From a constructiveness problem

to

Discrete Vector Fields

;5 Clock -> 2882-81-17, 1%h 25m 36s.
Computing the boundary of the generator 19 {dimension 7) :
£TnPr <TnPr <TnPr S3 <<Abar[2 S1][2 S$1]>>> <<{Abar>>> <{{Abar>>>
End of computing.

.Homology in dimension 6 :

'Eumpunent 27122

—--done---
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1/8. Constructiveness ? Standard example:

Problem: Determine real numbers o« and 3 satisfying:

1. a?IBGR_Q7

2. oP € Q.

“Solution”: Consider v = \/ﬁﬂ

Then: If v € Q, o = 8 = v/2 = solution.
Else a = v and 8 = /2 = solution. [(\/5\/5)‘/§ = 2]

But

which one

of (v2,2) or (v2"2,/2)

finally is a solution 777
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2/8. Standard Algebraic Topology is not constructive.

Standard Algebraic Topology:

Topological object —— Algebraic object
Topological Object —— Chain Complex —— Homology group

Chain complex:

dp—2 dp—1 P dpt1 dpt2
¢ — p—2‘—Cp—1‘—Cp‘—Cp—|—1‘—"
—_— = = Y= 0 —
dy_2d, 1 =0 dp_1d, =0 dpdpi1 =0  dpiadpi1 =0

ker dp
im dp+1

dd=0 <& kerd, Dimdy,;; = H,:=
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Standard work in Algebraic Topology:
1. Some topological space X.
2. = Chain complex (C.(X),d,).

3. = Homology groups {H,(X) }pen.

But most often C,(X) not of finite type.

= The groups H,(X) not directly calculable.

= How to determine these H,(X) 777
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Standard ‘“solution”:

Use the numerous exact sequences and spectral sequences

of the relevant textbooks.
Not enough !!
Typical example: Serre computing 74(S”) = 777 in 1950:

Serre constructs a complicated space Y
and his famous spectral sequence

produces the exact sequence:
0«—7Z/6+— Hs(Y) «—7Z/2+—0

= Hg(Y)=7Z/120r Z/2 B Z/6 777
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Analysis of the problem:

Standard Algebraic Topology is non-constructive.
Typical example:
Exact translation of Hg4(Z) “=" 7Z/6:

There exists an isomorphism Hg(C.(Z)) = Z/6,

but producing such an isomorphism

remains unsolved

in standard Algebraic Topology.
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Elementary Z-linear algebra =

such an isomorphism ¢ : H,(C,) = A
for A some Z-module of finite type

is elementary when C, is of finite type.

What about the usual case with C,(X) not of finite type 777

3/8. |Homological Reduction|

Notion of Reduction

between big chain complexes and small chain complexes.

In particular between chain complexes not of finite type

and chain complexes of finite type.
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Definition: A (homological) reduction is a diagram:

p=(fg,h)= h@(é\'*,c/l\*)%(c*,d*)

with:

AN

1. C, and C, = chain complexes.

2. f and g = chain complex morphisms.

3. h = homotopy operator (degree +1).

4. fg =1idc, and dgh + hdg + gf = idg, .

5. fh =0, hg = 0 and hh = 0.
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Meaning = Reduction Diagram:

{ 2%2 Cm—l = 6'm 2%2 Cm+1 = S } — é\”*
I I I I

{ Am—l Am Am—|—1 } — A*
d_ d A &~ | d A d_ ‘

 h @ W h @ ) D v h @

{ * B, B,, Bm—l—l } = | B,
¢ i & @

{ el C’r,n—l . C",n s C;n—|—1 . ’ } — Ci

2 F=9 N f 3 g

e U Fu? i

{ e m—1 e Cm — Cm+1 A } — C*
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-

In p=(f,9,h) = hQ(CA'*,J*)%(C*,d*)

the most important component is h.

To be understood as a contraction CA’* == C,.

Qo

A~

The homotopy h contracts the “cherry” C,

onto the “stone” C..
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General notion of homotopy.
Given: fo,f1: X =Y.

Definition: f; homotope to f; <
dH : X xXI — Y satistying:
fo(x) = H(z,0)
fi(x) H(z,1)




4/8. Vector field = Flow = Homotopy.

S S .
ﬁéizikiij?
NN S22
H (2,055 ==z, =5
= N
-~ \\\//
RS CEENNEET
A ERRNNNEE.
A RN =Y.
Vector field =V :x— V(x) € T, X.

= Corresponding flow ®(x,t):

OP(x,t)

solution of {
ot

= Auto-Homotopy H(x,t) := ®(x,t) for t € [0, 1].

11/39

=V(®(x,t)) + P(x,0)= a:}



5/8. Corresponding combinatorial

=

Example of contraction:

Appropriate discrete vector field

12/39
notion 77

||

on a triangulation of the square:

Vi

Va

V1 contracts acd = da||ac = cancels the pair (cd, dac).

V, contracts abc = ab||bc = cancels the pair (ac, abc).

= There remains only dal|ab||bc.
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C' = cellular complex = collection of cells satisfying. ..

Definition: A vector field

is a set of cells V = {(o0;, 7;)ico} satisfying:

o (Vi) o is

regular

face of T;.

o (Vi#j) oi# 0 # Ti # T

Examples:

P2R

o; regular face of 7; < incidence number (o, ;) = %1.
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C = Cellular chain complex.

V = {(04,Ti)ico} = Vector field.

Definition: A critical p-cell is a p-cell

which does not occur in V.

Other cells divided in source cells and target cells.

TN

TIT T Source cells

4 Y
d Y

Example:

1] x l,\~'<— Target cells
T Ti—

Critical cells
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C = Cellular complex.

V = {(04, Ti)ico} = vector field.

Theorem: A “critical” chain complex C7 = ((8;)pez, d°)

can be constructed:

e §, = the set of critical p-cells of V.

®d : Z[Bg] — Z[B;_l]
an appropriate “critical” differential

deduced from the initial differential d
and the vector field V.

Also a canonical reduction p : C, =% C¢ is provided.

= Any homological problem in C, can be solved in C°.
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Simple example.

TN

Source cells

—— Target cells

Critical cells

C. = {0+ 72" «+ 7°* + Z° + 0}

Theorem =

d$=0
p:C,=CS = Cy = 7 <— 7 = Circle
d




6/8.
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Eilenberg-Zilber Vector Field|

Vector Fields = Eilenberg-Zilber

= Twisted Eilenberg-Zilber = Serre spectral sequence

= Eilenberg-Moore spectral sequence.

Main problem: Triangulation of AP X A? 777

Al x Al

A? x Al



Two A? in A x A': (0,0) < (0,1) < (1,1)
(0,0) < (1,0) < (1,1)

Three A% in A% x A': (0,0) < (0,1) < (1,1) < (2,1)
(0,0) < (1,0) < (1,1) < (2,1)
(0,0) < (1,0) < (2,0) < (2,1)

18/39



19/39
Rewriting the triangulation of A2 x Al.

p(2,1)

(2,0)

(1,0)

(0,0) < (1,0) < (2,0) < (2,1)




20/39

“Seeing” the triangulation of A% x A3,

o < (A5 X A3)5

e o o o\

e o

e oM

e e O
- O

30 o o
20 o o

Example of 5-simplex :

=> 6 faces:

® 0

® <

[ J-r]

[ A

®

e O

820'

810'

800'

840'
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= Canonical discrete vector field for A® x A3,

S = N ®W

e o o o

Source = 91 (

Recipe: First “event” = Diagonal step = / = Source cell.
= (-90°)-bend = 7 = Target cell.
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Critical cells ??

Critical cell = cell without any ‘“event”

= without any diagonal or —90°-bend.

Examples.
30 © © o o o 30 © © o o o 30 o e o o
20 © © o o o 20 © © o o o 20 o e o o
10 ¢ @ o o o l1e o OO ¢ O l1e e e o o
0Oe © © o o o 0Oe © © o o o 0Oe © © o o o
0 1 2 3 4 5 0 1 2 3 4 5 0 1 2 3 4 5
0 0 2 0 0 2
AQ X A1 A2,3,5 X Al A2 X A1,2,3
30 © o o ° 3
20 o o o ° 2
l1e e ° 1
O © o o o o 0
0 1 2 3 4 5 0 1 2 3 4 5
2 2 5 3
2,3,4 X A1,2,3 A0,1,2,3,4,5 X A0,1,2,3
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Conclusion:

Ce = C.(A%) ® C.(AY)

Fundamental theorem of vector fields =

Canonical Homological Reductions:
p: Ci(A® X A®) == C.(A®) ® C.(A?)

p: Ci(A? X A?) = C,(AP) ® C.(A?)

p=q=10 = 16,583,583,743 vs 4,190,209
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More generally: X and Y = simplicial sets.

An admissible discrete vector field

is canonically defined on C,(X X Y).
= Critical chain complex C(X X Y) = C.(X) ® C.(Y).

Eilenberg-Zilber Theorem: Canon. homological reduction:

= Kiinneth theorem to compute H,(X X Y).
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7/8. Twisted Eilenberg-Zilber.

Notion of twisted product.

Simplest example: Z x S' vs Z x, St = R:
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General notion of twisted product: B = base space.
F = fibre space.
G = structural group.

Action G X F — F..

7 : B - G = Twisting function.

Structure of F' X, B:

Bz-(af, O'b) = (aiO'f,aiO'b) forz2 >0
80(0']'2 ’ O'b) = (T(O’b).aOO'f, 800‘{,)

= Only the |0-face| is modified in the twisted product.
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Reminder about the EZ-vector field of A° x A3.

cte o o o

S = N ®W
e o o o

The vector field is concerned by faces 9; only if 2 > 0.
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1. The twisting function 7 modifies only 0-faces.

2. The EZ-vector field Vgz of X XY
uses only i -faces with i > 1.

= Vg7 is defined and admissible as well on X XY,

Fundamental theorem of admissible vector fields =

C.(X xXY) C.(X xX7Y)
Vez = g Vez = #

Known as the twisted Eilenberg-Zilber Theorem.
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Corollary: Base B 1-reduced = Algorithm:

[(F, C*(F), ECf, €F) —|— (B, C*(B), EC*B, é'B) —|— G —|— ’7']

— (F X r B,C*(F X+ B),ECfXTB,é'FXTB).

Version of F' with effective homology
+ Version of B with effective homology
+ G -+ 7 describing the fibration F' — F' X, B — B

= Version with effective homology of the total space F X, B.

— Version with effective homology

of the Serre Spectral Sequence



37/39
Analogous result for the Eilenberg-Moore spectral sequence.

Key results:

G = Simplicial group = BG = classifying space.
BG =...(((5G X+ SG) X+ SG) X+ SG) Xy cvve--

X = Simplicial set = KX = Kan loop space.
KX =...((S'X x,871X) x, 871X) x, 871X) x,---

Analogous process = Algorithms:

(G, C.G, ECC,ec) — (BG,C.BG,ECEC, cpe)
(G,C*X,EC;X,E:)() —> (KX,C*KX,ECEX,er)
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8/8. Main result.
“Standard” Algebraic Topology becomes constructive.

The most basic standard spectral sequences

(Serre, Eilenberg-Moore) become effective.

Example: 75(QS° Uy D?) = (Z/2)%.

#[8°, Cont (S, S°) U, D?] = 16
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Computing plan: Five fibrations (twisted products):
X2 — QSS U2 D3

K(Z/Z, 1) — X3 — X 71'2(X2) = Z/2
K(Z/Z, 2) — X3 — X3 71'3(X3) = Z/2
K(7/2,3) — X" — X! m(X!) =17/4
K(7/2,3) — X5 — X! m(X") =17/2
Applying five times our effective version
of the Serre spectral sequence and

five times the effective version

of the Eilenberg-Moore spectral sequence

= ’7T5(X2) = 7T5(X5) = H5(X5) = (Z/2)4.



;5 Clock -> 2882-81-17, 1%h 25m 36s.
Computing the boundary of the generator 19 {dimension 7) :

£TnPr <TnPr <TnPr S3 <<Abar[2 S1][2 S$1]>>> <<{Abar>>> <{{Abar>>>
End of computing.

Homology in dimension 6 :

Component 251272

---done---

;: Clock -» 2802-081-17, 1%9h 27m 1

The END

Ana Romero, Universidad de La Rioja
Francis Sergeraert, Institut Fourier, Grenoble
Mulhouse, May 24, 2012



