1) (2, 1)

(0,0) oo .(2,())

o (2,1)

(2,0)

(1,0)

(0,0) < (1,0) < (2,0) < (2,1)

Increasing chain in the lattice +— Simplex in the Product
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“Seeing” the triangulation of A% x A3,

o < (A5 X A3)5

e o o o\

e o

e oM

e e O
- O

30 o o
20 o o

Example of 5-simplex :

=> 6 faces:

® 0

® <

[ J-r]

[ A

®

e O

820'

810'

800'

840'
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= Canonical discrete vector field for A® x A3,

S = N ®W

e o o o

Source = 91 (

Recipe: First “event” = Diagonal step = / = Source cell.
= (-90°)-bend = 7 = Target cell.
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Critical cells ??

Critical cell = cell without any ‘“event”

= without any diagonal or —90°-bend.

Examples.
30 © o o o o 30 © o o o o 3 e o e o o
20 © © o o o 20 © © o o o 20 o e o o
10 ¢ @ o o o l1e o OO ¢ O l1e e e o o
0Oe © o o o o 0Oe © o o o o 0Oe © © o o o
0 1 2 3 4 5 0 1 2 3 4 5 0 1 2 3 4 5
0 0 2 0 0 2
A2®A1 A2,3,5®A1 A2® 1,2,3
3 e o o o ° 3
20 o o o ° 2
l1e e ° 1
O © o o o o 0
0 1 2 3 4 5 0 1 2 3 4 5

5 3
A0,1,2,3,4,5 ® A0,1,2,3
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Conclusion:

Ce = C.(A%) ® C.(AY)

Fundamental theorem of vector fields =

Canonical Homological Reductions:
p:C (A% x A%) = C,(A%) ® C.(A?)

p: Co(AP x A?) =5 C.(AP) ® C,(AY)

p=q=10 = 16,583,583,743 vs 4,190,209
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More generally: X and Y = simplicial sets.

An admissible discrete vector field

is canonically defined on C,(X X Y).
= Critical chain complex C(X X Y) = C.(X) ® C.(Y).

Eilenberg-Zilber Theorem: Canon. homological reduction:

= Kiinneth theorem to compute H,(X X Y).
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Notion of twisted product.

Simplest example: Z x S' vs Z x, St = R:
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General notion of twisted product: B = base space.
F = fibre space.
G = structural group.

Action G X F — F..

7 : B - G = Twisting function.

Structure of F' X, B:

Bz-(af, O'b) = (aiO'f,aiO'b) forz2 >0
80(0']'2 ’ O'b) = (T(O’b).aOO'f, 800‘{,)

= Only the |0-face| is modified in the twisted product.
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Reminder about the EZ-vector field of A° x A3.

cte o o o

S = N ®W
e o o o

The vector field is concerned by faces 9; only if 2 > 0.
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1. The twisting function 7 modifies only 0-faces.

2. The EZ-vector field Vgz of X XY
uses only i -faces with i > 1.

= Vg7 is defined and admissible as well on X XY,

Fundamental theorem of admissible vector fields =

C.(X XY) C.(X X7Y)
Vez = ﬁ Vez = %

Known as the twisted Eilenberg-Zilber Theorem.
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Corollary: Base B 1-reduced = Algorithm:

[(F, C*(F), ECf, €F) —|— (B, C*(B), EC*B, é'B) —|— G —|— ’7']

— (F X r B,C*(F X+ B),ECfXTB,é'FXTB).

Version of F' with effective homology
+ Version of B with effective homology
+ G -+ 7 describing the fibration F' — F' X, B — B

= Version with effective homology of the total space F X, B.

— Version with effective homology

of the Serre Spectral Sequence
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Analogous result for the Eilenberg-Moore spectral sequence.

Key results:

G = Simplicial group = BG = classifying space.
BG =...(((5G X+ SG) X+ SG) X+ SG) Xy cvve--

X = Simplicial set = KX = Kan loop space.
KX =...((S'X x,871X) x, 871X) x, 871X) x,---

Analogous process = Algorithms:

(G, C.G, EC’f,sg) — (BG,C.BG, EC*BG,E?B(;)
(X,C*X,EC;X,EX) —> (KX,C*KX,ECfX,EKx)
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More generally:
[a: E — B| + [@ : E'! - B] + [« fibration]

= algorithm: (Bgw, Egm, Ey, o, ') — (E X E')gH.

E,XBE—>E

E—— B

o

— Version with effective homology

of Eilenberg-Moore spectral sequence 1.
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Also:

|G simplicial group] + [a¢: G X E — E] +
@' : E" Xx G — E’| 4+ [« principal fibration)]
= algorithm: (GEH, EEH, E,EH’ (8N Oé,) —> (E, XaG E)EH

E — E' x¢g FE

— Version with effective homology

of Eilenberg-Moore spectral sequence 11.
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Integrating the Vector Field technology

in the Kenzo program

= Faster program!

Example: 75(Q(S%) Uy D3) = 77

On the same machine:

Old version = 1h32m
New version = 0h05m

with the same result !

Computing time divided by 18.
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