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Semantics of colours:

Blue = “Standard” Mathematics
Red = Constructive, effective,

algorithm, machine object, ...
Violet = Problem, difficulty,

obstacle, disadvantage, ...
Green = Solution, essential point,

mathematicians, ...
Dark Orange = Fuzzy objects.
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Plan.

1. Eilenberg-MacLane spaces.

2. Map = Mapping Cone.

3. Postnikov’s fundamental Theorem.

4. Postnikov construction

for spaces with effective homology.

5. Postnikov construction for square diagrams.
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1/5. |Eilenberg-MacLane spaces|.

Given: m = Abelian group ; 2 < n € N.

K(mw,n) := CW-complex well-defined up to homotopy by:
m(K(w,n)) =n and mp(K(w,n)) =0 for k #n
K (m,n) represents the functor:
Top > X — H"(X;7w) € Ab

Characteristic class: xrn, € H"(K(m,n), ).

Canonical bijection:

(X, K(m,n)] 3 f — F*(xrm) € H*(X; )
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Canonical simplicial model of K (7, n)

by Eilenberg and MacLane.

E(m,n), = C"(A*, w)
K(m,n), = Z"(A*, )

If a: [0...k] — [0...4] = A* — A* and s € E(m,n),, then:

a*(s) := a”(s)

a:0.k—0..L = oa: E(mr,n); — E(m,n)

a: AP — Af = o : C"(Af, ) — C* (AR, )
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Normalized | cochains (and cocycles):

Cr (A, ) = {c: Af — 7}
Ak = {0<ig < -- < iy < k)
Afyp = {0<dp < - <in <k} (=0ifk <n)
AﬁD = Aﬁ_ Aﬁ,ND

Cochain ¢ normalized := c|AF ;=0
9

= [(k<n) = C"A*7w)=0=2Z"(A,7)]

= Kilenberg-MacLane’s K (7, n) begins only in dimension n.
K(m,n)r = {*1} = {0 € Z"(A*,m)} for k < n
K(mw,n), ==
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Canonical identifications:
Given: 2 <n €N, w & Ab, X = simplicial set.

SSet := Category of simplicial sets.
SSet(X,Y) := {Simplicial maps : X — Y }.

Then:

112

C™(X, ) X SSet(X, E"(m,n))

112

ZM(X, ) = SSet(X, Z"(m,n))

Proof: abstract nonsense.
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Universal characteristic objects:

SSet(X, E"(m,n)) < C™(X, )

SSet(E(w,n — 1), E(w,n — 1)) 3 id <
— XExn-1 € C" Y (E(wr,n —1),m)

= XE,rn—1 = Universal characteristic cochain.
SSet (X, Z"(mw,n)) <« Z™(X, )
SSet(K (mw,n), K(mw,n)) 3 id < Xk xn € Z"(K(7,n), T)

XK,=,n = Universal characteristic cocycle.
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Canonical Eilenberg-MacLane Kan-fibration:
K(w,n —1) — E(m,n — 1) = K(mw,n)
p: E(myn — 1), = C" (A% ®) > cr dc € Z"(A*,n) = K(m,n)

A contractible
= every cocycle is a coboundary

= short exact sequence:
0 — Z" Y A%, ) - e (AR, 1) -5 Z7(AF, 1) — 0

= p:=d: E(r,n—1) — K(m,n) surjective.
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In a diagram:

E(w,n —1) xg € C"YE(w,n — 1), )
F lp
X 4[((77,71) Xx € Z"(K (7, n), )

SSet(X, K(m,n)) > f «— f*(xx) € Z"(X,)
SSet(E(w,n — 1), E(w,n — 1)) 3id +—— xg € C" Y E(7,n — 1))

SSet(E(m,n — 1), K(7,n)) 3 p «—— p*(xx) € Z"(E(7,n — 1), )

P*(xx) = d(xE)

f*(xx) = F'p*(xx) = F*d(xg) = d(F*(xE))
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Theorem: In the diagram:

E(w,n —1) xg € C"YE(w,n — 1), )
F ??a lp
X f’ K(T"an) XK € Zn(K(ﬂ-an)?ﬂ')

a lifting F' of f along p can be defined
if and only if f*(xx) € Z™(X, m) is a coboundary:
f*(xKx) = de with ¢ € C™" (X, 7).

C" 1 (X,w)dc« F € SSet(X,E(n —1,7))
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Cocycle = Principal Fibration:

Given: X € SSet, z € Z"(X; 7).
= Principal Fibration:

K(m,n—1) — X .x, E(m,n—1) == X

X %, B(r,n—1)—%— E(r,n—1)

/| b

X . K(m,n)

with [ X X, E(m,n — 1)]; :=
{(a,b) € X X E(m,n — 1); st z(a) = p(b)}
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Proposition: Given: A = simplicial set;

7w = abelian group;

z, 2 € Z" (A, 7).

Then the K (7, n)-principal fibrations defined by z and 2’

are isomorphic if and only if z and 2z’ are cohomologous.

A cochain c satisfying de = 2/ — z

canonically defines such an isomorphism.
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(0,7 +c(0)) € A 2x, E(m,n)
5 =1
¢

(o,7) € A X, E(m,n) E(m,n)> T

ocA

=\ . K(m,n+1)

Solution: ¢ (o, 7) = (o, 7 + c(0)).
(os7) € =Xy f} z(o) = p(7)
(0,7 +¢(0)) € X, & (o) = (7 + ()

But 2/(0) = z(o) + dc(o) = p(7) + p(c(o)) = OK. QED
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Generalized lifting problem.

X %, E(wr,n —1)—<4—E(w,n — 1)

P
-
-

_______

A- f X z K(ﬂ',n) > XK

Theorem: A lifting F' of f along p’ can be defined

if and only if f*z*xk is a coboundary f*z*xgx = dc.
Proof: ¢ € C" (A, w) = SSet(A, E(w,n — 1)).

Take:
F = (f,c)
QED
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Mapping cylinder of f: A — B:

Map = Mapping Cone.

15/57

Cyl(f) == [(A x I) 11 B] / [(4,0) ~ f(a)l.

A

(A x1)

(A xI)

(A x 0)

[/

(a,0) ~ f(a) \\
B

The canonical projection Cyl(f) — B

is a homotopy equivalence.
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Mapping cone of f : A — B:

Cone(f) =[B [I (Ax1I)] /[(Ax1)& (a,0) ~ f(a)].

(Ax1)/(AXx1)
(AxI)/(AXx1)

(A x 0)

A
B

Cone(f) i= Cyl(f)/(A x 1)




Algebraic translation.

Definition: Given:
f:C — C,
— chain complex morphism.
Then Cone(f) is
the chain complex T,
defined by:

T,

Cn®C; 4

dn fn—l
O - U

n—1

dT T —>Tn_1 .

1
1
1
1

v

Cgr <=

dn+1

(____

. 1
‘e, 1
I
"... +
—
. I .,
e
_dn
o C”
.fn 1 "_.EI‘
. .0
. re,
_d'n. !.
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Notation: Cone(f) = C, @; C’

Remarks:

1
1
1
1
v

C, subcomplex of Gy ¢----

Cone(f) = C, ®¢ C’;[l] dnt

Ci[l] subcomplex of " _d
. / [1] “. '~... ‘e,
Cone(f) = C. &¢ C, Cn1 s— Cj 4 Fog1

! —din dr.
C/[l] = {C. @ Cl[l]} / C . R
x * Df * e ! Rz
n-,—.2 /Q.
& short exact sequence: | dt
Foa

0 — C, — Cone(f) - C;[l] — 0
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= Long homology exact sequence:

o Hyn (@) —
<> H, (C*) — Hn(Cone(f)) - Hn(C;[l]) )
. H

n—l(C*) _____ ’

Better viewed as:

————— » Hyp11(Cone(f)) D

<_ H,(C) .
C H 1(C, """"" ?

H,(C,) —— H,(Cone(f)) —
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Analogous long homotopy exact sequence.

...... 41 (Cy1(S), A) —
— m(4) — L o (CL) — ma(CYI(S), A) —

A No excision in homotopy: 7, (Cyl(f), A) = m,(Cone(f)).

Definition: The map f is n-connected

if m;(Cyl(f),A) =0 for 0 < i < n.

<
fi : mi(C!) — m;(C,) = isomorphism for 0 < 7 < n,

+ fn:mn(Cl) — 7, (C\) = epimorphism.
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Also Cone(f) :=Cyl(f)/(Ax1=A)
and H,(Cone(f)) = H.(Cyl(f), A)

Hurewicz Theorem =

f is n-connected :=  m;(Cyl(f),A) =0 for0<i:<mn
< H;(Cyl(f),A) =0 for0<i:<mn
& H;(Cone(f)) =0 for0<i<mn
< wi(Cone(f)) =0 for 0 <1 < n.
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3/5. |Postnikov’s fundamental theorem.

* % * Simplicial Set Category * * %

* % * All objects assumed 1-connected * * x

Postnikov Theorem: Given: f: A — B =

an n-connected map.

Then 3 a factorization: B’ =B x, K(mw,n)
.
A—— B
with: f’ (n + 1)-connected;
p a principal fibration:
K(mw,n) — [B x, K(7,n) = B = B ;
7 = H,,+1(Cone(f)).
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Proof.

Cn(Cone(f)) —*— Cni1(Cone(f)) —*— Cpy2(Cone(f))

H, 1(Cone(f)) = Zp11/Bpy1 =7

Cr+1(Cone(f)) = Zpt1 @ (some) Zqi_-|-1

= k, : Cph11 — H, 1 = ™ = non-canonical extension of pr.
d(k,) =k,od=0

= H"*!(Cone(f),w) D k, = Postnikov class| k,(f).
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Lemma: k,(f) as a cohomology class unambiguously defined.

Cp d Chni1 & € arbitrary
| I >pr’ = e.pr’ 2 coboundary 77
Z, Z?i_—l—l But e.pr’ = ed 'pr’d
E:B Z?H = d(ed™pr”).
l ‘ 8 QED
H,

Remark: H, =0 = pr” defined.
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Postnikov Construction = Diagram of K (m,n)-fibrations:

ECyl Econe E(ﬂ'v ’I’L)

| | |

~ CylLCOHe#K(T{,TL—Fl)

Claim: f m-connected + z = k,(f) = f’ (n + 1)-connected.
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Postnikov Construction = Functor:

{[f: A— B],z € Z""'(Cone(f), m)} —

—— {Postnikov Diagram}

1N
oy

Cyl(f) —— Cone(f)~__

K(mw,n+1)

z

A—E g Cyl(f’)—— Cone(f’)

+ the K (m,n)-fibrations induced by {:--- — K(m,n + 1)}.
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Postnikov Construction = Diagram of exact sequences:

--» mg41(A) wg+1(B) war1(f) mq(A) ----
i = A =77 £
- Tq+1(EB) Tg+1(B) —— mg(K (7w, n)) 7g(EB) ---»
Top sequence = Exact sequence of pair (Cyl, A)
with Cyl ~ B.

Bottom sequence =

Exact sequence of fibration K(mw,n) — E¢g, — Cyl.

Vertical arrow m,41(f) = T (K (m,n)) 777
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Vertical arrow m,1(f) AR (K (mw,n)) 777

Fibration E4 — A trivial = E4=A X K(w,n) =

0 —— my(K(m,n)) <5 7"'q(EA) <— mq(A)

with idﬂ-q(EA) = op + ip.

= Tg+1(Ecy, Ba) —9— mq(Ey) —2— (K (w,n))

p _1
= Pap

Tg+1(f) 1= mg41(Cyl, A)

1%




Three squares to be proved commutative.

Square 1 = gy 1(A) —— 7,1 (B)

@ k-

7q+1(EB) —5 Tq41(B)

Variant of: FE4 ! Ep

P 32

A=~ B

Proof: pf'=pfo = fpo=f

29/57

QED
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Square 2 = w,11(B) Ta+1(f)

e b

mTgt1(B) o, mq(K (7, 1))

981

//\

Tg+1(B) 5 7g1(Ep, K(m,n)) paer"q(K(T"v n))

I
1%
|

a1 (Cyl) 5 mgi1 (Boy, K (0, 1)) 2my (K (7, 1))
J J A J TP

Tg+1(f) = 7q11(Cyl, A) - mgp1(Ecy, Ea) —— Do, 7q(Ea)

-1 — PJ 8pairp_1 — pairp_l — aﬁb

>‘.7 = p 8pairp B lj =p 8pairj D
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Square 3 =  wg1(f) Opair e(A)
B @ Eid
e (K (m,m)) — 7q(EB)

~J

~ 9 air
7a+1(CyD) & o1 (Boyt, K (m,1)) 2%, (K (m,n))

p
T41(f) = mg41(Cyl, A) o mgp1(Ecyl, Ba) —25 my(Ea) L 7y (EB)
apair P 0 i‘%
o
f/
mq(A) Wq(ECyl)

0= fapairp_l = f(”’p + o'p)apairp_l = f’ipapairp_l + fo'papairp_l =

= ipapairp_l + f,apairpp_l =i\ + flapail“ =0
QED up to sign
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Remark: The Postnikov construction is a functor.

Canonical morphism: A d B k.(f) € Z™(Cone)

| [kn ()
*x — K(mw,n+ 1) id € Z"(Cone)
= Diagram:

N
~

7Tn—|—1(K(779 n + 1)’ *)

Tn1(f) = mat1(Cyl, A)

1%

~p~? ~[pt
TTn+1 (ECyla EA) K TTn+1 (E(Tl', n)’ K(ﬂ-? n))
lapair %Jlapair
7n(E4) K (K (7, 1))
lp >|p
o (K (7, 1)) = (K (7, 1))

= A Tpr1(f) — (K (w,n)) = isomorphism.
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Using the morphism of exact sequence — I.

Tn41(B) —— Tnqa(f) mn(A) 7n(B) M

S R N

Tnt1 (B) —— 7o (K (7, ) —— 7, (EB) Tnt1(B) — T m))

= f':m(A) - 7, (Ep) = isomorphism
and the same for f’: m;(A) — m;(Ep) for i < n.
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Using the morphism of exact sequence — 11I.

71'n+1(A) S 7Tn+1(B) — 7Tn+1(f)

Ak
TEET)) — i (Br) —— mu(B) — m(K(m,n))

Standard diagram chasing =-

f':mp1(A) — w1 (EB) is epimorphism.

Proved: |f': A — Ep is (n + 1)-connected |

QED
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Corollary: Given: A, B simply connected and f : A — B.

Then:
. o lim B; = B
Moore-Postnikov decomposition — .
of f with: v
Bs
® f; is 2-connected. foo Jpz
® p; is the fibration: B,

I3

K(mi11(fi)s1) — Biya / lpl

in A= B=: B

B;

defined by the Postnikov class k;(f;) € H*"Y(B;, mi11(f:)).

In particular f.. is a homotopy equivalence.



Particular case 1. f : A — % = Postnikov tower of A.

lim A; = A

A3 — K(7T3,3) ng Az

foo Do

I3
D1

fa

A=

A2 = K(7T2, 2)

A; 1 = (i — 1)-th stage of the Postnikov tower.
7TZ(A) = Hi+1(Cone(fi_1),Z).
ki € H*Y(A;_1,m;(A)) = Postnikov class

ki € HTY(A;_1,m;)

depending

A; = K(TF,L(A),’I,) Xk, A;_q.

— intrinsic.

on 7; = 7T1(A)

36,57
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Particular case 2. f : x — B = Whitehead tower of B.

B3 = K(?Tg(B), 2) ng B2

foq D2
3 By, = K(ﬂ'Q(B), ].) X ko B
b1
J2
* fr=w B =: B

B; = 1-th stage of the Whitehead tower.
— B with {‘Tl'j}jgz' killed.

— 1-th generalized covering space of B.
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General case:

K (mw3(Cone(f2)),2) X, B

p2 P2
K (m3(Cone(f1)),1) :By . > F) = K(m2(Cone(f1)),1)
P P1

AT By,:=B %

The restriction of the Postnikov tower of f above B
to the base point =
is the Postnikov tower of the homotopy fiber F of f: A — B.
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Particular case of the general case:

limB; =: B, . > F, := 1lim F;
Joo

K(Tl'g(B), 2) Xk3 By =: Bg (_)Fz = K(7T3(B), 2) X ks F1

p2 b2
K(m(B),1) 1=: By . > F, = K(m(B),1)

P11 D1

*T>BI;ZB<_)*

F.. = Homotopy fiber of [x — B] =: 0B = loop space of B.

Corollary: The Postnikov classes of (1B
are the Whitehead classes of B.
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4/5. Postnikov construction

for spaces with effective homology

Given: f: A — B an n-connected simplicial map (n > 1)

between 1-reduced simplicial sets with effective homology.

Then: A general algorithm produces the diagram:

B/
Sk
A——B

with:
e ' is (n + 1)-connected;

e p is a fibration K(w,n) — B’ 2 B;

e B’ is a simplicial set with effective homology.
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Let C, be a free Z-chain complex,

n-connected (n > 1), with effective homology.

= Equivalence C, «—= FEC,
with EC, = free Z-chain complex of finite type.

= w:= H,,1(Cy) = H,.1(EC,) is computable.

EC’ 2 ECpi1 <+ ECpys

n+1/ = Fbh = fund. cohomology class
By| P of EC, computable.
n—|—1
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Effective homology of C,:

e AN
th— C, <:f>£ C. # EC, —rh
g T
rfog
g
iy

= The fundamental cohomology class of C,:
h:=FEbhorfolg

is computable.
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Cone Theorem: Given: f : A, — B,

a chain complex morphism

between two chain complexes

with effective homology.

Then: A general algorithm computes

a version with effective homology of Cone(f).

Proof: Particular case of the SES, Theorem.
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Given f: A — B n-connected +
C.(A) = C,.(B) — Cone(f.)
+ A and B with effective homology

C.(A) — C,(B) — Cone(f,) LN
with 7 := H,1(Cone(f.),Z)

= mr-cochains:

h € Z™'(Cone(f.), )
hp:=bhi € Z"(B,n)
ha = bhif, € Z"(A, )
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ha:=bhofx = bhif«

bs :=bi = ho L Cn_|_1(A)
T < — —d
b1 Cn(A)
h = 1[bo bi] cocycle <
d x
b0 0l | Y7 T = lheds bof— bida] = 0
0 —dga

= ha = hofx = hida = da(h:)

= b4 is a cohomology class |constructively| null.
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= (K, := K(m,n))

B’ := K, Xy; B—— K,, X, Cone(f) — E(m,n)

b1 ‘/ p=d
!

A 7 B . Cone(f) —— K(m,n + 1)

Constructive solution of Postnikov process = f': A — B’.

QED
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5/5. Postnikov construction for morphisms.

Given: A commutative diagram:

A—L - B
|
c —2— D

with A, B, C, D 1-connected, and f, g n-connected.

Then: A morphism between Postnikov constructions

is induced:
ﬁ/

B’ D’
P P
A—L B 9 D
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Remember the functor:

{[f: A— B],z € Z""(Cone(f),n)} —
—— {Postnikov Diagram}

= ECyl Econe E(Tl', ’I’L)
~ Cyl pr Cone —— K(mw,n + 1)

\ Serious general coherence problem

with cocycle coherence.
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Problem visible in this simple case:
A=C =% = Cone =B or D.

B = Disk bounded by a circle.
= Cu(B)=[0«— Z < 7 < 7 « 0]

D = 2-sphere = C,(D) = [0« Z «— 0 «+— Z «+ 0]

f = the map |[circle of B]| — [base point of D].

B

B, D and f are 1-connected.
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= 7 = Hy(B,Z) =0 and =’ = Hy(D,Z) = Z.

= 2=0¢€ Z*(B,0) and 2’ =id € Z*(D,Z) [no choice !].

= BXOK(O,].) 777 D x4 K(Z,l)
b b
B ! D

Only one natural intermediate object:

B X0 K(0,1) — B X2 K(Z,1) — D X1 K(Z, 1)

b I b

B id B ! D

with in particular 7z”7 to be determined.
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B X0 K(O, 1) W B X717 K(Z, 1) W D X1 K(Z, 1)

b I b

B id B ! D

Left-coherence = 2" = f.(z) = f«(0) =0
with f, : Z?(B,w) — Z*(B,w’).

Right-coherence = z”" = f*(2') = f*(1) =1
with f*: Z?(D,n’') — Z*(B, «’).

0 # 1 = Problem!
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At the level of chain complexes:

Jx

| Non-comm! ‘\)

ﬂ:HQIOﬂCQZZ - Cé:ZgZ:Hé:ﬂ',

I
1] 0l
C\=7—2—C}=0
0] 0l
Co=7—1—Cy=1

C,. and C! chain complexes, f : C, — C! morphism.
z € Z*(C., H>), 2’ € Z*(C", H}) = characteristic cocycles.
fe: Z*(Cy, Hy) — Z*(C\, HY) : z = 0 — 0 = f.(2).
f*:Z*(C,H)) — Z*(C,,H)) : 2/ =1 — 1= f*(2).

Bug: 0 = f.(z) # f*(z/) =1 !
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Theorem: In this context, f.(z) and f*(z’) are cohomologous.

Ch ¢ CTH-l ! C’II’L—|—1

| >pr' |
n+1 4\ n+1
n—l—l n+1
"‘”\/ \f\

Hn+1 I H7,1+1

e 77
2Z'f ~ fuz

1. The square S() is commutative.
2. For g arbitrary:
g.pr’ = g.d l.pr’.d = d(g.d '.pr”)
QED



= Diagram-1:

A

C

f

J

Com.

g

B

Com.

J

D

Cyl(f) —— Cone(f)

Com.

z

2/® ~ P,z

54/57

K(w,n+1)

Cyl(g) —%— Comne(g) —%— K(n/,n + 1)
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= Diagram-2:

Cone(f) x, K(m,n)

p -
Cone(f) £ Cone(f) X, K(n',n)
p [
Dz~ P2
® Cone(f) X+ K(7'yn)
P,

Cone(f') r Cone(f') X, K(7',n)
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= Diagram-3:

B’ Cone(f) X, K(m,n)
A
A—>— B ——— Cone(f)
B’ )
a g P

D’ Cone(g) X.» K(w',n)
g pk \pl

C 7 D ] Cone(g) QED
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Corollary: All the Postnikov constructions:

® Moore-Postnikov factorization;
e Postnikov tower;

e Whitehead tower;

e Postnikov tower of the homotopy fiber;

can be functorially organized.

In an effective way in context of effective homology.



;5 Clock -> 2882-81-17, 1%h 25m 36s.
Computing the boundary of the generator 19 {dimension 7) :

£TnPr <TnPr <TnPr S3 <<Abar[2 S1][2 S$1]>>> <<{Abar>>> <{{Abar>>>
End of computing.

Homology in dimension 6 :

Component 251272

---done---

;: Clock -» 2802-081-17, 1%9h 27m 1

The END

Francis Sergeraert, Institut Fourier, Grenoble
Masarik University, Brno
March 21-25, 2011



