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“Standard” Homological Algebra is not constructive.

Examples.

1. Hn(X) = 0.

Translation:

(∀z ∈ Cn(X))((dx = 0)⇒ ( ∃c ∈ Cn+1(X) st dc = z))

(∃c) constructive ??

Generally no!!
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2. Hn(X) = Z.

Translation:

(∃φ) st φ : Z
∼=−→ Hn(X)

(∃φ) constructive ??

Generally no !!

3. Making φ constructive:

φ defined through φ : Z −→ Zn(X)

st the induced map φ : Z
∼=−→ Hn(X) = isomorphism.

Justification ??
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φ : Z
∼=??−→ Hn(X) φ : Z −→ Zn(X)

(∀z ∈ Zn(X))(( ∃n ∈ Z) st (φ(n) and z homologous ))

3a. (∃n) must be made constructive.

3b. Justification of homologous ??

( ∃c ∈ Cn+1(X)) st dc = z − φ(n)

(∃c) must be made constructive.

⇒ Much work in front of us !!

Reward: Homological algebra becomes easier !!
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Solving the homological problem for a chain complex C∗

⇔ You must be able to:

1. Determine the isomorphism class of Hi(C∗) for arbitrary i ∈ Z.

2. Produce a map ρ : Hi(C∗)→ Ci

giving a representant for every homology class.

3. Determine whether an arbitrary chain c ∈ Ci is a cycle.

4. Compute, given an arbitrary cycle z ∈ Zi = ker(di : Ci → Ci−1),

its homology class z ∈ Hi(C∗).

5. Compute, given a cycle z ∈ Zi known as a boundary (z = 0),

a boundary-premimage c ∈ Ci+1 (di+1(c) = z).
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Definition: A (homological) reduction is a diagram:

ρ : h 4444 44 Ĉ∗
f

//C∗
goo

with:

1. Ĉ∗ and C∗ = chain complexes.

2. f and g = chain complex morphisms.

3. h = homotopy operator (degree +1).

4. fg = idC∗ and dĈh+ hdĈ + gf = idĈ∗.

5. fh = 0, hg = 0 and hh = 0.
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A∗ = ker f ∩ kerh B∗ = ker f ∩ ker d C′∗ = im g

Ĉ∗ = A∗ ⊕B∗ exact ⊕ C′∗
∼= C∗

.
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Let ρ : h 4444 44 Ĉ∗
f

//C∗
goo be a reduction.

Frequently:

1. Ĉ∗ is a locally effective chain complex:

its homology groups are unreachable.

2. C is an effective chain complex:

its homology groups are computable.

3. The reduction ρ is an entire description of

the homological nature of Ĉ∗.

4. Any homological problem in Ĉ∗ is solvable

thanks to the information provided by ρ.
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ρ : h 4444 44 Ĉ∗
f

//C∗
goo

1. What is Hn(Ĉ∗)? Solution: Compute Hn(C∗).

2. Let x ∈ Ĉn. Is x a cycle? Solution: Compute dĈ∗(x).

3. Let x, x′ ∈ Ĉn be cycles. Are they homologous?

Solution: Look whether f(x) and f(x′) are homologous.

4. Let x, x′ ∈ Ĉn be homologous cycles.

Find y ∈ Ĉn+1 satisfying dy = x− x′?
Solution:

(a) Find z ∈ Cn+1 satisfying dz = f(x)− f(x′).

(b) y = g(z) + h(x− x′).
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Definition: (C∗, d) = given chain complex.

A perturbation δ: C∗ → C∗−1 is an operator of degree -1

satisfying (d+ δ)2 = 0 (⇔ (dδ + δd+ δ2) = 0):

(C∗, d) + (δ) 7→ (C∗, d+ δ).

Problem: Let ρ : h 4444 44 (Ĉ∗, d̂)
f

// (C∗, d)
goo be a given reduc-

tion and δ̂ a perturbation of d̂.

How to determine a new reduction:

? : ? 4444 44 (Ĉ∗, d̂+ δ̂)
?

// (C∗, ?)
?oo

describing in the same way the homology of

the chain complex with the perturbed differential?
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Basic Perturbation “Lemma” (BPL):

Given:

h 5555 55 Ĉ∗

f

��

ii iiii d̂

C∗

g

OO

ii iiii d

+ Ĉ∗ ii iiii δ̂ satisfying:

1. δ̂ is a perturbation of the differential d̂;

2. The operator h ◦ δ̂ is pointwise nilpotent.

Then a general algorithm BPL constructs:

h 5555 55 Ĉ∗

f

��

ii iiii d̂

C∗

g

OO

ii iiii d

+ Ĉ∗ ii iiii δ̂
BPL7→

h+δh 5555 55 Ĉ∗

f+δf

��

ii iiii d̂+δ̂

C∗

g+δg

OO

ii iiii d+δd
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Proof:

φ :=
∑∞

i=1(−1)i(hδ̂)i and ψ :=
∑∞

i=1(−1)i(δ̂h)i are defined.

Then:

• δd := fδ̂(idĈ + φ)g = f(idĈ + ψ)δ̂g

• δf := fψ

• δg := φg

• δh := φh = hψ

is the solution.

QED
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Definition: A (strong chain-) equivalence ε : C∗ WWWVVV D∗

is a pair of reductions C∗
`ρ

WWW E∗
rρ

VVV D∗:
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5

Normal form problem ??

More structure often necessary in C∗.
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Definition: An object with effective homology X is a 4-

tuple:

X = X,C∗(X), EC∗, ε

with:

1. X = an arbitrary object (simplicial set, simplicial group,

differential graded algebra, . . . )

2. C∗(X) = the chain complex “traditionally” associated

to X to define the homology groups H∗(X).

3. EC∗ = some effective chain complex.

4. ε = some equivalence C∗(X)
ε

WWWVVV EC∗.
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Main result of effective homology:

Meta-theorem: LetX1∗, . . . , Xn∗ be a collection of objects with

effective homology and φ be a reasonable con-

struction process:

φ : (X1∗, . . . , Xn∗) 7→ X∗.

Then there exists a version with effective ho-

mology φEH:

φEH: (X1, C∗(X1), EC1∗, ε1 , . . . , Xn, C∗(Xn), ECn∗, εn )

7→ X,C∗(X), EC∗, ε

The process is perfectly stable

and can be again used with X for further calculations.
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Typical example of PBL application: the SES2 Theorem.

Definition: The algebraic cone construction:

Ingredients: two chain complexes C∗, D∗

and a chain-complex morphism φ : C∗ ← D∗.

Result: a chain complex A∗ = Cone(φ) defined by:

Aq = Cq ⊕Dq−1 dAq =

 dCq φq

0 −dDq−1
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��

��
��

��
�

����
��

��
��

�
Aq+1

Dq+1
−dDq+1oo

φq−1
��

��
��

��
�

����
��

��
��

�
Aq+2

· · ·

����
��

��
��

��
��

��
��

��
��

��
oo

· · · Cq−1
oo Cq

dCqoo Cq+1
dCq+1oo Cq+2

dCq+2oo · · ·oo
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Geometrical interpretation.

φ : X ← Y = continuous map.

Cone(φ) := (X
∐

(Y × I)) / ((Y × 1) & (y, 0) ∼ φ(y))

X

Y

•

φ

(Y × I)/(Y × 1)

(y, 0) ∼ φ(y)

��
��
��
��
��
��
��
��
��

��
��
��
��
��
��
��
��
�

''
''
''
''
''
''
''
''
'

//
//

//
//

//
//

//
//

//

�� �� �� ��
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SES2 Theorem: A general algorithm CR can be produced:

Input: h 5555 55 Ĉ∗

f

��

Ĉ′∗
φoo

f ′

��

ii iiii h′

C∗

g

OO

C′∗

g′

OO

Output: h′′ 4444 44 Cone(φ)

f ′′

��

Cone(fφg′)

g′′

OO
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Proof: 1. Particular case φ = 0: trivial (direct sums).

h 4444 44 Ĉ∗

f

��

Ĉ′∗
0oo

f ′

��

h′jj jjjj

C∗

g

OO

C′∗
0oo

g′

OO

[
d̂ 0

0 −d̂′

] [
d 0

0 −d′

] [
f 0

0 f ′

] [
g 0

0 g′

] [
h 0

0 −h′

]

D̂ D F G H
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Proof: 2. Install the actual φ. The reduction is nomore valid.

h 4444 44 Ĉ∗

f

��

Ĉ′∗
φoo

f ′

��

h′jj jjjj

C∗

g

OO

C′∗
0oo

g′

OO

[
d̂ φ

0 −d̂′

] [
d 0

0 −d′

] [
f 0

0 f ′

] [
g 0

0 g′

] [
h 0

0 −h′

]

D̂ D F G H
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Proof: 3. Apply the Basic Perturbation Lemma:

h 4444 44 Ĉ∗

f

��

Ĉ′∗
φoo

f ′

��

ppppppppppppppp

fφh′
ppp

xxpppp

hφh′

vv
h′jj jjjj

C∗

g

OO

C′∗
fφg′oo

g′

OO

hφg′
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ffNNNN

[
d̂ φ

0 −d̂′

] [
d fφg′

0 −d′

] [
f fφh′

0 f ′

] [
g −hφg′

0 g′

] [
h hφh′

0 −h′

]

D̂ D F G H

QED.
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Why the terminology SES2 theorem?

A morphism φ : A∗ ← B∗ produces

an effective S hort E xact S equence of chain complexes:

0 //A∗
i

//Cone(φ)
j

//
ρoo B∗ //

σoo 0

and the SES2 theorem is an algorithm:

[Reduction(A∗) + Reduction(B∗)] 7→ Reduction(Cone(φ))
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Notation: ρ : Ĉ∗ VVV C∗ ⇔ ρ : h 4444 44 Ĉ∗
f

//C∗
goo .

Theorem (Easy Basic Perturbation Lemma):

ρ : (Ĉ∗, d̂) VVV (C∗, d) + δ : C∗ → C∗−1 = perturbation of d

7→ ρ′ : (Ĉ∗, d̂+ δ̂) VVV (C∗, d+ δ) .

Proof: (Ĉ∗, d̂) = (A∗, d̂)⊕ (C′∗, d
′) with (C′∗, d

′) ∼= (C, d).

Copy into (C′∗, d
′) the perturbation δ 7→ (C′∗, d

′ + δ′).

Solution = ρ : ((A∗, d̂)⊕ (C′∗, d
′ + δ′)) VVV (C∗, d+ δ).

QED
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Cone-Equivalence Theorem:

A general algorithm CE can be produced:

Input: `h 4444 44 Ĉ∗

`f
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φ
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rg′
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Output:
`h′′ 4444 44 Cone( g̀ φ f̀ ′) jj jjjj rh′′

`f ′′

yyssssssssssssssssssssssssssss

rf ′′

%%KKKKKKKKKKKKKKKKKKKKKKKKKKKK

Cone(φ)

`g′′

99ssssssssssssssssssssssssssss

Cone(rf `g φ f̀ ′ rg′)

rg′′

eeKKKKKKKKKKKKKKKKKKKKKKKKKKKK
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SES3 Theorem:

Let (A, i, ρ,B, j, σ, C) be

an effective short exact sequence of chain-complexes:

where:

1. The i and j arrows are chain complex morphisms.

2. The ρ and σ arrows are graded module morphisms.

3. idA∗ = ρ ◦ i ; idB∗ = i ◦ ρ+ σ ◦ j ; idC∗ = j ◦ σ.

Then an algorithm constructs a canonical reduction:

Cone (i) VVV C∗

from the data.

0 A∗ B∗ C∗ 0- -

i

�

j
-

ρ
�σ -
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Proof:

1. Cancel all the differentials.

Then an obvious reduction is obtained:

ρ 4444 44 [A∗, 0]
i→ [B∗, 0]

j
//[C∗, 0]

σoo

2. Reinstall the differentials of A∗ and B∗.

3. To be interpreted

as a perturbation of the differential of Cone(i).

4. Apply BPL.

ρ 4444 44 [A∗, dA]
i→ [B∗, dB]

j
//[C∗, dC]

σ−ρdBσoo

QED
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Corollary: Same data:

+ A∗
εA

WWWVVVEA∗ and B∗
εB

WWWVVVEB∗ with effective homology.

Then an algorithm constructs εC : C∗WWWVVVEC∗.

Proof:

C∗ WWW Cone (i) WWW ̂Cone (i) VVV ECone (i)

+ Composition of reductions.

QED.

0 A∗ B∗ C∗ 0- -

i

�

j
-

ρ
�σ -
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