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R = Unitary ring
e, p,1, 3 € R with ¢ invertible.
Gauss discussion of (1) 4+ (2):

(1) ex + ¢y =a
(2) Yo+ By = b
(2) —e™'(1) =
(2) (B — e o)y = (b —¢e'a)

= (1) 4+ (2) has a solution <

(B—pelp) | (b—tela) = y=--

1

= ac:e_a—e_lcpy
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Matrix translation:

6 2)0)=C)

&
1 0\ (e @\ (1 —etp) [1 e ¢\ [z) _ 1 0\ [(a
—wet 1) \w B/ \0 1 0 1 v/ \—wpe! 1) \b
N R
0 B—elty Y —pe ta+b
=
e(x+elpy) =a
(B—ve o)y = (b—ve 'a)
&

(B—1e o) | (b—teT'a) = ...
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Diagram translation:

€ 0
0 B—elyp
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Combined with an obvious reduction:

R? R? R

(v 5) = (50

( = 0 ) (8 —wete)

R? R? R
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= Canonical reduction induced by e invertible

S E] [ N
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The same is valid with
R? = R® R replaced by A, & B,, = C,
orby A, 1P B,1=0C,_1
and:
€ @
P B

with € : A,, & A,,_1 isomorphism.

. An Q%) Bn — An—l Q%) Bn—l

= Hexagonal lemma.
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4.,, Hexagonal lemma dos doro
Cn—l-l ¢ > Cn—l—l > Cn—i—l
n+etoy=
n ¥ . ¥ ¥
1 —e1p 0
0 1 v 1
1 e 1p (0 1)
0 1
e 1 |e B et | B — ety B— ety
¥ P 0. -0
1 0 0
(v t) L (1)
An—l @ Bn—l An—l @ Bn—l Bn—l
1 0 - ( 0 1 )
—pe~t 1
0 a o «
d+ape ™ =0"
Cn—2 — > Cn—2 — > Cn—2
d'n—Z dn—Z dn—2
Y reduction
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Hexagonal lemma
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Iterating the Hexagonal Lemma:

Ag D Bg @Cﬁ(—)AWG \ C6

A5EB B5 EBC BS@C5 C5
%g

A4@ B4 EBC %‘96’4\ / C4

A3 @ Bs @C3—A3 B B3 B C s C3
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Final result:

-1
—d3, " "d3,
gs = 0
1
As @& B; & Cs Cs
f5:(0 _dgldgl_l 1)
d3;
d5 d® = dg3 - dgldgl_ldgs
-1
—d3, dy,
gs = 0
1
Ay & By & C4 Cy

=(0 —d3di, " 1)
dy, di, diy
d® = dg1 dgz dg3
d53

5 5
d31 d32
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Final result:

-1
—d3, " "d3,
gs = 0
1
As © Bs © Cjs : Cs
f5=1(0 —dgldgl_ 1)
dgl dgl
d5 dzs | dis d® = d3; — d31d31_1d33
-1
d5 1 _dél d§3
g4 = 0
W 1 ~
Ay ©@ By & Cy Cy

f4:(0 _dgldgl_l 1)
dy, dy, di,
5 __
d’ = | dj, dj, d3,
d53

5 5
d31 d32
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Final result:

-1
—d3, " "d3,
gs = 0
1
As @& B; @ Cjs ¢ ; Cs
f5:(0 _dgldgl_ 1)
d3, d3s
-1
d5 d5:d§3_dgldg1 dg3
-1
d5 1 _dél d33
ga = 0
1
A4 EB B4 @ C4 C4

Jfa= (0 - dgld%il 1)

d®> = | d° d3, d>°
il §2 ig = graph d}, "'d}; : C. — A,
d31 d32 d33

d°, d°, d?
e 13) Note: im(g) C A.® C.
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Final result:

-1
—d3, " d3,
gs — 0
1
As & B; @ Cs Cs
-1
fs=(0 —dds, ™" 1)
dgl dgl
d5 d® = dg3 - dg1d31_1d33
-1
/ — a3, "l
2 ga = 0
1
Ay & By & C4 s Cy

-1
—d3d3; 1)

fa=(0

dy, dj, di

d®> = d3, dj, dg3)
d3, d3, di



11/62
Global Hexagonal Theorem:

Input: A chain complex (C,,d,)

with for every n € 7Z a decomposition:

dn,ll dn,12 dn,13
C, = Cf,i Q%) 0721 Q%) Cf,?; d, = dn,21 dn,22 dn,23

dn,31 dn,32 dn,33

with d,, 2 : C} — C?_, isomorphism Vn.

Output: A canonical reduction:

(Ciydy) = (C, ® C; & C;, d.) = (C}, d))
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Application: Basic Perturbation Lemma (BPL)

Definition: (C,,d) = given chain complex.

A perturbation 0 : C, — C,_; is an operator of degree -1
satisfying (d + §)? = 0 (< (dé + dd + §%) = 0):

(Cy,d) + (8) = (C.,d+9).

Let p : hC:(CA’*, J*)%(C*, d.)| be a given reduction

and § a perturbation of d

satisfying hé

Theorem: The BPL determines a new reduction:

pointwise nilpotent |

/

~ o~ ~ . g+ 0,
P b+ 6,CS(Cyydy + 6.)———= (Cs,dy + 4s)
J + ¢




Proof:

Reduction Diagram:

13/62

2%2 Cm—l — C'm 2%2 Cm+1 —
I I I
Am—l Am Am+1 ’
A o W s |u
Fn & A0 A 9 A
. Bm_]_ Bm Bm—|—1
@ \ @
d
A iy ] G 1 G
f Lg F=9 f Lg
N 4 4
4 m—1 < C’m 4 Cm+1 —

1= C,
-l
®
} = B,
B
b= c
[T
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Main part:
0
g = 0
1
As; ©@ Bs; © Cs Cs
h=dy \\ da1 dss dss
Ay ©@ By © Cy Cy
f=@© o0 1)

with dy; = isomorphism.



Perturbation =

011
021
031

012 013
022 023

632 633

As © Bs @& Cj

Q
I

1| +04

Ay & By & C4

daa| +0s]

f=( 0 1)

15/62

ds3
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Question: (ds; + d21) again isomorphism?

(applying the Global Hexagonal Theorem possible ?7)

As © Bs & Cs Cs

1| +04

ds3| +033 | ds3

Ay & By & C4 Cy
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But d»; invertible with doyh =1 =
da1 + 021 = da1 + da1hdz1 = da21(1 4 hda)

= da1 + 021 invertible < (1 + hdsy) invertible.

A sufficient condition is hds; nilpotent, in which case:
(1+ héz) ™" =D (—1)/(hdz)’
i=0

Then:

0

(d21 —|— 521)_1 = h, = <Z(—1)Z(h521)1> h

i=0
Remark:

<Z(—1)i(h521)i> h = (Z(—ni(ha)i) h
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Global Hexagonal Theorem:

—1
—d3, " d3,
gs = 0
1
As @ B; @& Cj Cs
—1
Jfs = (0 - dgldgl 1)
d3;
d5 d® = d§3 - dgldgl_lng
-1
—d3, da
ga = 0
1
Ay & By & Cy C,

-1
fa= (O - dgldgl 1)
5 5 5
d11 d12 d13
5 5 5 5
d> = d21 d22 d23

5 5 5
d31 d32 d33
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Applying to our situation:

-1 . .
GIL —d3, " d3, Before perturbation: 0
[ [ [ g5 f— O g _ 0
1
As & Bs © Cs Cs . As @ Bs & Csl«— C5
algl
-1 : -1
d® = d3; — f3,d3, d3, : h = d3, 3 d3s d3s
A4 S5) B4 ® C4 1 C4 ’A4 (&) B4 (&) C4LT01))C4
fa=(0 —d3d3, 1) I

dy, > dy + 05, gs — (1 —h'd)g
.t = (i(—w(ha)i) h far= F(1 =R
N =0 d® — (dj; + 03,) — fOh'dg

— &, + f6g — FOh'Sg
— Basic Perturbation Lemma QED
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Application to Vector Fields.

(Cs,dy, 3.) = Cellular chain complex.
V = {(oi, 7:) }ic1 = Admissible discrete vector field.

=> Canonical reduction:
(Cs, dyy By) = (C“, d, B%)

on the critical chain complex C¢,:

pP - hC:(C*, d*)%(cc*a dc*)

Forman’s Morse subcomplex = g(C*¢,) C C,
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Definition: Incidence number &(o, 7) := coefficient of o in dr.

Remark: V vector field = e(o, 7) invertible if (o, 7) € V.

Definition: The gradient v
associated to the vector field V = {(o, %) }icr
is the codifferential v, : Cy — Cy41 defined by:

v(o) =

{ e(o, 7)1 if (o,7) EV,

otherwise.

Definition: The cogradient v—*!
associated to the vector field V = {(o3, 7:) }ier
is the differential v ' : C, — C,_; defined by:

’U_l(T) _ { e(o, 7)o if (o, 7) €V,

0 otherwise.



Applying the BPL.

Initial situation:

C; ® C; © Cf

22/62
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Restoring the differential d of C,:

e e o5 /e

021 = do; — v~ 17
Ci @ C; & C;

dyy =v '+ (dog —v ) =v !+ 6y

But h 521 = ’U(d21 — ’U_l) nilpotent 777
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o . v d21—v"
Examining: —

1. Starting cell = o € Cj.

2. v(o) = e(o, 7)1 ~ target cell associated by wv.

3. v i(e(o,7) 7)) =0
= (d21 — v 1)(7) = Comb. of {sources faces of T # o}
= beginning all the V-paths starting from o.

4. v = trying to extend V-paths.

5. (d2; — v~ 1)(7) = trying to extend V-paths.



25,62
= d21h nilpotent < V' admissible.

—d3, " "d3,
Remember : s = 0
1
As & B; ¢ Cs 1 Cs
f5:(0 _dgldgl_ 1)
d3,
d5 d® = dgs - dgldg1_1dg3
-1
—d3, " djg
g4 = 0
1
Ay & By & C4 : Cy
_dg1dg1_ 1)
5 5
ds, d?
5 5 5 5
d - d d22 d23

5 5 5
d31 d32 d33
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Applying in our situation =-

Ct @& C;

h — h'= <§:(—1)i(v(521)i> v and
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Initial situation:

Ct & C: & C¢ Ct
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Final situation:

—h'dss
g= 0
1

f=(0 —dsh 1) Ce
4

ds3 — d31h'das
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Forman’s Morse Subcomplex.

Theorem: (C,,d, 3,) = cellular complex.

V = {(0i,75) }ier =
admissible discrete vector field on C,.

p=(f,g,h): C,=> C¢ the induced reduction.

Then ker(dh + hd) = ker(dv + vd) = im(g)

is Forman’s Morse subcomplex C".

Forman’s definition: C'" := {o st (1 — dv — vd)(o) = o}.
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Proposition: h(oc) = v(o) — hdv(o)

v(o) — h(dyy — v 1)v(o)
v(o) — h(d — v 1)v(o)
hdv(o) = v(o)

Proof: For a source cell o:

h(o) = v(o) — vdv(o) + véyvév(o) — - --
= v(o) — (v — vé21v + + -+ )d21v(0)
= ’U(O') — h521’0(0')

+ Everything null for o target or critical cell = QED



Proof of Theorem:

hv =0 =
hdv = v =

o
dvo + vdo
hdvo + hvdo
hdvo

vo

vdo

dho + hdo

o

M

31/62

ker(dv 4+ vd)

o O O o o O

ker(dh + hd)
im(g)
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Conversely:

o € ker(dh + hd)
= o = g(x)

= o made of target and critical cells
dg = gd® = do = g(x)

= do made of target and critical cells

= dvo +vdo = 0

= o € ker(dv + vd)

Finally: ker(dv + vd) = ker(dh + hd) QED
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Vector Fields and Morphisms

Problem: Let C, and C’ be two cellular chain complexes

respectively provided with vector fields V and V.

Question: Right notion
of morphism ¢ : (C,,V) — (C., V') 777

1. Not trivial.
2. Essential to master the Eilenberg-Zilber vector fields.

3. Quite amazing !!



Definition: A cellular

34/62

morphism:

@ - (C*,d*,ﬁ*) — (C:dd:k’IB;)

is a chain complex morphism ¢ : (C,,d.) — (C’,d’)

satisfying the extra condition:

For every p-cell o € 3,

¢(o) is null or € 3.
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(C*a d7 /87 V) and (Ci’ d,’ /3,’ V/)

= cellular chain complexes

with respective admissible discrete vector fields V and V.

Definition: A vectorious morphism:

p:(Cs,d,B,V) — (C,,d, B, V)
is a cellular morphism ¢ := (C,,d,3) — (C.,d’,3)

satisfying the extra conditions:

1. For every critical cell x € B;, ¢(x) is null or € 3.

2. For every target cell 7 € 8], ¢(7) is null or € 3.

3. |No condition at all for the source cells !!
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Theorem: ¢ : (C,,d,3,V) — (C.,d', 3", V')

— vectorious morphism.

Then ¢ defines a morphism (¢, ¢©°)

between the corresponding reductions:

h——C, < C! —>w with:
d,CQOC — LPCdC
f||o fle’ flo = ¢°f
g'e° = ¥g

Ce ? C’e h'!y = ph
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Proof:

Definition:

)
0 for target and critical cells,

As = { maximal length of a V-path

starting form the source cell o.
\

Remember: Recursive formula:
h(o) = v(o) — h(d — v 1)v(o)
= hdv(o) = v(o)
= hdtT = 7 for every target cell T
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1. hYpo = pho 77
Obvious for o target or critical cell.
Assumed known for A\, < k.

Let o be a source cell with \, = k.

pho = pvo — ph(d — v )vo

OK for (d — v )vo = = pvo — h'p(d — v Hveo
pd =dyp = = pvo — h'd'pvo + h/po
pvo = target cell = = h/po

QED
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2. g'¢° =g 7?7

Remember:

d33z — dz1hdas

CZ @ CZ @ CE f=(0 —dsh 1) CZ

For a critical cell x: gx = x — hdx = (1 — hd)x =



phd = h'd ¢
X = P°X

(PCdC — d/CQOC ??
g'e° = g

gd® = dg

pd = d'¢

pg = g'¢°

dg' = g'd*

g’ injective

R

T 2 R

Pax

g/LpCdC

(PCdC

40/62

©(1 — hd)x

(1 —h'd")px
g'#°x

QED
pgd" d ﬁ—“o f: d
wdg
d'¢g ! 4
d'g'¢° @0 —————— @ dr
g,d,cCPC
d/cQOC

QED
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de——— 0 d’

d“ @ ——— @ d'’°

flo=¢f 27
g injective = [(f'o = ¢°f) < (9 f'e=49¢°f)]
gf'e = 1 —dh’—h'd)e
(d'e = ¢d) + (' = ph) = = ¢(1 — dh — hd)
= ¢gf
= g'¢°f
QED
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Application:

: p: X = X' . :
Theorem: Given: = simplicial morphisms.
oY =-Y'

Then: ¢ and ¢’ induce a morphism between the reductions

defined by the Eilenberg-Zilber vector fields|:

hee—=Cu(X X Y)—222 L C,(X' X Y) =

with:
d' (e x @) = (px¢)d
fl|9 19 Flex¢) = (px¢)f
g e x ) = (px¢g
(e x¢') = (pxX¢)h

C.(X x V)X o (X % Y')e
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Important Note:

h——=C,(X XY) o X ¢ Ci(X'XY') =W

C.(X x V)22 o (X x Y)e
= same diagram as:

RM——=C.(X xY) 2~ & Ci(X' XY')——=RrMm

AW ||EML AW'||EML’

C.(X) ® C.(Y) £E2.C(X") ® Cu(Y”)

But not yet known!
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Proof:

Representation of a simplex of X X Y via an s-path.

= subsimplex of a X B3 C (X X YY)~
spanned by the vertices (0,0) — (0,1)— (2,2) — (3,3) — (4,3).

The game first event “diagonal ,””
or “right-angle bend {*7”

determines the nature source, target or critical.
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Examples:

o

a a a
source = o target = 7 critical = x
Here:
83(’7') = O
= v(o) = —7 (gradient)

v H7T) = —0o (cogradient)
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p: X — X’ L :
Two maps — simplicial morphisms.
oY =Y’

Claim:

T target cellin X XY =
(¢ X ¢')(7) target or degenerate cell in X’ X Y’

x critical cell in X XY =
(o X ¢")(x) critical or degenerate cell in X’ x Y’
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a € XNP = p(a) = na

for some multi-degeneracy 1 and some o’ € X'VP,

BEYNP = ¢(B) = 0p

for some multi-degeneracy 0 and some 3 € Y'VP,

Example: Y3 3 83— 038" = n. B’ €Y}:

. .ﬁ’




General shape of an Eilenberg-Zilber target cell:

(p X Y)(a x B) = (na’ x 63)

If no index of np is > ¢ and no index of @ is > j,

48/62

then (¢ X 1)(7) has the same shape and therefore is a target cell.

Otherwise (¢ X 1)(7) is degenerate.



Same argument for critical simplices. = QED

Typical accidents with source cells.

a=id : A? =+ A? and v : A? — A'as below:

1) ° <p><¢

Then (¢ X 1)(source) = source

49/62

but for reasons which do not match!
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Compare corresponding target cells.

o o QOX’(b

[ ] ® |- :/.—.
14
o I ® ; X g
2) The image of a source cell can be a critical cell:
e o P X ¢

e |—— e—e—9
e o o e O o

or target:

o ® X P

S S

But we don’t care about source cells!
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Eilenberg-Zilber formulas

Theorem: The Eilenberg-Zilber vector field

previously described

gives the standard Eilenberg-Zilber reduction.

Standard Eilenberg-Zilber reduction:

EZ :|[rMSC(X X Y) iﬂgf C.(X)® C.(Y)

AW = Alexander-Whitney
EML = Eilenberg-MacLane
RM = Rubio-Morace
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EZ =AW + EML + RM:

p
AW (zp X yp) = Z Op—it1°*+ Opxp @ Bo*++ Op—i—1Yp

1=0
EML(z, @ yq) = Z e(n,n’) (77'% X MYq)
(n,n’)€Sh(p,q)
RM (xp X yp) = Y., (=) ey ..
0<r<p-—1
0<s<p—r—1

(n,m’)€Sh(s+1,r)

e (PP ) Np—r—s—10p—r g1 -+ - Bpp XL

...Tp_f_ﬁ(n)ak—r—s"'6%—T—1yp)
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Plan of proof:

1) Prove the RM-formula for the homotopy
induced by the Eilenberg-Zilber vector field.

2) Use the diagram (b’ = RM, f =7AW, g ="EML):
C: ® C; & Cg — Cs
g = 0
1

CZ D CZ D Cz f =(0 —ds;h" 1) Czi:

d33 — d31h'das

which produces: h/ = f and g.
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Plan for the RM-formula:

1) True for target and critical simplices.

2) Use the recursive formula:

W (o) = v(o) — W sv(o)

Ct & C: @ C¢ o
g = 0
1

CZ D CZ D Cz f =(0 —ds;h" 1) Czi:

Cs

d33 — d31h'das

with 521 = d21 — ’U_l.
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Study of the generic term of the RM-formula:
(TP ) Mp—r—s—10p—rt1 -+ OpTp X - ..

e TP (N) Opp—s + * + Op—r—1Yp)
TP (0" )np—r—s—1 and TP7"7?(n) = known degeneracy part.
Op—rt1°+°+Opxy, and Op_r_s+++ Op_r_1Y, = problematic part.

(m,m') € Sh(s+1,r7)
= Ind,UInd,, ={0,...,7 4 s}
= Indy—r—pyy,_ ., YIndp—r—,) ={p—r—s—1,...p}
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Collision lemma: (nz,n'y) € (X XY),

+ Ind, UInd,y = {k,...,p — 1}

+ m; present in « or y with = > k
= (nx,n’y) degenerate.

Proof by examples: p = 10, k = 6, 2= = 6,

(mom7x, Msmey) degenerate?

Ne € T = (Nenrx, NsNey) = (NaM7M6x’s NsN6Y) = M6 (NsNex’, N7Y)

N6 € y = (nomrx, MsnNey) = (Nomrx, NsNeney’) = 1n7(Nsx, N7M6y)

Putting both components in canonical form

= a common factor.

QED
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Application: RM (x, X y,) = 0 if (x, X y,) = critical cell.

Proof: (xzp,yp) = (Mp—1+ M) X Mp—1** noy;_k,)
1) Examine Op_,11 -+ 0p NMp—1*** N T}, Ypke v eos

~~

T p—k 0 /

r < p— k = there remains np_r_l---w;f
but {p —r—1 >p—1r —s— 1= collision} = r >p— k.

2) Examine ?p_T_s s 8,,_7«_;371@—1 ) y;,_k,

~~ ~~

; 4 777

s < k = there remains nk_s_l---yz’,_k
> k—s—1<p—r—s—1 = r<p-—=k.

QED
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Same sort of argument =

RM (xz, X y,) = 0 for (x, X y,) = target cell.

= h(xz, X yp) = RM(x, X yp) =0

for (x, X y,) = critical or target cells.

2?7

If (xp, X yp) = source cell, h(x, X y,) = RM (x, X y,) .

Remember:

)
0 for target and critical cells,

As = { maximal length of a V-path

starting form the source cell o.
\

Remember: Recursive formula for source cells:

h(o) = v(a) — h(da — v~ (o)




Example:

v(o) = —7 do1(T) = —0 + 01 + 02
= h(o) = —7 4+ h(o1) + h(o2)

Then we prove the summands of RM (o)

4
—T

are exactly divided into ¢ the summands of h(o)

the summands of h(o2)
\

= Recursive proof



Easiest and last case:

o= (xp X Yp) T = (NMp-1Tp X MpYp)
o1 = (-”Bp X 77p—13p—1yp) 02 = (np—lapwp X yp)

We recursively assume

h(o1) = RM (04) and h(o3) = RM (o2)

Then we prove RM (o) = =7 £ h(o1) £ h(o2) =: h(o) QED
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RM -formula:

Indices =

{0<r<p-1,0<s<p-r—1, (n|n) €Sh(s+1,7)}
Generic term of the RM-formula:
(P50 My r s 1B ri1 -+ Dyl X -+

e PP (N) Opr s+ - Op—r—1Yp)
We must prove RM (o) = &7+ RM (o1) == RM (03)
o = (Tp X Yp) T = (Tp-1Zp X MpYp)

o1 = (Tp X Np—10p_1Yp) o2 = (Mp-10pxp X Yp)
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Elementary applications of Collision Lemma =
T=RM,_s_o(0)

RM (01) = RM,—¢ s>0(0) RM (o2) = RM,~¢(0)

RM = RM,—s—o+RM,—¢s>0+RM,>¢(0) = QED

Analogous proof for the general case =-

OK for RM = hEZ-Vector—ﬁeld

hEZ—Vector—ﬁeld = fEZ—vector—ﬁeld and gEZ-vector-field
the EZ-vector-field defines the standard EZ-reduction.

QED



;5 Clock -> 2882-81-17, 1%h 25m 36s.
Computing the boundary of the generator 19 {dimension 7) :

£TnPr <TnPr <TnPr S3 <<Abar[2 S1][2 S$1]>>> <<{Abar>>> <{{Abar>>>
End of computing.

Homology in dimension 6 :

Component 251272

---done---

;: Clock -» 2802-081-17, 1%9h 27m 1

The END
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