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I Lecture 1: overview; basic notions and results on actions and
representations of algebraic groups; toric varieties.

I Lecture 2: further background on the structure and representations of
linear algebraic groups; projective homogeneous varieties; spherical
varieties: definition, finiteness properties, local structure.

I Lecture 3: embeddings of spherical homogeneous spaces; wonderful
varieties; line bundles on spherical varieties; open questions.



Recap
Let G be a connected reductive algebraic group, B ⊂ G a Borel subgroup,
and T ⊂ B a maximal torus. We identify X ∗(B) with X ∗(T ) = Λ.
Let G/H be a spherical homogeneous space with open B-orbit B/B ∩ H.
We have an exact sequence of abelian groups

1 −→ C∗ −→ C(G/H)(B) −→ Λ(G/H) −→ 1,
where the weight group Λ(G/H) ⊂ Λ is a free abelian group of rank
r(G/H), the rank of G/H.
A (normal, equivariant) embedding of G/H is a normal G-variety X
equipped with a point x such that the orbit G · x is open in X and the
stabilizer Gx equals H. We identify G/H with the open G-orbit X 0

G in X ,
and C(X ) with C(G/H).
Also, recall that X is the union of the G-stable open subsets

XY ,G = {ξ ∈ X | Y ⊂ G · ξ},
where Y runs over the finitely many G-orbit closures in X . Moreover, each
pair (XY ,G , x) is a simple embedding of G/H with closed G-orbit Y 0

G .
Every simple embedding is a quasi-projective variety.



Simple embeddings
Let (X , x) be a simple embedding with closed orbit Y , and

XY ,B = {ξ ∈ X | Y ⊂ B · ξ}.
Recall that XY ,B is an open affine B-stable subset of X , with complement
the union of the prime B-stable divisors which do not contain Y .
There are only finitely many prime B-stable divisors of X . Each of them is
either G-stable (then its closure contains Y ), or is the closure of a prime
B-stable divisor in G/H (then its closure may or may not contain Y ).
We denote by VX the set of prime G-stable divisors in X , and by D the set
of prime B-stable divisors in G/H. Those whose closure contains Y form
the subset DX ⊂ D.
For any prime divisor D of X , we denote by OX ,D ⊂ C(X ) the
corresponding local ring, consisting of rational functions defined along D.
Proposition

(i) O(XY ,B) = O(B/B ∩ H) ∩
⋂

D∈VX∪DX
OX ,D.

(ii) The embedding (X , x) is uniquely determined by the pair (VX ,DX ).



Valuations
Let X be a normal irreducible variety. A (discrete) valuation of the
function field C(X ) is a non-zero map v : C(X )∗ → Z such that
(i) v(f + g) ≥ min(v(f ), v(g)) for all f , g such that f + g 6= 0.
(ii) v(fg) = v(f ) + v(g) for all f , g .
(iii) v(t) = 0 for all t ∈ C∗.
We extend any valuation v to C(X ) by setting v(0) =∞.
Then v defines the valuation ring Ov = {f ∈ C(X ) | v(f ) ≥ 0},
a local ring with maximal ideal mv = {f ∈ C(X ) | v(f ) > 0}.
Conversely, Ov determines v uniquely if v is normalized, i.e.,
v(C(X )∗) = Z.

Example
Let D be a prime divisor of X . Then D defines a normalized valuation vD
of C(X ), such that vD(f ) is the order of zero or pole of f along D.
Moreover, OvD = OX ,D. and hence D is uniquely determined by vD.
More generally, given a birational map of normal varieties X ′ 99K X and a
prime divisor D on X ′, we obtain a valuation vD on C(X ) ' C(X ′).



Centers, invariant valuations
We still consider a normal irreducible variety X , and a valuation v of C(X ).
Definition
A closed irreducible subvariety Y of X is the center of v if OX ,Y ⊂ Ov and
mX ,Y ⊂ mv , where mX ,Y denotes the maximal ideal of the local ring OX ,Y .
For example, every prime divisor D of X is the center of vD. More generally,
every closed irreducible subvariety Y of X is the center of some valuation
of C(X ) (consider the normalized blow-up of Y in X , and the valuation
associated with an irreducible component of the exceptional divisor).
By the valuative criterion for separatedness, the center of v is unique if it
exists. Moreover, X is complete iff every valuation of C(X ) has a center in
X , by the valuative criterion for completeness.
Next, assume that X is a G-variety. Then G acts on the set of valuations
of C(X ) via (g · v)(f ) = v(g−1 · f ), and hence we may speak of
G-invariant valuations. A valuation v is G-invariant iff Ov is G-stable.
The center of every G-invariant valuation is G-stable, and every irreducible
G-stable subvariety of X is obtained in this way. Moreover, X is complete
iff every G-invariant valuation has a center.



Invariant valuations (continued)
Every valuation v of C(G/H) yields a homomorphism

ρ(v) : Λ(G/H) = C(G/H)(B)/C∗ −→ Z,

i.e., a point of the dual lattice N of the weight lattice M = Λ(G/H).
Proposition
The map v 7→ ρ(v) identifies the set of G-invariant valuations with N ∩ V,
where V is a closed convex cone in NR with non-empty interior.
We say that V is the valuation cone of G/H.
For any simple embedding (X , x), we may view VX as a finite subset of
N ∩ V. We denote by CX the (rational, polyhedral) convex cone of NR
generated by VX and ρ(DX ).
Proposition

(i) The rays of CX which do not meet ρ(DX ) are exactly the rays R≥0v,
where v ∈ VX .

(ii) The embedding (X , x) is uniquely determined by the pair (CX ,DX ).



Classification of simple embeddings
Definition
A colored cone is a pair (C,F), where C ⊂ NR and F ⊂ D satisfy the
following conditions:

(i) C is a rational polyhedral convex cone generated by ρ(F) and finitely
many elements of the valuation cone V.

(ii) The relative interior C0 meets V.

The elements of F are called colors.
The colored cone (C,F) is strictly convex if it satisfies in addition

(iii) C is strictly convex and 0 /∈ ρ(F).

With this definition, we may obtain a combinatorial classification of simple
embeddings:

Theorem
The map (X , x) 7→ (CX ,DX ) yields a bijection between the isomorphism
classes of simple embeddings and the strictly convex colored cones.



Example: torus embeddings
Take for G a torus T , and for H the trivial subgroup. Then M = X ∗(T )
and N = X∗(T ). Also, B = T and hence D is empty.
Every θ ∈ N defines an invariant valuation vθ of C(T ) as follows.
Let f ∈ O(T ) \ {0}, then we have f =

∑
i∈I aimi where I is a finite set,

ai ∈ C∗ and mi ∈ M. Let

vθ(f ) = min
i∈I
〈mi , θ〉.

One may check that vθ satisfies the properties of a valuation, and hence
extends uniquely to a valuation of C(T ), also denoted by vθ. Since
t · f =

∑
i∈I aimi (t)mi for any t ∈ T , we see that vθ is invariant. Also,

vθ(m) = 〈m, θ〉 for any m ∈ M, and hence ρ(vθ) = θ.
Thus, every n ∈ N is the restriction of a T -invariant valuation, and hence
V = NR. So the above theorem gives back the classification of simple toric
varieties in terms of strictly convex rational polyhedral convex cones in NR
(“simple” is equivalent to “affine” in this setting).



G-orbit structure of simple embeddings

Definition
A face of a colored cone (C,F) is a pair (C′,F ′) satisfying the following
conditions:

(i) C′ is a face of the convex cone C.
(ii) F ′ = F ∩ ρ−1(C′).
(iii) C′0 meets V.

Let (X , x) be a simple embedding of G/H with closed G-orbit Y and
colored cone (CY ,DY ).

Proposition
The map Z 7→ (CZ ,DZ ) defines a decreasing bijection between the G-orbit
closures in X (ordered by inclusion) and the faces of the colored cone
(CY ,DY ).
Under this bijection, X corresponds to the face (0, ∅), and Y to (CY ,DY ).



Classification of embeddings
Definition
A colored fan F is a finite non-empty set of colored cones which satisfies
the following conditions:

(i) Every face of a colored cone in F is in F.
(ii) For any v ∈ V, there exists at most one (C,F) ∈ F such that v ∈ C0.

The colored fan F is strictly convex if so are all its colored cones.
Equivalently, (0, ∅) ∈ F.
Next, let (X , x) be an embedding. By the previous proposition and the
valuative criterion for separatedness, the colored cones (CY ,DY ), where Y
runs over the G-orbits in X , form a colored fan F(X ).

Theorem
The map (X , x) 7→ F(X ) yields a bijection between isomorphism classes of
embeddings and strictly convex colored fans.
The toroidal embeddings correspond to the colorless fans, i.e., those
consisting of pairs (C, ∅).



Complete embeddings
Definition
Let F be a colored fan. The support of F is
Supp(F) = {v ∈ V | v ∈ C for some (C,F) ∈ F}.
Thus, the support of F is the disjoint union of the C0 ∩ V, where
(C,F) ∈ F.
The valuative criterion for completeness yields readily:
Proposition
Let (X , x) be an embedding. Then X is complete iff SuppF(X ) = V.

Corollary
V is a rational polyhedral convex cone in NR with non-empty interior.
Proof sketch. We already saw that V is a closed convex cone with
non-empty interior. Also, G/H admits a complete embedding (X , x):
indeed, there exists a G-equivariant immersion G/H → P(V ) where V is a
finite-dimensional G-module, and we may take for X the normalization of
the closure of the image. Thus, V is a finite union of rational polyhedral
convex cones, and hence is rational polyhedral as well.



Morphisms of embeddings
Let H ′ be a closed subgroup of G containing H. Then we have a
G-equivariant morphism ϕ : G/H → G/H ′. Thus, G/H ′ is spherical with
open orbit B/B ∩ H ′. We denote by N ′, V ′, D′ the associated data.
Also, ϕ induces an injective homomorphism ϕ∗ : Λ(G/H ′)→ Λ(G/H) and
hence a surjective linear map ϕ∗ : NR → N ′R. One may show that
ϕ∗(V) = V ′.
Let Dϕ = {D ∈ D | ϕ(D) = G/H ′}. Then ϕ(D) ∈ D′ for any D ∈ D \Dϕ.
This defines ϕ∗ : D \ Dϕ → D′.
Let F (resp. F′) be a colored fan for G/H (resp. G/H ′). We say that F
dominates F′ if for any (C,F) ∈ F, there exists (C′,F ′) ∈ F′ such that
ϕ∗(C) ⊂ C′ and ϕ∗(F \ Dϕ) ⊂ F ′.
Theorem
Let (X , x) (resp. (X ′, x ′)) be an embedding of G/H (resp. G/H ′). Then ϕ
extends to a morphism ψ : (X , x)→ (X ′, x ′) iff F(X ) dominates F(X ′).
Moreover, ψ is proper iff SuppF(X ) = ϕ−1

∗ SuppF(X ′).
This gives back the existence of the discoloration X̃ of a spherical variety
X : take F(X̃ ) = {(C ∩ V, ∅) | (C,F) ∈ F(X )}.



The normalizer of a spherical subgroup
Denote by NG(H) = {g ∈ G | gHg−1 = H} the normalizer of H in G . This
is a closed subgroup of G containing the center Z (G).
The action of NG(H) on G via right multiplication yields an action on
G/H, which commutes with the G-action and has kernel H. This identifies
NG(H)/H with the group of G-equivariant automorphisms of G/H.

Theorem
(i) The group NG(H)/H is diagonalizable, of the same dimension as

lin(V) = V ∩ (−V) (the largest linear subspace of V).
(ii) The valuation cone of G/NG(H) is the image of V under the quotient

map NR → NR/lin(V).
(iii) We have NG(H) = NG(H0) and NG(NG(H)) = NG(H).

Corollary
V = NR iff H is a horospherical subgroup of G.
Proof sketch: H is horospherical in G iff NG(H) is a parabolic subgroup of
G iff the valuation cone of G/NG(H) is trivial.



Sober spherical homogeneous spaces
A further direct consequence of the above theorem is:

Corollary
The valuation cone V is strictly convex iff NG(H)/H is finite.
We say that the spherical homogeneous space G/H is sober if it satisfies
the above equivalent conditions. Then G/H has a canonical embedding
(X, x): the simple projective embedding with colored cone (V, ∅).
By the classification of embeddings and their morphisms, an embedding is
toroidal iff it admits a morphism to (X, x). Also, (X, x) admits a morphism
to any simple projective embedding.

Theorem
If G/H is sober, then V is simplicial. If in addition H = NG(H), then V is
generated by a basis of N; equivalently, X is smooth.
For a sober homogeneous space G/H, we have H ⊃ Z (G)0 and hence
G/H = (G/Z (G)0)/(H/Z (G)0) is homogeneous under the semi-simple
group G/Z (G)0. If H = NG(H) then H ⊃ Z (G) and hence G/H is
homogeneous under the adjoint semi-simple group G/Z (G).



Example: group embeddings
Let H be a connected reductive group, and G = H × H. Recall that
G/diag(H) ' H on which G acts by left and right multiplication.
As a Borel subgroup of G , we take B × B−, where B,B− are opposite
Borel subgroups of H with common torus T . Its open orbit in H is
BB− ' U × T × U−, where U (resp. U−) is the unipotent part of B
(resp. B−). Thus, the weight group is Λ = X ∗(T ), and we have
N = X∗(T ).

Proposition
The map ρ : D → N is injective, and its image consists of the simple
coroots. The valuation cone V is the negative Weyl chamber.
Also, we have NG(H) = (Z (G)× Z (G))H and hence NG(H)/H ' Z (G).
In particular, G/H is sober iff G is semi-simple, and H = NG(H) iff G is
adjoint semi-simple. In the latter case, Λ is freely generated by the simple
roots, and these generate the dual cone of V.
Part of this picture extends to any symmetric space G/H; e.g., G/H is
sober if G is semi-simple, and H = NG(H) if G is adjoint semi-simple.



Further examples

V 0ρ(vD1) ρ(vD2)
IGr(2, 7)

0ρ(vD1) ρ(vD2)
X

0ρ(vD1) ρ(vD2)
X̃

Here IGr(2, 7) is the isotropic Grassmannian of planes in C7, viewed as a
spherical variety under the simple group of type G2. Moreover, X is the
horospherical degeneration of IGr(2, 7) constructed by Pasquier and Perrin,
and X̃ is its discoloration.



Wonderful varieties
Definition
A G-variety X is wonderful if it satisfies the following conditions:

(i) X is smooth, projective, and contains an open orbit X 0
G .

(ii) The boundary ∂X = X \ X 0
G is a union of prime divisors D1, . . . ,Dr

intersecting transversally.
(iii) The G-orbit closures are exactly the partial intersections

Di1 ∩ · · · ∩ Dis , where 1 ≤ i1 < · · · < is ≤ r .

In particular, X contains a unique closed G-orbit Y = D1 ∩ · · · ∩ Dr .
By a result of Luna, X is spherical of rank r . Together with the above
theorem and the local structure of spherical varieties, this yields:

Corollary
Every wonderful G-variety is the canonical embedding of a sober spherical
homogeneous space G/H.
As a partial converse, if G/H is spherical and NG(H) = H then the
canonical embedding of G/H is a wonderful G-variety.



The Demazure embedding

Assume that NG(H) = H. Then H = NG(H0) = NG(h), where
h = Lie(H) ⊂ Lie(G) = g. View h as a point of the Grassmannian Gr(g) of
subspaces of g. Then G acts on Gr(g) via its adjoint action on g, and the
orbit G · h is isomorphic to G/H.
The following result is due to Losev, with earlier contributions by
Demazure, De Concini and Procesi,...

Theorem
The pair (G · h, h) is the wonderful embedding of G/H.
This yields a canonical construction of the wonderful embedding (X, x).
Note that G · h is contained in the variety of Lie subalgebras of g. If H is
reductive, then G · h is an irreducible component of this variety.

Proposition
The logarithmic tangent bundle TX(− log ∂X) is the pull-back of the
tautological (quotient) vector bundle on Gr(g).



The divisor class group of a spherical variety
We return to an embedding (X , x) of a spherical homogeneous space G/H.
Denote by VX ⊂ V the subset of valuations associated with prime G-stable
divisors in X . Then VX consists of the primitive generators of the rays of
F(X ) which are not generated by colors. For any v ∈ VX , we denote by Dv
the corresponding divisor.

Proposition
The divisor class group of X lies in an exact sequence

0 −→ X∗(G) ∩ V⊥X −→ Λ(X ) div−→ ZVX∪D −→ Cl(X ) −→ 0,

where div(λ) =
∑

v∈VX
〈v , λ〉DV +

∑
D∈D〈ρ(vD), λ〉D for any λ ∈ Λ(X ).

Proof sketch: the open B-orbit B · x is isomorphic to Cm × (C∗)n, and
hence its divisor class group is trivial. Thus, Cl(X ) is generated by the
classes of the irreducible components of X \ B · x , i.e., by VX ∪ D.
The relations come from divisors of regular invertible functions on B · x ,
and we have O(B · x)∗/C∗ = O(B/B ∩ H)∗/C∗ = Λ(X ).



The polytope associated with a line bundle
Let (X , x) be a complete embedding, and L a G-linearized line bundle on
X having non-zero global sections. Choose s0 ∈ Γ(X , L)(B) and denote its
weight by λ0. Recall that there exists a unique rational convex polytope
P = P(X , L) ⊂ ΛR such that Γ(X , L⊗k) =

⊕
λ∈kP∩(kλ0+Λ(X)) V (λ) for any

integer k ≥ 1. Moreover, P(X , L) ⊂ λ0 + Λ(X )R.
Also, we have

div(s0) =
∑

v∈VX

nvDv +
∑

D∈D
nDD

for unique families of integers (nv ), (nD).

Proposition
The polytope −λ0 + P(X , L) ⊂ Λ(X )R is defined by the linear inequalities

〈v ,−〉+ nv ≥ 0 (v ∈ VX ), 〈ρ(vD),−〉+ nD ≥ 0 (D ∈ D).

Proof sketch: the B-eigenvectors in Γ(X , L) are exactly the products fs0,
where f ∈ C(X )(B) and div(f ) + div(s0) is effective.



The Picard group of a simple spherical variety
Theorem
Let (X , x) be a simple embedding with colored cone (CX ,DX ), and L a
(globally generated, resp. ample) line bundle on X.

(i) L ' OX (
∑

D∈D\DX
nDD) for some (non-negative, resp. positive)

integers nD.
(ii) We have an exact sequence

0 −→ X∗(G) ∩ V⊥X −→ Λ(X ) ∩ C⊥X
div−→ ZD\DX −→ Pic(X ) −→ 0,

where div(λ) =
∑

D∈D\DX
ρ(vD)(λ)D for any λ ∈ Λ(X ).

Proof sketch: using the local structure theorem and a linearization
argument as for toric varieties, one shows that Pic(XY ,B) = 0. Thus, every
Cartier divisor on X is linearly equivalent to some

∑
D∈D\DX

nDD.
Also, for any D ∈ D \ DX , the translates g · D (g ∈ G) have no common
point. By a linearization argument again, it follows that D is Cartier and
generated by its global sections.



The Picard group of a wonderful variety
Let X be a wonderful G-variety. Then X is simple, DX = ∅, and CX = V
has non-empty interior in NR. So the above theorem yields:

Proposition
Let X be a wonderful G-variety. Then Pic(X ) is freely generated by the
classes of the divisors in D, and these generate the nef cone. Moreover,
every nef divisor on X is generated by its global sections.
Recall that the divisors in D are exactly the irreducible components of
X \ XY ,B, where Y denotes the closed G-orbit. Also, the local structure
theorem yields an isomorphism Ru(P)× Z ' XY ,B where P = Ru(P) o L,
and Z ' Cr on which L acts linearly via r linearly independent weights.
In particular, XY ,B ' Cn is an "open cell". So the above proposition
generalizes a well-known result for projective homogeneous varieties.

Corollary
Every wonderful variety X is log Fano, i.e., −KX − ∂X is ample.
Indeed, recall that −KX = ∂X + E , where E =

∑
D∈D aDD with aD > 0

for all D ∈ D.



(Almost) Fano wonderful varieties
A smooth projective variety X is called almost Fano if −KX is big and nef.

Proposition
Let X be a smooth projective spherical variety. Then −KX is big.
Proof: −KX =

∑
v∈VX

Dv +
∑

D∈D aDD has a section with zero locus the
complement of an affine open subset (the open B-orbit).
Let X be a wonderful symmetric variety, i.e., the wonderful embedding of
the symmetric space G/Gσ, where σ is an involution of the adjoint
semi-simple group G . The following result is due to Ruzzi:

Theorem
With the above assumptions, X is almost Fano. Moreover, X is Fano
unless r(X ) = r(G).
Thus, the wonderful embedding of every adjoint semi-simple group G is
Fano. But its boundary divisors are not necessarily almost Fano. This
happens e.g. if G is simple of type Dn or En, and the divisor is associated
with the triple node of the Dynkin diagram.
In particular, wonderful varieties are not necessarily almost Fano.



Some topics not covered in the lectures

I Picard group of spherical varieties (not necessarily simple).

I Nef cone, cone of effective divisors, Cox ring.

I Equivariant cohomology of spherical varieties.

I Combinatorial invariants of spherical homogeneous spaces.

I Relation to symplectic geometry, multiplicity-free spaces.

I Singularities of spherical varieties.

I (Q)-Gorenstein Fano spherical varieties.



Some open questions
1) Determine the fixed points of a maximal torus in a spherical variety.
These fixed points yield much topological and geometric information.
Their description is known for special classes of spherical varieties: toric
varieties, projective homogeneous varieties, horospherical varieties,
complete symmetric varieties.

2) Determine the faces of the convex polytope associated with an ample
line bundle on a projective spherical variety.
In the toric case, these faces correspond bijectively to the orbit closures.
For any arbitrary group G , there is still a bijective correspondence between
G-orbit closures and certain faces, but not all of them.

3) Find generators and relations for the rational cohomology ring of a
smooth complete spherical variety.
Such a presentation is known for toric varieties and projective
homogeneous varieties. Also, there is a description of the rational
G-equivariant cohomology ring of a smooth projective spherical G-variety,
as a subring of the product of equivariant cohomology rings of orbits.



Some open questions (continued)

4) Describe the families of minimal rational curves on a smooth projective
spherical variety.
The notion of minimal rational curve generalizes that of lines in a projective
embedding, and yields important local invariants of uniruled varieties.
The families of minimal rational curves are known for projective
homogeneous varieties and toric varieties. They are partially understood for
complete symmetric varieties.

5) Describe the moduli spaces of rational curves on a smooth projective
spherical variety
These spaces are known to be irreducible and unirational for projective
homogeneous varieties, and for certain wonderful varieties and “log curves”.
Also, these spaces are irreducible for wonderful group embeddings and
curves meeting the open orbit. But they may be reducible for arbitrary
complete symmetric varieties.
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