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Abstract. Given two algebraic groups G, H over a field k, we investigate
the representability of the functor of morphisms (of schemes) Hom(G,H)
and the subfunctor of homomorphisms (of algebraic groups) Homgp(G,H).
We show that Hom(G,H) is represented by a group scheme, locally of finite
type, if the k-vector space O(G) is finite-dimensional; the converse holds
if H is not étale. When G is linearly reductive and H is smooth, we show
that Homgp(G,H) is represented by a smooth scheme M ; moreover, every
orbit of H acting by conjugation on M is open.

1. Introduction

The starting point of this article is the classification problem for actions
of an algebraic group G on an algebraic variety X. When X is proper over
the ground field k, its automorphism functor is represented by a locally al-
gebraic group AutX (i.e., a group scheme, locally of finite type), see [MO67,
Thm. 3.7]. Then the G-actions on X correspond bijectively to the homomor-
phisms f : G→ AutX , and the above problem is equivalent to classifying these
homomorphisms up to conjugation by Aut(X) = AutX(k). This motivates the
following questions:

• Given an algebraic group G and a locally algebraic group H, is the
functor of homomorphisms Homgp(G,H) represented by a scheme M?
• If so, M is equipped with an action of H by conjugation on the target;

how to describe the orbits?

When G is of multiplicative type and H is smooth and affine, the repre-
sentability of Homgp(G,H) is due to Grothendieck; he showed in addition
that the representing scheme M is smooth and the morphism

(1.1) H ×M −→M ×M, (h, f) 7−→ (hfh−1, f)

is smooth as well (see [SGA3, Exp. XI, Thm. 4.2, Cor. 5.1]; these results are
obtained over an arbitrary base). As a consequence, for any field extension
K/k and any f ∈ M(K) = HomK−gp(GK , HK), the orbit map HK → MK ,
h 7→ hfh−1 is smooth, and hence every orbit is open. This may be viewed
as a rigidity property for actions of group schemes of multiplicative type: the
only way to deform such an action is via conjugation on the target.
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For G reductive and H smooth affine, the representability of Homgp(G,H)
was obtained by Demazure; in characteristic 0, he also showed that the repre-
senting scheme M is smooth (see [SGA3, Exp. XXIV, Cor. 7.2.3, Prop. 7.3.1];
these results hold again over an arbitrary base). Further rigidity properties of
M were obtained by Margaux when G is linearly reductive (see [Mar09] and
Remark 6.4).

Note that the above scheme M is not necessarily of finite type; for example,
if G = H = Gm then M is the constant scheme Zk. Much more elaborate
examples occur in recent work of Lesieutre (see [Les18, Lem. 12, Cor. 15])
and Dinh & Oguiso (see [DO19, Lem. 4.5]): they constructed smooth complex
projective varieties X such that Aut(X) is discrete and has infinitely many
conjugacy classes of involutions.

Yet if Homgp(G,H) is represented by a schemeM , thenM is locally of finite
type. Indeed, when viewed as a functor from k-algebras to sets, Homgp(G,H)
commutes with direct limits as a consequence of [EGA, IV.8.8.2]; thus, the
assertion follows from the characterization of schemes locally of finite type in
terms of their functors of points obtained in [EGA, IV.8.14.2]. Likewise, if the
functor of morphisms (of schemes) Hom(G,H) is represented by a scheme N ,
then N is locally of finite type.

The functors Hom(G,H) and Homgp(G,H) usually contain more infor-
mation than their sets of K-valued points for all field extensions K/k. For
example, every morphism f : Ga,K → Gm,K is constant, but Hom(Ga,Gm)
is not representable, nor is Homgp(Ga,Gm) (see e.g. [Mil17, Exercise 1.1]).
Also, if G and H are linear algebraic groups over an algebraically closed field k
of characteristic 0, then the set of homomorphisms Homgp(G,H) has a natural
structure of affine ind-variety of finite dimension; if in addition G is unipotent,
then one even gets an affine variety (by results of Furter & Kraft, see [FK18,
Lem. 8.2.1, Prop. 8.4.1]). But in the latter case, Homgp(G,H) is representable
if and only if H is an extension of a finite group by a unipotent one.

With these motivations and examples in mind, we consider in this arti-
cle the issues of representability of Hom(G,H) and Homgp(G,H), where
again G is an algebraic group, and H a locally algebraic group. Observe that
Hom(G,H) is a group functor relative to pointwise multiplication in H, and is
the semi-direct product of the normal subgroup functor Hom(G,H; eG 7→ eH)
of pointed homomorphisms by the groupH of constant morphisms (see Lemma
2.6 for details). Also, it is easy to show that Homgp(G,H) is a closed sub-
functor of Hom(G,H) (Lemma 2.1).

The case of an étale group scheme H is easy as well: then Hom(G,H)
is represented by an étale scheme (Proposition 4.1). Thus, Homgp(G,H) is
represented by an étale scheme as well. So we may exclude this case in our
first main result, which handles the representability of Hom(G,H):



ON HOMOMORPHISMS OF ALGEBRAIC GROUPS 3

Theorem 1. Let G be an algebraic group, and H a locally algebraic group.
Assume that H is not étale. Then Hom(G,H) is represented by a locally
algebraic group if and only if the vector space O(G) is finite-dimensional.

This can be reformulated by using the affinization theorem (see [DG70,
III.3.8.2]): for any algebraic group G, the affine scheme Gaff = SpecO(G)
is an algebraic group and the canonical morphism G → Gaff is a faithfully
flat homomorphism. Moreover, its kernel N is smooth, connected, central in
G0 (in particular, commutative) and satisfies O(N) = k; we say that N is
anti-affine. As a consequence, N is the largest anti-affine subgroup of G; we
denote it by Gant.

Thus, Theorem 1 asserts that Hom(G,H) is represented by a locally al-
gebraic group if and only if G is an extension of a finite group scheme by
an anti-affine one. The proof begins with a reduction to the case where G is
anti-affine; we then show that Hom(G,H; eG 7→ eH) is equal to Homgp(G,H)
and is represented by a form of some constant group scheme Znk (Proposition
5.3). For this, we use a rigidity lemma for anti-affine schemes (Lemma 5.2), a
version of a result of C. and F. Sancho de Salas (see [SS09, Thm. 1.7]).

Our second main result gives a sufficient condition for the homomorphism
functor to be representable. To state it, we introduce a variant of the classical
notion of linear reductivity. We say that an algebraic group G (possibly non-
affine) is linearly reductive if every G-module is semi-simple; this is equivalent
to the affinization Gaff being linearly reductive. Examples of linearly reductive
groups include group schemes of multiplicative type and semi-abelian varieties;
see the beginning of Section 6 for more on this notion.

We may now state our second main result in a simplified version; see The-
orem 6.3 for the full, more technical statement.

Theorem 2. Let G be a linearly reductive algebraic group, and H a locally
algebraic group. Then Homgp(G,H) is represented by a smooth scheme M .
Moreover, the morphism (1.1) is smooth.

Conversely, if the assertions of Theorem 2 hold for an algebraic group G and
all affine algebraic groups H, then G is linearly reductive; see Remark 6.5. So
this theorem yields a version of Grothendieck’s representability and rigidity
results mentioned above, which is close to optimal for group schemes over a
field. We refer to [Ro21, Thm. 2] for a generalization of the representability
theorem in its original setting of group schemes of multiplicative type over an
arbitrary base.

This article is organized as follows. Section 2 contains preliminary results on
functors of (homo)morphisms; some of them are obtained in [SGA3, Exp. I] in
a much greater generality. The tangent spaces to these functors are described
in Section 3 by using constructions and results from [SGA3, Exp. II]. Section
4 collects representability results for these functors, when restricted to various
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classes of group schemes. In Section 5, we first prove the rigidity lemma men-
tioned above, and then deduce Theorem 1. Theorem 6.3 is stated and proved
in the final Section 6, after some preliminary results on linear reductivity and
a closely related notion of semi-reductivity.

Notation and conventions. We consider schemes over a field k of charac-
teristic p ≥ 0, with separable closure ks and algebraic closure k̄. Morphisms
and products are understood to be over k unless otherwise stated. Schemes
are assumed to be separated and locally of finite type throughout.

The structural morphism of a scheme X is denoted by πX : X → Spec(k).
Given a field extension K/k, we denote by XK the K-scheme obtained from
X by the base change Spec(K)→ Spec(k).

Group schemes are assumed to be locally algebraic in view of our convention
on schemes. Morphisms of group schemes will also be called homomorphisms.
The neutral element of a group scheme G is denoted by eG. An algebraic
group is a group scheme of finite type.

We will freely use some of the functorial language of algebraic geometry
developed in [DG70, I.1, I.2] (see also [EH00, Chap. VI]). We identify every
scheme S with its functor of points hS.

2. Hom functors

We first recall some basic notions and results from [SGA3, Exp. I, §7] in
our special setting. Given two schemes X, Y , we denote by Hom(X, Y ) the
contravariant functor from schemes to sets which sends every scheme S to
HomS(X × S, Y × S), and every morphism of schemes u : S ′ → S to the
pullback map

HomS(X × S, Y × S) −→ HomS′(X × S ′, Y × S ′).
We may identify Hom(X, Y )(S) with Hom(X × S, Y ) by sending every mor-
phism f : X × S → Y to (f, prS) : X × S → Y × S. This identifies
Hom(X, Y )(u) with the map

Hom(X × S, Y ) −→ Hom(X × S ′, Y ), f 7−→ f ◦ (id, u)

for any u as above. As a consequence, Hom(Spec(k), Y ) may be identified
with Y .

The formation of Hom(X, Y ) commutes with base change by field exten-
sions K/k. Also, every morphism of schemes ϕ : X ′ → X induces a morphism
of functors

ϕ∗ : Hom(X, Y ) −→ Hom(X ′, Y )

via precomposition with ϕ. Likewise, every morphism of schemes ψ : Y → Y ′

induces a morphism of functors

ψ∗ : Hom(X, Y ) −→ Hom(X, Y ′)
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via postcomposition with ψ. For any family of schemes (Xi)i∈I , the inclusions
Xi →

∐
j∈I Xj yield an isomorphism of functors

Hom(
∐
i∈I

Xi, Y )
∼−→

∏
i∈I

Hom(Xi, Y ).

Likewise, for any family of schemes (Yi)i∈I , the projections pri :
∏

j∈I Yj → Yi
yield an isomorphism of functors

Hom(X,
∏
i∈I

Yi)
∼−→ Hom(X,

∏
i∈I

Yi).

We will also freely use the canonical isomorphism of functors

Hom(X × Y, Z)
∼−→ Hom(X,Hom(Y, Z))

for any schemes X, Y , Z (see [SGA3, Exp. I, Prop. 1.7.1]). This identifies
Hom(Y, Z) with the Weil restriction functor RY/k(Y × Z).

Next, recall the following result (a special case of [DG70, I.2.7.5]):

Lemma 2.1. Let ψ : Y → Y ′ be a closed immersion of schemes. Then the
morphism of functors ψ∗ : Hom(X, Y )→ Hom(X, Y ′) is a closed immersion.

We now consider two morphisms of schemes ϕ1, ϕ2 : X ′ → X, and their
equalizer Ker(ϕ∗1, ϕ

∗
2), i.e., the subfunctor of Hom(X, Y ) such that for any

scheme S, the set Ker(ϕ∗1, ϕ
∗
2)(S) consists of the morphisms f : X × S → Y

such that f ◦ (ϕ1, id) = f ◦ (ϕ2, id).

Lemma 2.2. With the above notation, Ker(ϕ∗1, ϕ
∗
2) is a closed subfunctor of

Hom(X, Y ).

Proof. We have a cartesian diagram of functors

Ker(ϕ∗1, ϕ
∗
2) //

��

Hom(X, Y )

(ϕ∗1,ϕ
∗
2)

��
Hom(X, Y )

∆∗ // Hom(X, Y × Y ),

where ∆ : Y → Y ×Y denotes the diagonal, and Hom(X, Y ×Y ) is identified
with Hom(X, Y ) × Hom(X, Y ). Moreover, ∆∗ is a closed immersion by
Lemma 2.1; this yields the assertion. �

Lemma 2.3. Let ϕ : X ′ → X be a faithfully flat morphism of schemes, and
pr1, pr2 : X ′ ×X X ′ → X ′ the projections.

(i) ϕ∗ identifies Hom(X, Y ) with the equalizer Ker(pr∗1, pr∗2).
(ii) ϕ∗ is a closed immersion.
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Proof. (i) This holds by descent theory, see e.g. [Vis05, Thm. 2.55] (note
that ϕ is locally of finite presentation in view of our standing assumption on
schemes).

(ii) This follows from (i) together with Lemma 2.2. �

In particular, we obtain:

Corollary 2.4. The structural morphism of X yields a closed immersion

π∗X : Y = Hom(Spec(k), Y ) −→ Hom(X, Y ).

We may thus see Y as the closed subfunctor of Hom(X, Y ) consisting of
constant morphisms.

As a further direct consequence of Lemma 2.3, we record:

Corollary 2.5. Let G be a group scheme, and ϕ : X ′ → X a G-torsor for
the fpqc topology. Then ϕ∗ identifies Hom(X, Y ) with the closed subfunctor
of Hom(X ′, Y ) consisting of G-invariant morphisms.

We now assume that X (resp. Y ) is equipped with a k-rational point x
(resp. y). This yields a subfunctor Hom(X, Y ;x 7→ y) of Hom(X, Y ), such
that for any scheme S, the set Hom(X, Y ;x 7→ y)(S) consists of the mor-
phisms f : X × S → Y which satisfy f(x, s) = y identically on S. In view of
the cartesian diagram of functors

Hom(X, Y ;x 7→ y) //

��

Hom(X, Y )

x∗

��
Spec(k)

y // Y,

we see that Hom(X, Y ;x 7→ y) is a closed subfunctor of Hom(X, Y ).
In particular, for any group scheme H, we obtain a closed subfunctor

Hom(X,H;x 7→ eH) of Hom(X,H). Also, note that Hom(X,H) is a group
functor relative to pointwise multiplication, and Hom(X,H;x 7→ eH) is a
normal subgroup functor. We also have the closed subfunctor H of constant
morphisms (Corollary 2.4); this is a subgroup functor as well.

Lemma 2.6. For any scheme X equipped with a k-rational point x and for
any group scheme H, we have an isomorphism of group functors

Hom(X,H) ' Hom(X,H;x 7→ eH) oH.

Proof. Let S be a scheme, and f ∈ Hom(X × S,H). Then we have f = gh,
where g ∈ Hom(X × S,H) sends x× S to eH , and h ∈ Hom(S,H): just take
h(s) = f(x, s) and g = fh−1. Moreover, such a decomposition of f is clearly
unique. This yields the statement. �
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Next, consider an exact sequence of group schemes

1 −→ N
i−→ H

q−→ Q,

i.e., i, q are homomorphisms, i is a closed immersion, and its schematic image
is the kernel of q. Then we readily obtain:

Lemma 2.7. With the above notation, the sequence of group functors

1 −→ Hom(X,N)
i∗−→ Hom(X,H)

q∗−→ Hom(X,Q)

is exact. If X is equipped with a k-rational point x, then the sequence of group
functors

1→ Hom(X,N ;x 7→ eN)
i∗→ Hom(X,H;x 7→ eH)

q∗→ Hom(X,Q;x 7→ eQ)

is exact as well.

Given two group schemes G, H, we denote by Homgp(G,H) the subfunc-
tor of Hom(G,H; eG 7→ eH) consisting of homomorphisms. Clearly, the H-
action on Hom(G,H; eG 7→ eH) by conjugation on the target normalizes
Homgp(G,H). If H is commutative, then Homgp(G,H) is a subgroup func-
tor of the commutative group functor Hom(G,H).

Lemma 2.8. For any group schemes G, H, the subfunctor Homgp(G,H) is
closed in Hom(G,H).

Proof. We adapt the argument of the proof of Lemma 2.2. Let S be a scheme,
and f ∈ Hom(G×S,H). Then f is a homomorphism if and only if the diagram

G×G× S
(µ,id)

//

(f,f,id)
��

G× S
(f,id)

��
H ×H × S

(ν,id)
// H × S

commutes, where µ (resp. ν) denotes the multiplication in G (resp. H). This
yields a cartesian diagram of functors

Homgp(G,H) //

µ∗

��

Hom(G,H)

(µ∗,ν∗◦∆)

��
Hom(G×G,H) // Hom(G×G,H ×H),

where

∆ = (∆H)∗ : Hom(G,H)→ Hom(G,H ×H) = Hom(G,H)×Hom(G,H)

denotes the diagonal. Since ∆H is a closed immersion, this yields the statement
in view of Lemma 2.1. �
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Lemma 2.9. Let G1, G2, H be group schemes, and α : G1 × G2 → G2

an action of G1 on G2 by automorphisms. Consider the semi-direct product
G = G1 nG2. Then the product of restriction functors

Homgp(G,H) −→ Homgp(G1, H)×Homgp(G2, H)

is a closed immersion.

Proof. Let S be a scheme, and f : G × S → H a homomorphism. Denote
by f1 (resp. f2) the restriction of f to G1 × S (resp. G2 × S). Then we have
identically on G1 ×G2 × S
f(g1g2, s) = f1(g1, s)f2(g2, s), f2(α(g1, g2), s) = f1(g1, s)f2(g2, s)f1(g1, s)

−1

by the definition of the semi-direct product. Conversely, every pair of homo-
morphisms (f1, f2) satisfying the latter equality defines a unique homomor-
phism f : G × S → H, where the scheme G is identified with G1 × G2. This
yields the assertion by arguing as in the proof of Lemma 2.2. �

3. Tangent spaces

We first recall the notion of tangent space for a functor F from k-algebras
to sets (see e.g. [EH00, VI.1.3]). Denote by D = k[t]/(t2) the algebra of dual
numbers, so that D = k ⊕ kε where ε2 = 0. The algebra homomorphism

σ : D −→ k, ε 7−→ 0

yields a map F(σ) : F(D) → F(k). The fiber of this map at f ∈ F(k) is the
tangent space Tf (F); it is equipped with an action of the multiplicative group
k× (the automorphism group of the k-algebra D).

More generally, each vector space V yields a k-algebra D(V ) = k ⊕ εV ,
equipped with the projection σV : D(V ) → k with kernel the ideal εV of
square 0. This defines a functor D from vector spaces to algebras, satisfying
D(k) = D. For any two vector spaces V , W , we obtain a fiber product of
algebras

(3.1) D(V ⊕W )
D(prV )

//

D(prW )

��

D(V )

σV

��
D(W )

σW // k.

If F commutes with such fiber products, then Tf (F) has a natural structure
of k-vector space.

Given two functors F1, F2 as above and a morphism of functors u : F1 → F2,
the induced map u(D) : F1(D)→ F2(D) yields the differential

Tf (u) : Tf (F1) −→ Tu(f)(F2)
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for any f ∈ F1(k). If F1, F2 commute with the fiber products (3.1), then
Tf (u) is k-linear.

These notions may be applied to any contravariant functor from schemes
to sets, and hence to Hom(X, Y ) where X, Y are schemes. The resulting
functor from algebras to sets commutes with the fiber products (3.1) in view
of [SGA3, Exp. II, Cor. 3.11.2]. Moreover, for any f ∈ Hom(X, Y ), we have a
canonical isomorphism of vector spaces

(3.2) TfHom(X, Y ) ' HomY (X,V(Ω1
Y )),

where Ω1
Y denotes the OY -module of Kähler differentials of Y over k, and

V(Ω1
Y ) = SpecY SymOY

(Ω1
Y ) (see [SGA3, Exp. II, Prop. 3.3, Cor. 3.11.3]).

Equivalently, we have canonical isomorphisms of vector spaces

TfHom(X, Y ) ' HomOY
(Ω1

Y , f∗(OX)) ' HomOX
(f ∗(Ω1

Y ),OX).

Next, consider a group scheme H. By [SGA3, Exp. I, Prop. 6.8.6], the
OH-module Ω1

H is H × H-equivariant, where H × H acts on H by left and
right multiplication. In particular, Ω1

H is equivariant relative to the right H-
action. Thus, there is a canonical isomorphism Ω1

H ' OH ⊗ Ω1
H(eH) in view

of [SGA3, Exp. I, Prop. 6.8.1]. Moreover, we have canonical isomorphisms
Ω1
H(eH) ' m/m2 ' Lie(H)∗, where m denotes the maximal ideal of the local

ring OH,eH , and Lie(H) stands for the Lie algebra. This yields a canonical
isomorphism Ω1

H ' OH ⊗ Lie(H)∗. In view of the isomorphism (3.2), this
yields in turn:

Lemma 3.1. Let X be a scheme, H a group scheme, and f : X → H a
morphism. Then there is a canonical isomorphism of vector spaces

(3.3) i : TfHom(X,H)
∼−→ O(X)⊗ Lie(H).

Remark 3.2. (i) With the above notation, we may view Lie(H) as the affine
space Spec Sym(m/m2); this identifies O(X)⊗ Lie(H) with Hom(X,Lie(H)).

If X is equipped with a k-rational point x and f(x) = eH , then i restricts
to an isomorphism

(3.4) j : TfHom(X,H;x 7→ eH)
∼−→ Hom(X,Lie(H);x 7→ 0).

(ii) By [SGA3, Exp. II, §3.11], the isomorphism (3.3) may be interpreted as
follows: consider

ϕ ∈ TfHom(X,H) = HomY (X,V(Ω1
H)) = H0(X, f ∗(TH)),

where TH denotes the tangent bundle. Let S be a scheme, and x ∈ X(S);
then f(x) ∈ H(S). Thus, we may view ϕ(x) as an S-point of TH above f(x).
Also, TH is equipped with a group scheme structure, the semi-direct product
Lie(H) o H (see [SGA3, Exp. II, §4.1]). Thus, ϕ(x)f(x)−1 is an S-point of
the affine space Lie(H), and the assignment x 7→ ϕ(x)f(x)−1 gives back the
isomorphism i.
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Next, consider a homomorphism of group schemes f : G → H, that is,
f ∈ Homgp(G,H)(k). Then the H-action on Homgp(G,H) by conjugation
yields a morphism of functors

γf : H −→ Homgp(G,H), h 7−→ (g 7→ hf(g)h−1)

that we may see as the orbit map associated with f . Since γf (eH) = f , we
have the differential

TeH (γf ) : TeH (H) −→ TfHomgp(G,H) ⊂ TfHom(G,H)

that we will view as a map Lie(H) → Hom(G,Lie(H)) by using the isomor-
phism (3.3).

Lemma 3.3. Keep the above notation and assumptions.

(i) The tangent space TfHomgp(G,H) is the subspace Z1(G,Lie(H)) of
Hom(G,Lie(H)) consisting of the morphisms ϕ : G → Lie(H) such
that ϕ(g1g2) = ϕ(g1) + Ad(f(g1))ϕ(g2) identically on G×G.

(ii) The image of the differential TeH (γf ) is the subspace B1(G,Lie(H))
of Hom(G,Lie(H)) consisting of the morphisms g 7→ Ad(f(g))x − x,
where x ∈ Lie(H).

Proof. (i) This follows from [SGA3, Exp. II, Prop. 4.2].
(ii) We have γf (h)f(g)−1 = hf(g)h−1f(g)−1 identically on G×H. In view of

Remark 3.2, it follows that TeH (γf )(x)(g) = x−Ad(f(g))x for any x ∈ Lie(H)
and any schematic point g of G.

�

Remark 3.4. (i) The space Z1(G,Lie(H)) consists of the 1-cocycles of the
Hochschild complex C∗(G,Lie(H)), where Lie(H) is a G-module via Ad ◦f ;
moreover, the subspace B1(G,Lie(H)) consists of the 1-coboundaries (see
[SGA3, Exp. I, §5.1] or [DG70, II.3]). Thus, we have

Z1(G,Lie(H))/B1(G,Lie(H)) = H1(G,Lie(H)),

the first cohomology group of this module.
With the notation and assumptions of Lemma 3.3, it follows that the map

TeH (γf ) : TeH (H) −→ TfHomgp(G,H)

is surjective if and only if H1(G,Lie(H)) = 0.
(ii) Most results on cohomology groups of a group schemeG are obtained un-

der the assumption that G is affine. When G is an algebraic group, this entails
no loss of generality in view of the affinization theorem recalled in the intro-
duction. Indeed, the pullback map O(Gaff)→ O(G) is an isomorphism. More-
over, the representation Ad ◦f : G→ GL(Lie(H)) factors uniquely through a
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representation of Gaff . Therefore, Lie(H) is a Gaff-module, and the pullback
maps

Z1(Gaff ,Lie(H))→ Z1(G,Lie(H)), B1(Gaff ,Lie(H))→ B1(G,Lie(H))

are isomorphisms. So we obtain an isomorphism

H1(Gaff ,Lie(H))
∼−→ H1(G,Lie(H))

(which extends to all cohomology groups of all G-modules).

Next, we obtain a key smoothness result:

Lemma 3.5. Let G be an algebraic group, and H a smooth group scheme.
Assume that Homgp(G,H) is represented by a scheme M . Then the following
conditions are equivalent:

(i) The morphism (1.1)

γ : H ×M −→M ×M, (h, f) 7−→ (hfh−1, f)

is smooth.
(ii) For any field extension K/k and any f ∈M(K) = HomK−gp(GK , HK),

the morphism

γf : HK −→MK , h 7−→ (g 7→ hf(g)h−1)

is smooth.
(iii) For any field extension K/k and any f ∈M(K), we have

H1(GK ,Lie(HK)) = 0,

where Lie(HK) is a GK-module via Ad ◦f .

These conditions hold whenever Gaff is linearly reductive.

Proof. (i)⇒(ii) Just observe that γ is a morphism of M -schemes relative to
the second projections; moreover, γf is obtained from γ by base change via
f : Spec(K)→M .

(ii)⇒(i) This follows from the above observation together with the fiberwise
criterion for smoothness (see [EGA, IV.17.8.2]).

(ii)⇒(iii) Since γf is smooth at eH , its differential at this point is surjective.
This yields the assertion in view of Lemma 3.3.

(iii)⇒(ii) We may assume that K = k is algebraically closed. Then H is a
disjoint union of H(k)-cosets of the neutral component H0, and hence we may
further assume that H is a smooth connected algebraic group. Also, f ∈M(k)
and the morphism γf : H → M has a surjective differential at eH by Lemma
3.3 again. We now adapt to this setting some standard considerations for
actions of smooth algebraic groups on schemes of finite type (recall that M is
locally of finite type).
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Consider the schematic image X of γf ; this is a closed integral subscheme
of M , stable under H(k) and hence under H (see [DG70, II.5.3.2]). Moreover,
γf factors uniquely through a dominant morphism ϕ : H → X, equivariant
for the action of H by left multiplication on itself. By generic flatness (see
[EGA, IV.6.9.1]), there exists a dense open subscheme U of X such that the
pullback ϕ−1(U)→ U is flat. Since the H(k)-translates of ϕ−1(U) cover H, it
follows that ϕ is flat.

The fiber of ϕ at eH is the isotropy subgroup scheme StabH(f), which
is smooth in view of the vanishing of H1(G,Lie(H)) (see [DG70, II.5.2.8]).
Thus, ϕ is smooth at eH (see [EGA, IV.17.5.1]) and hence everywhere by
equivariance. So the image of ϕ (the orbit H · f) is open in X and smooth
(see [EGA, IV.2.4.6, IV.6.8.3]); in particular, H · f is locally closed in M .
Also, Tf (H · f) = Tf (M) by Lemma 3.3 again.

We now claim that the natural homomorphism of local rings

u : OM,f −→ OH·f,f
is an isomorphism. Indeed, u is clearly surjective. Consider the associated
graded homomorphism

gr(u) : gr(OM,f ) −→ gr(OH·f,f ).
The right-hand side is a polynomial ring in n generators of degree 1, where
n = dim(H · f). Also, gr(u) induces an isomorphism on subspaces of degree
1. As the left-hand side is generated in degree 1, it follows that gr(u) is an
isomorphism. As a consequence, u is injective, proving the claim.

By this claim, H · f contains an open neighborhood of f in M . Using
equivariance again, it follows that H · f is open in M . Since the morphism
H → H · f is smooth, so is γf .

Finally, if Gaff is linearly reductive, then Remark 3.4(ii) and [DG70, II.3.3.7]
yield the vanishing of H1(GK ,Lie(HK)) for any field extension K/k. �

4. Representability: first steps

4.1. Morphisms to étale group schemes. For any group scheme G, we
denote by G0 its neutral component, i.e., the connected component of eG.
Recall that G0 is an algebraic group, and is the kernel of the homomorphism

γ : G −→ π0(G),

where π0(G) is the étale group scheme of connected components. Moreover,
γ is faithfully flat (see [DG70, II.5.1.8]), and hence a G0-torsor.

Proposition 4.1. Let G be an algebraic group, and H an étale group scheme.

(i) The pullback γ∗ : Hom(π0(G), H)→ Hom(G,H) is an isomorphism.
(ii) The functor Hom(G,H) is represented by an étale group scheme N .

If H is finite, then N is finite as well.
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Proof. (i) By Corollary 2.5, γ∗ identifies Hom(π0(G), H) with the subfunctor
of G0-invariants in Hom(G,H). So it suffices to show that for any scheme
S, every morphism G × S → H is invariant under G0. For this, we may
assume k algebraically closed by descent. Then the group schemes π0(G) and
H are constant; moreover, G =

∐
i∈I giG

0 for some family (gi)i∈I of G(k),
where I = π0(G)(k). So we may further assume that G is connected. Then it
suffices to show that every morphism f : G×S → H that sends eG×S to eH
is constant (Lemma 2.6). We may assume that S is connected; then G× S is
connected as well (see e.g. [SGA3, Exp. V, Lem. 2.1.2]). The schematic fiber
of f at eH is open and closed in G × S, and contains eG × S; so this fiber is
the whole G× S as desired.

(ii) In view of (i), we may replace G with π0(G), and hence assume that
G is finite and étale. Using Galois descent, we may further assume that G is
constant. Then Hom(G,H) is the constant group scheme associated with the
group of maps G(k)→ H(k). �

Corollary 4.2. Let G be a connected algebraic group, and H a group scheme.
Then the inclusion of H0 in H induces isomorphisms

Hom(G,H0; eG 7→ eH)
∼−→ Hom(G,H; eG 7→ eH),

Homgp(G,H0)
∼−→ Homgp(G,H).

Proof. By Proposition 4.1, the natural morphism π0(H) → Hom(G, π0(H))
is an isomorphism. Thus, Hom(G, π0(H); eG 7→ eπ0(H)) = Spec(k). Together
with the exact sequence 1 → H0 → H → π0(H) and with Lemma 2.7, this
yields the assertions. �

4.2. Two finiteness notions. We introduce finiteness notions on schemes,
which will be very convenient for proving Theorem 6.3.

We say that a scheme X satisfies (FT) (resp. (AFT)) if every connected
component of X is of finite type (resp. affine of finite type). Since X is locally
of finite type, its connected components are open (see [EGA, I.Cor. 6.1.9]).
Thus, (FT) (resp. (AFT)) is equivalent to X being a sum (in the sense of
[EGA, I.3.1]) of schemes of finite type (resp. affine of finite type).

We now record some basic properties of these notions, with no attempt for
exhaustivity.

Lemma 4.3. Consider a group scheme G and two schemes X, Y .

(i) G satisfies (FT). Also, G satisfies (AFT) if and only if G0 is affine.
(ii) If X is étale, then it satisfies (AFT).

(iii) If X and Y satisfy (FT) (resp. (AFT)), then so does X × Y .
(iv) If X satisfies (FT) (resp. (AFT)), then so does the K-scheme XK for

any field extension K/k.
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(v) If there exists a finite Galois extension K/k such that XK satisfies
(FT) (resp. (AFT)), then so does X.

(vi) If Y is a closed subscheme of X, and X satisfies (FT) (resp. (AFT)),
then so does Y .

Proof. (i) The assertion on (FT) follows from the “theorem of the neutral
component” (see [DG70, II.5.1.1] or [SGA3, Exp. VIA, Cor. 2.4.1]).

If G satisfies (AFT), then G0 is clearly affine. Conversely, assume that G0

is affine, and consider a connected component C of G. Then Ck̄ is the sum of
finitely many translates of G0

k̄
and hence is affine. By descent, it follows that

C is affine as well.
(ii) Just recall that every connected component of X is of the form Spec(K)

for some finite (separable) field extension K/k.
(iii) This follows from the fact that finite products commute with sums (see

[EGA, I.3.2.8]), and preserve the properties of being of finite type (resp. affine
of finite type); see [EGA, I.Prop. 6.3.4].

(iv) This is checked by a similar argument.
(v) Assume that XK satisfies (FT) for K/k finite Galois with group Γ. Then

Γ acts on XK , and permutes its connected components. Thus, XK is a sum of
Γ-stable schemes of finite type. By Galois descent for subschemes, it follows
that X is a sum of schemes of finite type, i.e., it satisfies (FT). The same
argument works for (AFT).

(vi) Let Y ′ be a connected component of Y . Then Y ′ is a closed subscheme
of a unique connected component X ′ of X. So the assertion follows from
[EGA, I.Prop. 6.3.4] again. �

4.3. Morphisms from finite group schemes. We first record an easy ob-
servation:

Lemma 4.4. Let X be a finite scheme, and H a group scheme. Then the
functor Hom(X,H) is represented by a group scheme.

Proof. Recall the isomorphism Hom(X,H) ' RX/k(X × H), where RX/k

denotes the Weil restriction functor. By Lemma 4.3, every finite subset of the
underlying topological space of X×H is contained in an open affine subscheme
of finite type. The representability of RX/k(X × H) by a scheme (locally of
finite type) follows from this by [DG70, I.1.6.6] and its proof. �

Next, let G, H be group schemes, where G is finite. Combining Lemmas
2.8, 4.3 and 4.4, we see that Homgp(G,H) is represented by a scheme M
satisfying (FT). If H is algebraic, then M is of finite type.

Also, recall from [DG70, II.4.7.1] that a group scheme G is infinitesimal if
G is finite and eG is its unique point.
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Proposition 4.5. With the above notation and assumptions, the scheme M
is affine of finite type under either of the following conditions:

(i) G is infinitesimal.
(ii) H is affine.
(iii) H is connected.

Proof. (i) We may assume that char(k) = p > 0. For any scheme X, we denote
by FX : X → X(p) the relative Frobenius morphism and by

F n
X : X −→ X(pn)

its nth iterate, where n is a positive integer. If X is a group scheme, then F n
X

is a homomorphism; we denote by Xn its kernel (the nth Frobenius kernel).
By assumption, we have G = Gn for n � 0. For any scheme S and any

homomorphism f : G× S → H, we have a commutative diagram

G× S f //

(πG,F
n
S )
��

H

Fn
H
��

S(pn) f (n)

// H(pn).

Thus, we have identically on G× S

F n
H(f(g, s)) = f (n)(F n

S (s)) = F n
Hf(eG, s) = eH(pn) .

So f factors uniquely through Hn. Thus, Homgp(G,Hn)
∼−→ Homgp(G,H).

As G and Hn are finite, we may view Homgp(G,Hn) as the functor of Hopf
algebra homomorphisms O(Hn) → O(G). This is a closed subfunctor of the
functor of morphisms of k-modules O(Hn)→ O(G), and the latter functor is
represented by an affine space.

(ii) Since Hom functors commute with base change, we may assume k al-
gebraically closed. Then G ' I o F , where I = G0 is infinitesimal, and
F ' π0(G) is the constant group scheme associated with G(k) (see e.g. [DG70,
II.5.2.4]). In view of Lemma 2.9, we may thus assume in addition that G is
either infinitesimal or constant. In the former case, we conclude by (i). In
the latter case, Hom(G,H) ' Hn, where n denotes the order of G. Thus,
Hom(G,H) is affine of finite type, and hence so is Homgp(G,H).

(iii) By arguing as in the proof of (ii), we reduce to the case where k is
algebraically closed and G is constant of order n. Then gn = eG identically
on G. Thus, for any scheme S, every homomorphism f : G × S → H fac-
tors uniquely through the schematic fiber at eH of the nth power map of H.
Denoting this fiber by H[n], it follows that Homgp(G,H) is isomorphic to a
closed subscheme of Hom(G,H[n]) ' H[n]n. So it suffices to show that H[n]
is affine.
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As H is connected, there exists an exact sequence of algebraic groups

(4.1) 1 −→ N −→ H
q−→ A −→ 1,

where N is affine and A is an abelian variety (see [Ray70, Lem. IX.2.7]). Thus,
H[n] is a closed subscheme of the pullback q−1(A[n]). Since A[n] is a finite
group scheme and q is affine, this yields the desired statement. �

Example 4.6. LetG be the constant group scheme of order 2, andH = EoG,
where E is an elliptic curve on which G acts by±1. Then H is a smooth proper
non-connected algebraic group, and one readily checks that Homgp(G,H) is
represented by H[2] ' E[2]

∐
E. So Homgp(G,H) is not affine.

Example 4.7. Assume that p > 0 and consider the infinitesimal group scheme
αp, the kernel of the Frobenius endomorphism of Ga. For any group scheme
H, the functor Homgp(αp, H) is represented by the fiber at 0 of the pth power
map of Lie(H), as follows from [SGA3, Exp. VII, Thm. 7.2] or [DG70, II.7.4.2].
For example, Homgp(αp,Ga) is represented by the affine line.

4.4. Homomorphisms from tori. The following result is a version of Gro-
thendieck’s representability theorem stated in the introduction (see [SGA3,
Exp. XI, Thm. 4.2]):

Proposition 4.8. Let G be a torus, and H a group scheme. Then the functor
Homgp(G,H) is represented by a scheme satisfying (AFT).

Proof. We first consider the case where H is an abelian variety. We claim that
for any scheme S, every homomorphism f : G× S → H is constant.

To show this, we adapt a classical rigidity argument. By descent, we may as-
sume that k is algebraically closed. Also, we may assume that S is connected.
Choose a positive integer n prime to p. Then the n-torsion subgroups G[n],
H[n] are finite and constant. For any g ∈ G[n](k), the morphism S → H[n],
s 7→ f(g, s) is constant. Choose s0 ∈ S(k), then we have f(g, s) = f(g, s0)
identically on G[n]×S. Since the family of the G[n] for n as above is schemat-
ically dense in G, the family of the G[n]× S is schematically dense in G× S
(see [EGA, IV.11.10.6]). Thus, f(g, s) = f(g, s0) identically on G × S. Also,
the morphism G → H, g 7→ f(g, s0) is a homomorphism; it follows that
f(g, s0) = eH identically on G, since G is a torus, and H an abelian variety.
This yields the claim.

We now consider the general case. By Corollary 4.2, we may assume that
H is a connected algebraic group. Thus, H lies in an exact sequence of the
form (4.1). Using the above claim together with Lemma 2.7, we may further
assume that H is affine. Then H is isomorphic to a closed subgroup scheme of
some general linear group GLn. In view of Lemmas 2.1, 2.8 and 4.3, we may
thus reduce to the case where H = GLn. Also, since the torus G is split by
a finite Galois extension of k, we may assume that G ' Gr

m by using Lemma
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4.3 again. For any homomorphism f : G × S → GLn, the OS-module OnS is
a G-module via (f, id), and hence is the direct sum of its weight submodules
(see [SGA3, Exp. I, Prop. 4.7.3]). It follows that Homgp(G,H) is represented
by the scheme ∐

(n1,...,ns)

Ss ×GLn /GLn1 × · · · ×GLns ,

where (n1, . . . , ns) runs over the tuples of positive integers with sum n, and
Ss ⊂ (Zr)s denotes the set of s-tuples of pairwise distinct weights (viewed as
a constant scheme). Since every homogeneous space GLn /GLn1 × · · · ×GLns

is affine of finite type, this completes the proof. �

Corollary 4.9. Let G be a reductive algebraic group, and H a group scheme.
Then the functor Homgp(G,H) is represented by a scheme M satisfying (FT).
If H is affine, then M satisfies (AFT).

Proof. By Corollary 4.2, we may assume that H is a connected algebraic
group. Also, we may choose a maximal torus T of G. Then Homgp(T,H) is
representable by Proposition 4.8; moreover, the morphism of functors

u : Homgp(G,H) −→ Homgp(T,H)

is relatively representable by a morphism locally of finite presentation, as
a consequence of [SGA3, Exp. XXIV, Prop. 7.2.1]. Thus, Homgp(G,H) is
representable by a scheme M (locally of finite type).

To show that M satisfies (FT), recall that TK is split for some finite Ga-
lois field extension K/k. Using Galois descent and Lemma 4.3 (v), we may
therefore assume that T is split. We now use [SGA3, Exp. XXIV, Cor. 7.1.9],
which asserts that the above morphism u satisfies every property P of mor-
phisms which is stable by composition and base change, and holds for closed
immersions and for the structural morphism πH . In view of the assumption on
H and [EGA, I.Prop. 6.3.4], we may take for P the property of being of finite
type. Also, Homgp(T,H) satisfies (FT) by Proposition 4.8 again. It follows
readily that Homgp(G,H) satisfies (FT). The proof for (AFT) is obtained
similarly by taking for P the property of being affine of finite type. �

4.5. Morphisms from abelian varieties. The following result is a conse-
quence of the rigidity lemma proved in the next section (Lemma 5.2). We
provide a short and direct proof.

Proposition 4.10. Let G be an abelian variety, and H a group scheme.

(i) H has a largest abelian subvariety Hab.
(ii) We have

Homgp(G,Hab) = Hom(G,Hab; eG 7→ eH) = Hom(G,H; eG 7→ eH)

and this functor is represented by a commutative étale group scheme.
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Proof. (i) Clearly, we may assume that H is connected, and hence an algebraic
group. Let A, B be abelian subvarieties of H, and assume that A has maximal
dimension among all such subvarieties. Then A, B are both contained in Hant,
and hence centralize each other (since every anti-affine group is commutative).
Thus, the morphism A × B → H, (a, b) 7→ ab is a homomorphism, and its
image is an abelian subvariety C of H. By maximality, we have C = A, and
hence B ⊂ A.

(ii) By Corollary 4.2, we may again assume that H is a connected algebraic
group. Then the scheme H is quasi-projective (see [Ray70, Cor. VI.2.6]); also,
G is projective. As a consequence, the functor Hom(G,H) is represented
by a quasi-projective scheme M (see [Gro61, p. 268]). Thus, the closed sub-
functor Hom(G,H; eG 7→ eH) is represented by a closed subscheme N of M .
Moreover, the formation of N commutes with base change by field extensions.

We now show thatN is étale. For this, we may assume that k is algebraically
closed in view of [EGA, IV.17.7.3]. SinceN is locally of finite type, it suffices to
show that Tf (N) = 0 for any f ∈ N(k). But this follows from the isomorphism
(3.4), since every morphism G→ Lie(H) is constant.

We have a chain of closed subfunctors

Homgp(G,Hab) ⊂ Hom(G,Hab; eG 7→ eH) ⊂ Hom(G,H; eG 7→ eH).

Moreover, the resulting inclusions of sets of K-points are equalities for any
algebraically closed field K, in view of (i) and [Mum08, §4, Cor. 1]. Since
Hom(G,H; eG 7→ eH) is represented by an étale scheme, these inclusions of
subfunctors are equalities. As Homgp(G,Hab) is a commutative group functor,
this yields the assertion. �

It is shown in [LS21, Thm. 7.2] that the formation of Hab commutes with
base change by field extensions; we will not need this fact.

5. Proof of Theorem 1

We begin with an easy observation:

Lemma 5.1. Let G be a group scheme.

(i) If Hom(G,H) is representable for some non-étale group scheme H,
then the vector space O(G) is finite-dimensional.

(ii) If Hom(G,Ga; eG 7→ 0) = Homgp(G,Ga), then G is anti-affine.

Proof. (i) Consider the constant morphism f : G → H with image eH . Then
TfHom(G,H) ' O(G)⊗Lie(H) by Lemma 3.1; also, Lie(H) 6= 0 as H is not
étale. If Hom(G,H) is representable, then its tangent space at f is finite-
dimensional, hence the assertion.

(ii) Every f ∈ O(G) such that f(eG) = 0 satisfies f(g1g2) = f(g1) + f(g2)
identically on G × G. Applying this to f 2, we obtain that 2f(g1)f(g2) = 0
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identically. If p 6= 2, it follows that f = 0; thus, O(G) = k. If p = 2 we
consider f 3 and argue similarly. �

Next, we obtain a key rigidity result:

Lemma 5.2. Let X be a geometrically reduced scheme of finite type such that
O(X) = k. Let Y be a geometrically connected scheme, and f : X × Y → Z
a morphism of schemes. Assume that there exist x0 ∈ X(k̄) and y0 ∈ Y (k̄)
such that f(x, y0) = f(x0, y0) for all x ∈ X(k̄). Then f factors through the
projection prY : X × Y → Y .

Proof. By fpqc descent, it suffices to show that the base change fk̄ factors
through (prY )k̄. Thus, we may assume that k is algebraically closed.

Let W be the pullback of diag(Z) under the morphism

X × Y −→ Z × Z, (x, y) 7−→ (f(x, y), f(x0, y)).

Then the equalizer W is a closed subscheme of X × Y .
Consider the subset Y ′ of Y consisting of those y such that X × {y} ⊂ W

as sets; equivalently, X × {y} ⊂ W as schemes, since X is reduced. We claim
that Y ′ is closed in Y . Indeed, X × Y ′ ⊂ W as sets, and hence X × Y ′ ⊂ W .
Since the projection X × Y → Y is open, we have X × Y ′ = X × Y ′. Thus,
Y ′ = Y ′, proving the claim.

By this claim and the connectedness of Y , it suffices to show that every
y ∈ Y ′(k) admits an open neighborhood U = U(y) such that X × U ⊂ W as
schemes.

Let z = f(x0, y); then z ∈ Z(k), and f induces a morphism

fn : X × Yn −→ Zn

for any positive integer n, where Yn (resp. Zn) denotes the nth infinitesimal
neighborhood of y in Y (resp. of z in Z). Since Zn is finite, fn is given by an
algebra homomorphism

f#
n : O(Zn) −→ O(X × Yn).

But we have O(Yn)
∼−→ O(X×Yn) since X is of finite type, O(X) = k and Yn

is finite (see [DG70, I.2.2.6]). Thus, fn factors through prYn : X × Yn → Yn.
So f(x, y) = f(x0, y) identically on X × Yn, i.e., X × Yn ⊂ W . By Krull’s
intersection theorem, the family (Yn)n≥1 is schematically dense in an open
neighborhood U of y in Y . Thus, the family (X × Yn)n≥1 is schematically
dense in X × U in view of [EGA, IV.11.10.6]. Since W is a closed subscheme
of X × Y , we obtain that X × U ⊂ W as desired. �

As mentioned in the introduction, the above result is a version of [SS09,
Thm. 1.7]. The proof presented there (and again in [BSU13, §4.3] and [Bri17,
Lem. 3.3.3]) requires some minor corrections, e.g., there is a confusion in the
final step between density and schematic density.
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We may now obtain the following result, a version of [BSU13, Prop. 5.1.4]:

Proposition 5.3. Let G be an anti-affine algebraic group, and H a group
scheme. Then Homgp(G,H) = Hom(G,H; eG 7→ eH) and this functor is
represented by a form of Znk for some integer n ≥ 0.

Proof. To show the equality of functors, we may assume that k is algebraically
closed. We now adapt a classical argument (see [Mum08, p. 43]). Let S be a
connected scheme, and f : G× S → H a morphism that sends eG × S to eH .
Consider the morphism

F : G×G× S −→ H, (x, y, s) 7−→ f(xy, s)f(y, s)−1f(x, s)−1.

Then F (x, eG, s) = F (eG, x, s) = eH for all x ∈ G and s ∈ S. Moreover, G×S
is connected. By Lemma 5.2, it follows that F (x, y, s) = eH identically on
G×G× S, i.e., f is a homomorphism.

It remains to show that Homgp(G,H) is represented by a form of some Znk .
We first treat the case where k is separably closed. Consider again a connected
scheme S, and let

f : G× S −→ H

be a homomorphism. Choose an s0 ∈ S(k̄); then the morphism of k̄-schemes

Gk̄ ×k̄ Sk̄ −→ Hk̄, (x, s) 7−→ f(x, s)f(x, s0)−1

sends Gk̄×k̄ s0 to eH , and hence factors through the projection Gk̄×k̄Sk̄ → Sk̄
by Lemma 5.2. Since f(eG, s) = eH identically on S, it follows that f(g, s) =
f(g, s0) identically on Gk̄ ×k̄ Sk̄. Thus, fk̄ factors through the projection
Gk̄ ×k̄ Sk̄ → Gk̄. By fpqc descent, it follows that f factors through the
projection G× S → G. This shows that Homgp(G,H) is represented by the

constant scheme Homgp(G,H)k. Since Homgp(G,H0
ant)

∼→ Homgp(G,H), this
yields the assertion in view of [Bri09, Lem. 1.5(ii)].

The case of an arbitrary field k follows by Galois descent. Indeed, for
any f ∈ Homks−gp(Gks , Hks), there exist a finite Galois extension K/k and a
homomorphism of K-group schemes ϕ : GK → HK such that f = ϕks , since
f factors through the algebraic group H0

ks
. �

Completion of the proof of Theorem 1. If Hom(G,H) is representable,
then the vector space O(G) is finite-dimensional by Lemma 5.1. Conversely,
assume that O(G) is finite-dimensional. Then we have an exact sequence of
algebraic groups

1 −→ Gant −→ G −→ F −→ 1,

where F is finite. By [Bri15, Thm. 1.1], there exists a finite subgroup scheme
F ′ ⊂ G such that G = GantF

′. This yields an exact sequence of algebraic
groups

1 −→ F ′′ −→ Gant o F ′ −→ G −→ 1,
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where F ′′ is finite as well. In view of Corollary 2.5, we may thus assume that
G = Gant o F ′. Then G ' Gant × F ′ as schemes, and hence

Hom(G,H) ' Hom(Gant,Hom(F ′, H)).

Since Hom(F ′, H) is represented by a group scheme (Lemma 4.4), we may
further assume that G is anti-affine. Then the assertion follows from Lemma
2.6 and Proposition 5.3.

6. Proof of Theorem 2

We begin with some observations and structure results on the class of
linearly reductive groups. We will also consider the class of semi-reductive
groups: we say that an algebraic group is semi-reductive if its affinization Gaff

is an extension of a finite group scheme by a reductive group scheme. Both
classes turn out to be closely related.

The affine linearly reductive groups are well-understood: if p = 0, they are
exactly the extensions of finite group schemes by reductive group schemes,
i.e., the affine semi-reductive groups (see e.g. [DG70, IV.3.3.3]). If p > 0,
then the affine linearly reductive groups are exactly the extensions

1 −→ H −→ G −→ F −→ 1,

where F is a finite group scheme of order prime to p and H is a connected
group scheme of multiplicative type (see [DG70, IV.3.3.6]). Moreover, H has
a largest subtorus T , with Cartier dual being the quotient of the Cartier dual
of H by its torsion subgroup (see [DG70, IV.1.3]). As a consequence, T is
characteristic in H, and hence normal in G. So the affine linearly reductive
groups are exactly the extensions of finite linearly reductive groups by tori.
Thus, every affine linearly reductive group is semi-reductive, but the converse
fails (if p > 0 again).

As a consequence, every linearly reductive group is semi-reductive; the con-
verse holds if and only if p = 0. If p > 0 then the linearly reductive groups
are exactly the extensions of finite linearly reductive groups by semi-abelian
varieties (as follows from the fact that every anti-affine group is a semi-abelian
variety, see [Bri09, Prop. 2.2]). In particular, the smooth connected linearly
reductive groups are exactly the semi-abelian varieties.

We now discuss the behavior of both classes under base change by a field
extension K/k. By [Mar09, Prop. 3.2], an affine algebraic group G is linearly
reductive if and only if so is GK . Clearly, this invariance property also holds
for anti-affine algebraic groups. In view of the affinization theorem, it follows
that an algebraic group G is linearly reductive if and only if so is GK.

Also, if an algebraic group G is semi-reductive, then so is GK. The con-
verse holds if K/k is separable algebraic (by Galois descent), but fails for
purely inseparable extensions. For example, if k is separably closed but not
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algebraically closed, then there exists a non-split extension of Gm by the in-
finitesimal group scheme αp, see [SGA3, Exp. XVII, 5.9 c)]. As every such
extension splits over k̄, this yields an example of an affine algebraic group G
such that Gk̄ is semi-reductive, but G is not.

Next, we discuss the behavior of both classes under taking quotients, nor-
mal subgroup schemes and extensions. Clearly, every quotient of a linearly
reductive group is linearly reductive. The class of semi-reductive groups is
also stable under quotients, since so are the classes of anti-affine, reductive
and finite group schemes.

By [Mar09, Prop. 3.4], the affine linearly reductive groups are also stable by
normal subgroup schemes and extensions. But the class of linearly reductive
groups is not stable under normal subgroup schemes. To see this if p = 0,
consider a non-trivial extension G of an elliptic curve E by Ga; then G is
anti-affine (see [Bri09, Prop. 2.3]), but of course Ga is not. If p > 0, let
H = αp oGm, where Gm acts on αp as its automorphism group. Also, let E
be a supersingular elliptic curve; then αp is isomorphic to a subgroup of E.
Consider the pushout

1 // αp //

��

H //

��

Gm
//

��

1

1 // E // G // Gm
// 1.

Then G is linearly reductive, but H is not. These examples also show that the
class of semi-reductive groups is not stable under normal subgroup schemes.

The class of linearly reductive groups is stable by extensions. Indeed, by
a standard argument, an algebraic group G is linearly reductive if and only
if the fixed point functor V 7→ V G (from finite-dimensional G-modules to
vector spaces) is exact. Moreover, for any exact sequence of algebraic groups
1→ N → G→ Q→ 1 and any G-module V , we have V G = (V N)Q.

In particular, if p = 0 then the class of semi-reductive groups is stable under
extensions. This fails if p > 0 in view of the following:

Example 6.1. Let V be a vector space of finite dimension n ≥ 1. Consider
the relative Frobenius morphism FV/k : V → V (p) and denote by U its kernel;
then U is an infinitesimal unipotent subgroup scheme of V , normalized by
the natural action of GL(V ). Form the semi-direct product G = U o GL(V );
then G is clearly an extension of a reductive group scheme by a finite group
scheme. But there is no exact sequence

1 −→ R −→ G −→ F −→ 1,

where R is reductive and F is finite. Otherwise, R is the reduced subscheme
G0

red, and hence R = GL(V ). As R / G, it follows that GL(V ) centralizes U ,
a contradiction.
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Next, we obtain several criteria for semi-reductivity:

Proposition 6.2. Let G be an algebraic group. Consider the conditions:

(i) G is semi-reductive.
(ii) There exists an exact sequence of algebraic groups

(6.1) 1 −→ F1 −→ G1 ×G2 −→ G −→ F2 −→ 1,

where F1, F2 are finite, G1 is anti-affine, and G2 is reductive.
(iii) The affinization Gaff is linearly reductive.
(iv) G is smooth and Gk̄ has no non-trivial smooth connected unipotent

normal subgroup.

Then (iii)⇒(i)⇔(ii) and (iv)⇒(i). If p = 0 then (i), (ii), (iii) are equivalent.
If p > 0 then (i), (ii), (iv) are equivalent for G smooth.

Proof. (ii)⇒(i) Cut the long exact sequence (6.1) in two short exact sequences

(6.2) 1 −→ F1 −→ G1 ×G2 −→ G0 −→ 1, 1 −→ G0 −→ G −→ F2 −→ 1,

where G0 is the largest smooth connected normal subgroup scheme of G.
Denote by N the schematic image of G1 in G0; then N = (G0)ant in view of
[Bri17, Lem. 3.3.6]. Thus, N = Gant is normal in G, and G/N = Gaff is an
extension of the finite group scheme F2 by the schematic image of G2 in G0;
this image is a reductive group scheme. This yields the assertion.

(iii)⇒(i) Just recall that every linearly reductive group is semi-reductive.
(iv)⇒(i) It suffices to show that G0 is semi-reductive. We claim that G0

satisfies (iv). Indeed, G0 is smooth since so is G. Consider the largest smooth
connected unipotent normal subgroup U of G0

k̄
; then U is normalized by G(k̄),

and hence U / Gk̄. So U is trivial, proving the claim.
Thus, we may assume that G is connected. By the Rosenlicht decomposition

(see e.g. [Bri17, Thm. 5.5.1]), there exists a smooth connected affine algebraic
k̄-group H/Gk̄ such that Gk̄ = (Gk̄)antH. Since (Gk̄)ant is central in Gk̄, we see
that the unipotent radical of H is trivial, i.e., H is reductive. So Gk̄/(Gk̄)ant is
reductive as well. Since the formation of Gant commutes with field extensions,
it follows that G/Gant is reductive.

For the remaining implications, we treat the cases p = 0 and p > 0 sepa-
rately as we use the structure of anti-affine groups, which differs in both cases
(see [Bri09, §2]).

Assume that p = 0. Then (i)⇒(iii) follows from the linear reductivity of
affine semi-reductive groups. We now show (i)⇒(ii). By assumption, we have
an exact sequence

(6.3) 1 −→ Gant −→ G0 −→ R −→ 1,

where R is reductive. Consider again the Rosenlicht decomposition G0 =
GantG

0
aff . By the main result of [Mo56], there exists a Levi decomposition
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G0
aff = Ru(G

0
aff) o L, where L is reductive, and Ru denotes the unipotent

radical. In view of (6.3), it follows that Ru(G
0
aff) is the largest unipotent

subgroup of Gant, and G0 = GantL. This yields an exact sequence

1 −→M −→ L −→ R −→ 1,

where M = Gant∩L is central in L, and hence of multiplicative type. So there
exists a reductive subgroup scheme L′ of L such that L = ML′ and M ∩ L′
is finite. Thus, G0 = GantL

′ and Gant ∩ L′ is finite. Equivalently, we have an
exact sequence

1 −→ Gant ∩ L′ −→ Gant × L′ −→ G0 −→ 1,

which yields the assertion.
Next, we assume that p > 0, and show that (i)⇒(ii). Recall that Gant is

a semi-abelian variety (see [Bri09, Prop. 2.1]). We may assume that there is
an exact sequence 1 −→ Gant −→ G −→ R −→ 1, where R is reductive. In
particular, G is smooth and connected; hence its derived subgroup D(G) is
smooth, connected and affine. Also, R = TD(R) for some central torus T .
Thus, the pullback of T in G is the largest normal semi-abelian variety Gsab;
moreover, G = GsabD(G), and D(G) is reductive. It follows that G = GantL
for some reductive subgroup scheme L, and we conclude as above.

Still assuming that p > 0, we show that (i)⇒(iv) when G is smooth. We
may assume that k is algebraically closed. Let U be a smooth connected
unipotent normal subgroup of G; then U ∩ Gant is finite. As the unipotent
radical of G/Gant = Gaff is trivial, this yields the assertion. �

(As already mentioned, the implication (i)⇒(iii) fails if p > 0. Also, the
implication (i)⇒(iv) fails if p = 0, as shown again by the example of a non-
trivial extension of an elliptic curve by the additive group.)

We now obtain a version of Theorem 2 in arbitrary characteristic:

Theorem 6.3. Let G be a semi-reductive algebraic group, and H a group
scheme. Then Homgp(G,H) is represented by a scheme M satisfying (FT).
If H is affine, then M satisfies (AFT). Also, the morphism (1.1) is smooth if
G is linearly reductive and H is smooth.

Proof. If G is finite, then the first assertion follows from Lemmas 2.8, 4.3 and
4.4. For an arbitrary G, consider again the two exact sequences (6.2), where
G1 is anti-affine, G2 is reductive, and F1, F2 are finite. Thus, there exists a
finite subgroup scheme F ⊂ G such that G = G0F (see [Bri15, Thm. 1]). By
arguing as in the proof of Theorem 1 and using Corollary 2.5 and Lemma 2.9,
we may thus assume that G = G0. In particular, G is connected. In view of
Corollary 4.2, we may further assume that H is connected.
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We now use again Corollary 2.5 and Lemma 2.9 to reduce to the case where
G is either anti-affine or reductive. In the latter case, we conclude by Corollary
4.9; in the former case, we use Proposition 5.3.

This shows the assertion about Property (FT); the proof of the assertion
about (AFT) is similar and left to the reader. The final assertion follows from
Lemma 3.5. �

Remark 6.4. Assume that k is algebraically closed of characteristic 0. Con-
sider a semi-reductive group G and a group scheme H. By Theorem 6.3,
for any m ∈ M(k), the orbit H0 ·m is open in the connected component of
m in M . Since every such orbit is connected, it follows that the connected
components of M are exactly the H0-orbits of k-rational points. So the set of
H-orbits in M is in one-to-one correspondence with the set of k-rational points
of the quotient π0(M)/π0(H), where π0(M) denotes the (constant) scheme of
connected components. Also, since k = k̄, the above set of H-orbits in M
may be identified with the orbit space M(k)/H(k) = Homgp(G,H)/H(k). As
a consequence, we have

(6.4) Homgp(G/H)/H(k)
∼−→ HomK−gp(GK , HK)/H(K)

for any algebraically closed field extension K/k.
Next, assume that k is algebraically closed of characteristic p > 0, and

consider a linearly reductive group G and a smooth group scheme H. Then
all the above results hold without any change, in view of Lemma 3.5 and
Theorem 6.3 again. The bijection (6.4) gives back the main result of [Mar09]
(Theorem 1.1; see also [Vin96, Prop. 10]).

Remark 6.5. Theorem 6.3 has a partial converse: let G be an algebraic
group and assume that for any smooth affine algebraic group H, the functor
Homgp(G,H) is represented by a scheme M such that the morphism (1.1) is
smooth. Then G is linearly reductive.

Indeed, we have H1(G,Lie(H)) = 0 for any f ∈ Homgp(G,H), where G acts
on Lie(H) via Ad ◦f (Lemma 3.5). As a consequence, H1(G,End(M)) = 0
for any finite-dimensional representation f : G → GL(M). But every finite-
dimensional G-module V is a summand of some End(M): just take M = V ⊕k,
where G acts trivially on k. Thus, H1(G, V ) = 0 for any such V ; this yields
the assertion by [DG70, II.3.3.7] together with Remark 3.4.
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