Introduction to finite type invariants of links

Christine Lescop^∗

May 18, 2001

Ces notes de cours sont conçues pour être lisibles de manière autonome par des étudiants de DEA. Elles contiennent des références précises à des cours de base et à des cours plus avancés où le lecteur pourra compléter ses connaissances à sa guise, ainsi que des références à des articles de recherche utilisés pour la préparation du cours.

Merci d’avance de me signaler les fautes même minimes que vous trouver(i)ez dans ces notes.

Attention, l’examen aura lieu le mercredi 23 mai de 9 heures à 12 heures en salle 435. Les notes de

cours seront autorisées. L’examen portera sur le contenu de ces notes.

∗CNRS, Institut Fourier (UMR 5582)

1 First steps in the folklore of knots, links and knot invariants.

1.1 Knots and links

Intuitively, a knot is a circle embedded in the ambient space up to elastic deformation; a link is a finite family of disjoint knots.

Examples 1.1 Here are some pictures of simple knots and links. More examples can be found in [Ro].

The trivial knot The trivial 3-component link

The right-handed trefoil knot The left-handed trefoil knot

The figure-eight knot

The Hopf link

The Whitehead link The Borromean rings

Let ∐_k S^1 denote the disjoint union of k oriented circles. We will represent a knot (resp. a k-component link) by a C^∞ embedding^1 of the circle S^1 (resp. of ∐_k S^1) into the ambient space R^3.

Definition 1.2 An isotopy of R^3 is a C^∞ map

h : R^3 × I −→ R^3

such that h_t = h(., t) is a diffeomorphism for all t ∈ [0, 1]. Two embeddings f and g as above are said to be isotopic if there is an isotopy h of R^3 such that h_0 = Identity and g = h_1 ∘ f. Link isotopy is an equivalence relation. (Checking transitivity requires smoothing... See [Hi].)

Remark 1.3 The above definition of isotopic embeddings is equivalent to the following one: A link isotopy is a C^∞ map h : k∐ S^1 × I −→ R^3

1The reader is referred to [Hi] for the basic concepts of differential topology as well as for more sophisticated ones.

such that h_t = h(., t) is an embedding for all t ∈ [0, 1]. Two embeddings f and g as above are said to be isotopic if there is an isotopy h such that h_0 = f and h_1 = g.

The non-obvious implication of the equivalence comes from the isotopy extension theorem [Hi, Theorem 1.3, p.180].

Exercise 1.4 (**) Prove that for any C^∞ embedding f : S^1 −→ R^3, there exists a continuous map h : S^1 × I −→ R^3 such that h_t = h(., t) is a C^∞ embedding for all t ∈ [0, 1], h_0 is a representative of the trivial knot, and h_1 = f. (Hint : Put the complicated part of f in a box, and shrink it.)

Definition 1.5 A knot is an isotopy class of embeddings of S^1 into R^3. A k-component link is an isotopy class of embeddings of ∐_k S^1 into R^3.

Definition 1.6 Let π : R^3 −→ R^2 be the projection defined by π(x, y, z) = (x, y). Let f : ∐_k S^1 → R^3 be a representative of a link L. The multiple (resp. double) points of π ∘ f are the points of R^2 that have several (resp. two) inverse images under π ∘ f. A double point is said to be transverse if the two tangent vectors to π ∘ f at this point generate R^2. π ∘ f : ∐_k S^1 → R^2 is a regular projection of L if and only if π ∘ f is an immersion whose only multiple points are transverse double points.

Proposition 1.7 Any link L has a representative f whose projection π ∘ f is regular.

Sketch of proof: In fact, it could be justified with the help of [Hi] that when the space of representatives of a given link is equipped with a suitable topology, the representatives whose projection is regular form a dense open subspace of this space. The reader can also complete the following sketch of proof. A PL or piecewise linear link representative is an embedding of a finite family of polygons whose restrictions to the polygon edges are linear. Such a PL representative can be smoothed by replacing a neighbborhood of a vertex like by in the same plane. It is a representative of our given link if the smooth representatives obtained by smoothing close enough to the vertices are representatives of our link. A planar linear projection of such a PL representative is regular if there are only finitely many multiple points which are only double points without vertices in their inverse image. Observe that an orthogonal projection of a generic PL representative is regular if the direction of the kernel of the projection avoids :

I. the vector planes parallel to the planes containing one edge and one vertex outside that edge. II. the directions of the lines that meet the interiors of 3 distinct edges.

Fix a triple of pairwise non coplanar edges. Then for every point in the third edge there is at most one line intersecting this point and the two other edges. One can even see that the set of directions of lines intersecting these three edges is a dimension one compact submanifold of the projective plane RP^2 parametrized by subintervals of this third edge. Thus, the set of allowed oriented directions for the kernel of the projection is the complement of a finite number of one-dimensional submanifolds of the sphere S^2. Therefore it is an open dense subset in S^2 according to a weak version of the Morse-Sard theorem [Hi, Proposition 1.2, p.69] or [Mi, p.16]. Note that changing the direction of the projection amounts to composing the embedding by a rotation of SO(3). Now, it is easy to smooth the projection, and to get a smooth representative whose projection is linear. ⋄ Definition 1.8 A diagram of a link is a regular projection equipped with the additional under/over information : at a double point, the strand that crosses under is broken near the crossing. Note that a link is well-determined by one of its diagrams. The converse is not true as the following diagrams of the right-handed trefoil knot show.

Nevertheless, we have the following theorem

Theorem 1.9 (Reidemeister theorem (1926) [Re]) Up to orientation-preserving diffeomorphism of the plane, two diagrams of a link can be related by a finite sequence of Reidemeister moves that are local changes of the following type:

Type I : ↔ ↔

Type II : ↔

Type III : ↔ and ↔

As it will often be the case during this course, these pictures represent local changes. They should be understood as parts of bigger diagrams that are unchanged outside their pictured parts.

Lack of proof of the Reidemeister theorem: It could be proved by studying the topology of the space of representatives of a given link, that a generic path between two representatives whose projections are regular in this space (i.e. a generic isotopy) only meets a finite number of times three walls made of singular representatives. The first wall that leads to the first Reidemeister move is made of the representatives that have one vertical tangent vector (and nothing else prevent their projections from being regular). The second wall that leads to the second move is made of embeddings whose projections have one non-transverse double point whereas the third wall (that leads to RIII) is made of embeddings whose projections have one triple point. ⋄

Remark 1.10 The unproved Reidemeister theorem will not be needed in the following chapters of the course. Nevertheless, the following exercise can help understanding a proof idea of the Reidemeister theorem.

Exercise 1.11 (**) Say that a PL representative of a link is generic if its only pairs of coplanar edges are the pairs of edges that share one vertex. Consider a generic piecewise linear link representative. Prove that for any pair (ρ, σ) ∈ SO(3)^2 such that π ∘ ρ ∘ f and π ∘ σ ∘ f are regular, (smoothings of) π ∘ ρ ∘ f and π ∘ σ ∘ f are related by a finite sequence of Reidemeister moves.

Exercise 1.12 (**) Prove that there are at most 4 knots that can be represented with at most 4 crossings (namely, the trivial knot, the two trefoil knots and the figure-eight knot).

Exercise 1.13 (**) Prove that the set of knots is numerable.

A crossing change is a local modification of the type ↔ . Proposition 1.14 Any link can be unknotted by a finite number of crossing changes.

Proof: At a philosophical level, it comes from the fact that R^3 is simply connected, and that a homotopy h : S^1 × [0, 1] −→ R^3 that transforms a link into a trivial one can be replaced by a homotopy that is an isotopy except at a finite number of times where it is a crossing change. (Consider h × [0, 1] : (x, t) → (h(x, t), t) ∈ R^3 × [0, 1]. h can be pertubed so that h × [0, 1] is an immersion with a finite number of multiple points that are transverse double points -[Hi, Exercise 1, p.82]-...)

Here is however an elementary constructive proof of the proposition from a link diagram. Number the components of the link from 1 to m. Choose an open arc of every component K_i of the link that contains no crossing inverse image, and choose two distinct points b_i and a_i on this oriented arc so that a_i follows b_i on this arc. Then change the crossings in your link diagram if necessary so that: 1. If i < j, K_i crosses K_j under K_j .

2. When we follow the component K_i from a_i to b_i, we meet the lowest preimage of the crossing before meeting the corresponding highest preimage.

After these (possible) modifications, we get a diagram of a (usually different) link that is represented by an embedding whose first two coordinates can be read on the projection and whose third coordinate is given by a real-valued height function h that can be chosen so that h(a_i) = 2i, h(b_i) = 2i + 1, and h is strictly increasing from a_i to b_i and strictly decreasing from b_i to a_i. (This is consistent with the above assumptions on the crossings.) Then the obtained link is a disjoint union of components (separated by horizontal planes) that have at most two points at each height and that can therefore not be knotted. ⋄

Definition 1.15 The disjoint union K_1 ∐ K_2 of two knots K_1 and K_2 is represented by two representatives of the knots sitting in two disjoint balls of the ambient space. The disjoint union of two regular projections of K_1 and K_2 -where the two projections lie in disjoint disks of the plane R^2- is a regular projection of K_1 ∐ K_2.

The local change in such a projection of K_1 ∐ K_2:

K_1

K_2 becomes K_1♯K_2 K_1♯K_2

transforms K_1 ∐ K_2 into the connected sum K_1♯K_2 of K_1 and K_2. The connected sum of knots is a commutative well-defined operation. (Prove it as an exercise!) A knot is said to be prime if it cannot be written as a connected sum of two non-trivial knots. Modulo commutativity, every knot can be expressed in a unique way as the connected sum of a finite number of prime knots. (See [Li, Theorem 2.12]. ) Let K be a knot represented by an embedding f from S^1 into R^3. The reverse −K of K is the knot represented by the embedding f ∘ conj where conj is the complex conjugation acting on the unit circle S^1 of the complex plane. The mirror image K of K is the knot represented by the embedding σ ∘ f where σ is the reflection of R^3 such that σ(x, y, z) = (x, y, −z). If K is presented by a diagram D, K is presented by the mirror image D of D that is obtained from D by changing all its crossings.

Examples 1.16 The two trefoil knots are mirror images of each other. The figure-eight knot is its own mirror image. (You have surely proved it when solving Exercise 1.12!) There are knots which are not equivalent to their reverses, like the eight-crossing knot 8_{17} in [Li, Table 1.1, p.5]. Here is a picture of the connected sum of the figure-eight knot and the right-handed trefoil knot.

The connected sum of the figure-eight knot and the right-handed trefoil knot

The general open problem in knot theory is to find a satisfactory classification of knots, that is an intelligent way of producing a complete and repetition-free list of knots^2. A less ambitious task is to be able to decide from two knot presentations whether these presentations represent the same knot. This will sometimes be possible with the help of knot invariants.

1.2 Link invariants

Definition 1.17 A link invariant is a function from the set of links to another set.

Such a function can be defined as a function of diagrams that is invariant under the Reidemeister moves.

Definition 1.18 A positive crossing in a diagram is a crossing that looks like (up to rotation of the plane). (The ”shortest” arc that goes from the arrow of the top strand to the arrow of the bottom strand turns counterclockwise.) A negative crossing in a diagram is a crossing that looks like .

2A table of prime knots with at most 9 crossings is given in [Ro]. In this table, knots are not distinguished from their reverses and their mirror images. According to Thistlethwaithe, with the same conventions, the table of prime knots with 15 crossings contains 253293 items [Li, Table 1.2, p.6].

Definition 1.19 The linking number for two-component links is half the number of the positive crossings that involve the two components minus half the number of negative crossings that involve the two components.

Exercise 1.20 Use Reidemeister’s theorem to prove that the linking number is a link invariant. Use the linking number to distinguish the Hopf link from the Whitehead link.

Remark 1.21 Every knot bounds an oriented^3 embedded surface in R^3. See [Ro, p.120] or [Li, Theorem 2.2]. Such a surface is called a Seifert surface of the knot. The linking number of two knots could be defined as the intersection number of a knot with a Seifert surface of the other one... and there are lots of other definitions.

Examples 1.22 There are numerical knot invariants that are easy to define but difficult to compute like:

• the minimal number of crossings m(L) in a projection, • the unknotting number of a knot that is the minimal number of crossing changes to be performed in R^3 to unknot the knot (i.e. to make it equivalent to the trivial knot),

• the genus of a knot that is the minimal genus of an oriented embedded surface bounded by the knot.

An invariant is said to be complete if it is injective. The knot itself is a complete invariant. There are invariants coming from algebraic topology like the fundamental group of the complement of the link. A tubular neighborhood of a knot is a solid torus S^1 × D^2 embedded in R^3 such that its core S^1 × {0} is (a representative of) the knot. (See [Hi, Theorem 5.2, p.110] for the existence of tubular neighborhoods.) A meridian of a knot is the boundary of a small disk that intersects the knot once transversally and positively. A longitude of the knot is a curve on the boundary of a tubular neighborhood of the knot that is parallel to the knot. Up to isotopy of the pair (knot, longitude), the longitudes of a knot are classified by their linking number with the knot. The preferred longitude of a knot is the one such that its linking number with the knot is zero. According to a theorem of Waldhausen [Wa], the fundamental group equipped with two elements that represent the oriented meridian of the knot and the preferred longitude is a complete invariant of the knot. (See also [He, Chapter 13]). According to a more recent difficult theorem of Gordon and Luecke [GL], the knot complement, that is the compact 3-manifold that is the closure of the complement of a knot tubular neighborhood (viewed up to orientation-preserving homeomorphism), determines the knot up to orientation. Nevertheless, these meaningful invariants are hard to manipulate.

Exercise 1.23 The segments of a link diagram are the connected components of the link diagram that are segments between two undercrossings where the diagram is broken. An admissible 3-colouring of a link diagram is a function from the set of segments of a diagram to the three-element set {Blue, Red, Yellow} such that, for any crossing, the image of the set of (usually three) segments that meet at the crossing contains either one or three elements (exactly). Prove that the number of admissible 3-colourings is a link invariant. Use this invariant number to distinguish the trefoil knots from the figure-eight knot, and the Borromean link from the trivial 3-component link. (In fact the admissible 3-colourings of a link are in one-to-one correspondence with the representations of the fundamental group of the link complement to the group of permutations of 3 elements that map the link meridians to transpositions.)

1.3 Finite type knot invariants

Definition 1.24 A singular knot with n double points is represented by an immersion with n transverse double points that is an embedding when restricted to the complement of the preimages of these double points.

Two such immersions f and g are said to be isotopic if there is an isotopy h of R^3 such that h_0 = Identity and g = h_1 ∘ f.

A singular knot with n double points is an isotopy class of such immersions with n double points.

Example 1.25

3Boundaries are always oriented with the ”outward normal first” convention.

A singular knot with two double points

Definition 1.26 Let be a double point of a singular knot. This double point can disappear in a positive way by changing into , or in a negative way by changing into . Note that the sign of such a desingularisation, that can be seen in a diagram as above, is defined from the orientation of the ambient space. Choose one strand involved in the double point. Call this strand the first one. Consider the tangent plane to the double point, that is the vector plane equipped with the basis (tangent vector ⃗v_1 to the first strand, tangent vector ⃗v_2 to the second one). This basis orients the plane, and allows us to define a positive normal vector ⃗n to the plane (that is a vector ⃗n orthogonal to ⃗v_1 and ⃗v_2 such that the triple ( ⃗v_1, ⃗v_2,⃗n) is an oriented basis of R^3). Then the positive desingularisation is obtained by pushing the first strand in the direction of ⃗n. Note that this definition is independent of the choice of the first strand.

Notation 1.27 Let K be a singular knot with n double points numbered by 1,2 . . . , n. Let f be a map from {1, 2 . . . , n} to {+, −}. Then K_f denotes the genuine knot obtained by removing every crossing i by the tranformation:_i becomes if f(i) = +, and_i becomes if f(i) = −.

Let K denote the set of knots. Let Z[K] denote the free Z-module with basis K. Then [K] denotes the following element of Z[K]: [K] = ∑ f :{1,2...,n}−→{+,−} (−1)^{♯f −1(−)}K_f where the symbol ♯ is used to denote the cardinality of a set.

Proposition 1.28 We have the following equality in V:

[ ] = [ ] − [ ]

that relate the brackets of three singular knots that are identical outside a ball where they look like in the above pictures.

Proof: Exercise.

Definition 1.29 Let G be an abelian group. Then any G-valued knot invariant I is extended to Z[K], linearly. It is then extended to singular knots by the formula

I(K) def= I([K])

Let n be an integer. A G-valued knot invariant I is said to be of degree less or equal than n, if it vanishes at singular knots with (n + 1) double points. Of course, such an invariant if of degree n if it is of degree less or equal than n without being of degree less or equal than (n − 1). A G-valued knot invariant I is said to be of finite type or of finite degree if it is of degree n for some n. Note that we could have defined the extension of a G-valued knot invariant to singular knots by induction on the number of double points using the induction formula:

I( ) = I( ) − I( ).

Definition 1.30 Let V be a vector space. A filtration is a decreasing sequence of vector spaces

V = V_0 ⊇ V_1 ⊇ . . . ⊇ V_n ⊇ V_{n+1} ⊇ . . .

that begins with V_0 = V . The graded space associated to such a filtration is the vector space

G = ⊕^∞_{k=1}G_k((V_n)_{n∈N}) where G_k ((V_n)_{n∈N}) = V_k V_{k+1} Let K = Q, R or C. V will denote the K-vector space freely generated by the knots. Let V_n denote the subspace of V generated by the brackets of the singular knots with n double points. The Vassiliev filtration of V is the sequence of the V_n. Let I_n denote the set of K-valued invariants of degree less or equal than n. I_n is nothing but the dual vector space of^V_{Vn+1} that is the space of linear forms on^V_{Vn+1} .

I_n = Hom( V V_{n+1} ; K) = ( V V_{n+1} )_∗

Proposition 1.31 I_n I_{n−1} = ( V_n V_{n+1} )_∗

Proof: Exercise.

Exercise 1.32 (*) Let λ ∈ I_n, let μ ∈ I_m. Define the invariant λμ at genuine knots K by λμ(K) = λ(K)μ(K). Prove that λμ ∈ I_{n+m}.

Here are some natural questions, and the way we are going to try to anwer them.

Question 1: Are there finite type invariants and how many are they? In other words, what is the dimension of V_n V_{n+1} ?

In the next subsection, we are going to bound this dimension from above. Examples of easily-computable finite type invariants will be given at the end of this first chapter in Subsection 1.5.

Question 2: How can finite type invariants be constructed?

We will answer this question by constructing the Kontsevich integral. The Kontsevich integral is a knot invariant Z valued in a vector space A such that any K-valued finite type invariant is obtained as a composition of Z by a linear form. Unfortunately, the space A that will be presented in the next subsection is not yet well-understood. Nevertheless, we will show that Lie algebras provide linear forms on A. The so-called quantum invariants are obtained by composing Z by such linear forms.

Question 3: How is Z related to classical knot invariants?

We will relate the Kontsevich integral to the Milnor invariants and the Alexander polynomial that can be defined from the π_1 of link complements.

Question 4: What algebraic structure does the space of finite type invariants carry?

We can see from Exercise 1.32 that this space is an algebra over K. In fact ⊕^∞_{n=1}^{In}_{In−1} is even a Hopf algebra. We are going to get acquainted with the Hopf algebra structures.

Question 5: How can one relate two knots that are not distinguished by invariants of degree less than n?

We shall prove the theorem of Stanford [St] that describes elementary topological modifications of type n such that two knots are not distinguished by invariants of degree less than n if and only if they are related by a finite sequence of these modifications.

Question 6: Do finite type invariants separate knots?

This question is still open...

1.4 Chord diagrams

Definition 1.33 A cyclic order on a finite set X is a cyclic permutation σ of this set, that provides every element x of X with a unique successor (namely σ(x)). This is equivalent to the datum of an isotopy class of embeddings of X into the oriented circle. An n-chord diagram is a partition into n pairs of a set X of 2n points equipped with a cyclic order, up to cyclic order-preserving cyclic permutation of X. (These permutations are the σ^k). An n-chord diagram will be represented by a circle (that is oriented in the trigonometric way) equipped with 2n points (the image of the mentioned embeding) where the points of a pair are related by a dotted chord. D_n will denote the K-vector space freely generated by the n-chord diagrams.

Example 1.34 D_0 = K , D_1 = K , D_2 = K ⊕ K .

Notation 1.35 Let K be a singular knot with n double points. The n-chord diagram D(K) associated to K is the set of the 2n inverse images of the double points of K (cyclically ordered by the orientation of S^1), equipped with the partition into pairs where every pair contains the inverse images of one double point.

Examples 1.36 D( ) = , D( ) =

Lemma 1.37 Every chord diagram on S^1 is the diagram of a singular knot. Furthermore, two singular knots which have the same diagram are related by a finite number of crossing changes (where a crossing change is again a modification which transforms into ).

Proof: Though the first assertion is very easy, we prove it because its proof is the beginning of the proof of the second assertion. Let d be an n-chord diagram on S^1. Put 4n cutting points, numbered from 1 to 4n along S^1, on the support S^1 of d, one near each extremity of the 2n intervals separated by the vertices, so that 2i − 1 and 2i are on the same interval. Next embed the neighborhoods of the n double points, bounded by the 4n cutting points, into n fixed disjoint disks in R^2 = R^2 × {0} so that the cutting points lie on the boundaries of these disks. Choose n disjoint 3-dimensional balls that intersect R^2 along these n disks. Let C be the closure of the complement of these n fixed balls in R^3.

Then, in order to construct our first representative K^0 of d, it is enough to notice that we have enough room to embed the remaining 2n intervals of S^1 (the [2i − 1, 2i]) into C. Next, the proof could be ”concluded” as follows: Let K be another representative of d. After an isotopy, we may assume that K intersects our n balls like K^0 does. Then, since π_1(C) is trivial, there is a boundary-fixing homotopy in C that maps the remaining 2n intervals for K to the remaining 2n intervals for K^0. Such a homotopy may be approximated by a finite sequence of (isotopies and) crossing changes, and we are done. However, we will again give a planar elementary proof.

We may demand that the orthogonal projection π of K^0 is regular and that the projections of the intervals ]2i−1, 2i[ are embeddings that avoid the fixed neighborhoods of the double points, and that the interval ]2i−1, 2i[ is under ]2j − 1, 2j[ if i < j. The projections of these three steps are represented in the following example:

12345678 −→ 1 2 3 4 5 6 7 8 −→ 1 2 3 4 5 6 7 8 Let K be another representative of d. After an isotopy, we may assume that K intersects our n balls like K^0 does and that the projection of K is regular and avoids the fixed neighborhoods of the double points. After some crossing changes, we may assume that ]1, 2[ is above the other ]2i − 1, 2i[, we may unknot it as in the proof of Proposition 1.1 and we may assume that its projection coincides with the restriction of the projection of K^0. Do the same for ]3, 4[: put it above everything else, unknot it, and make its projection coincide with the corresponding one for K^0, then for ]5, 6[, ..., and finish with ]4n − 1, 4n[. ⋄ Notation 1.38 Let ϕ_n denote the linear map from D_n to^{Vn}_{Vn+1} that maps an n-chord diagram D to the projection in^{Vn}_{Vn+1} of a singular knot K such that D(K) = D. The above lemma ensures that ϕ_n is well-defined. Indeed, if D(K) = D(K^′), then, by the above lemma, K and K^′ are related by a finite number of crossings. Therefore, [K] − [K^′] is an element of V_{n+1}.

Furthermore, it is obvious that ϕ_n is onto. As a consequence, the dimension of^{Vn}_{Vn+1} is bounded from above by the number of n-chord diagrams.

Exercise 1.39 Prove that this number is bounded from above by^{(2n)!}_{2nn!} , by 1 + (n − 1)^{(2(n−1))!}_{2(n−1) (n−1)!} . Improve these upper bounds.

The following lemmas will allow us to improve the upper bound on the dimension of^{Vn}_{Vn+1} . In a chord diagram, an isolated chord is a chord that relates two consecutive points. Lemma 1.40 Let D be a diagram that contains an isolated chord. Then ϕ_n(D) = 0. Proof: In^{Vn}_{Vn+1} , we can write: ϕ_n( ) = [ ] = [ ] − [ ] ⋄ Lemma 1.41 Let D^1, D^2, D^3, D^4 be four n-chord diagrams that are identical outside three portions of circles where they look like:

D^1 = 1 2 3 , D^2 = 1 2 3 , D^3 = 1 2 3 and D^4 = 1 2 3 .

then ϕ_n(−D^1 + D^2 + D^3 − D^4) = 0.

Proof: We may represent D^1 by a singular knot K^1 with n double points that intersects a ball like

K^1 = 1 2 3

Let K^2, K^3, K^4 be the singular knots with n double points that coincide with K^1 outside this ball, and that intersect this ball like in the picture:

K^2 = 1 2 3 , K^3 = 1 2 3 , K^4 = 1 2 3

Then D(K^2) = D^2, D(K^3) = D^3 and D(K^4) = D^4. Therefore, ϕ_n(−D^1 + D^2 + D^3 − D^4) = −[K^1] + [K^2] + [K^3] − [K^4].

Thus, it is enough to prove that in V we have −[K^1] + [K^2] + [K^3] − [K^4] = 0 Let us prove this.

Let K_0 be the singular knot with (n − 1) double points that intersects our ball like

K_0 =

2 13

and that coincides with K^1 outside this ball.

The strands 1 and 2 involved in the pictured double point are in the horizontal plane and they orient it, the strand 3 is vertical and intersects the horizontal plane in a positive way between the tails of 1 and 2. Now, make 3 turn around the double point counterclockwise, so that it becomes successively the knots with n − 1 double points:

K_1 = , K_2 = and K_3 = .

On its way, it goes successively through our four knots K^1, K^2, K^3 and K^4 with n double points that appear inside matching parentheses in the following obvious identity in V_{n−1} ([K_1] − [K_0]) + ([K_2] − [K_1]) + ([K_3] − [K_2]) + ([K_0] − [K_3]) = 0.

where [K^i] = ±([K_i] − [K_{i−1}]) where the sign ± is minus when the vertical strand goes through an arrow from K_{i−1} to K_i and plus when it goes through a tail. Therefore the above equality can be written as −[K^1] + [K^2] + [K^3] − [K^4] = 0 and finishes the proof of the lemma. ⋄

Notation 1.42 The relation D^2 + D^3 − D^1 − D^4 = 0 that involves diagrams D^1, D^2, D^3, D^4 which satisfy the hypotheses of Lemma 1.41 will be called the fourterm relation and will be denoted by (4T ). Let A_n denote the quotient of D_n by the relation (4T ), that is the quotient of D_n by the subspace of D_n generated by left-hand sides of (4T ), that are expressions of the form (−D^1 + D^2 + D^3 − D^4), for a (D^1, D^2, D^3, D^4) satisfying the conditions of Lemma 1.41.

A_n = D_n 4T Let A_n denote the quotient of A_n by the subspace of A_n generated by the projections of the diagrams with an isolated chord. The relation D = 0 for a diagram D with an isolated chord.

is sometimes called the one-term relation, and it is denoted by (1T ).

Lemmas 1.40 and 1.41 show the following proposition. Proposition 1.43 ϕ_n factors through A_n to define the surjective map: ϕ_n : A_n −→ V_n V_{n+1}

Exercise 1.44 1. Show that, in A_3, we have

= 2 .

2. Show that dim ( V_0 V_1 ) = 1, dim ( V_1 V_2 ) = 0, dim ( V_2 V_3 ) ≤ 1 and dim ( V_3 V_4 ) ≤ 1 3. Show that dim(A_2) = 1

In the next chapters, we shall prove that ϕ_n is an isomorphism by constructing its inverse (for K = C) given by the Kontsevich integral. More precisely, we shall prove the following theorem.

Theorem 1.45 (Kontsevich, 92) Assume that K = C. There exists a linear map Z : V −→ ∞∏ k=0 A_k such that, for any integer n, Z(V_n) ⊂ ∞∏ k=n A_k and for any singular knot K with n double points,

Z([K]) = D(K) in ∏_∞ k=n A_k/ ∏_∞ k=n+1 Ak ≡ An. In other words, the restriction to^{Vn}_{Vn+1} of the projection of Z on A_n will be the inverse of ϕ_n.

Corollary 1.46 Any degree n C-valued invariant I is of the form I = ψ ∘ Z where ψ is a linear form on ∏_∞ k=0 A_k that vanishes on ∏_∞ k=n+1 Ak. Proof: The Kontsevich theorem allows us to see, by induction on n, that Z induces the isomorphism p_{≤n} ∘ Z : V V_{n+1} −→ n∏ k=0 A_k where p_{≤n} : ∏_∞ k=0 A_k −→ ∏_n k=0 A_k is the natural projection. Thus, any degree n C-valued invariant I is of the form I = I ∘ ( p_{≤n} ∘ Z )_{−1} ∘ p_{≤n} ∘ Z = ψ ∘ Z where ψ = I ∘ ( p_{≤n} ∘ Z )_{−1} ∘ p_{≤n} is a linear form on ∏_∞ k=0 A_k that vanishes on ∏_∞ k=n+1 Ak. ⋄ The Kontsevich integral will be constructed as a series of integrals over simplices (generalized triangles) of R^n of complex differential forms associated to a knot. The invariance of the Kontsevich integral will rely on the Stokes theorem. We will be able to prove the Kontsevich theorem above rather soon as in [C-D], and thus we will be able to construct theoretically all the finite type knot invariants as above. Unfortunately, the Kontsevich integral is hard to compute explicitly. One fundamental problem is that we do not know a canonical basis for A_n. The dimension of this vector space is unknown for a general n, although it can be computed by an algorithm that lists the finitely many diagrams and the finitely many relations and that computes the dimension of the quotient space.

Let us now exhibit easily computable finite-type invariants.

1.5 An easily-computable non-trivial link invariant : The Jones polynomial

In this section, we will show an example of an easily-computable non-trivial link invariant : The Jones polynomial. We will follow the Kauffman approach that is different from the original approach of Jones who discovered this polynomial in 1984.

Let D be an unoriented link diagram. A crossing of D can be removed in two different ways: the left-handed one where becomes , (someone walking on the upper strand towards the crossing turns left just before reaching the crossing) and the right-handed one where becomes .

Let C(D) denote the set of crossings of D and let f be a map from C(D) to {L, R}, then D_f will denote the diagram obtained by removing every crossing x in the left-handed way if f(x) = L and in the right-handed way otherwise. D_f is nothing but a collection of n(D_f ) embedded circles.

We define the Kauffman bracket < D >∈ Z[A, A^{−1}] of D as < D >= ∑ f :C(D)−→{L,R} A^{(♯f −1(L)−♯f −1(R))}δ^{(n(Df )−1)}

with δ = −A^2 − A^{−2}.

Exercise 1.47 Compute < >= −A^5 − A^{−3} + A^{−7}.

The Kauffman bracket satisfies the following properties: 1. < n disjoint circles >= δ^{n−1} and we have the following equalities that relate brackets of diagrams that are identical anywhere except where they are drawn. 2. < >= A < > +A^{−1} < > 3. < >= A^{−1} < > +A < > 4. A < > −A^{−1} < >= (A^2 − A^{−2}) < > 5. < >=< > +(δ + A^2 + A^{−2}) < >=< > 6. < >=< >

6^′. < >=< > 7. < >= (−A^3) < > 7^′. < >= (−A^{−3}) < > 8. The Kauffman bracket of the mirror image of a diagram D is obtained from < D > by exchanging A and A^{−1}.

Proof: The first five properties of the Kauffman bracket and the eighth one are straightforward. Property 5 shows that δ has been chosen to get invariance under the second Reidemeister move. Let us prove Equality 6. < >= A < > +A^{−1} < >= A < > +A^{−1} < >

The second equality comes from the above invariance under the second Reidemeister move. Rotating the picture by π yields: = A < > +A^{−1} < > and concludes the proof of Equality 6. Equality 6^′ is deduced from Equality 6 by mirror image (up to rotation). Equality 7 is easy and Equality 7^′ is its mirror image, too. ⋄

Definition 1.48 The writhe w(D) of an oriented link diagram D is the number of positive crossings minus the number of negative ones.

Theorem 1.49 The Jones polynomial V (L) of an oriented link L is the Laurent polynomial of Z[t^{1/2}, t^{−1/2}] defined from an oriented diagram D of L by

V (L) = (−A)^{−3w(D)} < D >_A−2_{=t}1/2

V is an invariant of oriented links. It is the unique invariant of oriented links that satisfies:

1. V(trivial knot)=1, 2. and the skein relation:

t^{−1}V ( ) − tV ( ) = (t^{1/2} − t^{−1/2})V ( )

V satisfies the additional properties:

3. For any link L, V (L)(t) = V (L)(t^{−1}).

4. For any two links L_1 and L_2,

V (L_1 ∐ L_2) = −(t^{1/2} + t^{−1/2})V (L_1)V (L_2).

5. For any two knots K_1 and K_2, V (K_1♯K_2) = V (K_1)V (K_2).

Proof: It is easy to check that (−A)^{−3w(D)} < D >∈ Z[A^2, A^{−2}]. It is also easy to check that this expression is invariant under the Reidemeister moves since the only Reidemeister moves that change the writhe are the moves I, and the variation of (−A)^{−3w(D)} under these moves makes up for the variation of < D >. The skein relation can be easily deduced from the fourth property of the Kauffman bracket, and it is immediate that V (trivial knot) = 1.

Let us prove that these two properties uniquely determine V . Applying the skein relation in the case when is the surrounded part of a standard diagram of a trivial n-component link like:

and and are therefore (parts of) diagrams of trivial (n − 1)-component links shows that

(t^{−1} − t)V (trivial (n-1)-component link) = (t^{1/2} − t^{−1/2})V (trivial (n)-component link)

and thus determines V (trivial n-component link) = (−t^{1/2} − t^{−1/2})^{n−1}.

By induction on the number of crossings, and, for a fixed number of crossings, by induction on the number of crossings to be changed in the projection to make the projected knot trivial (see Proposition 1.1), the link invariant V is determined by its value at the trivial knot and the skein relation. The last three properties are easily obtained from the definition. ⋄

Exercise 1.50 Compute V (right-handed trefoil) = −t^4 + t^3 + t and show that the right-handed trefoil is not isotopic to its mirror image.

Performing the following change of variables:

t^{1/2} = − exp(− λ 2 ) transforms the Jones polynomial into a series

V (L) = ∞∑ n=0 v_n(L)λ^n Proposition 1.51 The coefficient v_n(L) of the renormalized Jones polynomial is a rational invariant of degree less or equal than n.

Proof: Under the above change of variables, the skein relation satisfied by the Jones polynomial becomes

exp(λ)V ( ) − exp(−λ)V ( ) = (exp( λ 2 ) − exp(− λ 2 ))V ( )

that is equivalent to

V ( ) = (1 − exp(λ))V ( ) + (exp(−λ) − 1)V ( ) + (exp( λ 2 ) − exp(− λ 2 ))V ( )

This equality allows us to see that the series V of a singular knot with n double points has valuation (i.e. degree of the term of minimal degree) at least n by induction on n. ⋄

Exercise 1.52 1. Compute v_2( ) and v_3( ).

2. Show that v_2 and v_3 are exactly of degree 2 and 3, respectively. 3. Prove without the Kontsevich theorem that dim ( V_2 V_3 ) = 1 and dim ( V_3 V_4 ) = 1.

1.6 An application of the Jones polynomial to alternating knots

Definition 1.53 A link diagram is said to be alternating if the over-crossings and the under-crossings alternate as one travels along the link components. In this subsection 1.6, a connected link diagram is a diagram whose underlying knot projection is connected. In a connected link diagram, a crossing is said to be separating if one of the two transformations of the link diagram ” becomes ” or ” becomes ” makes the diagram disconnected, or, equivalently, if the transformation ” becomes makes the diagram disconnected.

The Jones polynomial allowed Kauffman and Murasugi to prove the following theorem in 1988, independently. This answered a Tait conjecture of 1898.

Theorem 1.54 (Kauffman-Murasugi, 1988) When a knot K has a connected alternating diagram without separating crossing with c crossings, then c is the minimal number of crossings m(K) of K.

This theorem is a direct consequence of Proposition 1.56 about the properties of the breadth of the Jones polynomial.

Definition 1.55 The breadth B(P ) of a Laurent polynomial P is the difference between the maximal degree and the minimal degree occuring in the polynomial.

Proposition 1.56 When a link L has a connected diagram with c crossings, then B(V (L)) ≤ c. When a link L has a connected alternating diagram without separating crossing with c crossings, then B(V (L)) = c.

The proof of this proposition will also yield the following obstruction for a link to have a connected alternating diagram without separating crossing.

Proposition 1.57 When a link L has a connected alternating diagram without separating crossing, the coefficients of the terms of extremal degrees in its Jones polynomial V (L) are ±1. Furthermore, the product of these two coefficients is (−1)^{B(V (L))}.

In particular, this obstruction shows that the eight-crossing knot 8_{21} has no connected alternating diagram without separating crossing. See [Li, Table 1.1, p.5; Table 3.1, p.27].

Proof of Propositions 1.56 and 1.57: Let L be a link, and let D be one of its diagrams with c crossings. Observe that B(V (L)) = B(< D >) 4 We will refer to the construction of the Kauffman bracket at the beginning of Subection 1.5. Let C(D) denote the set of crossings of D. Let f^L : C(D) −→ {L, R} be the constant map that maps every crossing to L, and let f^R : C(D) −→ {L, R} be the constant map that maps every crossing to R. Set n_L = n(D_f L ) and n_R = n(D_f R ). We shall prove:

(i) B(< D >) ≤ 2c + 2n_L + 2n_R − 4 (ii) The above inequality is an equality when D is a connected alternating diagram without separating crossing.

(iii) If D is a connected alternating diagram, then n_L + n_R − 2 = c. (iv) If D is a connected diagram, then n_L + n_R − 2 ≤ c.

It is clear that these four properties imply Proposition 1.56. Let us prove these properties. A map f from C(D) to {L, R} gives rise to the term A^{(♯f −1 (L)−♯f −1(R))}δ^{(n(Df )−1)} in < D >. This summand is a polynomial in A and A^{−1}

whose highest degree term is (−1)^{(n(Df )−1)}A^{h(f )} with

h(f) = ♯f^{−1}(L) − ♯f^{−1}(R) + 2(n(D_f ) − 1)

and whose lowest degree term is (−1)^{(n(Df )−1)}A^{ℓ(f )} with

ℓ(f) = ♯f^{−1}(L) − ♯f^{−1}(R) − 2(n(D_f ) − 1).

Observe that h(f^L) = c + 2n_L − 2 and that ℓ(f^R) = −c − 2n_R + 2.

Therefore, in order to prove (i), it is enough to show that for any map f from C(D) to {L, R}, we have

h(f) ≤ h(f^L) and ℓ(f) ≥ ℓ(f^R)

Notice that if f and g are two maps from C(D) to {L, R} that coincide at every crossing but one, then n(D_f ) = n(D_g ) ± 1. This property allows us to prove h(f) ≤ h(f^L) for all f by induction on ♯f^{−1}(R). Indeed, changing a value L of a map f into the value R removes 2 from (♯f^{−1}(L) − ♯f^{−1}(R)) whereas 2(n(D_f ) − 1) cannot increase by more than 2 by the above property. Thus, for all f, h(f) ≤ h(f^L). Similarly, ℓ(f) ≥ ℓ(f^R) and (i) is proved.

We prove (ii) and Proposition 1.57 for a connected alternating diagram D without separating crossing with c crossings. In view of the above arguments (and by definition of the Jones polynomial for Proposition 1.57), it is enough to prove that for any non constant map f from C(D) to {L, R}, we have

h(f) < h(f^L) and ℓ(f) > ℓ(f^R).

We consider the underlying projection of D in the one-point compactification of the plane R^2 that is the sphere S^2. The faces of the diagram D will be the connected components of S^2 \ D. Since D is connected, these components have only one boudary component. Therefore they are topological disks. The alternating nature of D allows us to push each connected component of D_f L or D_f R inside one face as the following picture shows:

D_f L D_f R

This pushing defines a one-to-one correspondence between the faces of D and the connected components of D_f L ∐ D_f R . Choose a crossing x of D. Since x is not separating, the two parts of D_f L near x bound distinct faces of D, and thus they belong to different components of D_f L . Therefore, changing the value of f^L at x into R, changes D_f L into a diagram D_f such that n(D_f ) = n_L − 1, where f maps (C(D) \ x) to L and x to R. Thus, h(f) < h(f^L) for all the maps f such that ♯f^{−1}(R) = 1, and for all the maps such that ♯f^{−1}(R) > 0 by induction on ♯f^{−1}(R). Similarly, ℓ(f) > ℓ(f^R) for all the maps f different from f^R. Thus (ii) and the first part of Proposition 1.57 are proved. The second part of 1.57 is a consequence of the above arguments and (iii) below.

(iii) is obtained by computing the Euler characteristic of the sphere as the number (n_L + n_R) of faces of D plus the number (c) of crossings of D minus the number (2c) of edges of the projection -that contain exactly two crossings which are at their extremities-. (It could also be proved by induction on c.)

We prove (iv). Let D be a connected diagram with c crossings. We want to prove :

n_L + n_R − 2 ≤ c

by induction on c. This is true for the only connected diagram without crossing that is the diagram of the unknot. Let D be a connected diagram with c ≥ 1 crossings. Let x be one of its crossings, and let D^′ be the diagram obtained from D by removing x in the left-handed way. Since the inequality to be proved is invariant under mirror image, we can prove it either for D or for D. Thus, by possibly changing D into D, we can assume that D^′ is connected. Then n(D_f L ) = n(D^′_{f ′L} ) whereas D^′_{f ′R} is equal to D_f where f maps C(D) \ x to R and x to L, thus n(D_f R ) = n(D^′_{f ′R} ) ± 1. Therefore, the inequality that is true for the diagram D^′ that has (c − 1) crossings, by induction hypothesis, implies that the inequality holds for D. ⋄

2 The Kontsevich Integral for braids

We shall construct the Kontsevich integral on some pieces of links. So we must first introduce the target space of the Kontsevich Integral in its full generality.

2.1 The target of the Kontsevich integral: the space of diagrams

Let X be a compact one-manifold.

Definition 2.1 An n-chord diagram on X is the datum of

• an injection i of the set U of the 2n endpoints, called univalent vertices, of n closed intervals, called chords, into the interior of X, up to isotopy of X and isomorphism of the set of chords; (so far this is equivalent to the datum of the 0-dimensional submanifold i(U) (up to isotopy of X) together with a partition of i(U) into n pairs).

• for every point i(u ∈ U), a cyclic order on the set the 3 half-edges (the chord and the two (natural) parts of a (natural) neighborhood of i(u) in X) which meet at i(u). This cyclic order is called a (local) orientation at i(u). It is equivalent to the datum of a local orientation of X near i(u). Namely, number the dashed half-edge by 1 and the plain ones by 2 and 3 according to the cyclic order, then the corresponding local orientation goes from edge ♯2 to edge ♯3.

In pictures, the manifold X, that is called the support of the diagram, is represented by plain lines, the chords are represented by dashed lines, big dots represent the univalent vertices, and the local orientation is the trigonometric order of the 3 half-edges which meet at i(u). See the following example of a 4-chord diagram on X = .

Let D_n(X) be the (finite-dimensional !) C-vector space freely generated by the n-chord diagrams on X. Define the antisymmetry relation (AS) and the four-term relation (4T) as follows:

AS : + = 0 and 4T : + + + = 0

In words, (AS) reads:

(AS) The sum of two diagrams which differ only by the orientation at one vertex is zero.

whereas (4T ) can be written as follows.

Consider an n-chord diagram D with a free vertex v, so that it suffices to specify the position of v (that is its relative position on X with respect to the other fixed vertices) and the orientation of v to get a genuine

diagram from D. Consider a fixed chord C of D. Locally, D = v C . Then the sum of the four diagrams obtained from D by attaching v to the four plain half-edges adjacent to one vertex of C on their right-hand sides when one goes towards the vertex of C is zero. (The corresponding cyclic order is (free chord, ”short” edge that contains the vertex of C, other half-edge).)

Let A_n(X) = D_n(X) AS, 4T denote the quotient of D_n(X) by these relations (that is the quotient of D_n(X) by the vector space generated by the elements of D_n(X) of the form of the left-hand sides of the relations). Equip A_n(X) with the standard topology of a complex finite-dimensional vector space.

Assume that S^1 is oriented. Then the correspondence between the orientations of the vertices and the local orientations of S^1 mentioned in Definition 2.1 provides an isomorphism between D_n (see Def. 1.33) and^{Dn(S1 )}_{(AS)} , which in turn identifies A_n and A_n(S^1).

Note that, by definition, A_0(X) is the C-vector space freely generated by the unique diagram with 0 chord, called the empty diagram, or the unit of A(X), and denoted by 1_X .

A_0(X) = C1_X

We let A(X) = ∏ n∈N A_n(X) denote the product of the A_n(X) equipped with its natural vector space structure and with the product topology. The element (x_n ∈ A_n(X))_{n∈N} is simply denoted by ∑ n∈N x_n by making use of the obvious inclusions from the A_n(X) into A(X). Note that such a series always converges in A(X).

Assume that X is decomposed as a union of two one-manifolds X = X_1 ∪ X_2 whose interiors in X do not intersect. Then, we define the product associated to this decomposition:

A(X_1) × A(X_2) −→ A(X)

as the continuous bilinear map which maps a pair ([Γ_1], [Γ_2]) where Γ_1 is a diagram on X_1 and Γ_2 is a diagram with support X_2, to [Γ_1 ∐ Γ_2] where Γ_1 ∐ Γ_2 denotes the disjoint union of Γ_1 and Γ_2. Note that this product is well-defined (i.e. compatible with AS and 4T) and maps A_n(X_1) × A_m(X_2) to A_{n+m}(X).

In the particular case when X_1 and X_2 are disjoint, this product is sometimes denoted by ⊗. Let I = [0, 1] be the compact oriented interval. Another particular case is the case when X is an ordered union of p intervals which are seen as vertical X = . . . = {1, 2, . . . , p} × [0, 1] Then if we naturally identify X to X_1 = {1, 2, . . . , p} × [0, 1/2] and to X_2 = {1, 2, . . . , p} × [1/2, 1], the above process turns A(X) into an algebra. This algebra is denoted by A(p). In A(p), the product Γ_1Γ_2 of (the projections in A(p) of) two chord diagrams Γ_1 and Γ_2 is obtained by stacking Γ_2 above Γ_1 as follows.

· =

In particular, A(p) has a well-defined and continuous exponential map: exp : A(p) −→ A(p) x → exp(x) = ∑ n∈N x^n n! (Prove this as an exercise!) Let ε denote the augmentation map from A(X) to C = A_0(X), that is the natural projection. Then, there is a continuous logarithm:

Log : ε^{−1}(1) ⊂ A(p) −→ A(p) 1 + x → Log(1 + x) = − ∑_∞ n=1 (−x)^n n

Of course, when r is an integer, the formal identity exp(rLog(1 + x)) = (1 + x)^r holds when the series converge, hence in particular for x ∈ ε^{−1}(0). Similarly, when r ∈ R, we define the r^{th} power of an element y ∈ ε^{−1}(1) ⊂ A(p) by the usual formula: y^r = exp(rLog(y)).

and the (−1)^{th} power of such a y is its inverse in A(p).

Lemma 2.2 Let p be an integer and let i and j be two distinct integers smaller than p + 1. Let [Γ_{ij} ] denote the projection in A_1(p) of the one-chord diagram Γ_{ij} whose chord relates the ith strand to the jth strand and whose vertices orientations correspond to the orientation of the strand from bottom to top. Then, for any three distinct elements i, j, k of {1, 2, . . . , p}, the following identity holds in A_2(p).

[Γ_{ij} ][Γ_{jk}] − [Γ_{jk} ][Γ_{ij} ] = [Γ_{jk}][Γ_{ki}] − [Γ_{ki}][Γ_{jk}].

Proof: Exercise. ⋄

2.2 C^p-configuration paths

Fix two integers n and p, p ≥ 1.

We will first introduce some pieces of links where the Kontsevich integral is well- and easily-defined, the C^p-configuration paths which can be seen as parametrized braids.

Throughout this chapter, C denotes the field of complex numbers. Δ denotes the big diagonal of C^p, that is the subset of C^p whose complement is the set of (ordered) configurations of p distinct points of C:

C^p \ Δ = {(z_1, z_2, . . . , z_p) | i ≠ j ⇒ z_i ≠ z_j }

This chapter is devoted to constructing the Kontsevich integral for a path

γ : [0, 1] −→ C^p \ Δ h → (z_1(h), z_2(h), . . . , z_p(h)) of configurations. Our paths are continuous of course, and they are furthermore assumed to be piecewise C^∞. These paths γ will be called C^p-configuration paths.

We represent such a path as the union of the graphs of the p complex-valued functions (h → z_i(h)). These graphs sit in R^3 which is decomposed into the product R^3 = C × R of the horizontal complex plane by the vertical real axis pointing upward. The vertical axis represents the axis of the (height) parameter h ∈ [0, 1], and, in the horizontal complex plane, the real axis runs from left to right in the blackboard (or paper sheet) plane and the imaginary axis points inward the blackboard as below. h ∈ R iR R C

Example 2.3 The torus braid (3, r): p = 3, λ =^r_3 2iπ.

z_1(h) = exp(λh), z_2(h) = z_1(h) exp( 2iπ 3 ), z_3(h) = z_1(h) exp( 4iπ 3 ) Here is a drawing of the torus braid (3, 2):

1

2

3 We usually only draw the projections of the graphs onto the blackboard plane that is the plane of the real horizontal axis and the vertical real axis as in the following examples. Examples 2.4 Some C^2-configuration paths: p = 2, z_1(h) = 0, z_2(h) = exp(λh):

1 ε 1 2 λ = Logε

1 2 λ = iπ

Example 2.5 The associator C^3-configuration path: p = 3, z_1(h) = 0, z_2(h) = ε + h(1 − 2ε), z_3(h) = 1.

1 2 3 ε 1 − ε ε

2.3 Coefficients of the Kontsevich integral of C^p-configuration paths

Let P = {{j, k} ⊂ {1, 2, . . . , p}} denote the set of pairs of elements of {1, 2, . . . , p}. We represent an n-tuple x = ({j_1, k_1}, {j_2, k_2}, . . . , {j_n, k_n}) ∈ P^n by an n-chord diagram Γ_x on p parallel vertical intervals numbered from left to right as shown in the figure below, where we draw n horizontal chords at different heights. The r^{th} chord from bottom to top joins the j^{th}_r interval to the k^{th}_r vertical interval.

Here is Γ_x with x = ({1, 3}, {2, 3}, {1, 2}):

1 2 3

With such an x ∈ P^n, we associate a complex coefficient Z(γ, x) of the Kontsevich integral. This coefficient Z(γ, x) is defined as the integral Z(γ, x) = ∫ Δ^n ω_x of a complex-valued n-form^4 ω_x ∈ Ω^n(Δ^n, C) defined as follows on the simplex

Δ^n = {(h_1, h_2, . . . , h_n) ∈ R^n| 0 ≤ h_1 ≤ h_2 ≤ . . . ≤ h_n ≤ 1}.

ω_x(h_1, h_2, . . . , h_n) = ( 1 2iπ )_n ω̃_{x1} (h_1)dh_1 ∧ ω̃_{x2} (h_2)dh_2 ∧ . . . ∧ ω̃_{xn} (h_n)dh_n

where ω̃_{xr} = (z_{jr} − z_{kr} )^′ (z_{jr} − z_{kr} ) Example 2.6 In the examples 2.3 and 2.4, the function ω̃_{xr} is always constant, with value λ. Thus, ω_x = (^λ_{2iπ} )^ndh_1 ∧ dh_2 ∧ . . . dh_n and Z(γ, x) = (^λ_{2iπ} )^nVolume(Δ^n), where the volume of Δ^n is^1_{n!} (for example because the cube [0, 1]^n is the union of n! simplices isometric to Δ^n which intersect along sets of measure zero). In these cases, for any x ∈ P^n, we have: Z(γ, x) = (^λ_{2iπ} )^n n! (2.7)

In general, the computation is not so simple as in the following exercise.

Exercise 2.8 In the case of Example 2.5, compute Z(γ, ({1, 2}, {2, 3})) = − 1 4π^2 ( Log(ε)Log ( 1 − ε ε ) + ∞∑ n=1 (1 − ε)^n − ε^n n^2 ) . Exercise 2.9 Assume that p = 2 and that (z_2 − z_1)(1) = (z_2 − z_1)(0). Prove that Z(γ, {1, 2}) is the (integral!) degree of the map from S^1 =^{[0,1]}_{0∼1} to S^1 that maps h to^{(z2−z1)(h)}_{|(z2−z1)(h)|} . (This degree counts the number of times that the second strand wraps around the first one.)

2.4 The Kontsevich integral for braids

Under the hypotheses and notation above, the degree n part Z_n(γ) of the Kontsevich integral Z(γ) of γ is

Z_n(γ) = ∑ x∈P^n Z(γ, x)[Γ_x] ∈ A_n(p)

Z_0(γ) = 1, and Z(γ) = ∑ n∈N Z_n(γ) ∈ A(p) Examples 2.10 In Example 2.4, we have

Z(γ) = exp ( λ 2iπ Γ_{12} )

In Example 2.3, we have Z(γ) = exp ( r 3 (Γ_{12} + Γ_{13} + Γ_{23}) )

4The reader is referred to [Sp] or to [GP, Chapter 4, §2,3,4,5,7] for the basic background on differential forms.

If γ is parametrized by h ∈ [a, b] where a, b ∈ R, a < b, then Z(γ) is defined as above except that Δ^n is replaced anywhere by

Δ^n_{[a,b]}^{def}= {(h_1, h_2, . . . , h_n) ∈ R^n| a ≤ h_1 ≤ h_2 ≤ . . . ≤ h_n ≤ b}. Z satisfies the following easy properties:

Property 2.11 (Independence of the parameter) Let ϕ : [a, b] −→ [0, 1] be an increasing homeomorphism whose restriction to ]a, b[ is a diffeomorphism, then Z(γ ∘ ϕ) = Z(γ)

In particular, we may use such homeomorphisms from [a, b] to [a, b] whose derivatives at 0 and 1 vanish at any order (as in [Hi, p. 42]) to transform (piece by piece) piecewise C^∞ paths into C^∞ ones whose derivatives at the extremities vanish at any order.

Property 2.12 (Invariance under transvection) Let f be a continuous function from [0, 1] to C, then Z(γ + f : h → ((z_1 + f)(h), . . . , (z_p + f)(h))) = Z(γ)

Property 2.13 (Invariance under global homothety) Let A ∈ C, then Z(Aγ : h → (Az_1(h), . . . , Az_p(h))) = Z(γ)

Property 2.14 (Multiplicativity) Let γ_1, γ_2 : [0, 1] −→ C^p \ Δ be two C^p-configuration paths such that γ_1(1) = γ_2(0), and let γ_1γ_2 be the composed path: γ_1γ_2 : [0, 2] −→ C^p \ Δ h → { γ_1(h) if h ≤ 1 γ_2(h − 1) if h ≥ 1 Then Z(γ_1γ_2) = Z(γ_1)Z(γ_2) Proof of the properties: It is easy to check that all the coefficients Z(γ, x) are unchanged by the operations of the 3 first properties. For the fourth one, just decompose Δ^n_{[0,2]} = ∪^n_{k=0}Δ^k_{[0,1]} × Δ^{n−k}_{[1,2]} (= ∪^n_{k=0}{(h_1, h_2, . . . , h_n)| 0 ≤ h_1 ≤ . . . ≤ h_k ≤ 1 ≤ h_{k+1} ≤ . . . ≤ h_n ≤ 2}) Denote by x_{→k} the k-tuple made of the k first coordinates of x and x_{k+1→} the (n-k)-tuple made of the following ones so that Γ_x = Γ_{x→k} Γ_{xk+1→} and observe that ∫ Δ^k_{[0,1]}×Δ^{n−k}_{[1,2]}

ω_x(γ_1γ_2) = ∫ Δ^k_{[0,1]}

ω_{x→k} (γ_1) × ∫ Δ^{n−k}_{[1,2]}

ω_{xk+1→} (γ_2(. − 1))

This shows how Z(γ_1γ_2, x)Γ_x = n∑ k=0 Z(γ_1, x_{→k})Γ_{x→k} Z(γ_2, x_{k+1→})Γ_{xk+1→}

and allows us to easily conclude the proof. ⋄ We now give a more compact definition of Z:

The Knizhnik-Zamolodchikov connection Ω_{KZ} ∈ Ω^1(C^p \ Δ, A(p)) is the one-form valued in A(p) defined by:

Ω_{KZ} = 1 2iπ ∑ {j,k}⊂{1,2,...,p} dz_j − dz_k z_j − z_k Γ_{jk} Then the Kontsevich integral Z of γ is Z(γ) = ∑ n∈N ∫ Δ^n

(γ ∘ p_1)^∗(Ω_{KZ} ) ∧ (γ ∘ p_2)^∗(Ω_{KZ} ) ∧ . . . ∧ (γ ∘ p_n)^∗(Ω_{KZ} )

where p_i : Δ^n −→ [0, 1] is the i^{th} projection, p_i(h_1, . . . , h_n) = h_i, and where, if ω_1 and ω_2 are two complexvalued forms, and if d_1 and d_2 are two elements of A(p), then ω_1d_1 ∧ ω_2d_2 = ω_1 ∧ ω_2(d_1d_2). Side-remark 2.15 Therefore, the Kontsevich integral is called the holonomy of the Knizhnik-Zamolodchikov connection. For us, it is enough to know that Z is multiplicative with respect to the path composition. Side-exercise 2.16 Check that Z satisfies the other holonomy property: d dh Z(γ_{|[0,h]})(u) = Z(γ_{|[0,u]})Ω_{KZ γ(u)}(γ^′(u))

2.5 The isotopy invariance of the Kontsevich integral of braids

Theorem 2.17 (Kontsevich, 1992) Let γ be a C^∞ map from [0, 1] × [0, 1] to C^p \ Δ. For u ∈ [0, 1], let γ_u denote the configuration path: γ_u : [0, 1] −→ C^p \ Δ h → γ_u(h) = γ(u, h) Assume γ_u(0) = γ_0(0) and γ_u(1) = γ_0(1), for any u ∈ [0, 1]. Then Z(γ_0) = Z(γ_1) In other words, Z(γ) only depends on the homotopy class^5 with fixed extremities γ(0), γ(1) of γ. (This is also equivalent to say that Ω_{KZ} is flat.)

To prove the theorem, we will use the following lemma which will be proved later: Lemma 2.18 Ω_{KZ} ∧ Ω_{KZ} = 0 Proof of the theorem: Observe that dΩ_{KZ} = 0. More precisely, for any {j, k} ∈ P , d (_{dzj −dzk} z_j −z_k ) = 0 because dz_j −dz_k z_j −z_k can be written locally as dLog(zj − zk)). Thus, the usual Stokes theorem (applied to the computation

of all coefficients of the Γ_x) allows us to write: ∫ ∂([0,1]×Δ^n)

(γ ∘ (1 × p_1))^∗(Ω_{KZ} ) ∧ (γ ∘ (1 × p_2))^∗(Ω_{KZ} ) ∧ . . . ∧ (γ ∘ (1 × p_n))^∗(Ω_{KZ} ) = 0

where 1 × p_i : [0, 1] × Δ^n −→ [0, 1] × [0, 1] maps (u, H ∈ Δ^n) to (u, p_i(H)).

The boundary ∂([0, 1] × Δ^n) of [0, 1] × Δ^n decomposes into the following parts:

5Any homotopy between two C^∞ paths in (C^p \ Δ) can be replaced by a C^∞ one. See [Hi, Chapter 2, Section 2].

• ∂[0, 1] × Δ^n whose contribution to the above integral is Z_n(γ_1) − Z_n(γ_0),

• the face [0, 1] × {(h_1, . . . , h_n) ∈ Δ^n| h_1 = 0} where (γ ∘ (1 × p_1))^∗(Ω_{KZ} ) = 0 because γ_u(0) is constant and which therefore does not contribute to the integral, and the face [0, 1] × {(h_1, . . . , h_n) ∈ Δ^n| h_n = 1} which does not contribute either for the same reason,

• for k = 1, 2, . . . , n − 1, the faces of [0, 1] × Δ^n: {(h_1, . . . , h_n) ∈ Δ^n| h_k = h_{k+1}} where 1 × p_k = 1 × p_{k+1} and which therefore will not contribute because of Lemma 2.18.

Except for the proof of Lemma 2.18, the theorem is proved. ⋄

Proof of Lemma 2.18: Ω_{KZ} = 1 2iπ ∑ {j,k}∈P ω_{jk} Γ_{jk} where ω_{jk} is the complex-valued 1-form ω_{jk} =^{dzj −dzk}_{zj −zk} . Therefore,

Ω_{KZ} ∧ Ω_{KZ} = ( 1 2iπ )_2 ∑ ({a,b},{c,d})∈P^2 (ω_{ab} ∧ ω_{cd})Γ_{ab}Γ_{cd} Since ω_{ab} ∧ ω_{ab} = 0, the pairs ({a, b}, {a, b}) do not contribute to the sum. When the pairs {a, b} and {c, d} are disjoint, Γ_{ab} and Γ_{cd} commute and therefore, the contributions of ({a, b}, {c, d}) and ({c, d}, {a, b}) cancel each other. Thus, the only remaining contributions to the sum come from the pairs where {c, d}∩{a, b} contains one element, that are the pairs where the cardinality of {c, d} ∪ {a, b} is 3, and we have:

Ω_{KZ} ∧ Ω_{KZ} = ( 1 2iπ )_2 ∑ {i,j,k}⊂{1,2,...,p} ω_{ij} ∧ ω_{jk}(Γ_{ij} Γ_{jk} − Γ_{jk}Γ_{ij} ) + ω_{jk} ∧ ω_{ki}(Γ_{jk} Γ_{ki} − Γ_{ki}Γ_{jk}) + ω_{ki} ∧ ω_{ij} (Γ_{ki}Γ_{ij} − Γ_{ij} Γ_{ki})

We know from Exercise 2.2 that (Γ_{ij} Γ_{jk} − Γ_{jk} Γ_{ij} ) is invariant under any circular permutation of i, j and k. Thus, Ω_{KZ} ∧ Ω_{KZ} can be rewritten as

Ω_{KZ} ∧ Ω_{KZ} = ( 1 2iπ )_2 ∑ {i,j,k}⊂{1,2,...,p} (ω_{ij} ∧ ω_{jk} + ω_{jk} ∧ ω_{ki} + ω_{ki} ∧ ω_{ij} )(Γ_{ij} Γ_{jk} − Γ_{jk}Γ_{ij} )

And it suffices to prove that (ω_{ij} ∧ ω_{jk} + ω_{jk} ∧ ω_{ki} + ω_{ki} ∧ ω_{ij} ) is zero. To do it, we express the sum as a combination of dz_i ∧ dz_j , dz_j ∧ dz_k and dz_k ∧ dz_i, and compute the coefficient of dz_i ∧ dz_j since the other ones can be deduced by circular permutation. This coefficient is zero. Thus, the lemma, and hence the isotopy invariance of Z are proved. ⋄

From now on, we will consider the configuration paths γ up to homotopy with fixed extremities and translation by a function f since these operations do not affect Z(γ). If γ is a path from b = γ(0) to t = γ(1) such that b and t are in R^p, then it (or its class modulo these operations) is determined by a diagram that is again a regular^6 planar projection of γ with the under/over-crossing datum, and by b and t which are considered up to translation. The class of such a path will be denoted by (D; b, t) or (D^t_b) where D is a diagram of γ. The letters b and t stand for bottom and top, respectively. For b, t ∈ R^p ∩ (C^p \ Δ), we will denote the (class of a) configuration path γ from b to t whose planar projection has no double point by 1^t_b or by (1; b, t).

Examples 2.19 Let α, α^′, β and τ ∈ R.

Z(1; (α, α + β), (α^′, α^′ + τ)) = Z(1; (0, β), (0, τ)) = Z(1^{(0,τ )}_{(0,β)}) = Z(1^{(0, τβ )}_{(0,1)} ) exp (_{Log( τβ )} 2iπ Γ_{12} ) Z( ; (0, 1), (0, 1)) = exp(^1_2 Γ_{12}) Z( ; (0, 1), (0, 1)) = exp(^{−1}_2 Γ_{12})

6A regular projection is again a projection which is an immersion whose only multiple points are transverse double points.

Recall that the inverse of a path γ : [0, 1] −→ X in a topological space X is the path γ : [0, 1] −→ X which maps h to γ(1 − h) so that there is a homotopy with fixed extremities from the composed path γγ (that is smooth if all the derivatives of γ at 1 vanish) to the constant path to γ(0). Applying this remark to X = C^p \ Δ yields Z(γ) = Z(γ)^{−1}. Also note that the numerotation of the strands (order of the coordinates z_i) is immaterial. The only thing that matters is to number the components of the braids and the intervals used to define A(p), accordingly.

2.6 Some unpleasant features of the Kontsevich integral

Let X_1 and X_2 be two 1-manifolds. Let X_1 ∐ X_2 or X_1 ⊗ X_2 denote their disjoint union. In pictures, we draw X_2 on the right-hand-side of X_1. Recall the natural bilinear continuous operation defined in Subsection 2.1 from A(X_1) × A(X_2) to A(X_1 ∐ X_2) which maps (d, e) to the disjoint union d ⊗ e of d and e, for any two diagrams d ∈ A(X_1) and e ∈ A(X_2).

In this disjoint case, this operation will be called the tensor product. When applied to the case where X_1 and X_2 are unions of intervals, this construction yields, for any two integers p and q: ⊗ : A(p) × A(q) −→ A(p + q) Lemma 2.20 Let γ_L be a C^p-configuration path whose image is contained in (] − ∞, 0] + iR)^p from b_L ∈ R^p to t_L ∈ R^p. Denote its class by (D_L; b_L, t_L). Let γ_R be a C^q-configuration path whose image is contained in ([1, +∞[+iR)^q from b_R ∈ R^q to t_R ∈ R^q. Denote its class by (D_R; b_R, t_R). Denote the C^{p+q}-configuration path diagram obtained by putting D_R on the right-hand-side of D_L by D_L ⊗ D_R. Let p : A(p + q) −→ A(p + q) be the linear continuous map that map a chord diagram to itself if all its chords have their two vertices either on the first p strands or on the last q strands, and to zero otherwise. Then

p (Z(D_L ⊗ D_R; (b_L, b_R), (t_L, t_R))) = Z(D_L; b_L, t_L) ⊗ Z(D_R; b_R, t_R)

Proof: Exercise. (See the proof of Property 2.14.) ⋄

First bad feature of the Kontsevich integral:

Z(D_L ⊗ D_R; (b_L, b_R), (t_L, t_R)) ≠ Z(D_L; b_L, t_L) ⊗ Z(D_R; b_R, t_R)

because Z(D_L ⊗ D_R; (b_L, b_R), (t_L, t_R)) contains unwanted contributions of diagrams with chords involving both the left-hand side part and the right-hand side part.

Nevertheless, we will be able to diminish the unwanted contributions. In order to estimate their behaviour, we will use the following notation.

Notation 2.21 Let d = (d_n(ε > 0))_{n∈N} ∈ A(X). Let (f_n :]0, +∞[−→ R)_{n∈N} be a family of continuous maps. We use the notation d = O(f_∗(ε)) to say: ∀n ∈ N, ∃M_n ∈]0, +∞[ such that: ‖d_n(ε)‖ ≤ M_nf_n(ε) where ‖.‖ denotes one of the (equivalent) norms on the finite-dimensional C-vector space A_n(X). We omit the subscripts ∗ and n when f_n does not depend on n.

Let us simultaneously perform the following two homotheties ε(.) and ε(. − 1) + 1 of the complex plane with ratio ε. The first one has center 0 and is performed on the left-hand-side path γ_L while the second one has center 1 and is performed on γ_R. These homotheties do not change Z(D_L; b_L, t_L) ⊗ Z(D_R; b_R, t_R). Then, a quick look at the behaviour of the coefficients of the boring diagrams shows:

Lemma 2.22

Z(D_L ⊗ D_R; (εb_L, ε(b_R − 1) + 1), (εt_L, ε(t_R − 1) + 1)) = Z(D_L; b_L, t_L) ⊗ Z(D_R; b_R, t_R) + O(ε)

⋄ This is our first motivation to study the behaviour of Z(γ) for configuration paths which reach some limit configurations. Another motivation for that is that we want to define a link invariant, and we would like to define Z( ⋂ ) from lim_{ε→0} Z(1; (0, 1), (0, ε)).

Second bad feature of the Kontsevich integral: Z(1; (0, 1), (0, ε)) = exp(^{Log(ε)}_{2iπ} Γ_{12}) does not converge when ε approaches 0.

Another wish that we have is to get rid of the heavy-to-carry data of the coordinates of the bottom and top configurations. A possible way to do it would be to restrict ourselves to the case when these configurations are (1, 2, 3, . . . , p) but the first bad feature above suggests that it may not be a very good idea. So let us begin to study some limit behaviours of Z.

2.7 A two-point collision

Definition 2.23 A two-point collision in C^p is a triple (z; ℓ(z), r(z)) such that z = (z_1, z_2, . . . , z_p) ∈ C^p, {ℓ(z), r(z)} is a pair of distinct elements of {1, 2, . . . , p}, and, for any i, j ∈ {1, 2, . . . , p}, we have z_i = z_j ⇐⇒ i = j or {i, j} = {ℓ(z), r(z)} In other words, a two-point collision is an element of C^p with exactly two matching coordinates distinguished by the labels ℓ and r . Intuitively, at such a two-point collision, z_{ℓ(z)} is infinitely close to z_{r(z)}, and it is on the left-hand side of z_{r(z)}. The set of two-point collisions in C^p will be denoted by C^p_2.

By definition, a path γ : [0, 1] −→ (C^p \ Δ) ∪ C^p_2 is a map from [0, 1] to (C^p \ Δ) ∪ C^p_2 whose natural projection to C^p is a continuous (piecewise C^∞) path from [0, 1] to C^p such that:

for any h_d ∈ γ^{−1}(C^p_2), there exists a neighborhood N(h_d) of h_d in [0, 1] such that, for any h ∈ N(h_d) \ {h_d}, Re(z_{r(z(hd))}(h) − z_{ℓ(z(hd))}(h)) > 0.

This section is devoted to extending Z for such paths γ : [0, 1] −→ (C^p \ Δ) ∪ C^p_2 as suggested by the following graphic formula.

Z r ℓ = lim_{ε→0} Z ε 1

Notation 2.24 If z ∈ C^p_2, for ε ∈]0, ∞[, we define

z(ε) = (z_1(ε), z_2(ε), . . . , z_p(ε)) ∈ C^p

by z_{r(z)}(ε) = z_{r(z)} + ε and z_i(ε) = z_i if i ≠ r(z).

In general for two points b = (b_1, b_2, . . . , b_p) and t = (t_1, t_2, . . . , t_p) in C^p, let B^t_b denote the barycentric path from b to t that is

B^t_b : [0, 1] −→ C^p h → (1 − h)b + ht = ((1 − h)b_1 + ht_1, . . . , (1 − h)b_p + ht_p))

Definition 2.25 Z is defined as follows for paths γ : [0, 1] −→ (C^p \ Δ) ∪ C^p_2.

1. If γ : [0, 1] −→ (C^p \ Δ) ∪ C^p_2 is a path such that γ^{−1}(C^p_2) = {0}, then

Z(γ) = lim ε → 0, ε > 0 h −→ 0, h > 0 exp(

Log(ε) 2iπ Γ_{ℓ(γ(0))r(γ(0))})Z(B^{γ(h)}_{γ(0)(ε)}γ_{|[h,1]})

2. For any path γ : [0, 1] −→ (C^p \ Δ) ∪ C^p_2 Z(γ) = Z(γ)^{−1} 3. Z is still multiplicative under path composition.

To prove that the definition makes sense, we need the following lemma which is proved at the end of this subsection:

Lemma 2.26 Let (b = (b_1, b_2, b_3, b_4, . . . , b_{p−1}, b_p); ℓ(b) = 1, r(b) = 2) ∈ C^p_2, (b_1 = b_2), let ε_0 > 0. Assume that b(ε) ∈ C^p \ Δ for any ε such that 0 < ε ≤ ε_0. Then the limit

lim_{ε→0} exp(

Log(ε) 2iπ Γ_{12})Z(B^{b(ε0)}_{b(ε)} )

exists.

Proof of consistency of the definition: Let us first prove that the definition of Z makes sense in the first case. Let b = γ(0). The hypotheses on γ guarantee the existence of ε_0 > 0 and h_0 > 0 such that:

1. for any (ε, h) such that 0 < ε ≤ ε_0 and 0 < h ≤ h_0, the barycentric path B^{γ(h)}_{b(ε)} avoids Δ, and Re(z_2(h) − z_1(h)) > 0

2. the homotopy class of B^{γ(h)}_{b(ε)} γ_{|[h,1]} does not depend on the choice of h and coincides with the homotopy class of B^{b(ε0)}_{b(ε)} B^{γ(h)}_{b(ε0)}γ_{|[h,1]}.

Thus, by the former properties of Z, Z(B^{γ(h)}_{b(ε)} γ_{|[h,1]}) is independent of h such that 0 < h < h_0 and it is equal to Z(B^{b(ε0)}_{b(ε)} )Z(B^{γ(h)}_{b(ε0 )}γ_{|[h,1]}); and, according to Lemma 2.26, the definition of Z makes sense in the first case.

Now, define Z(γ) for a path γ : [0, 1] −→ (C^p \ Δ) ∪ C^p_2 such that γ^{−1}(C^p_2) = {1} by Z(γ) = Z(γ)^{−1} In other words, if γ(1) = t,

Z(γ) = lim ε → 0, ε > 0 h −→ 1, h < 1 Z(γ_{|[0,h]}B^{t(ε)}_{γ(h)}) exp(− Log(ε) 2iπ Γ_{ℓ(γ(1))r(γ(1))})

Now any path γ : [0, 1] −→ (C^p \ Δ) ∪ C^p_2 is a composition of paths for which Z is defined, and we define Z of such a composition as the product of the values on elementary paths. The form of the first definition of Z makes clear that Z(γ) does not depend on the decomposition of Z as a product. Thus, Z is compatible with products and Z is easily seen to be compatible with the passage to the inverse, too. ⋄ Note that Z is still independent of the parametrization, and invariant by transvection. But we lose the invariance under homothety.

Exercise 2.27 Let γ : [0, 1] −→ (C^p \ Δ) ∪ C^p_2. Let A ∈]0, +∞[. If γ(h) = (z_1(h), . . . , z_p(h)), then Aγ(h) = (Az_1(h), . . . , Az_p(h)). Show that: If γ^{−1}(C^p_2) = {1}, then Z(Aγ) = Z(γ) exp ( − Log(A) 2iπ Γ_{ℓ(γ(1))r(γ(1))} )

If γ^{−1}(C^p_2) = {0}, then Z(Aγ) = exp ( Log(A) 2iπ Γ_{ℓ(γ(0))r(γ(0))} ) Z(γ) Proof of Lemma 2.26: Let γ : h ∈ [0, ε_0] → (z_1(h), . . . , z_p(h)) be defined so that γ_{|[ε,ε0]} represents B^{b(ε0)}_{b(ε)} by

z_j (h) = { b_j if j ≠ 2 b_1 + h if j = 2

Let x = (x_1, . . . , x_n) ∈ P^n and let r ∈ {0, . . . , n} be such that x_j = {1, 2} for any j ≤ r and x_{r+1} ≠ {1, 2} unless r = n. Let c_x(ε) be the complex coefficient of Γ_x in exp(^{Log(ε)}_{2iπ} Γ_{12})Z(γ_{|[ε,ε0]}) that is

c_x(ε) = ( 1 2iπ )_{n r}∑ j=0 (Logε)^j j! ∫ ∫ . . . ∫ ε≤h_{j+1} ≤h_{j+2} ≤...≤h_n≤ε_0 n∏ k=j+1 ω̃_{xk} (h_k)dh_k

It suffices to prove the existence of lim_{ε→0} c_x(ε) for any x, that is for ours.

If r = n, then the multiple integral is equal to the coefficient of Γ^{n−j}_{12} in (2iπ)^{n−j} Z(1^{(0,ε0)}_{(0,ε)} ) that is^{(Log( ε0ε ))n−j}_{(n−j)!} (see Example 2.6). Thus,

c_x(ε) = ( 1 2iπ )_n (Logε + Log(^{ε0}_ε ))^n n! = ( 1 2iπ )_n (Logε_0)^n n! . and the same argument shows that if r < n, then

c_x(ε) = ( 1 2iπ )_n ∫_{ε0} ε f(h)dh where (h = h_{r+1} and) f(h) = (Logh)^r r! ω̃_{xr+1} (h) ∫ ∫ . . . ∫ h≤h_{r+2}≤h_{r+3} ≤...≤h_n≤ε_0 n∏ k=r+2 ω̃_{xk} (h_k)dh_k

Now, remember that ω̃_{{1,2}}(h) = 1/h, and note that there exists a C > 0, such that, for all h ∈]0, ε_0], and for all i > r + 1, |ω̃_{xi} (h)| ≤ Cω̃_{{1,2}}(h) and |ω̃_{xr+1} (h)| ≤ C Thus, |f(h)| ≤ C^{n−r} |Logh|^r r! (Log^{ε0}_h )^{n−r−1} (n − r − 1)! ≤ C^′|Log(h)|^{n−1} for some C^′ > 0. This proves that ∫_{ε0} ε f(h)dh converges and concludes the proof of the lemma. ⋄

Remark 2.28 Thus, the definition of Z for a path which reaches some two-point collision b is explained in the graphic formula just after Definition 2.23. Indeed, we just slightly modify the given path so that it reaches b(ε) instead of reaching b. Under our hypotheses, the choice of the modified path is canonical up to homotopy. Then, we correct the evaluation of Z on the modified path by a multiplication by ε^{− Γ122iπ} = Z(1^{(0,1)}_{(0,ε)}) which involves the same ε acting on the two strands of the collision; and we take the limit.

Remark 2.29 In Definition 2.25, we choose to modify a two-point collision b = γ(0) ∈ C^p_2 into b(ε) so that the two equal coordinates b_{ℓ(b)} and b_{r(b)} become b_{ℓ(b)} and b_{r(b)} + ε, respectively. Let η ∈ [0, 1], we can define b(η, ε) so that b_{ℓ(b)}(η, ε) = b_{ℓ(b)} − ηε and b_{r(b)}(η, ε) = b_{r(b)} + (1 − η)ε and b_i(η, ε) = b_i, if i ≠ ℓ(b), r(b). Note that for a two-point collision b, Z(B^{b(η,ε)}_{b(ε)} ) = 1 + O(ε). Therefore changing γ(0)(ε) into γ(0)(η, ε) in Definition 2.25 would not change the definition.

2.8 Duplication of a strand in a braid

Let X be a one-manifold, and let X_0 be a connected component of X. Let

X(r × X_0) = (X \ X_0) ∐ (_r ∐ i=1 X^{(i)}_0 )

be the manifold obtained from X by duplicating X_0 (r-1) times that is by replacing X_0 by r copies of X_0. Let

π(r × X_0) : X(r × X_0) −→ X

be the associated trivial covering, that is the identity on (X \ X_0), and the trivial r-fold covering from ∐_r i=1 X^{(i)}_0 to X_0.

We have a natural continuous linear duplication map π(r × X_0)^∗ : A(X) −→ A(X(r × X_0)) such that: if d is (the class of) a diagram on X, then π(r×X_0)^∗(d) is the sum of all diagrams on X(r×X_0) obtained from d by lifting each vertex to one of its preimages under π(r × X_0). (These diagrams have the same set of chords as d and the local orientations at vertices are naturally induced by the local orientations of the corresponding vertices of d.) It is easy to check that π(r × X_0)^∗ factors through AS and 4T.

When X = ∐_p i=1 I_i and X_0 = I_j , this map is simply denoted by π(r × j)^∗ : A(p) −→ A(p + r − 1). Note that π(r × j)^∗ is a morphism of algebras. The local definition of π(2 × p)^∗ reads:

π(2 × p)^∗ :_k →_k if k < p k →_{k+1} if k > p p →_{p p+1} +_{p p+1} For example:

π(2 × 3)^∗ ( ) = + + +

Note that π(r × j)^∗ = (π(2 × j)^∗)^{(r−1)}.

On the other hand, we may duplicate the p^{th} coordinate of an element z = (z_1, . . . , z_p) of C^p \ Δ to get an element z(2 × p) = ((z_1, . . . , z_{p−1}, z_p, z_p); ℓ(z(2 × p)) = p, r(z(2 × p)) = p + 1) ∈ C^{p+1}_2 Let γ : [0, 1] −→ C^p \ Δ be a C^p-configuration path which maps h to (z_1(h), . . . , z_p(h)). Let

γ(2 × p)(ε) : [0, 1] −→ C^{p+1} \ Δ h → (z_1(h), . . . , z_p(h), z_p(h) + ε) be obtained from γ by replacing the p^{th} strand by two parallel copies of this strand.

Lemma 2.30 Z(γ(2 × p)(ε)) = π(2 × p)^∗(Z(γ)) + O(ε)

Proof: Replacing Z(γ(2 × p)(ε)) by π(2 × p)^∗(Z(γ)) amounts to replace^{dzp+1−dzj}_{zp+1−zj} by^{dzp−dzj}_{zp−zj} in the iterated integrals, where z_{p+1} = z_p + ε. ⋄

Lemma 2.31 Let γ(2 × p)(ε) : [0, 1] −→ (C^{p+1} \ Δ) ∪ C^{p+1}_2 h → (z_1(h), . . . , z_p(h), z_p(h) + ε) be a path starting at a two-point collision γ(2 × p)(ε)(0) = ((z_1(0), z_2(0), z_3(0), . . . , z_p(0), z_p(0) + ε); ℓ(z(0)) = 1, r(z(0)) = 2) such that γ(2 × p)(ε)(]0, 1]) ⊂ C^{p+1} \ Δ. Then Z(γ(2 × p)(ε)) = π(2 × p)^∗(Z(γ)) + O(ε).

Proof: The proof is the same as above once it has been noticed that the majorations of the proof of Lemma 2.26 can be made uniform. ⋄ Now, we know enough about the Kontsevich integral of braids, which may be seen as embeddings of trivial cobordisms between two C^p-configurations, to be able to extend it on more general cobordisms between limit configurations (including the links themselves) called tangles.

3 The Kontsevich Integral for general tangles

This section is devoted to constructing the Kontsevich integral for framed tangles using what we know of the Kontsevich integral of braids by the preceding section. We first define framed tangles.

3.1 Some limit configurations

Definition 3.1 A non-associative word or n. a. word w in the letter · is an element of the free non-associative monoid generated by ·. The length of such a w is the number of letters of w. Equivalently, we can define a non-associative word by saying that each such word has an integral length ℓ(w) ∈ N, the only word of length 0 is the empty word, the only word of length 1 is ·, the product w^′w^{′′} of two n. a. words w^′ and w^{′′} is a n. a. word of length (ℓ(w^′) + ℓ(w^{′′})), and every word w of length ℓ(w) ≥ 2 can be decomposed in a unique way as the product w^′w^{′′} of two n. a. words w^′ and w^{′′} of nonzero length.

Example 3.2 The unique n. a. word of length 2 is (··). The two n. a. words of length 3 are ((··)·) and (·(··)). There are five n. a. words of length 4.

Side-exercise 3.3 Prove that there are 2^{(2n−3)!}_{n!(n−2)!} n. a. words of length n for any integer n greater than 1.

Definition 3.4 Let O_{p,k} be the set of equivalence classes [(a_1; w_1), (a_2; w_2), . . . , (a_k; w_k)] of the k-tuples ((a_1; w_1), (a_2; w_2), . . . , (a_k; w_k)) such that:

• for i = 1, . . . , k, a_i is a real number and w_i is a non-empty n. a. word,

• a_1 < a_2 < . . . < a_k and ∑_k i=1 ℓ(w_i) = p

where two such k-tuples are equivalent if and only if they are obtained from one another by a real translation. (For any T ∈ R, [(a_1; w_1), . . . , (a_k; w_k)] = [(a_1 + T ; w_1), . . . , (a_k + T ; w_k)].)

When p is a nonzero integer, an object of length p is an element of the set O_p defined by: O_p = ∪^p_{k=1}O_{p,k} The empty set is the unique object of length 0. O_0 = {∅}.

The objects of O_{p,p} are the sequences [(a_i; ·)_{i=1,...,p}] which will be simply denoted by (a_1, a_2, . . . , a_p) and represent configurations of (R^p \ Δ) /translation. Among these, (1, 2, . . . , p) will be simply denoted by [p].

The objects of O_{p,p−1} represent two point-collisions: in these objects, there is one word of the form (..) whose left-hand-side letter represents the left-hand side point of the collision and whose RHS letter represents the RHS point of the collision.

In general, an object of length p is a limit configuration of p points. In the object [(a_1; w_1), (a_2; w_2), . . . , (a_k; w_k)], there is a collision of ℓ(w_i) points at a_i, and the word w_i will tell us the way of seeing this collision as a composition of two-point collisions and duplications in Subsection 4.3.

The objects of O_{p,1} are of the form [(0; w)] for a n. a. word w of length p and will be simply denoted by w. They are simply n. a. words.

An object [(1; w_1), (2; w_2), . . . , (k; w_k)] is simply denoted by (w_1, w_2, . . . , w_k ) and is called a word sequence.

3.2 Framed tangles

Definition 3.5 Let T be an embedding of a one-manifold X into a compact submanifold M of R^3 = C × R. It is understood in the word embedding that T (X) ∩ ∂M = T (∂X) and that the tangent vectors of X at the boundary points of X are transverse to the boundary ∂M of M (i. e. are not contained in the tangent space to ∂M). For us, an extremum of T (X) is a point T (x) where the tangent vector T^′(x) to T (X) is horizontal (∈ C = C × {0} ⊂ C × R), and where, if p_V : C × R −→ R denotes the vertical projection, (p_V ∘ T )^{′′}(x) ≠ 0. We will say that an embedding as above is almost admissible if all of its horizontal tangent vectors are real (∈ R ⊂ C) and correspond to extrema. Such an embedding is said to be admissible if furthermore, the extrema occur at distinct heights.

Definition 3.6 A tangle is a triple (T ; b, t) where

• T is an admissible embedding of a one-manifold X into C × [0, 1] such that: T (∂X) ⊂ R × {0, 1} considered up to almost admissible isotopy^7 and rescaling^8 [0, 1]. In particular, T provides a partition of the boundary ∂X of X into two subsets, namely the bottom b(X) = T^{−1}(R × {0}) and the top t(X) = T^{−1}(R × {1}) of X, each of which inherits the standard order of R; the triple (X, b(X), t(X)) is called the support of T .

• b is an object whose length is the cardinality of b(X). Similarly, t ∈ O_{♯t(X)}.

The triple (T ; b, t) will also be denoted by T^t_b or simply by T .

Note that such a tangle is completely determined by b, t and by a diagram of T . Therefore, (T ; b, t) will often be denoted by (D; b, t) where D is a diagram of T . Again, 1 will be used to denote p vertical parallel intervals.

Because of the condition on horizontal tangencies, the unit normal bundle^9of each component T (X_0) of T (X) admits a natural section given by the horizontal imaginary direction, and therefore one or two (up to boundaryfixing homotopy) other ones for which the vectors are always in the blackboard plane and are horizontal at ∂X_0. (There is one homotopy class if X_0 is a circle and there are two otherwise.) In other words, T (X = X × {0}) admits a parallel that is another embedding T (X ×{1}) such that T_{|X×{0,1}} extends to an embedding of X ×[0, 1] satisfying the conditions of the definition for any X × {u} such that, for any x ∈ X, T ({x} × [0, 1]) is contained in a plane parallel to the blackboard plane. The isotopy class of T (X × {0, 1}) is well-defined provided that we allow exchanges of X_0 × {0} and X_0 × {1} for each component X_0 with non-empty boundary. In pictures, the two copies of T (X_0) are parallel.

In particular, we have a well-defined operation of duplication of a set of connected components T (X_0) of (T (X), b, t) which consists in replacing:

1. X by X(2 × X_0) = X ∪ X_0 × {1},

2. T = T_{|X×{0}} by its above extension on X × {0} ∪ X_0 × {1},

3. every letter · corresponding to a boundary point of X_0 by the word (··).

The obtained duplicated tangle will be denoted by T (2 × X_0).

A tangle whose bottom and top objects are n. a. words is called a q-tangle. When T_1 = (T_1; b_1, t_1) and T_2 = (T_2; b_2, t_2) are q-tangles, we can build their tensor product:

T_1 ⊗ T_2 = (T_1 ⊗ T_2; b_1b_2, t_1t_2) = T2T1

t_1t_2

b_1b_2

where a diagram of T_1 ⊗ T_2 is obtained by putting a diagram of T_2 on the right-hand side of a diagram of T_1.

7An almost admissible isotopy between two admissible embeddings T_0 and T_1 is a C^∞ map T : [0, 1] × X −→ C × [0, 1] such that, for any u ∈ [0, 1], T_u = T_{|{u}×X} is an almost admissible embedding such that T_u(∂X) ⊂ R × {0, 1}.

8Rescaling [0, 1] means composing T by the product of the identity of C by an increasing diffeomorphism which maps [0, 1] onto another compact interval of R.

9Here, this unit normal bundle is thought of as the bundle of oriented lines of the quotient of R^3 by the tangent line to T (X).

When the top of a tangle T_1 = (T_1(X_1); b, c) coincides with the bottom of a tangle T_2 = (T_2(X_2); c, t), then we can form the product tangle

T_1T_2 = (T_1T_2; b, t) =

T_2

T_1 t

b by stacking T_2 above T_1. Then, X_1X_2 is defined as the support of T_1T_2.

A component of a tangle is said to be regular if it has no extremum. A tangle is regular if all its components are regular.

3.3 From the language of braids to the language of tangles.

A configuration path γ : [0, 1] −→ C^p \ Δ such that γ(0) and γ(1) are in R^p gives rise to a well-determined regular tangle T (γ) = (T (γ)(X); σ_b(γ(0)), σ_t(γ(1)))

where the image of T (γ) is the graph of γ, X is a disjoint union of p intervals, and, σ_b(γ(0)) and σ_t(γ(1)) coincide with γ(0) and γ(1), respectively, up to a permutation of the coordinates.

Conversely, any regular tangle T whose bottom and top objects are actual configurations, may be written as T (γ) for some configuration path which is well-determined up to homotopy with fixed boundary and permutation of the strands. Thus, for such a tangle T (γ), we unambiguously set: Z(T (γ)) = Z(γ) ∈ A(X). Now, if (T ; b, t) is a regular tangle such that b is a 2-point collision and t is an usual configuration, then represent T (X) as the image of a path γ such that γ(0) = b(ε), for some very small ε, and γ(1) coincides with t up to a permutation of the coordinates, and set Z(T ; b, t) = Z(B^{b(ε)}_b γ) where, of course, b(ε) is obtained from b by changing [. . . , (a_i; (··)), . . .] into [. . . , (a_i; ·), (a_i + ε; ·), . . .]. Proceed similarly when t is a 2-point collision.

Thus, Z is well-defined for regular tangles whose bottom and top configurations are either actual configurations or two-point collisions. Furthermore, Z is compatible with the product (and inverse) for these tangles.

Example 3.7 Z ( 1^{(·,(··))} ((··),·) ) = Z(1^{[(0;·),(1;(··))]}

[(0;(··)),(1;·)]) = lim ε → 0 ε > 0 exp(

Log(ε) 2iπ Γ_{12})Z(1^{(0,1−ε,1)}

(0,ε,1) ) exp(−

Log(ε) 2iπ Γ_{23})

(See Remark 2.29.)

Exercise 3.8 1. Prove that ( Z ( 1^{(·,(··))} ((··),·) ) − 1_{|||} ) belongs to the two-sided ideal of A(3) generated by (Γ_{23}Γ_{12} − Γ_{12}Γ_{23}).

2. Recall that ∑_∞ n=1 1 n^2 = π^2

6 . Compute Z ( 1^{(·,(··))} ((··),·) ) = 1_{|||} + 1 24 (Γ_{23}Γ_{12} − Γ_{12}Γ_{23}) + O(3)

where O(3) is a series of terms of degree ≥ 3.

Examples 3.9 Z(1^{(··)}_{(0,1)}) = 1_{||} Z(1^{(0,1)}_{(··)} ) = 1_{||}

Z(^{(··)}_{(··)}) = exp( 1 2 Γ_{12})

Z(^{(··)}_{(··)}) = exp(− 1 2 Γ_{12})

As another example, we prove a little lemma which will be useful later.

Lemma 3.10 Let γ : [0, 1] −→ C^{p−1} \ Δ be a configuration path. Let X_0 denote a strand of γ. Then Z (T (γ)(2 × X_0)) = π(2 × X_0)^∗Z(T (γ)) Proof: Assume that the duplicated strand is the first one, whose copies are labeled by ♯1 and ♯2. Then by definition, Z (T (γ)(2 × X_0)) = lim ε → 0 ε > 0 exp(

Log(ε) 2iπ Γ_{12})Z ((γ)(2 × X_0)(ε)) exp(−

Log(ε) 2iπ Γ_{12})

Now, using Lemma 2.30 together with the fact that lim_{ε→0} ε(Logε)^n = 0 allows us to replace Z ((γ)(2 × X_0)(ε)) by π(2 × X_0)^∗Z(T (γ)) in the above expression. In order to conclude the proof, observe that (4T ) implies that Γ_{12} commutes with the image of π(2 × X_0)^∗. (It is also a consequence of Lemma 3.17 which will be proved in Subsection 3.6). ⋄

3.4 The theorem

Definition 3.11 An element of A(1) is said to be symmetric if it is unchanged by the involution of A(1) induced by the flip of the interval. This involution reverses the order of the vertices (and reverses their orientations (in even number!)). It is unknown whether there exist elements of A(1) that are not symmetric under this symmetry.

We can now state the main theorem which gives the general definition of the Kontsevich integral Z for tangles.

Theorem 3.12 (Kontsevich, Le, Murakami [LM1]) There is a unique extension of Z to tangles which satisfies the following properties:

Isotopy invariance: For any tangle T = (T (X); b, t), Z(T ) ∈ A(X), Z_0(T ) = 1, and Z(T ) only depends on b, t, and the usual^{10} isotopy class of T (2 × X).

Functoriality: For any two tangles T_1 = (T_1; b, c), T_2 = (T_2; c, t) whose product is defined Z(T_1T_2) = Z(T_1)Z(T_2) Graphically, this reads Z T_2 T_1 = Z(T_2) Z(T_1) .

10The admissibility condition is dropped: here, a usual isotopy between two admissible embeddings T_0 and T_1 is a C^∞ map T : [0, 1] × X −→ C × [0, 1] such that, for any u ∈ [0, 1], T_u = T_{|{u}×X} is an embedding such that T_u(∂X) ⊂ R × {0, 1}.

Monoidality: For any two q-tangles, T_1 = (T_1; b_1, t_1) and T_2 = (T_2; b_2, t_2) Z(T_1 ⊗ T_2) = Z(T_1) ⊗ Z(T_2) Graphically, this reads Z ( T_2

T_1 ) = Z(T2)

Z(T_1) .

Duplication: For any component T (X_0) of a tangle T = (T (X); b, t), such that either T (X_0) is boundary-less or T (X_0) runs from bottom to top, Z(T (2 × X_0)) = π(2 × X_0)^∗(Z(T ))

Extremum: Z(^{(··)}) is a symmetric element ν of A(1) and:

Z(^{(··)}) = Z(_{(··)}) = ν

In particular, Z provides an invariant of parallelized links, that are links each component of which is equipped with a parallel (up to isotopy). Indeed, links can be represented by boundary-less tangles (with top and bottom objects of length 0). The theorem will be proved in Section 4. Its proof will only use the results of Subsection 3.6 which is completely independent of the rest of the notes. In the other subsections of this section, we assume the theorem, and, of course, we will not use their results in Section 4.

3.5 First computations of Z on tangles

Example 3.13 Let us compute the Drinfeld associator Φ_{KZ} = Z(1; ((··)·), (·(··))) By Example 3.9 and by the Duplication property,

Z(1^{(·(··))}_{(·,(··))}) = π(2 × 2)^∗(1_{||}) = 1_{|||}

Similarly, Z(1^{((··),·)} ((··)·) ) = 1||| Thus, by the Functoriality property, Φ_{KZ} = Z(1^{(·,(··))}_{((··),·)}) whose expression has been given in Example 3.7 and whose low degree terms were computed in the exercise immediately after. A complete expression of Φ_{KZ} in terms of generalized η-functions can be found in [LM2].

Example 3.14 Let w be a n. a. word of length p. Let T^t_b be a q-tangle. Let 1^w(^{T tb}_i ) be the tangle obtained from 1^w by replacing the i^{th} strand of 1^w by T (replacing in particular the i^{th} letter of the bottom w by b and the i^{th} letter of the top w by t and removing unneeded parentheses if one of b and t is empty). We will similarly denote the bottom word of 1^w(^{T tb}_i ) by w(^b_i ). Then, by the Monoidality property, and by induction on p, we have that Z(1^w( T^t_b i )) = 1_{A(i−1)} ⊗ Z(T ) ⊗ 1_{A(p−i)} Thus, for example,

Z(_{1 2} · · ·_{i−1 i+2} · · ·_{p+1}; w(2 × i), w(2 × i)) = exp( 1 2 Γ_{{i,i+1}}) and Z(_{1 2} · · ·_{i−1 i+2} · · ·_{p+1}; w(2 × i), w(2 × i)) = exp(− 1 2 Γ_{{i,i+1}}) for any n. a. word w of length p. (Note that any n. a. word which contains the two-letter word that groups the i^{th} letter with the (i + 1)^{th} one, as a subword, can be written as w(2 × i).)

As another example, let w_1, w_2 and w_3 be three n. a. words, then by the duplication property Z(1; ((w_1w_2)w_3), (w_1(w_2w_3))) = π(ℓ(w_1) × 1, ℓ(w_2) × 2, ℓ(w_3) × 3)^∗(Φ_{KZ} ) where we use an obvious generalisation of the notation of Subsection 2.8. Let w be our n. a. word of length p. Then

Z(1; w(

((w_1w_2)w_3) i ), w( (w_1 (w_2w_3)) i )) = 1_{A(i−1)} ⊗ π(ℓ(w_1) × 1, ℓ(w_2) × 2, ℓ(w_3) × 3)^∗(Φ_{KZ} ) ⊗ 1_{A(p−i)}

Before going any further in example computations, we need to know a little more about diagrams, namely a commutation principle.

3.6 Commutation principle in the space of diagrams A

Lemma 3.15 Let Γ_1 be a diagram with support a one-manifold X. Assume that Γ_1 ∪ X is immersed in the plane so that Γ_1 ∪ X meets an open annulus A embedded in the plane exactly along n + 1 arcs α_1, α_2, . . . , α_n and β, and one vertex v so that:

1. The α_i are plain arcs that run from a boundary component of A to the other one, 2. β is a dashed arc which runs from the boundary of A to v ∈ α_1, 3. The bounded component D of the complement of A contains no boundary point of X.

Let Γ_i be the diagram obtained from Γ_1 by attaching the endpoint v of β to α_i instead of α_1 on the same side, where the side of an arc is its side when going from the outside boundary component of A to the inside one ∂D. Then, in A(X), we have:_n ∑ i=1 Γ_i = 0.

Examples 3.16

v α_1 α_2

β

A D

Γ_1

+ v

α_1 α_2

β

A D

Γ_2

= 0

Deleting the chords inside D from the above relation yields the antisymmetry relation.

v α_1 α_2 α_4 α_3

β

A

D

Γ_1

+ v α_1 α_2 α_4 α_3

β

A

D

Γ_2

+ v

α_1 α_2 α_4 α_3

β

A

D

Γ_3

+ v

α_1 α_2 α_4 α_3

β

A

D

Γ_4

= 0

Deleting the non-horizontal fixed chord from the above relation yields nothing but 4T.

Proof of Lemma 3.15: The following proof is due to Bar-Natan [Ba, Lemma 3.1]. Let us first introduce a graphical notation. An edge with a free vertex drawn as a circle, and a set of little hooks like ( ) elsewhere on a diagram, denotes the sum over the set of hooks of all (classes of) diagrams obtained by attaching the free vertex to the attaching point of a hook, where the neighborhood of the new vertex is the same as the hook neighborhood.

With this notation, (4T) reads

= 0,

while (AS) implies:

= 0 and = 0.

Assume without loss that v is always attached on the right-hand side of the α’s. Then the sum of the statement will be denoted by the diagram Γ_1 where v has become free and there is one little hook on each of the α^′s on its right-hand side.

By AS, we may add two hooks on each plain edge that is contained in the disk D, one near each extremity of

the plain edge, which show the left-hand side to someone located on the corresponding vertex like without changing the sum. Now, every vertex inside the disk D is equipped with two hooks which turn left

like . For each chord inside the disk D, the contribution of its two vertices vanishes by the above hook version of 4T. This proves that the sum vanishes when the other end of the chord that contains β is outside the disk, since the only initial hooks which are not near a vertex can be grouped in pairs which vanish by AS

( = 0). In the other case, we further use that vanishes. ⋄

By AS, Lemma 3.15 applied to the case when the disk D contains nothing but an element of A(r) can be drawn as below, using the graphical notation of the proof above.

D = D

This can be stated as in the following lemma.

Lemma 3.17 An r-duplicated vertex always commutes with an element of A(r). ⋄ In particular, when r = 1, this allows any vertex to go through an element of A(1). Therefore, the choice of a connected component X_0 of a one-manifold X and an orientation of X_0 provides a natural A(1)-module structure on A(X), that is given by the bilinear continuous map: A(1) × A(X) −→ A(X) (α, d) → αd where, if α and d are (classes of) diagrams, then αd is obtained by inserting α somewhere on X_0 so that the orientation of X_0 matches the orientation from bottom to top of the vertical interval. The independence on the chosen insertion locus is a consequence of the above lemma when r = 1.

Of course, if α is a symmetric element of A(1), there is no need to specify the orientation of X_0 in order to define αd.

With this module structure in mind, the extremum property of the theorem is better written as: Z(^{(··)}) = ν1_∪ Z(_{(··)}) = ν1_∩ Similarly, note that exp( 1 2 Γ_{12||})1_∩ = exp(− 1 2 Γ_{11})1_∩ where Γ_{11} ∈ A(1) denotes the one-chord diagram on the vertical interval such that the local orientations at its two vertices give rise to the same orientation of the interval.

Note that Lemma 3.17 when r = 1 also implies that the algebra A(1) is commutative. Proposition 3.18 Let X be the disjoint union of one interval and r circles (r ∈ N.). Let X be the disjoint union of (r + 1) circles that is the quotient of X by the identification of its two boundary points. Let π denote the associated quotient map. Then the induced map π^∗ from A(X) to A(X) is an isomorphism.

In particular, A(S^1) is isomorphic to the commutative algebra A(1).

Proof: Lemma 3.15 applied to the case when the disk D contains nothing but an element of A(X) deprived from a neighborhood of ∂X and half a dashed edge is exactly the relation of ”closing the circle” that should be put on A(X) in order to build A(X) from A(X). Thus, since it is true in A(X), it shows that π^∗ is an isomorphism. ⋄

3.7 More examples and corollaries

Example 3.19 By the Monoidality property (M), Z(^{((··)·)}) = Z(^{(··)}) ⊗ Z( ) = ν1_∪ ⊗ 1_↑ Similarly, Z(_{(·(··))}) = 1_↑ ⊗ ν1_∩ Now, by functoriality,

Z( ) = Z(^{((··)·)})Φ_{KZ} Z(_{(·(··))}) = ν^2 (1_∪ ⊗ 1_↑) Φ_{KZ} (1_↑ ⊗ 1_∩) By isotopy invariance, this expression must be equal to Z( ) = 1_↑. Thus, by the condition that the degree 0 part of ν is 1, we get:

ν = (1_{∪↑}Φ_{KZ} 1_{↑∩})^{− 12} ∈ A( ) (3.20) Lemma 3.21 Any q-tangle may be written as a product of elementary tangles of the form 1^w(^T_i ) (as in Example 3.14) where T =^{(··)}_{(··)},^{(··)}_{(··)},_{(··)},^{(··)}, (1; ((w_1w_2)w_3), (w_1(w_2w_3))) or (1; (w_1(w_2w_3)), ((w_1w_2)w_3)). The proof is easily reduced to the proof of the lemma for a q-tangle (1; a, b) which is left as an exercise. ⋄ By Examples 3.14 and 3.19, we know how to express Z as a function of the associator Φ_{KZ} (of Example 3.13) for all the elementary q-tangles that are mentioned in the above lemma. More precisely, these examples and the lemma show that the statement of the theorem together with the values of Z(^{(··)}_{(··)}) and Z(1; ((··)·), (·(··))) completely determines Z on q-tangles. (Of course, the consistency of the definition will be a consequence of the theorem.)

Example 3.22 The Kontsevich integral of the trivial knot is Z( ) = Z( )Z( ) = ν^21_◯ It was recently computed by D. Bar-Natan, T. Le and D. Thurston in 1999 [Th].

Example 3.23 Let us now compute the Kontsevich integral of twisted extrema:

Z(_{(··)}) = Z(^{(··)}_{(··)})Z(_{(··)}) = exp(− 1 2 Γ_{12})ν1_∩

Thus, by commutation, Z(_{(··)}) = exp( 1 2 Γ_{11})ν1_∩ Similarly, Z(_{(··)}) = exp(− 1 2 Γ_{11})ν1_∩ Z( (··) ) = exp( 1 2 Γ_{11})ν1_∪ Z( (··) ) = exp(− 1 2 Γ_{11})ν1_∪

Thus, the Kontsevich integral varies during these twists. However, one can observe that if we quotient A out by the relation 1T which identifies the diagrams which have an isolated chord, that is an inserted Γ_{11}, to zero, then the Kontsevich integral becomes a usual isotopy invariant of unparallelized tangles (since it is easy to observe that the above twists allow us to go from any parallelized tangle to any other isotopic tangle with another parallelization). The quotient of A_n(X) by (1T ) will be denoted by A_n(X), and the image of a diagram class d in this quotient will be denoted by d.

3.8 Universality of Z among finite type invariants

Let A_{≤n}(X) = ⊕^n_{i=0}A_i(X). For a knot K, let Z_{≤n}(K) denote the natural projection of Z(K) onto A_{≤n}(S^1).

Lemma 3.24 If K is a singular knot with n double points, then Z_{≤n}(K) = D(K). Proof: We can represent K as a product of singular tangles K = T_0S_1T_1S_2T_2 . . . S_nT_n so that the T_i are usual tangles and every S_i is of the form S_i = 1^w( (··) (··) 1 ) for a n. a. word w = w_i (see Example 3.14 for the notation) with exactly one double point whose two strands point upward. Let S^+_i = 1^w( (··) (··) 1 ) and S^−_i = 1^w( (··) (··) 1 ).

Then, by functoriality and by definition, Z(K) = Z(T_0) ( Z(S^+_1 ) − Z(S^−_1 ) ) Z(T_1) . . . Z(T_{n−1}) ( Z(S^+_n ) − Z(S^−_n ) ) Z(T_n) where, since the T_i are usual tangles Z_0(T_i) = 1, and according to Example 3.14, Z_{≤1}(S^+_i ) − Z_{≤1}(S^−_i ) = Γ_{12} is exactly the one-chord diagram whose chord connects the two preimages of the double point in the prescripted way. The conclusion is now easy. ⋄ This lemma shows that Theorem 1.45 is a corollary of Theorem 3.12. Thus, we are left with the proof of Theorem 3.12.

4 The proof of the existence of the Kontsevich integral for tangles.

In this section, we prove Theorem 3.12.

4.1 Sketch of the proof

Let ν ∈ A(↑) be defined in Example 3.19. We do not know yet that it is symmetric. Define an e-tangle as a tangle where the number of extrema and their relative heights are fixed that is as an admissible embedding up to admissible isotopies^{11}.

There are six steps in the proof.

1. Extend Z to all the oriented e-tangles whose bottom and top configurations are actual configurations so that:

• Z(T (X)) is defined as follows for a tangle T (X) which only has one extremum at height c.

If this extremum is a maximum, then let γ_1 : [0, c] −→ C^{p+2} denote the (natural up to a permutation of the numbering of the strands) path whose graph is T ∩ (C × [0, c]). It is a path from an actual configuration to a 2-point collision. Define:

Z(T ) = Z(γ_1)ν1_X Z(T ∩ (C × [c, 1]) \ {maximum})

where ν acts on the maximum of X according to the given orientation of X. If this extremum is a minimum, then similarly define the path γ_2 : [c, 1] −→ C^{p+2} as the path going from a two-point collision to an actual configuration whose graph is T ∩ (C × [c, 1]) and define:

Z(T ) = Z(T ∩ (C × [0, c]) \ {minimum})ν1_X Z(γ_2)

where ν acts on the minimum of X according to the given orientation of X. • Z satisfies the functoriality property for these tangles.

• Z is invariant under admissible isotopies and rescaling. Since, by the former properties of Z, the two first bullets define Z unambiguously for a given embedding of a tangle up to rescaling, the only thing which remains to be proved in this step is this invariance under admissible isotopy which will occupy Subsection 4.2.

2. Define Z for all the tangles (1; a, b) where a and b are two objects of the same length p ∈ N so that:

• It coincides with our Z when a and b are actual R^p-configurations or R^p-two-point collisions. • It satisfies the duplication property for these tangles. • It is functorial on these tangles: Z(1; a, b)Z(1; b, c) = Z(1; a, c).

and prove that these conditions define Z unambiguously on these tangles. In other words, prove that these conditions define Z unambiguously on these tangles and are consistent, this will be the goal of Subsection 4.3.

3. Define Z for a general e-tangle (T ; b, t) where b is an object of length p and t is an object of length q by Z(T ; b, t) = Z(1; b, [p])Z(T ; [p], [q])Z(1; [q], t) Thus, after the first two steps, the so-defined Z is a functorial invariant of e-tangles which takes the value ν at extrema and coincides with our Z when b and t are actual R^p-configurations or R^p-two-point collisions.

11An admissible isotopy between two admissible embeddings T_0 and T_1 is a C^∞ map T : [0, 1] × X −→ C × [0, 1] such that, for any u ∈ [0, 1], T_u = T_{|{u}×X} is an admissible embedding such that T_u(∂X) ⊂ R × {0, 1}. Note that the number of extrema and the relative heights of the extrema are fixed during such an admissible isotopy.

4. Prove that the so-defined Z is invariant under almost admissible isotopies and satisfies the monoidality property. This will be done in Subsection 4.4.

5. Prove that Z is invariant under any isotopy which does not change the parallelisation. Prove that ν is symmetric. This will be the goal of Subsection 4.5. Therefore the definition of Z does not depend on the chosen orientation^{12}.

6. Prove that the so-defined Z satisfies the duplication property. This will be done in Subsection 4.6.

The unicity comes from the following easy facts. Any tangle is isotopic to a product of elementary tangles of the form (1; a, b) or (1^w(^T_i )) (as in Example 3.14) where T =^{(··)}_{(··)},^{(··)}_{(··)},_{(··)} or^{(··)}. For the tangles of the latter form, the definition is imposed by the statement of the theorem as shown in Examples 3.14 and 3.19. For the tangles Z(1; a, b), according to the second step, the definition is also imposed by the statement of the theorem.

We will close this section by the computation of Z for iterated torus knots.

4.2 The admissible isotopy invariance of Z

Let T : [0, 1] × X −→ C × [0, 1] be an isotopy between two admissible tangle embeddings that fixes the boundary^{13}. Let p_V : C × [0, 1] −→ [0, 1] denote the vertical projection. T is said to be horizontal if, for any x ∈ X, p_V ∘ T_{[0,1]×{x}} is constant.

Note that the definition of Z(T (X)) for a given embedding only depends on the image of T (X) and not on the parametrization. Furthermore, rescaling the vertical parameter does not change Z(T (X)). Thus, up to rescaling [0, 1], any admissible isotopy may be considered as a horizontal one.

Lemma 4.1 Z is invariant under admissible isotopies.

Proof: For a C^∞ homotopy γ : [0, 1] × [a, b] −→ C^p \ Δ we let γ_{(.,c)} be the path described by the homotopy at height c: γ_{(.,c)}(h) = γ(h, c). With this notation, even if γ_{(.,a)} and γ_{(.,b)} are not constant, γ_0 is homotopic by a boundary-fixing homotopy to γ_{(.,a)}γ_1γ_{(.,b)}, and hence

Z(γ_0) = Z(γ_{(.,a)})Z(γ_1)Z(γ_{(.,b)})^{−1}

Thus, in general the (boundary-fixing) isotopy invariance of the functorial Z is equivalent to the above equation for not boundary-fixing isotopies. And the good behaviour of the above equation under the vertical product allows us to restrict ourselves to the case of an admissible boundary-fixing horizontal isotopy T of a tangle with only one extremum, for which we are about to prove Z(T_1) = Z(T_0).

Assume that this extremum is a maximum at height c.

Let u ∈ [0, 1]. Let γ^b_u : [a, c] −→ (C^{p+2} \ Δ) ∪ C^{p+2}_2 denote a configuration path to a two-point collision - occuring between the two last strands and corresponding to the maximum - whose graph is the image of T_u(X) ∩ (C × [a, c]). Let γ^t_u : [c, b] −→ C^p \ Δ denote a configuration path whose graph is T_u(X) ∩ (C × [c, b]) \ {maximum}.

Then, by definition Z(T_u) = Z(γ^b_u)ν1_X Z(γ^t_u)

where as in the introduction to the proof,

Z(γ^t_1) = Z(γ^t_{(.,c)})^{−1}Z(γ^t_0)

Now, note that if the isotopy moves neither the points at the critical height c nor the tangent vector at the maximum, then the invariance comes from the properties of the Kontsevich integral for braids. Thus, we are

12Orient S^1. Let K be an oriented knot. If Z(K) ∈ A(S^1) were not symmetric, then Z(K) and Z(−K) would still be different elements of A(S^1), where (−K) denotes the reverse of K.

13For any x ∈ ∂X, T_{[0,1]×{x}} is constant.

allowed to modify our isotopy by this kind of isotopy, and, we suppose without loss that, for some ε_0 > 0, the restriction of γ^b_u to [c − ε^2_0, c] has the following form:

γ^b_u : [c − ε^2_0, c] −→ C^{p+2} c − h^2 → (z_1(u, c), z_2(u, c), . . . , z_p(u, c), z_{p+1}(u, c) −^h_2 , z_{p+1}(u, c) +^h_2 )

where {z_1(u, c), z_2(u, c), . . . , z_p(u, c), z_{p+1}(u, c)} is the configuration occuring at the maximum. Let C : u ∈ [0, 1] → (z_1(u, c), z_2(u, c), . . . , z_p(u, c), z_{p+1}(u, c)) be the path described by the homotopy at the maximum height. The above normalisation of the isotopy shows that the tangle T (γ^b_1) is equal to the product of the tangles T (γ^b_0) and T (C)(2 × (p + 1)). Thus,

Z(γ^b_1) = Z(γ^b_0)Z (T (C)(2 × (p + 1)))

where, by Lemma 3.10, Z (T (C)(2 × (p + 1))) = π(2×(p+1))^∗(Z(C)). Therefore, to conclude the proof it suffices to prove that

π(2 × (p + 1))^∗(Z(C))1_X = i(Z(γ^t_{(.,c)}))

where i : A(p) −→ A(X) is induced by the inclusion.

Let d be a diagram on ∐_{p+1} i=1 I_i with at least one vertex on I_{p+1}, then π(2 × (p + 1))^∗(d)1_X = 0 because the sum of two lifts of d under π(2 × (p + 1)) that are identical except for the position of the higher vertex vanishes by AS in A ( 1 · · ·_{p p+1 p+2} ) . Therefore,

π(2 × (p + 1))^∗(.)1_X : A(p + 1) −→ A ( 1 · · ·_{p p+1 p+2} ) amounts to forget the contribution of diagrams which have univalent vertices on I_{p+1}. Of course, the minimum case works exactly in the same way. ⋄

4.3 From an actual real configuration to a limit one

We fix an integer p.

We first define Z for all the tangles (1; a, b) where a and b are two word sequences of length p. Let W = (w_1, w_2, . . . , w_k) be a word sequence of length p. For i < k, W (i) denotes the word sequence W (i) = (w_1, w_2, . . . , w_iw_{i+1}, w_{i+2}, . . . , w_k). In particular, [k](i) = [(1; ·), (2; ·), . . . , (i; (··)), . . . , (k − 1; ·)], and there is a natural tangle from W to W (i) obtained by duplicating the j^{th} strand of (1; [k], [k](i)) (ℓ(w_j ) − 1) times for any j ∈ {1, 2, . . . , k}. Set Z(W → W (i)) = π(ℓ(w_1) × 1, ℓ(w_2) × 2, . . . , ℓ(w_k) × k)^∗Z(1; [k], [k](i)) and Z(W (i) → W ) = Z(W → W (i))^{−1} Define a path P of word sequences from a word sequence W^0 to another one W^r as a sequence

P = (W^0 → W^1 → W^2 → . . . → W^{r−1} → W^r)

where all the W^j are word sequences, and, for any j ∈ {1, 2, . . . , r}, there exists i (that depends on j) such that either W^j (i) = W^{j−1} or W^j = W^{j−1}(i). Then define:

Z(P ) = Z(W^0 → W^1)Z(W^1 → W^2) . . . Z(W^{r−1} → W^r)

Lemma 4.2 Let W = (w_1, w_2, . . . , w_k) be a word sequence of length p. Let i and j be two integers such that 1 ≤ i ≤ j − 2 ≤ k − 3. Then W (i)(j − 1) = W (j)(i) = (. . . , w_iw_{i+1}, . . . , w_j w_{j+1}, . . .) and Z(W → W (i) → W (i)(j − 1)) = Z(W → W (j) → W (j)(i)) Proof: We may assume that W = [k], since the general case can be deduced from this particular case by duplications. In this case, using Notation 2.24,

Z([k] → [k](j)) = lim ε → 0 ε > 0 Z(1; [k], [k](j)(ε)) exp ( − Log(ε) 2iπ Γ_{j,j+1} )

and

Z([k](j) → [k](j)(i)) = π(2 × j)^∗ lim ε → 0 ε > 0 Z(1; [k − 1], [k − 1](i)(ε)) exp ( − Log(ε) 2iπ Γ_{i,i+1} )

Now, the continuities of the product and of π(2 × j)^∗ and Lemma 3.17 allow us to write: Z(W → W (j) → W (j)(i)) = lim ε → 0 ε > 0 Z(1; [k], [k](j)(ε))π(2 × j)^∗(Z(1; [k − 1], [k − 1](i)(ε))) exp ( − Log(ε) 2iπ Γ_{j,j+1} ) exp ( − Log(ε) 2iπ Γ_{i,i+1} )

where

π(2 × j)^∗(Z(1; [k − 1], [k − 1](i)(ε))) = Z(1; [k](j)(ε), ([k](j)(ε)) (i)(ε)) + O(ε|Log^{∗−1}(ε)|).

(See the proofs of Lemmas 2.26 and 2.30.) Thus, and because of the horizontal isotopy invariance and of the multiplicativity of Z for braids, we find that

Z(W → W (j) → W (j)(i)) = lim ε → 0 ε > 0 Z(1; [k], ([k](j)(ε)) (i)(ε))ε^{− 12iπ Γi,i+1} ε^{− 12iπ Γj,j+1}

Since this form is symmetric with respect to the exchange of the roles of i and j, the lemma is proved. ⋄

Let P = (W^0 → . . . → W^{r−1} → W^r) be a path of word sequences. The inverse of P is the path P = (W^r → . . . → W^1 → W^0). By definition, we have that Z(P ) = Z(P )^{−1}. Every word sequence W of length p is connected to [p] by a path (i.e. there exists P as above such that W^0 = [p] and W^r = W ). If a word sequence P as above is such that W^0 = W^r = [p], we say that P is a loop based at [p].

Lemma 4.3 Let P = W^0 → W^1 → W^2 → . . . → W^{r−1} → W^r be a path of word sequences, then Z(P ) only depends on W^0 and W^r.

Proof: Because of the remarks before the lemma, it is sufficient to prove the lemma when P is a loop based at [p], that is to prove that Z maps such a loop P to 1.

Define the complexity of a word sequence W = (w_1, w_2, . . . , w_k) of length p as the non-negative integer c(W ) = p − k so that the only word sequence of complexity 0 is [p]. Then define the complexity of P as the sum c(P ) = ∑_r i=0 c(W^i) so that the only path of complexity zero is the constant path P_0 = ([p]).

Then it suffices to prove that for any non-trivial loop P based at [p], there exists a loop P^′ based at [p] such that c(P^′) < c(P ) and Z(P^′) = Z(P ), in order to conclude by induction on c(P ). In such a loop P , there exists some word sequence W^i of maximal complexity. By definition of a path, W^i = W^{i−1}(j) = W^{i+1}(k) for some integers j and k. If j = k, then W^{i−1} = W^{i+1}, we can remove (→ W^i → W^{i+1}) from the path without changing Z and we are done. Otherwise, there exists a word sequence W such that c(W ) = c(W^i) − 2, and W^{i−1} = W (k + 1), W^{i+1} = W (j) if j < k, and, W^{i−1} = W (k), W^{i+1} = W (j + 1), if j > k .

Thus, we may decrease the complexity of P by replacing W^i by W without changing Z(P ), thanks to Lemma 4.2. ⋄ For any two word sequences W and W^′, choose a path P of word sequences from W to W^′, set Z(1; W, W^′) = Z(P ) The above lemma guarantees that this definition is unambiguous. Now, for any object a = [(a_1; v_1), (a_2; v_2), . . . , (a_j ; v_j )] of length p, set Z(1; a, V ) = π(ℓ(v_1) × 1, ℓ(v_2) × 2, . . . , ℓ(v_j ) × j)^∗ (Z(1; (a_1, a_2, . . .), [j])) where V = (v_1, v_2, . . . , v_j ) is the word sequence corresponding to a, and Z(1; V, a) = Z(1; a, V )^{−1} Now, for any object b = [(b_1; w_1), (b_2; w_2), . . . , (b_k; w_k)], set Z(1; a, b) = Z(1; a, V )Z(1; V, W )Z(1; W, b) where W = (w_1, w_2, . . . , w_k) is the word sequence corresponding to b. Note that this final definition of Z(1; a, b) was imposed by the announced properties.

By Lemma 3.10, this definition coincides with the one we knew for a path from an actual configuration to a two-point collision.

Now, the definition of Z is obviously multiplicative, and behaves like we want with respect to duplication, and we are done for the second step. According to Step 3, Z is well-defined for e-tangles.

4.4 Monoidality

Note the following property of the extension of Z for e-tangles. Property 4.4 Let T (X_0) be a regular component of an e-tangle T , then Z(T (2 × X_0)) = π(2 × X_0)^∗(Z(T )) Proof: Decompose T as a product of

• regular tangles whose bottom and top are actual configurations, • tangles with only one extremum (not on X_0) whose bottom and top are actual configurations, • tangles of the form (1; a, b).

For all of these, the property is true. For the third ones, it comes from the definition. For the first ones, this is Lemma 3.10. The second case can be proved exactly like Lemma 3.10 using Lemma 2.31. Thus, the general property is true. ⋄

Lemma 4.5 Assume that T_2 is the trivial tangle with one vertical strand.

Let T_1 = (T_1; a = ((a_1; v_1), (a_2; v_2), . . . , (0 = a_j ; v_j )), b = ((b_1; w_1), (b_2; w_2), . . . , (0 = b_k; w_k))) be a tangle so that the real coordinates of the limit configurations (the a_i and the b_i) are in ] − ∞, 0]. Let η ∈]0, +∞[. Set ηa = ((ηa_1; v_1), (ηa_2; v_2), . . . , (0 = a_j ; v_j )) and ηT_1 = (T_1; ηa, ηb). Let ηT_1 ~⊗T_2 denote the tangle obtained by putting T_2 as one vertical strand from 1 to 1 on the right-hand side of ηT_1.

Then Z(ηT_1) = O(|Log^∗(η)|) and Z(ηT_1 ~⊗T_2) − Z(ηT_1) = O(η|Log^{∗−1}(η)|).

Since this pair of properties of T_1 is compatible with products and with (linear, degree-preserving) duplication of regular strands we can restrict ourselves to the case where T_1 is either:

1. a regular tangle whose bottom and top are actual configurations (done by Lemma 2.22), 2. a tangle with only one extremum whose bottom and top are actual configurations, 3. a tangle of the form (1; a, b) where one of a and b is a two-point collision, and the other one is an actual configuration.

Since the second case may be seen as a particular case of the third one, we may only deal with the third one where the coefficients are easy to analyze. ⋄ Applying this lemma when T_1 is a q-tangle (for which ηT_1 = T_1 and Z(ηT_1 ~⊗T_2) = Z(T_1 ⊗ T_2), for any η) yields:

Z(T_1 ⊗ |) = Z(T_1) Thus, by the above duplication property (4.4), for any n.a. word w,

Z(T_1 ⊗ (1; w, w)) = Z(T_1) ⊗ 1_{ℓ(w)} A symmetry of center 1/2 of the proof or of the result yields: for any n.a. word w^′, and for any q-tangle T_2, Z((1; w^′, w^′) ⊗ T_2) = 1_{ℓ(w}′_) ⊗ Z(T_2) Thus, if T_1 = (T_1; b_1, t_1) and T_2 = (T_2; b_2, t_2) are two q-tangles such that T_1 ⊗ T_2 has at most one extremum (so that T_1 ⊗ T_2 is defined as an e-tangle), we have: Z(T_1 ⊗ T_2) = Z(T_1 ⊗ (1; b_2, b_2))Z((1; t_1, t_1) ⊗ T_2) = (Z(T_1) ⊗ 1_{ℓ(b2)})(1_{ℓ(t1 )} ⊗ Z(T_2)) = Z(T_1) ⊗ Z(T_2) Now, for any two e-q-tangles, T_1 = (T_1; b_1, t_1) and T_2 = (T_2; b_2, t_2), we have several^{14} e-tangles T_σ which represent the tangle T_1 ⊗ T_2. To each of them, we associate a product of elementary tensor products as above, and the good behaviour of the above formula under product tells us that for any chosen e-representative T_σ of T_1 ⊗ T_2, we have Z(T_σ) = Z(T_1) ⊗ Z(T_2) In particular, we may use this independence property to prove that me may exchange the height of two extrema without changing Z: using the functoriality and the invariance under admissible isotopy, we may assume that the two extrema to be exchanged are in the two parts of a tensor product of two q-tangles and are the only extrema of the tensor product. We have just proved: Lemma 4.6 Z is invariant under almost admissible isotopies. ⋄ Now, Z is an invariant of tangles, the tensor product of tangles makes sense, and the monoidality property is proved in its full generality.

14corresponding to the shuffle permutations of the extrema

4.5 The general isotopy invariance of Z

We know that we have a monoidal invariant Z of oriented tangles.

The replacement of a trivial ascending strand ↑ by an ascending snake with two extrema from right to left is called an ascending snake move. The replacement of a trivial descending strand ↓ by a descending snake from right to left is called an descending snake move.

Lemma 4.7 Z is invariant under ascending and descending snake moves.

By monoidality, and by definition of ν (3.19), Z is invariant under an ascending snake move. Start with a maximum =_{(··)} oriented from right to left, and perform an ascending snake move, this does not change Z. Now, exchange the heights of the two extrema, this does not change Z either and the new tangle is obtained from ∩ by a descending snake move. Therefore

ν = Z( ) = Z(descending snake)Z( )

and since ν is invertible, Z(descending snake) = 1 and we are done. ⋄

Lemma 4.8 Let T_0(X) and T_1(X) denote the images of two isotopic admissible embeddings, then T_1 is obtained from T_0 by a finite sequence of the following operations:

1. almost admissible isotopies,

2. ascending and descending snake moves,

3. twists of the extrema as in Example 3.23.

Sketch of proof: The reader may read [Hi] to complete this proof. The embeddings T of a compact onemanifold X in C × [0, 1] which have only non-degenerate critical points at different heights form a dense open subset in the set of embeddings (with fixed boundary) equipped with a suitable topology (C^∞_S ). (See [Hi, Prop. II.1.0, Thm. II.1.4, Thm VI.1.2].) Here, a critical point is a point x such that (p_V ∘ T )^′(x) = 0 where p_V is the vertical projection, and it is non-degenerate when (p_V ∘T )^{′′}(x) ≠ 0. In other words, this property of embeddings is generic (density) and stable under small deformations (openness).

Two such embeddings can always be related by a C^∞ isotopy from I × X to C × [0, 1] whose restrictions to {u} × X satisfy the above conditions except for a finite number of u where one of the accidents ”two critical points at the same height” or ”one degenerate critical point at which (p_V ∘ T )^{′′′}(x) ≠ 0 does not vanish” occur. (See [Hi, Exercise 5, p.149].)

We may see these isotopies at the neighborhoods of the isotopy times u of the accidents as compositions of isotopies without accidents and isotopies where the modifications occur only near the pieces which constitute the accident. Thus, when it cannot be trivially removed, the first acident is just an exchange of the heights of two extrema that may be supposed real, and, when it cannot be trivially removed, the second accident may be transformed into an ascending snake move or a descending one. Now, we are left with isotopies without accident where the only bad thing is that the horizontal tangent vectors are not necessarily real. Nevertheless, when these vectors are real at the beginning and at the end of the isotopy, it is not hard to compose this kind of isotopy by twists of the extrema in order to see them as compositions of admissible isotopies modulo rescaling and twists of the extrema. ⋄

Lemma 4.9 Z is an isotopy invariant of unframed tangles.

Proof: We already know that Z itself is invariant under the two first moves. The invariance of Z under the third one comes from the computations of Example 3.23 which are now allowed for our Z. ⋄

Definition 4.10 Let K_1 and K_2 be two oriented disjoint components of a tangle T . Then the linking number lk(K_1, K_2) of K_1 and K_2 is equal to half the sum of the signs (+1 or −1) of the crossings involving both K_1 and K_2 in a regular projection of the tangle K_1 ∪ K_2, where the sign of the crossing is +1 and the sign of is −1. That this sum is independent of the projection can be deduced from the following exercise.

Exercise 4.11 Let T = T (X) be an oriented q-tangle. Assume X = X_1 ∐ X_2. Let D̃_1 be the complex vector space freely generated by one-chord diagrams such that the local orientations at the vertices match the orientations of the tangles. Let Ã_1 denote the quotient of D̃_1 by the relations which identify the diagrams whose two vertices are either on X_1 or on X_2 to zero and which identify all the other diagrams to some d_{12}. Let Z̃_1(T ) denote the projection of Z_1(T ) in Ã_1. Show that Z̃_1(K_1 ∪ K_2) = lk(K_1, K_2)d_{12}. (Hint: See Lemma 3.21 and note that the degree one part of the associator is zero.)

Definition 4.12 The framing of a component T (X_0) is equal to the linking number of the two copies of T (X_0) in T (2 × X_0). We denote it by lk(T (X_0), T (X_0)). It only depends on the isotopy class of T (2 × X_0) which only depends on the parallelized isotopy class of T .

Define Ẑ(T (X)) from Z(T (X)) by multiplying Z(T (X)) by exp(−^{lk(T (Xi ),T (Xi ))}_2 Γ_{11}) acting on the component X_i for each component X_i of X.

Then as in Lemma 4.9, Ẑ(T ) is a usual unparallelized invariant of oriented tangles. This proves that Z is an invariant of oriented framed tangles.

Lemma 4.13 ν is symmetric.

Proof: Since the framed oriented round circle is isotopic to itself with its orientation reversed Z(◯) = ν^2 is symmetric. ⋄

Now, the proof of the isotopy invariance of Z is complete.

4.6 Duplication

By Property 4.4, we know that Z behaves like we want under duplication of regular components.

Simply denote_{(··)}(2 × ) by (2 ×_{(··)}) and set

A = Z(2 ×_{(··)}) = Z ( ((··)(··)) )

Use similar notation to set B = Z(2 ×^{(··)})

We do not know whether A = π(2 × )^∗(Z(_{(··)})). We consider A and B as elements of A(2). Note that they are symmetric under the simultaneous symmetry of the two vertical intervals (because the invariance of the Kontsevich integral under a homothety of ratio (−1) is preserved in the regularisations).

Let T (X_0) be a component of a tangle T (X). We decompose T as a product of tangles so that the extrema of T (X_0) are in factors of the form 1^w(^{∩(··)}_1 ) or 1^w(^{∪(··)}_1 ). By the monoidality property (as in Example 3.14), the contribution of such a tangle to Z(T (2 × X_0)) is an insertion of A, if we have a maximum, and B otherwise, on the two strands of the involved duplicated extremum. The contribution of the same tangle to π(2 × X_0)^∗(Z(T )) is the insertion of π(2 × 1)^∗(ν) at the same place.

Lemma 4.14 Let T (X_0) be a component of a tangle T (X). Assume that either T (X_0) is a circle or T (X_0) is an interval running from bottom to top. Let ⋆ be the bottom point of T (X_0) if X_0 is an interval, and a regular point of T (X_0) otherwise. Orient X_0 so that it runs from bottom to top near ⋆. Let M be the number of maxima of X_0. Then Z(T (2 × X_0)) = (AB)^M π(2 × X_0)^∗(ν^{−2M} )π(2 × X_0)^∗(Z(T ))

where ν acts on X_0, and (AB)^M acts on 2 × X_0 at the duplicated ⋆.

Remark 4.15 About the case of duplication of circular components. The action of (AB)^M ∈ A(2) is an insertion of (AB)^M ∈ A(2) at the duplicated ⋆. In fact, this duplicated ⋆ does not show up in diagrams of A(X_0) when X_0 is a circle. So, in order to give sense to that sentence, we cut X_0 at ⋆ to transform it into an interval I_0 whose boundary is made of two copies of ⋆, and we call X(I_0/X_0) the new support. Now, when ⋆ is at the intersection of two tangles, then Z(T \ ⋆) ∈ A(X(I_0/X_0)) has a natural definition (which depends on our product decomposition), and in this case, the result should be written as

Z(T (2 × X_0)) = i ( (AB)^M π(2 × X_0)^∗(ν^{−2M} )π(2 × I_0)^∗(Z(T \ {⋆})) ) where i is the natural map from A(X(I_0/X_0)(2 × I_0)) to A(X(2 × X_0)). (Though Z(T \ {⋆}) is not canonical, the RHS of the above equation is well-defined. See the proof below.)

Note that when X has no boundary, by Proposition 3.18, the natural map from A(X(I_0/X_0)) to A(X) is an isomorphism. Thus, in this case, Z(T \ ⋆) is nothing but the preimage of Z(T ) under this isomorphism and is well-defined.

Proof of Lemma 4.14: (ν^{−2M} )Z(T ) is the Kontsevich integral of T where the contribution of the elementary tangles containing the extrema is replaced by 1. By Proposition 4.4, its duplication π(2 × X_0)^∗((ν^{−2M} )Z(T )) contains the contribution of all the other tangles to Z(T (2 × X_0)). Thus, Z(T (2 × X_0)) is obtained by inserting the A and B corresponding to the extrema in this duplicated element between duplicated parts. Since, by Lemma 3.17, A and B commute with duplicated vertices, and since maxima and minima occur alternatively, starting from ⋆ with a maximum, we get the announced lemma. ⋄

Apply this lemma when T (X_0) = T (X) = is a snake. Then

Z(T (2 × X_0)) = (AB)π(2 × X_0)^∗(ν^{−2})π(2 × X_0)^∗(Z(T ))

where T and T (2 × X_0) are isotopic (by a parallelisation-preserving isotopy) to the trivial tangles 1^· and 1^{(··)}_{(··)}, respectively. Thus, the above equation implies that

(AB)π(2 × X_0)^∗(ν^{−2}) = 1 ∈ A(2)

Now, the above lemma implies that the duplication property is true in its full generality, and the theorem is proved.

Also note that we have the more specific result for duplication of link components:

Lemma 4.16 Let T (X_0) be a component of a link T (X). Let ⋆ be a regular point of T (X_0). Use the notation of Remark 4.15 above. Then

Z(T (2 × X_0)) = i ∘ π(2 × I_0)^∗(Z(T \ {⋆})) where i is the natural map from A(X(I_0/X_0)(2 × I_0)) to A(X(2 × X_0)) ⋄ 4.7 The Kontsevich integral of iterated torus knots

We see the circle S^1 as the boundary of the complex disk D^2 = {z ∈ C | |z| ≤ 1}. Let K be a component of a framed link L. With this framed knot K, we associate an embedding

Φ_K : D^2 × S^1 −→ R^3

whose image intersects L along Φ_K ({0} × S^1) = K and such that Φ_K ({1} × S^1) is the parallel of K given by the framing. Let U denote the unknot with the 0-framing, then Φ_U is nothing but a standard embedding of the solid torus.

Let p and q be two coprime integers. Let

Φ_{p,q} : S^1 −→ S^1 × S^1 z → (z^q , z^p) Then the framed torus knot U_{p,q} is the image of Φ_U ∘ Φ_{p,q} equipped with its parallel which is embedded on the torus (boundary of the solid torus). Let L(K_{p,q}/K) denote the link obtained from L by replacing K by Φ_K ∘ Φ_{p,q} (S^1) which is equipped with its parallel lying on Φ_K (S^1 × S^1).

This section is devoted to proving the following propositions:

Proposition 4.17 Let i : A(p) −→ A(S^1) be the map induced by gluing the top of the j^{th} interval to the bottom of the (j + 1)^{th} interval for any integer j mod p. Recall that Γ_{11} is the one-chord diagram on the vertical interval such that the local orientations at its two vertices give rise to the same orientation of the interval. Then Z(U_{p,q}) = i ∘ π(p × 1)^∗ ( ν^2 exp ( q 2p Γ_{11} ))

Proposition 4.18 Let ⋆ be a point of K. See the underlying abstract circle X_0 corresponding to K as an interval I_0 whose two endpoints are identified with ⋆. Then Z(L(K_{p,q}/K)) = i ( π(p × 1)^∗ exp ( q 2p Γ_{11} ) π(p × I_0)^∗(Z(L \ {⋆})) )

where i : A(L(I_0/X_0)(p×I_0)) −→ A(L) is the extension of the map i of the statement of the previous proposition by the identity on the other components of L.

Proof: Proposition 4.17 is clearly a corollary of Proposition 4.18, so we prove Proposition 4.18. Write L as a product of two q-tangles L = T_1T_2 so that ⋆ is a letter of the top word W of T_1. By iterating Lemma 4.16, we know that if we duplicate the component K, cut at ⋆, (p-1) times, with respect to a length p word w, then the resulting Kontsevich integral is obtained by duplication. This can be written as Z((L \ {⋆})(w × I_0)) = π(p × I_0)^∗(Z(L \ {⋆})). Now, we construct a tangle T_{p,q} from w to w so that

L(K_{p,q}/K) = T_1(w × (I_0 ∩ T_1))1^W ( T_{p,q} ⋆ )T_2(w × (I_0 ∩ T_2)) Let γ_{p,q} : [0, 1] −→ C^p \ Δ h → (z_1(h), z_2(h), . . . , z_p(h)) be the C^p-configuration path defined by

z_k(h) = exp( qh + k p 2iπ) Let γ_p : [0, 1] −→ C^p \ Δ be a C^p-configuration path from γ_p(0) = (1, 2, . . . , p) = [p] to γ_p(1) = γ_{p,q} (0) and let σ_{p,q} (γ_p) be the path obtained by permuting the strands of γ_p in such a way that σ_{p,q} (γ_p)(0) = γ_{p,q}(1). Thus, γ_pγ_{p,q} σ_{p,q} (γ_p) represents a tangle from [p] to [p].

Now, it is easy to see that the tangle

T̃_{p,q} = 1^{[p]}_w T (γ_pγ_{p,q} σ_{p,q} (γ_p))1^w_{[p]}

works, up to parallelisation. To obtain a tangle T_{p,q} with the right parallelisation, first observe that the difference between the parallelisations of T_{p,q} and T̃_{p,q} does not depend on K. Then, observe that the framing of K_{p,q} is pq while the framing of the knot obtained by inserting T̃_{p,q} on a duplication of the unknot with zero framing is (p − 1)q. So Z(T_{p,q}) is obtained from Z(T̃_{p,q}) by letting exp(^q_2 Γ_{11}) act on one strand of Z(T̃_{p,q}). Now,

Z(T̃_{p,q}) = Z(1^{[p]}_w )Z(γ_p)Z(γ_{p,q} )Z(σ_{p,q} (γ_p))^{−1}Z(1^w_{[p]})

and by monoidality, Z(L(K_{p,q}/K)) is obtained from Z((L \ {⋆})(w × I_0)) by letting Z(T̃_{p,q}) act on w × I_0 at w × ⋆, and then by letting exp(^q_2 Γ_{11}) act on K_{p,q}.

Let us now describe the action of Z(T̃_{p,q}) on w × I_0. We will let the RHS part Z(γ_{p,q})Z(σ_{p,q} (γ_p))^{−1}Z(1^w_{[p]}) of Z(T̃_{p,q}) act on the bottom part of w × I_0, and the LHS part Z(1^{[p]}_w )Z(γ_p) act on the top part of w × I_0. Thus, since Z((L \ {⋆})(w × I_0)) is a duplicated element, the LHS part commutes along w × I_0, and therefore cancels the inverse action of Z(σ_{p,q} (γ_p))^{−1}Z(1^w_{[p]}). The only remaining action is the action of Z(γ_{p,q}) where, as in Example 2.6,

Z(γ_{p,q}) = exp q p ∑ {i,j}⊂{1,2,...,p} Γ_{ij} and ∑ {i,j}⊂{1,2,...,p} Γ_{ij} = 1 2 π(p × 1)^∗(Γ_{11}) − 1 2 ( p∑ i=1 Γ_{ii})

Thus, Z(γ_{p,q} ) = π(p × 1)^∗ ( exp ( q 2p Γ_{11} )) p∏ i=1 exp ( −q 2p Γ_{ii} )

Now, note that the contribution of the big product to the Kontsevich integral of the torus knot makes up for the framing correction. Also note that since we have a duplicated element on the copies of I_0, these copies play a symmetric role, and the rebuilding of S^1 from these copies can be made as in the statement in any case. ⋄ Now, if L_{kp,kq} denotes the torus link obtained from K_{p,q} by duplicating (k − 1) times the framed knot K_{p,q}, then by the iterated duplication property, we have: Z(L_{kp,kq} ) = π(k × S^1)^∗(Z(K_{p,q})). Thus, as soon as we know the Kontsevich integral of the unknot, we will know the Kontsevich integral of all iterated torus links by the above proposition.

5 Diagrams and Lie algebras

In this chapter, we are going to show how a Lie algebra equipped with a non-degenerate symmetric invariant bilinear form and some representation induces a linear form on A_n(S^1). This shows how such a datum allows one to deduce numerical knot invariants from the Kontsevich integral.

First of all, we are going to introduce more kinds of diagrams.

5.1 More spaces of diagrams

Definition 5.1 Let X be a one-manifold and let A be a finite set. A diagram Γ with support X ∪ A is a finite uni-trivalent graph Γ such that every connected component of Γ has at least one univalent vertex, equipped with:

1. a partition of the set U of univalent vertices of Γ also called legs of Γ into two (possibly empty) subsets U_X and U_A,

2. a bijection f from U_A to A,

3. an isotopy class of injections i of U_X into the interior of X,

4. an orientation of every trivalent vertex, that is a cyclic order on the set of the three half-edges which meet at this vertex,

5. an orientation of every univalent vertex u of U_X .

Such a diagram Γ is again represented by a planar immersion of Γ ∪ X where the univalent vertices of U_X are located at their images under i, the one-manifold X is represented by solid lines, whereas the diagram Γ is dashed. The vertices are represented by big points. The local orientation of a vertex is again represented by the counterclockwise order of the three half-edges (solid or dashed) that meet at it.

Here is an example of a diagram Γ on the disjoint union X = S^1 ∐ S^1 of two circles:

The degree of such a diagram is half the number of all the vertices of Γ.

Of course, a chord diagram is a diagram on a one-manifold X (A = ∅) without trivalent vertices. Let D_n(X, A) denote the complex vector space generated by the degree n diagrams on X ∪ A, and let A_n(X, A) denote the quotient of D_n(X, A) by the following relations AS, STU and IHX:

AS : + = 0 and + = 0

STU : = − equivalent under AS to + + = 0

IHX : + + = 0

As usual, each of these relations relate diagrams which are identical outside the pictures where they are like in the pictures.

Proposition 5.2 Let X be a compact one-manifold, then the quotient map from the quotient of D_n(X, ∅) by AS and STU to A_n(X, ∅) is an isomorphism. In other words, when A is empty, IHX is a consequence of AS and STU.

Proof: We want to prove that the relation IHX is true in the quotient of D_n(X, ∅) by AS and STU. Consider three diagrams that are represented by three immersions which coincide outside a disk D where they are like in the pictures involved in the relation IHX. Use STU as long as it is possible to remove all trivalent vertices that can be removed without changing the two vertices in D, simultaneously on the three diagrams. This transforms the relation IHX to be shown into a sum of similar relations, where one of the four entries of the disk is directly connected to X. Thus, since the four entries play the same role, we may assume that the relation IHX to be shown is: 1 2 3 + 1 2 3 + 1 2 3 = 0 Using STU twice and AS transforms the summands of the left-hand side into diagrams that can be represented by three straight lines from the entries 1,2,3 to three fixed points of the horizontal line numbered from left to right. When the entry i ∈ {1, 2, 3} is connected to the point σ(i) of the horizontal plain line, where σ is a permutation of of {1, 2, 3}, the corresponding diagram will be denoted by (σ(1)σ(2)σ(3)). Thus, the expansion of the left-hand side of the above equation is

((123) − (132) − (231) + (321)) − ((213) − (231) − (132) + (312)) − ((123) − (213) − (312) + (321))

that vanishes and the lemma is proved. ⋄

Proposition 5.3 Let X be a compact one-manifold, then the natural map from D_n(X) to A_n(X, ∅) that maps a chord diagram to its class in A_n(X, ∅) induces an isomorphism from A_n(X) to A_n(X, ∅).

Proof: Let η̃ : D_n(X) → A_n(X, ∅) denote the above natural map. It obviously factors through AS. Let us show that it factors through 4T . By STU and AS, we have

η̃ + + + = − +

Thus, η̃(4T ) vanishes and we are done. Note that η is surjective because STU allows one to express any diagram (whose components contain at least one univalent vertex!) as a combination of chord diagrams.

Let us try to construct an inverse ι to the induced map η : A_n(X) → A_n(X, ∅). Let D_{n,k}(X, ∅) denote the subspace of D_n(X, ∅) generated by the diagrams on X that have at most k trivalent vertices.

We shall define linear maps ι_k from D_{n,k}(X, ∅) to A_n(X) by induction on k so that

1. ι_0 is induced by the equality D_{n,0}(X, ∅) = D_n(X),

2. the restriction of ι_k to D_{n,k−1}(X, ∅) is ι_{k−1}, and,

3. ι_k maps all the relations AS and STU that involve only elements of D_{n,k}(X, ∅) to zero.

It is clear that when we have succeeded in such a task, the linear map from D_n(X, ∅) that maps a diagram d with k trivalent vertices to ι_k(d) will factor through STU and AS, and that the induced map ι will satisfy ι ∘ η = Id and therefore provide the wanted inverse since η is surjective. Now, let us succeed!

Let k ≥ 1, assume that ι_{k−1} is defined on D_{n,k−1}(X, ∅) and that ι_{k−1} maps all the relations AS and STU that involve only elements of D_{n,k−1}(X, ∅) to zero. We want to extend ι_{k−1} on D_{n,k}(X, ∅) to a linear map ι_k that maps all the relations AS and STU that involve only elements of D_{n,k}(X, ∅) to zero.

Let d be a diagram with k trivalent vertices, and let e be an edge of d that contains one univalent vertex and one trivalent vertex. Set ι (d, e) = = ι_{k−1} −

It suffices to prove that ι(d, e) is independent of our chosen edge e to conclude the proof by defining the linear map ι_k that will obviously satisfy the wanted properties by ι_k(d) = ι(d, e) Assume that there are two different edges e and f of d that connect a trivalent vertex to a univalent vertex.

We prove that ι(d, e) = ι(d, f). If e and f are disjoint, then the fact that ι_{k−1} satifies STU allows us to express both ι(d, e) and ι(d, f) as the same combination of 4 diagrams with (k − 2) vertices, and we are done. Thus, we assume that e and f are two different edges that share a trivalent vertex t. If there exists another trivalent vertex that is connected to X by an edge g, then ι(d, e) = ι(d, g) = ι(d, f) and we are done. Thus, we furthermore assume that t is the unique trivalent vertex that is connected to X by an edge. So, either t is the unique trivalent

vertex, and its component is necessarily like and the fact that ι(d, e) = ι(d, f) is a consequence of

(4T), or the component of t is of the form te f where the circle represents a dashed diagram with only one pictured entry. Thus, ι(d, e) = ι_{k−1} ( − )

Now, this is zero because the expansion of as a sum of chord diagrams commutes with any vertex in A(X). Similarly, ι(d, f) = 0. Thus, ι(d, e) = ι(d, f) in this last case and we are done. ⋄

5.2 Lie algebras

Let K be equal to R or C.

Definition 5.4 A (finite-dimensional) Lie algebra over K is a finite-dimensional vector space g over K equipped with a Lie bracket that is a bilinear map denoted by [., .] : g × g → g that satisfies:

the antisymmetry relation: ∀x ∈ g, [x, x] = 0 (=⇒ ∀(x, y) ∈ g^2, [x, y] = −[y, x]) and the Jacobi relation: ∀(x, y, z) ∈ g^3, [x, [y, z]] + [y, [z, x]] + [z, [x, y]] = 0. Examples 5.5 1. The vector space of the endomorphisms of K^N , gl_N = gl(K^N ), equipped with the bracket [., .] : gl_N × gl_N → gl_N (x, y) → xy − yx is a Lie algebra.

2. The vector space of the trace zero endomorphisms of K^N , sl_N = sl(K^N ), equipped with the restriction of the above Lie bracket is a Lie subalgebra of gl_N .

Definition 5.6 A (finite-dimensional) representation of such a Lie algebra g into a (finite-dimensional) Kvector space E is a Lie algebra morphism ρ from g to gl(E), where a Lie algebra morphism is a K-linear map that preserves the Lie bracket (ρ([x, y]) = [ρ(x), ρ(y)]^{def}= ρ(x)ρ(y) − ρ(y)ρ(x)).

Examples 5.7 1. The inclusion i_N of sl_N into gl_N is called the standard representation of sl_N into the vector space K^N .

2. For any Lie algebra g, the morphism ad : g −→ gl(g) x → (ad(x) : y → ad(x)(y) = [x, y]) is a representation of g (thanks to the Jacobi identity) that is called the adjoint representation of g.

Definition 5.8 A bilinear form β : g × g −→ K is said to be ad-invariant or invariant if it satisfies ∀(x, y, z) ∈ g^3, β([x, z], y) + β(x, [y, z]) = 0. Examples 5.9 When a Lie algebra is equipped with a representation (E, ρ), the associated bilinear form β(ρ) : g × g −→ K (x, y) → trace(ρ(x)ρ(y)) is a symmetric invariant bilinear form on g. In the particular case when (E, ρ) is the adjoint representation, this form is called the Killing form of g. The bilinear invariant form associated to the standard represention of sl_N will be denoted by β_N (β_N (x, y) = trace(xy)).

Definition 5.10 Let β : g × g −→ K be a non-degenerate symmetric bilinear invariant form on a Lie algebra g. Then β induces the natural isomorphism β̂ : g −→ g^∗ that maps x to (β̂(x) : y → β(x, y)). The Casimir element Ω_β of β is the inverse of β̂ viewed as an element of g ⊗ g with the help of the following canonical identifications.

g ⊗ g ∼= (g^∗)^∗ ⊗ g ∼= Hom(g^∗, g)

Exercise 5.11 Under the hypotheses of the above definition, let (e_i)_{i=1,...,n} and (e^′_i)_{i=1,...,n} be two dual bases of g with respect to β that are two bases such that β(e_i, e^′_j ) is the Kronecker symbol δ_{ij} . Show that

Ω_β = n∑ i=1 e_i ⊗ e^′_i Note that this shows that the right-hand side of the above equality is independent of the choice of the two dual bases.

Proposition 5.12 Let (e_i)_{i=1,...,N} be a basis of K^N , let (e^∗_i )_{i=1,...,n} denote its dual basis, and let e_{ij} be the element e^∗_j ⊗ e_i of gl_N ∼= (K^N )^∗ ⊗ K^N The form β_N of sl_N is non-degenerate,

Ω_{βN} = ∑ (i,j)∈{1,...,N }2 i≠j e_{ij} ⊗ e_{ji} + N∑ i=1 e_{ii} − 1 N N∑ j=1 e_{jj} ⊗ e_{ii} − 1 N N∑ j=1 e_{jj}

and Ω_{βN} = ∑ (i,j)∈{1,...,N}^2 e_{ij} ⊗ e_{ji} − 1 N (_N ∑ i=1 e_{ii} ) ⊗ (_N ∑ i=1 e_{ii} )

Proof: Let β be the form induced by the standard representation on gl_N that is (x, y) → trace(xy). β is non-degenerate on gl_N because the basis (e_{ij} )_{(i,j)∈{1,...,n}}2 of gl_N is dual to the basis (e_{ji}). Furthermore, β (∑_N i=1 e_{ii}, ∑_N i=1 e_{ii} ) = N ≠ 0. Thus, since sl_N is the orthogonal of (∑_N i=1 e_{ii} ) in gl_N , β_N that is the restriction of the symmetric form β to sl_N is non-degenerate. It is easy to check that the two proposed expressions of Ω_{βN} are equal. The first one makes clear that our candidate belongs to sl_N ⊗ sl_N . Now, it is enough to evaluate the second expression of our candidate viewed as an element of Hom(gl^∗_N , gl_N ) at the β̂(e_{ji}), j ≠ i and at the β̂(e_{ii} − e_{jj} ) that are mapped to e_{ji} and (e_{ii} − e_{jj} ), respectively, as they must be. ⋄

5.3 Linear forms on spaces of diagrams

Notation 5.13 Let g be a finite-dimensional Lie algebra equipped with a finite-dimensional representation (E, ρ) and a non-degenerate bilinear symmetric invariant form β. For any oriented compact one-manifold X, the set of the boundary points of X where the corresponding components start as in is denoted by ∂X^− whereas ∂X \ ∂X^− is denoted by ∂X^+. When A is a finite set decomposed as the disjoint union of two subsets denoted by A^+ and A^−, and when X is an oriented compact one-manifold define

T (g, ρ, β)(X, A^− ∐ A^+) = ∂X^−⨂ E^∗ ⊗ ∂X^+⨂ E ⊗ A^−⨂ g^∗ ⊗ A^+⨂ g T (g, ρ, β)(X, A^− ∐ A^+) is the tensor product of ♯∂X^− copies of E^∗ indexed by the elements of ∂X^−, ♯∂X^+ copies of E indexed by the elements of ∂X^+, and copies of g^∗ and g indexed by the elements of A. In particular, when the boundary of X is empty T (g, ρ, β)(X, ∅) = K. Set 1. T (g, ρ, β) ( ∈ A([0, 1]) ) = Identity ∈ gl(E) ∼= E^∗ ⊗ E = T (g, ρ, β)([0, 1]) 2. T (g, ρ, β) ( x ∈ A([0, 1], {x}^−) ) = ρ ∈ Hom(g, gl(E)) ∼= g^∗ ⊗ E^∗ ⊗ E = T (g, ρ, β)([0, 1], {x}^−) 3. T (g, ρ, β) ( x y ∈ A({x, y}^+) ) = Ω_β ∈ g ⊗ g = T (g, ρ, β)({x, y}^+) 4. T (g, ρ, β) ( x y z ∈ A({x, y, z}^−) ) = β̂ ∘ [., .] ∈ Bil(g_x × g_y, g^∗_z ) ∼= (g_x ⊗ g_y)^∗ ⊗ g^∗_z ∼= g^∗_x ⊗ g^∗_y ⊗ g^∗_z

Note that T (g, ρ, β) ( x y ) is symmetric with respect to the permutation of the two factors. Also note that T (g, ρ, β) ( x y z ) can be canonically identified with the trilinear form g_x × g_y × g_z −→ K (a, b, c) → β([a, b], c) In particular, it is antisymmetric with respect to any transposition of two factors g^∗. Therefore, the above definitions make sense.

For any K-vector space E, recall the natural linear contraction map from E^∗ ⊗ E to K that maps f ⊗ e to f(e). Theorem 5.14 (Bar-Natan) Let g be a finite-dimensional Lie algebra equipped with a finite-dimensional representation (E, ρ) and a bilinear symmetric invariant form β. Then there exists a unique family of linear maps T (g, ρ, β) : A_n(X, A^− ∐ A^+) −→ T (g, ρ, β)(X, A^− ∐ A^+)

for any n ∈ N, for any oriented compact one-manifold X, and for any finite set A^− ∐ A^+ such that:

1. T (g, ρ, β) takes the above values at the four diagrams above.

2. For any (X, A^− ∐ A^+) as above, and for any x^− ∈ ∂X^−, and x^+ ∈ ∂X^+, the following diagram commutes: A_n(X, A^− ∐ A^+) T (g, ρ, β) T (g, ρ, β)(X, A^− ∐ A^+) π_∗ Contraction of the factors of x^+ and x^− T (g, ρ, β) A_n(X/(x^+ ∼ x^−), A^− ∐ A^+) T (g, ρ, β)(X/(x^+ ∼ x^−), A^− ∐ A^+)

where X/(x^+ ∼ x^−) denotes the compact oriented one-manifold obtained from X by identifying x^+ and x^−, π : X −→ X/(x^+ ∼ x^−) is the associated quotient map, and π_∗ is the induced map on diagram spaces.

3. For any (X, A^− ∐ A^+) as above, and for any a^− ∈ A^−, and a^+ ∈ A^+, the following diagram commutes: A_n(X, A^− ∐ A^+) T (g, ρ, β) T (g, ρ, β)(X, A^− ∐ A^+) ι Contraction of the factors of a^+ and a^− T (g, ρ, β) A_{n−1}(X, (A^− \ {a^−}) ∐ (A^+ \ {a^−})) T (g, ρ, β)(X, (A^− \ {a^−}) ∐ (A^+ \ {a^−}))

where the map ι consists in identifying the two univalent vertices labeled by a^+ and a^−.

Proof: We first define T = T (g, ρ, β) in a consistent way for genuine diagrams whose local orientations at vertices on the one-manifold are given by the orientation of the one-manifolds, and next, we show that it factors

through the relations AS, IHX, and STU. Except for the diagrams that have components like x y where x (by symmetry) belongs to the set labeled by −, any diagram can be decomposed into finitely many pieces like the

four pieces where T has already been defined. The decomposition is unique when the number of is required to be minimal. Then the behaviour of T under gluings compels us to define T at any diagram as the tensor obtained by contracting the elementary tensors associated to the elementary pieces of such a decomposition, by the contractions corresponding to the gluings. To complete the definition, set T (g, ρ, β) ( x y ∈ A({x, y}^−) ) = β ∈ g^∗ ⊗ g^∗ and T (g, ρ, β) ( x y ∈ A({x}^− ∐ {y}^+) ) = (Identity : g → g) ∈ g^∗ ⊗ g

Now, T is defined at any diagram.

Note that when U, V and W are three K-vector spaces, if f ∈ Hom(U, V ) ∼= U^∗ ⊗ V and g ∈ Hom(V, W ) ∼= V^∗ ⊗ W , then the contraction of V ⊗ V^∗ maps (f ⊗ g) ∈ U^∗ ⊗ V ⊗ V^∗ ⊗ W to g ∘ f. In particular, inserting trivial

pieces like in the decomposition of a diagram does not change the resulting tensor, and the behaviour under the identification of boundary points is the desired one for diagrams that do not contain exceptional

components like x y . For the other ones, it is enough to notice that a contraction of g^∗ ⊗ g maps the tensor product of the two symmetric tensors ( Ω_β = β̂^{−1} ) ⊗ ( β ∼= β̂ ) to (Identity : g → g) ∈ g^∗ ⊗ g that is mapped to the Identity map of g^∗ by the permutation of the factors. In fact, this just amounts to say that g and g^∗ are always identified via β̂.

Now, T is defined for genuine diagrams, with the right orientation at the vertices on the one-manifold, we define T for any genuine diagram so that T factors through the antisymmetry relation for the vertices on the one-manifold. The antisymmetry relation for trivalent vertices comes from the total antisymmetry of T ( x y z ) .

Let us show that T factors through STU. To do that, we view the values of T at the three local parts of STU x y , x y and x y

that are tensors in g^∗_x ⊗ g^∗_y ⊗ E^∗ ⊗ E as three bilinear maps from g_x × g_y to gl(E), that map (a, b) ∈ g_x × g_y to ρ([b, a]), ρ(b) ∘ ρ(a) and ρ(a) ∘ ρ(b), respectively.

Thus, T factors through STU because the representation ρ represents. By AS, the relation IHX can be redrawn as

IHX : = −

and treated as a particular case of STU using the adjoint representation instead of ρ. Thus, T factors through IHX because the adjoint representation represents, and that is because of the Jacobi identity. ⋄

Remark 5.15 We could slightly generalize the maps T by colouring every component of the plain one-manifold with a different representation of g. Everything works similarly. Here gluings must respect colours.

Examples 5.16 Let us fix N ∈ N \ {0, 1}, and let us compute some examples when g = sl_N , E = K^N , ρ is the standard representation that is the inclusion i_N of sl_N into gl_N , and β = β_N is the associated invariant form. Set T_N = T (sl_N , i_N , β_N ).

1. Note that the contraction from gl(E) ∼= E^∗ ⊗ E to K is nothing but the trace of endomorphisms. In particular, T_N ( ) = trace(Identity of K^N ) = N 2. Consider the following diagram Γ_{11} ∈ A(1) with only one chord.

Γ_{11} = ( E^∗ E )

Let us compute T_N (Γ_{11}) viewed as an endomorphism of E. It is computed from the Casimir

Ω_{βN} = ∑ (i,j)∈{1,...,N}^2 e_{ij} ⊗ e_{ji} − 1 N (_N ∑ i=1 e_{ii} ) ⊗ (_N ∑ i=1 e_{ii} )

as T_N (Γ_{11}) = ∑ (i,j)∈{1,...,N}^2 e_{ji} ∘ e_{ij} − 1 N (_N ∑ i=1 e_{ii} ) ∘ (_N ∑ i=1 e_{ii} )

T_N (Γ_{11}) = ( N − 1 N ) (Identity = N∑ i=1 e_{ii}) Thus, T_N (Γ_{11}) is nothing but the multiplication by the number

N^2 − 1 N 3. Now, consider the following diagram Γ_{12} ∈ A(2) with only one horizontal chord between the two strands.

Γ_{12} = ( E^∗_1 E^∗_2

E_1 E_2 )

Let us compute T_N (Γ_{12}) viewed as an endomorphism of (E_1 = E) ⊗ (E_2 = E). It is computed from the Casimir Ω_{βN} as T_N (Γ_{12})(e_k ⊗ e_l) = ∑ (i,j)∈{1,...,N}^2 e_{ij} (e_k) ⊗ e_{ji}(e_l) − 1 N (e_k ⊗ e_l)

Thus, T_N (Γ_{12})(e_k ⊗ e_l) = e_l ⊗ e_k − 1 N (e_k ⊗ e_l)

and, in general, T_N (Γ_{12}) = τ − 1 N Identity

where τ : E ⊗ E −→ E ⊗ E is the transposition of the two factors that maps (x ⊗ y) to (y ⊗ x). This can be written as T_N ( ) = T_N ( ) − 1 N T_N ( )

and allows for a simple recursive computation of the evaluation of T_N at chord diagrams on disjoint union of circles by induction on the number of chords starting with T_N ( 1 ∈ A( k∐ S^1) ) = N^k.

4. Let ∧^2(E) be the subspace of E ⊗ E generated by the antisymmetric elements of the form (x ⊗ y − y ⊗ x), and let S^2(E) be the subspace of E ⊗ E generated by the symmetric elements of the form (x ⊗ y + y ⊗ x). Since x ⊗ y =^1_2 ((x ⊗ y − y ⊗ x) + (x ⊗ y + y ⊗ x)), E ⊗ E = ∧^2(E) + S^2(E). Furthermore, the restriction of T_N (Γ_{12}) to S^2(E) is the multiplication by (1 −^1_N ) whereas the restriction of T_N (Γ_{12}) to ∧^2(E) is the multiplication by (−1 −^1_N ). In particular, E ⊗ E = ∧^2(E) ⊕ S^2(E), and this decomposes E ⊗ E into the two eigenspaces associated to the eigenvalues (1 −^1_N ) and (−1 −^1_N ). Thus, T_N (Γ^n_{12}) = (1 −^1_N )^np_S2_{(E)} + (−1 −^1_N )^np_∧2_{(E)}, and

T_N (Γ^n_{12})(x ⊗ y) =

(N − 1)^n + (−N − 1)^n 2N^n (x ⊗ y) + (N − 1)^n − (−N − 1)^n 2N^n (y ⊗ x) 5.4 Constructing the HOMFLY polynomial from the Kontsevich integral

We are going to present the HOMFLY polynomial that is a two-variable generalization of the Jones polynomial for links discovered shortly after independently by Hoste, Ocneanu, Millet, Freyd, Lickorish, Yetter, Przytycki and Traczyk.

Let N ∈ N \ {0, 1}. Let X be a one-manifold, and let d = ∑ n∈N d_n ∈ A(X) = ∏ n∈N A_n(X), where the degree of d_n is n, define T^N ( ∑ n∈N d_n ) = ∑ n∈N λ^nT_N (d_n)

When X is a disjoint union of circles, then T^N is a linear map from A(X) to K[[λ]].

Example 5.17 From the second example of 5.16, we see that T^N ( exp ( r ( E^∗ E ))) is the multi-

plication by exp ( r^{N 2 −1}_N λ ) , if r is an element of R.

Recall that the writhe w(L) of a parallelized oriented link L is the number of positive crossings minus the number of negative ones in a diagram of L (it does not depend on the diagram according to Exercise 4.11).

Proposition 5.18 Let L be a parallelized oriented link. Define P (L) as the following series in λ depending on N ∈ N \ {0, 1}: P (L) =

T^N (Z(L)) T^N (Z ( )) exp ( − w(L) 2 N^2 − 1 N λ ) ∈ K[[λ]]

P is the unique isotopy invariant of oriented links that satisfies:

1. P(trivial knot)=1, 2. and the skein relation: exp ( Nλ 2 ) P ( ) − exp ( − Nλ 2 ) P ( ) = ( exp ( λ 2 ) − exp ( − λ 2 )) P ( )

P satisfies the additional properties:

3. For any link L, P (L)(λ) = P (L)(−λ). 4. For any two links L_1 and L_2,

P (L_1 ∐ L_2) = exp (_{Nλ} 2 ) − exp ( −^{Nλ}_2 ) exp (_λ 2 ) − exp ( −^λ_2

) P (L_1)P (L_2).

5. For any two knots K_1 and K_2, P (K_1♯K_2) = P (K_1)P (K_2).

Proof: First note that the constant term in T^N (Z( )) is N. Therefore, T^N (Z( )) is invertible and the definition of P makes sense. P obviously maps the trivial knot to 1. Now, the computation of T^N (exp(rΓ_{11})) makes clear that the variations of T^N (Z(L)) and exp ( −^{w(L)}_2 λ^{N 2−1}_N ) under an extremum twist make up for each other. Therefore, P is an isotopy invariant of (unparallelized) links.

Let us prove the skein relation for P .

Let L^+, L^− and L^0 be three parallelized links that are identical except inside a small ball where they look like , and , respectively. Since w(L^+) = w(L^0) + 1 and w(L^−) = w(L^0) − 1, the skein relation to be proved is equivalent to

exp ( λ 2N ) T^N ( Z( ) ) − exp ( − λ 2N ) T^N ( Z( ) ) = ( exp ( λ 2 ) − exp ( − λ 2 )) T^N ( Z( ) )

We see L^+, L^− and L^0 as three tangles that are decomposed as three products which are identical except

for one of their factors which are 1^w( (··) (··) 1 ), 1^w( (··) (··) 1 ), and 1^w( (··) (··) 1 ), respectively.

Thus, we are reduced to prove the equalities between the three operators of (E ⊗ E) = S^2(E) ⊕ ∧^2(E)

exp ( λ 2N ) τ ∘ T^N ( exp( 1 2 Γ_{12}) ) − exp ( − λ 2N ) τ ∘ T^N ( exp(− 1 2 Γ_{12}) ) = ( exp ( λ 2 ) − exp ( − λ 2 )) T^N ( )

where τ is the transposition of the two factors and T_N (Γ_{12}) has been diagonalized in the fourth example of 5.16. Of course, it is enough to prove that the operators of the two sides of the equality coincide on the two direct summands S^2(E) and ∧^2(E) of E ⊗ E, where they are scalar operators, that are scalar multiples of the identity maps 1_S of S^2(E) and 1_∧ of ∧^2(E).

The restriction to S^2(E) of the equality to be shown reads exp ( λ 2N ) exp ( λ 2 (1 − 1 N )1_S ) − exp ( − λ 2N ) exp ( − λ 2 (1 − 1 N )1_S ) = ( exp ( λ 2 ) − exp ( − λ 2 )) 1_S whereas the restriction to ∧^2(E) of the equality to be shown reads

− exp ( λ 2N ) exp ( λ 2 (−1 − 1 N )1_∧ ) + exp ( − λ 2N ) exp ( − λ 2 (−1 − 1 N )1_∧ ) = ( exp ( λ 2 ) − exp ( − λ 2 )) 1_∧

Since these equalities hold, the skein relation is verified. That the first two properties imply

P (trivial n-component link) = ( exp (_{Nλ} 2 ) − exp ( −^{Nλ}_2 ) exp (_λ 2 ) − exp ( −^λ_2 ) )_{n−1}

and uniquely determine P is proved as in the proof of Theorem 1.49. The proof of the last three properties of P is left as an exercise for the reader. ⋄ Remarks 5.19 Starting with the definition of P at the trivial diagrams of the trivial n-component links,

P (trivial n-component link) = ( exp (_{Nλ} 2 ) − exp ( −^{Nλ}_2 ) exp (_λ 2 ) − exp ( −^λ_2 ) )_{n−1}

we can use the skein relation to assign a series in λ and N to each diagram, by induction on the number of crossings and on the number of crossings to be changed to get a diagram of the trivial link. A priori, the obtained series depends on the link diagram, and on the chosen unknotting process of the link diagram. However, any unknotting process of any diagram of a given k-component link will produce a series in λ such that the coefficient P_n of λ^n is a polynomial in N of degree at most (n + k − 1) whose values at any integer greater than 1 are independent of the diagram and of its unknotting process, because of the above theorem. Therefore, P_n itself is independent of the diagram and of its unknotting process. Hence, the above series P is a K[N][[λ]]-valued invariant and its values at any N ∈ R give rise to K[[λ]]-valued invariants. Note that P_n is a degree n Vassiliev invariant.

The specialization of P at N = 2 is equal to the Jones polynomial.

Setting N = 0 and performing the change of variables t^{1/2} = exp(λ/2) yields the Alexander-Conway polynomial.

The computation of P at trivial links shows:

T^N ( ) = ( exp (_{Nλ} 2 ) − exp ( −^{Nλ}_2 ) exp (_λ 2 ) − exp ( −^λ_2 ) ) .

References Basic references

[AM] M. F. Atiyah; I.G. Macdonald, Introduction to commutative algebra. Addison-Wesley Publishing Co., Reading, Mass.-London-Don Mills, Ont. (1969) [Gr] M. J. Greenberg, Lectures on algebraic topology. W. A. Benjamin, Inc., New York-Amsterdam (1967).

[GP] V. Guillemin; A. Pollack, Differential topology. Prentice-Hall, Inc., Englewood Cliffs, N.J. (1974). [Liv] C. Livingston, Knot theory. Carus Mathematical Monographs 24, Mathematical Association of America, Washington, DC, (1993).

[Mi] J. Milnor, Topology from the differentiable viewpoint. The University Press of Virginia (1965, 1969) [Sp] M. Spivak, Calculus on manifolds. W. A. Benjamin, Inc., New York-Amsterdam (1965).

Complementary references

[He] Hempel, 3-manifolds, Annals of Mathematics Studies 86, Princeton University Press (1976). [Hi] M. Hirsch, Differential topology, GTM, Springer-Verlag (1976). [Li] W.B.R. Lickorish, An introduction to knot theory, GTM, Springer-Verlag (1997). [Ro] D. Rolfsen, Knots and links, Publish or Perish, Berkeley (1976).

Finite type references

[Ba] D. Bar-Natan, On the Vassiliev knot invariants. Topology 34, No. 2, (1995), 423-472. [C-D] S. Chmutov, S. Duzhin, Kontsevich integral. Preprint of the Max-Planck Institüt, Anonymous ftp ftp.botik.ru/pub/local/zmr/ki.ps.gz (1997).

[H-M] N. Habegger, G. Masbaum, The Kontsevich integral and Milnor’s invariants. Topology 39 (2000), no. 6, 1253–1289.

[Hab] K. Habiro, Claspers and finite type invariants of links. Geometry and Topology 4 (2000), 1-83. [Le1] T. T. Q. Le, An invariant of integral homology 3-spheres which is universal for all finite type invariants, Buchstaber, V. M. (ed.) et al., Solitons, geometry, and topology: on the crossroad. Providence, RI: American Mathematical Society, (ISBN 0-8218-0666-1/hbk). Transl., Ser. 2, Am. Math. Soc. 179 (33), 75-100 (1997).

[Le2] T. Q. T. Le, On denominators of the Kontsevich integral and the universal perturbative invariant of 3-manifolds, Invent. Math., 135 no. 3, 689-722, (1999).

[Les] C. Lescop, Introduction to the Kontsevich Integral of Framed Tangles, June 1999, Summer School in Grenoble, http://www-fourier.ujf-grenoble.fr/l̃escop/.

[LM1] T. T. Q. Le, J. Murakami, Representation of the Category of Tangles by Kontsevich’s Iterated Integral. Commun. Math. Phys. 168, 535-562 (1995).

[LM2] T. T. Q. Le, J. Murakami, The universal Vassiliev-Kontsevich invariant for framed oriented links, Compositio Mathematica 102, 41-64 (1996).

[O] T. Ohtsuki, Finite type invariants of integral homology 3-spheres. Journal of knot theory and its ramifications 5, (1996) 101–115.

[St] T. Stanford, Vassiliev invariants and knots modulo pure braid subgroups. math.GT/9805092. [Th] D. P. Thurston, Wheeling: A diagrammatic analogue of the Duflo isomorphism, math.QA/0006083.

Other references

[GL] C. McA. Gordon, J. Luecke, Knots are determined by their complements. Bull. Amer. Math. Soc.

(N.S.) 20 (1989), no. 1, 83–87.

[Re] K. Reidemeister, Elementare Begründung der Knotentheorie . Abh. math. Semin. Hamburg Univ.

Bd. 5, (1926).

[Wa] F. Waldhausen, On irreducible 3-manifolds which are sufficiently large. Ann. of Math. (2) 87 (1968) 56–88.