Knot invariants and configuration space integrals

Christine Lescop^∗ September 3, 2003

Geometric and Topological Methods for Quantum Field Theory Summer School in Villa de Leyva July 2003 Abstract After a short presentation of the theory of Vassiliev knot invariants, we shall introduce a universal finite type invariant for knots in the ambient space. This invariant is often called the perturbative series expansion of the Chern-Simons theory of links in the euclidean space. It will be constructed as a series of integrals over configuration spaces. The lectures will be as self-contained as possible.

Contents:

1. First steps in the folklore of knots, links and knot invariants. 2. Introduction to the Vassiliev knot invariants. 3. Some properties of Jacobi-Feynman diagrams.

4. The ”Chern-Simons, Kontsevich, Bott, Taubes, Bar-Natan, Altschuler, Freidel, D. Thurston” universal Vassiliev link invariant Z.

5. More on configuration spaces.

6. Diagrams and Lie algebras. Questions and problems. 7. Complements.

∗CNRS, Institut Fourier (UMR 5582)

1 First steps in the folklore of knots, links and knot invariants.

1.1 Knots and links

Intuitively, a knot is a circle embedded in the ambient space up to elastic deformation; a link is a finite family of disjoint knots.

Examples 1.1 Here are some pictures of simple knots and links. More examples can be found in [Ro].

The trivial knot The trivial 3-component link

The right-handed trefoil knot The left-handed trefoil knot

The figure-eight knot

The Hopf link

The Whitehead link The Borromean rings

Let ∐_k

S^1 denote the disjoint union of k oriented circles. We will represent a knot (resp. a k-component link) by a C^∞ embedding^1 of the circle S^1 (resp. of

∐_k S^1) into the ambient space R^3.

Definition 1.2 An isotopy of R^3 is a C^∞ map

h : R^3 × I −→ R^3

such that h_t = h(., t) is a diffeomorphism for all t ∈ [0, 1]. Two embeddings f and g as above are said to be isotopic if there is an isotopy h of R^3 such that h_0 = Identity and g = h_1 ∘ f. Link isotopy is an equivalence relation. (Checking transitivity requires smoothing... See [Hi].)

Definition 1.3 A knot is an isotopy class of embeddings of S^1 into R^3. A k-component link is an isotopy class of embeddings of

∐_k S^1 into R^3.

1The reader is referred to [Hi] for the basic concepts of differential topology as well as for more sophisticated ones.

Definition 1.4 Let π : R^3 −→ R^2 be the projection defined by π(x, y, z) = (x, y). Let f :

∐_k S^1 → R^3 be a representative of a link L. The multiple (resp. double) points of π ∘ f are the points of R^2 that have several (resp. two) inverse images under π ∘ f. A double point is said to be transverse if the two tangent vectors to π ∘ f at this point generate R^2. π ∘ f :

∐_k S^1 → R^2 is a regular projection of L if and only if π ∘ f is an immersion whose only multiple points are transverse double points.

Proposition 1.5 Any link L has a representative f whose projection π ∘ f is regular.

A sketch of proof of this proposition is given in Subsection 7.1.

Definition 1.6 A diagram of a link is a regular projection equipped with the additional under/over information : at a double point, the strand that crosses under is broken near the crossing. Note that a link is well-determined by one of its diagrams. The converse is not true as the following diagrams of the right-handed trefoil knot show.

Nevertheless, we have the following theorem whose proof is outlined in Section 7.1.

Theorem 1.7 (Reidemeister theorem (1926) [Re]) Up to orientation-preserving diffeomorphism of the plane, two diagrams of a link can be related by a finite sequence of Reidemeister moves that are local changes of the following type:

Type I : ↔ ↔

Type II : ↔

Type III : ↔ and ↔

As it will often be the case during this course, these pictures represent local changes. They should be understood as parts of bigger diagrams that are unchanged outside their pictured parts.

Exercise 1.8 (**) Prove that there are at most 4 knots that can be represented with at most 4 crossings (namely, the trivial knot, the two trefoil knots and the figure-eight knot).

Exercise 1.9 (**) Prove that the set of knots is numerable.

A crossing change is a local modification of the type ↔ . Proposition 1.10 Any link can be unknotted by a finite number of crossing changes.

Proof: At a philosophical level, it comes from the fact that R^3 is simply connected, and that a homotopy h : S^1 × [0, 1] −→ R^3 that transforms a link into a trivial one can be replaced by a homotopy that is an isotopy except at a finite number of times where it is a crossing change. (Consider h × [0, 1] : (x, t) → (h(x, t), t) ∈ R^3 × [0, 1]. The homotopy h can be perturbed so that h × [0, 1] is an immersion with a finite number of multiple points that are transverse double points -[Hi, Exercise 1, p.82]-...)

However, an elementary constructive proof of this proposition from a link diagram is given in Subsection 7.1. ⋄ The general open problem in knot theory is to find a satisfactory classification of knots, that is an intelligent way of producing a complete and repetition-free list of knots. A less ambitious task is to be able to decide from two knot presentations whether these presentations represent the same knot. This will sometimes be possible with the help of knot invariants.

1.2 Link invariants

Definition 1.11 A link invariant is a map from the set of links to another set.

Such a map can be defined as a function of diagrams that is invariant under the Reidemeister moves.

Definition 1.12 A positive crossing in a diagram is a crossing that looks like (up to rotation of the plane). (The ”shortest” arc that goes from the arrow of the top strand to the arrow of the bottom strand turns counterclockwise.) A negative crossing in a diagram is a crossing that looks like .

Definition 1.13 The linking number for two-component links is half the number of the positive crossings that involve the two components minus half the number of negative crossings that involve the two components.

Exercise 1.14 Use Reidemeister’s theorem to prove that the linking number is a link invariant. Use the linking number to distinguish the Hopf link from the Whitehead link.

1.3 An easy-to-compute non-trivial link invariant : The Jones polynomial

In this section, we will show an example of an easy-to-compute non-trivial link invariant : The Jones polynomial. We will follow the Kauffman approach that is different from the original approach of Jones who discovered this polynomial in 1984.

Let D be an unoriented link diagram. A crossing of D can be removed in two different ways: the left-handed one where becomes , (someone walking on the upper strand towards the crossing turns left just before reaching the crossing) and the right-handed one where becomes .

Let C(D) denote the set of crossings of D and let f be a map from C(D) to {L, R}, then D_f will denote the diagram obtained by removing every crossing x in the left-handed way if f(x) = L and in the right-handed way otherwise. D_f is nothing but a collection of n(D_f ) circles embedded in the plane.

We define the Kauffman bracket < D >∈ Z[A, A^{−1}] of D as

< D >= ∑ f :C(D)−→{L,R}

A^{(♯f −1(L)−♯f −1(R))}δ^{(n(Df )−1)}

with δ = −A^2 − A^{−2}.

Exercise 1.15 Compute < >= −A^5 − A^{−3} + A^{−7}.

The Kauffman bracket satisfies the following properties:

1. < n disjoint circles >= δ^{n−1}

and we have the following equalities that relate brackets of diagrams that are identical anywhere except where they are drawn.

2. < >= A < > +A^{−1} < >

3. < >= A^{−1} < > +A < >

4. A < > −A^{−1} < >= (A^2 − A^{−2}) < >

5. < >=< > +(δ + A^2 + A^{−2}) < >=< >

6. < >=< >

6^′. < >=< >

7. < >= (−A^3) < >

7^′. < >= (−A^{−3}) < >

8. The Kauffman bracket of the mirror image of a diagram D is obtained from < D > by exchanging A and A^{−1}.

Proof: The first five properties of the Kauffman bracket and the eighth one are straightforward. Property 5 shows that δ has been chosen to get invariance under the second Reidemeister move. Let us prove Equality 6.

< >= A < > +A^{−1} < >= A < > +A^{−1} < >

The second equality comes from the above invariance under the second Reidemeister move. Rotating the picture by π yields:

= A < > +A^{−1} < >

and concludes the proof of Equality 6. Equality 6^′ is deduced from Equality 6 by mirror image (up to rotation). Equality 7 is easy and Equality 7^′ is its mirror image, too. ⋄

Definition 1.16 The writhe w(D) of an oriented link diagram D is the number of positive crossings minus the number of negative ones.

Theorem 1.17 The Jones polynomial V (L) of an oriented link L is the Laurent polynomial of Z[t^{1/2}, t^{−1/2}] defined from an oriented diagram D of L by

V (L) = (−A)^{−3w(D)} < D >_A−2_{=t}1/2

V is an invariant of oriented links. It is the unique invariant of oriented links that satisfies:

1. V(trivial knot)=1, 2. and the skein relation:

t^{−1}V ( ) − tV ( ) = (t^{1/2} − t^{−1/2})V ( )

Proof: It is easy to check that (−A)^{−3w(D)} < D >∈ Z[A^2, A^{−2}]. It is also easy to check that this expression is invariant under the Reidemeister moves since the only Reidemeister moves that change the writhe are the moves I, and the variation of (−A)^{−3w(D)} under these moves makes up for the variation of < D >. The skein relation can be easily deduced from the fourth property of the Kauffman bracket, and it is immediate that V (trivial knot) = 1.

Let us prove that these two properties uniquely determine V . Applying the skein relation in the case when is the surrounded part of a standard diagram of a trivial n-component link like:

and and are therefore (parts of) diagrams of trivial (n − 1)-component links shows that

(t^{−1} − t)V (trivial (n-1)-component link) = (t^{1/2} − t^{−1/2})V (trivial (n)-component link)

and thus determines V (trivial n-component link) = (−t^{1/2} − t^{−1/2})^{n−1}.

By induction on the number of crossings, and, for a fixed number of crossings, by induction on the number of crossings to be changed in the projection to make the projected link trivial (see Proposition 1.10), the link invariant V is determined by its value at the trivial knot and the skein relation. ⋄ Exercise 1.18 Compute V (right-handed trefoil) = −t^4 + t^3 + t and show that the right-handed trefoil is not isotopic to the left-handed trefoil.

Knot invariants are especially interesting when they can be used to derive general properties of knots. The main known application of the Jones polynomial is given and proved in Subsection 7.2. The Chern-Simons series defined in Section 4 will be used to prove the fundamental theorem of Vassiliev invariants 2.26.

2 Finite type knot invariants

Definition 2.1 A singular knot with n double points is represented by an immersion from S^1 to R^3 with n transverse double points that is an embedding when restricted to the complement of the preimages of these double points.

Two such immersions f and g are said to be isotopic if there is an isotopy h of R^3 such that h_0 = Identity and g = h_1 ∘ f.

A singular knot with n double points is an isotopy class of such immersions with n double points.

Example 2.2

A singular knot with two double points

Definition 2.3 Let be a double point of a singular knot. This double point can disappear in a positive way by changing into , or in a negative way by changing into . Note that the sign of such a desingularisation, that can be seen in a diagram as above, is defined from the orientation of the ambient space. Choose one strand involved in the double point. Call this strand the first one. Consider the tangent plane to the double point, that is the vector plane equipped with the basis (tangent vector ⃗v_1 to the first strand, tangent vector ⃗v_2 to the second one). This basis orients the plane, and allows us to define a positive normal vector ⃗n to the plane (that is a vector ⃗n orthogonal to ⃗v_1 and ⃗v_2 such that the triple ( ⃗v_1, ⃗v_2,⃗n) is an oriented basis of R^3). Then the positive desingularisation is obtained by pushing the first strand in the direction of ⃗n. Note that this definition is independent of the choice of the first strand.

Notation 2.4 Let K be a singular knot with n double points numbered by 1,2 . . . , n. Let f be a map from {1, 2 . . . , n} to {+, −}. Then K_f denotes the genuine knot obtained by removing every crossing i by the tranformation:_i becomes if f(i) = +, and_i becomes if f(i) = −.

Let K denote the set of knots. Let Z[K] denote the free Z-module with basis K. Then [K] denotes the following element of Z[K]: [K] = ∑ f :{1,2...,n}−→{+,−}

(−1)^{♯f −1(−)}K_f

where the symbol ♯ is used to denote the cardinality of a set.

Proposition 2.5 We have the following equality in V:

[ ] = [ ] − [ ]

that relate the brackets of three singular knots that are identical outside a ball where they look like in the above pictures.

Proof: Exercise.

Definition 2.6 Let G be an abelian group. Then any G-valued knot invariant I is extended to Z[K], linearly. It is then extended to singular knots by the formula

I(K) def= I([K])

Let n be an integer. A G-valued knot invariant I is said to be of degree less or equal than n, if it vanishes at singular knots with (n + 1) double points. Of course, such an invariant is of degree n if it is of degree less or equal than n without being of degree less or equal than (n − 1). A G-valued knot invariant I is said to be of finite type or of finite degree if it is of degree n for some n. Note that we could have defined the extension of a G-valued knot invariant to singular knots by induction on the number of double points using the induction formula:

I( ) = I( ) − I( ).

Performing the following change of variables:

t^{1/2} = − exp(− λ 2 ) transforms the Jones polynomial into a series

V (L) = ∞∑ n=0 v_n(L)λ^n

Proposition 2.7 The coefficient v_n(L) of the renormalized Jones polynomial is a rational invariant of degree less or equal than n.

Proof: Under the above change of variables, the skein relation satisfied by the Jones polynomial becomes

exp(λ)V ( ) − exp(−λ)V ( ) = (exp( λ 2 ) − exp(− λ 2 ))V ( )

that is equivalent to

V ( ) = (1 − exp(λ))V ( ) + (exp(−λ) − 1)V ( ) + (exp( λ 2 ) − exp(− λ 2 ))V ( )

This equality allows us to see that the series V of a singular knot with n double points has valuation (i.e. degree of the term of minimal degree) at least n by induction on n. ⋄

Exercise 2.8 1. Compute v_2( ) and v_3( ).

2. Show that v_2 and v_3 are exactly of degree 2 and 3, respectively.

Definition 2.9 Let V be a vector space. A filtration is a decreasing sequence of vector spaces

V = V_0 ⊇ V_1 ⊇ . . . ⊇ V_n ⊇ V_{n+1} ⊇ . . .

that begins with V_0 = V . The graded space associated to such a filtration is the vector space

G = ⊕^∞_{k=1}G_k((V_n)_{n∈N}) where G_k ((V_n)_{n∈N}) =

V_k V_{k+1}

Let V denote the R-vector space freely generated by the knots. Let V_n denote the subspace of V generated by the brackets of the singular knots with n double points. The Vassiliev filtration of V is the sequence of the V_n. Let I_n denote the set of real-valued invariants of degree less or equal than n. The set I_n is nothing but the dual vector space of^V_{Vn+1} that is the space of linear forms on^V_{Vn+1} .

I_n = Hom( V V_{n+1}

; R) = ( V V_{n+1}

)_∗

Proposition 2.10 I_n I_{n−1} = ( V_n V_{n+1}

)_∗

Proof: Exercise.

Exercise 2.11 (*) Let λ ∈ I_n, let μ ∈ I_m. Define the invariant λμ at genuine knots K by λμ(K) = λ(K)μ(K). Prove that λμ ∈ I_{n+m}.

Exercise 2.12 Prove that dim ( V_2 V_3 ) ≥ 1 and dim ( V_3 V_4 ) ≥ 1.

We already know that there exist finite type invariants. Now, we ask the natural question.

How many finite type invariants does there exist? In other words, what is the dimension of^{Vn}_{Vn+1} ?

In the next subsection, we are going to bound this dimension from above. This dimension will then be theoretically given by the fundamental theorem of Vassiliev invariants 2.26 that will be proved at the end of Chapter 4, as the dimension of a vector space presented by a finite number of generators and relators.

2.1 Chord diagrams

Definition 2.13 An n-chord diagram on a one-manifold M is an isotopy class of embeddings of a finite set U with 2n elements, equipped with a partition into n pairs, into the interior of M, up to a permutation of U that preserves the partition.

For us, so far, M = S^1. In particular, the datum of the above isotopy class is equivalent to the datum of a cyclic order on U where a cyclic order on a finite set U is a cyclic permutation σ of this set, that provides every element u of U with a unique successor (namely σ(u)). An n-chord diagram on M will be represented by an embedding of M equipped with 2n points (the image of the embedding of U) where the points of a pair are related by a dotted chord. The R-vector space freely generated by the n-chord diagrams on M will be denoted by D_n(M).

Example 2.14 D_0(S^1) = R , D_1(S^1) = R , D_2(S^1) = R ⊕ R .

Notation 2.15 Let K be a singular knot with n double points. The n-chord diagram D(K) associated to K is the set of the 2n inverse images of the double points of K (cyclically ordered by the orientation of S^1), equipped with the partition into pairs where every pair contains the inverse images of one double point.

Examples 2.16 D( ) = , D( ) =

Lemma 2.17 Every chord diagram on S^1 is the diagram of a singular knot. Furthermore, two singular knots which have the same diagram are related by a finite number of crossing changes (where a crossing change is again a modification which transforms into ).

Sketch of proof: Consider a chord diagram D. First embed the neighborhoods in S^1 of the double points (that correspond to the chords) into disjoint balls of R^3. Let C be the complement in R^3 of these disjoint balls. We have enough room in C to join the neighborhoods of the double points by arcs embedded in C, in order to get a singular knot K_0 with associated diagram D.

Now, consider another singular knot K with the same diagram. There exists an isotopy that carries the neighborhoods of its double points on the corresponding neighborhoods for K_0. The arcs that join the double points in the simply connected C are homotopic to the former ones. Therefore, they can be carried to the former ones by a sequence of isotopies and crossing changes. A diagrammatic proof of this lemma is given in Subsection 7.3. ⋄

Notation 2.18 Let ϕ_n denote the linear map from D_n(S^1) to^{Vn}_{Vn+1} that maps an n-chord diagram D to the projection in^{Vn}_{Vn+1} of a singular knot K such that D(K) = D. The above lemma ensures that ϕ_n is well-defined. Indeed, if D(K) = D(K^′), then, by the above lemma, K and K^′ are related by a finite number of crossing changes. Therefore, [K] − [K^′] is an element of V_{n+1}.

Furthermore, it is obvious that ϕ_n is onto. As a consequence, the dimension of^{Vn}_{Vn+1} is bounded from above by the number of n-chord diagrams.

Exercise 2.19 Prove that this number is bounded from above by^{(2n)!}_{2nn!} , and by 1 + (n − 1)^{(2(n−1))!}_{2(n−1) (n−1)!} if n ≥ 1. Improve these upper bounds.

The following lemmas will allow us to improve the upper bound on the dimension of^{Vn}_{Vn+1} . In a chord diagram, an isolated chord is a chord that relates two consecutive points.

Lemma 2.20 Let D be a diagram on S^1 that contains an isolated chord. Then ϕ_n(D) = 0.

Proof: In^{Vn}_{Vn+1} , we can write: ϕ_n( ) = [ ] = [ ] − [ ] ⋄ Lemma 2.21 Let D^1, D^2, D^3, D^4 be four n-chord diagrams that are identical outside three portions of circles where they look like:

D^1 = 1 2 3 , D^2 = 1 2 3 , D^3 = 1 2 3 and D^4 = 1 2 3 .

then ϕ_n(−D^1 + D^2 + D^3 − D^4) = 0.

Proof: We may represent D^1 by a singular knot K^1 with n double points that intersects a ball like

K^1 = 1 2 3

Let K^2, K^3, K^4 be the singular knots with n double points that coincide with K^1 outside this ball, and that intersect this ball like in the picture:

K^2 = 1 2 3 , K^3 = 1 2 3 , K^4 = 1 2 3

Then D(K^2) = D^2, D(K^3) = D^3 and D(K^4) = D^4. Therefore, ϕ_n(−D^1 + D^2 + D^3 − D^4) = −[K^1] + [K^2] + [K^3] − [K^4].

Thus, it is enough to prove that in V we have −[K^1] + [K^2] + [K^3] − [K^4] = 0 Let us prove this.

Let K_0 be the singular knot with (n − 1) double points that intersects our ball like

K_0 =

2 13

and that coincides with K^1 outside this ball.

The strands 1 and 2 involved in the pictured double point are in the horizontal plane and they orient it, the strand 3 is vertical and intersects the horizontal plane in a positive way between the tails of 1 and 2. Now, make 3 turn around the double point counterclockwise, so that it becomes successively the knots with n − 1 double points:

K_1 = , K_2 = and K_3 = .

On its way, it goes successively through our four knots K^1, K^2, K^3 and K^4 with n double points that appear inside matching parentheses in the following obvious identity in V_{n−1} ([K_1] − [K_0]) + ([K_2] − [K_1]) + ([K_3] − [K_2]) + ([K_0] − [K_3]) = 0.

Now, [K^i] = ±([K_i] − [K_{i−1}]) where the sign ± is plus when the vertical strand goes through an arrow from K_{i−1} to K_i and minus when it goes through a tail. Therefore the above equality can be written as −[K^1] + [K^2] + [K^3] − [K^4] = 0 and finishes the proof of the lemma. ⋄

Notation 2.22 The relation D^2 + D^3 − D^1 − D^4 = 0 that involves diagrams D^1, D^2, D^3, D^4 which satisfy the hypotheses of Lemma 2.21 will be called the four-term relation and will be denoted by (4T ). Let A_n(M) denote the quotient of D_n(M) by the relation (4T ), that is the quotient of D_n(M) by the subspace of D_n(M) generated by left-hand sides of (4T ), that are expressions of the form (−D^1 + D^2 + D^3 − D^4), for a (D^1, D^2, D^3, D^4) satisfying the conditions of Lemma 2.21.

A_n =

D_n 4T Let A_n(M) denote the quotient of A_n(M) by the subspace of A_n(M) generated by the projections of the diagrams with an isolated chord. The relation D = 0 for a diagram D with an isolated chord.

is sometimes called the one-term relation, and it is denoted by (1T ).

Lemmas 2.20 and 2.21 show the following proposition.

Proposition 2.23 The map ϕ_n factors through A_n(S^1) to define the surjective map:

ϕ_n : A_n(S^1) −→

V_n V_{n+1} .

Exercise 2.24 1. Show that, in A_3(S^1), we have

= 2 .

2. Show that dim ( V_0 V_1 ) = 1, dim ( V_1 V_2 ) = 0, dim ( V_2 V_3 ) ≤ 1 and dim ( V_3 V_4 ) ≤ 1 3. Show that dim(A_2)(S^1) = 1 Definition 2.25 The topological vector space

∏_∞

k=0 A_k(M) will be denoted by A(M). Similarly, the topological vector space

∏_∞ k=0 A_k(M) will be denoted by A(M). The degree n part of an element a of A(M) or A(M) is the natural projection of a in A_n(M) or A_n(M). It is denoted by a_n.

In the next chapters, we shall prove that ϕ_n is an isomorphism by constructing its inverse given by the Chern- Simons series. More precisely, we shall prove the following theorem. Theorem 2.26 (Kontsevich, 92) There exists a linear map Z : V −→ A(S^1) such that, for any integer n and for any singular knot K with n double points, if k < n, then Z_k([K]) = 0, and Z_n([K]) = D(K).

In other words, the restriction to^{Vn}_{Vn+1} of Z_n will be the inverse of ϕ_n.

Corollary 2.27 Any degree n R-valued invariant I is of the form I = ψ ∘ Z where ψ is a linear form on A(S^1) that vanishes on

∏_∞

k=n+1 Ak (S 1). Proof: The Kontsevich theorem allows us to see, by induction on n, that Z induces the isomorphism

p_{≤n} ∘ Z : V V_{n+1} −→ n∏ k=0 A_k(S^1)

where p_{≤n} : A(S^1) −→

∏_n k=0 A_k(S^1) is the natural projection. Thus, any degree n R-valued invariant I is of the form I = I ∘ ( p_{≤n} ∘ Z

)_{−1}

∘ p_{≤n} ∘ Z = ψ ∘ Z

where ψ = I ∘ ( p_{≤n} ∘ Z

)_{−1} ∘ p_{≤n} is a linear form on A(S^1) that vanishes on

∏_∞

k=n+1 Ak(S

1). ⋄

In Chapter 4, we shall construct the Chern-Simons series

Z^0_{CS} : V −→ A(S^1) as a series of integrals of configuration spaces. We shall show how to prove that the Chern-Simons series satisfies the properties of Z in the Kontsevich theorem above (2.26) in Chapter 5. Thus we will be able to construct theoretically all the real-valued finite type knot invariants as above. Unfortunately, there are two problems. First, the Chern-Simons series is hard to compute explicitly. Second, we do not know a canonical basis for A_n(S^1). The dimension of this vector space is unknown for a general n, although it can be computed by an algorithm that lists the finitely many diagrams and the finitely many relations and that computes the dimension of the quotient space. We first give another presentation of the vector spaces A_n(M) and study some of their properties in the next chapter.

3 Some properties of Jacobi-Feynman diagrams.

3.1 Jacobi diagrams

Definition 3.1 Let M be an oriented one-manifold. A diagram, or a Jacobi diagram, Γ with support M is a finite uni-trivalent graph Γ such that every connected component of Γ has at least one univalent vertex, equipped with:

1. an isotopy class of injections i of the set U of univalent vertices of Γ into the interior of M,

2. an orientation of every trivalent vertex, that is a cyclic order on the set of the three half-edges which meet at this vertex,

Such a diagram Γ is again represented by a planar immersion of Γ ∪ M where the univalent vertices of U are located at their images under i, the one-manifold M is represented by solid lines, whereas the diagram Γ is dashed. The vertices are represented by big points. The local orientation of a vertex is represented by the counterclockwise order of the three half-edges that meet at it.

Here is an example of a diagram Γ on the disjoint union M = S^1 ∐ S^1 of two circles:

The degree of such a diagram is half the number of all the vertices of Γ. Of course, a chord diagram is a diagram on a one-manifold M without trivalent vertices. Let D^t_n(M) denote the real vector space generated by the degree n diagrams on M, and let A^t_n(M) denote the quotient of D^t_n(M) by the following relations AS and STU:

AS : + = 0

STU : = −

As usual, each of these relations relate diagrams which are identical outside the pictures where they are like in the pictures.

3.2 The relation IHX in A^t_n

Proposition 3.2 Let M be a compact one-manifold, then the following relation IHX

IHX : + + = 0

(that relates three diagrams that are represented by three immersions which coincide outside a disk D where they are like in the pictures) is true in A^t_n(M).

Proof: We want to prove that the relation IHX is true in the quotient of D^t_n(M) by AS and STU. Consider three diagrams that are represented by three immersions which coincide outside a disk D where they are like in the pictures involved in the relation IHX. Use STU as long as it is possible to remove all trivalent vertices that can be removed without changing the two vertices in D, simultaneously on the three diagrams. This transforms the relation IHX to be shown into a sum of similar relations, where one of the four entries of the disk is directly connected to M. Thus, since the four entries play the same rôle, we may assume that the relation IHX to be shown is: 1 2 3 + 1 2 3 + 1 2 3 = 0 Using STU twice and AS transforms the summands of the left-hand side into diagrams that can be represented by three straight lines from the entries 1,2,3 to three fixed points of the horizontal line numbered from left to right. When the entry i ∈ {1, 2, 3} is connected to the point σ(i) of the horizontal plain line, where σ is a permutation of of {1, 2, 3}, the corresponding diagram will be denoted by (σ(1)σ(2)σ(3)). Thus, the expansion of the left-hand side of the above equation is

((123) − (132) − (231) + (321)) − ((213) − (231) − (132) + (312)) − ((123) − (213) − (312) + (321))

that vanishes and the lemma is proved. ⋄

We shall prove the following proposition in Subsection 3.4 below.

Proposition 3.3 Let M be a compact one-manifold, then the natural map from D_n(M) to A^t_n(M) that maps a chord diagram to its class in A^t_n(M) induces an isomorphism from A_n(M) to A^t_n(M).

Before, we need a technical lemma that will lead to other fundamental properties of the spaces of diagrams.

3.3 A useful trick in diagram spaces

We shall first adopt a convention. So far, in a diagram picture, or in a chord diagram picture, the dashed edge of a univalent vertex, has always been attached on the left-hand side of the oriented one-manifold. Now, if k dashed edges are attached on the other side on a diagram picture, then we agree that the corresponding represented element of A^t_n(M) or A_n(M) is (−1)^k times the underlying diagram. With this convention, we have the new antisymmetry relation in A^t_n(M) or in A_n(M)

+ = 0

and we can draw the STU relation like the IHX relation:

+ + = 0.

Lemma 3.4 Let Γ_1 be a diagram (resp. a chord diagram) with support M. Assume that Γ_1 ∪ M is immersed in the plane so that Γ_1 ∪ M meets an open annulus A embedded in the plane exactly along n + 1 embedded arcs α_1, α_2, . . . , α_n and β, and one vertex v so that:

1. The α_i may be dashed or solid, they run from a boundary component of A to the other one,

2. β is a dashed arc which runs from the boundary of A to v ∈ α_1,

3. The bounded component D of the complement of A does not contain a boundary point of M.

Let Γ_i be the diagram obtained from Γ_1 by attaching the endpoint v of β to α_i instead of α_1 on the same side, where the side of an arc is its side when going from the outside boundary component of A to the inside one ∂D. Then, we have in A^t(M), (resp. in A(M)),_n ∑ i=1 Γ_i = 0.

Examples 3.5

v α_1 α_2

β

A D

Γ_1

+ v

α_1 α_2

β

A D

Γ_2

= 0

α_3

v α_1 α_2

β

A D

Γ_1

+ α_3 v

α_1 α_2

β

A D

Γ_2

+ α_3 v

α_1 α_2

β

A D

Γ_3

= 0

Proof: The second example shows that STU is equivalent to this relation when the bounded component D of R^2 \ A intersects Γ_1 in the neighborhood of a univalent vertex on M. Similarly, IHX is easily seen as given by this relation when D intersects Γ_1 in the neighborhood of a trivalent vertex. Also note that AS corresponds to the case when D intersects Γ_1 along a dashed or solid arc. Now for the Bar-Natan [Ba, Lemma 3.1] proof. See also [Vo, Lemma 3.3]. Assume without loss that v is always attached on the right-hand-side of the α’s. Add to the sum the trivial (by IHX and STU) contribution of the sum of the diagrams obtained from Γ_1 by attaching v to each of the three (dashed or solid) half-edges of each vertex w of Γ_1 ∪ M in D on the left-hand side when the half-edges are oriented towards w. Now, group the terms of the obtained sum by edges of Γ_1 ∪ M where v is attached, and observe that the sum is zero edge by edge by AS. ⋄

Assume that a one-manifold M is decomposed as a union of two one-manifolds M = M_1 ∪M_2 whose interiors in M do not intersect. Then, we define the product associated to this decomposition:

A(M_1) × A(M_2) −→ A(M)

as the continuous bilinear map which maps ([Γ_1], [Γ_2]) to [Γ_1 ∐ Γ_2], if Γ_1 is a diagram with support M_1 and if Γ_2 is a diagram with support M_2, where Γ_1 ∐ Γ_2 denotes their disjoint union. Let I = [0, 1] be the compact oriented interval. If I = M, and if we identify I to M_1 = [0, 1/2] and to M_2 = [1/2, 1] with respect to the orientation, the above process turns A(I) into an algebra where the elements with non-zero degree zero part admit an inverse.

With each choice of a connected component C of M, we associate an A(I)-module structure on A(M), that is given by the continuous bilinear map:

A(I) × A(M) −→ A(M)

such that: If Γ^′ is a diagram with support M and if Γ is a diagram with support I, then ([Γ], [Γ^′]) is mapped to the class of the diagram obtained by inserting Γ along C outside the vertices of Γ, according to the given orientation. For example,

= =

As shown in the first example that illustrates Lemma 3.4, the independence of the choice of the insertion locus is a consequence of Lemma 3.4 where Γ_1 is the disjoint union Γ ∐ Γ^′ and intersects D along Γ ∪ I. This also proves that A(I) is a commutative algebra. Since the morphism from A(I) to A(S^1) induced by the identification of the two endpoints of I amounts to quotient out A(I) by the relation that identifies two diagrams that are obtained from one another by moving the nearest univalent vertex to an endpoint of I near the other endpoint, a similar application of Lemma 3.4 also proves that this morphism is an isomorphism from A(I) to A(S^1). (In this application, β comes from the inside boundary of the annulus.) This identification between A(I) and A(S^1) will be used several times.

3.4 Proof of Proposition 3.3

Let η̃ : D_n(M) → A^t_n(M) denote the above natural map. Let us show that it factors through 4T . By STU, we have

η̃ − 1 2 3 + 1 2 3 + 1 2 3 − 1 2 3 = − 1 2 3 + 1 2 3

Thus, η̃(4T ) vanishes and we are done. Note that the induced map η is surjective because STU allows one to express any diagram (whose components contain at least one univalent vertex!) as a combination of chord diagrams.

Let us try to construct an inverse ι to the induced map η : A_n(M) → A^t_n(M). Let D_{n,k}(M) denote the subspace of D^t_n(M) generated by the diagrams on M that have at most k trivalent vertices.

We shall define linear maps ι_k from D_{n,k}(M) to A_n(M) by induction on k so that

1. ι_0 is induced by the equality D_{n,0}(M) = D_n(M),

2. the restriction of ι_k to D_{n,k−1}(M) is ι_{k−1}, and,

3. ι_k maps all the relations AS and STU that involve only elements of D_{n,k}(M) to zero.

It is clear that when we have succeeded in such a task, the linear map from D_n(M) that maps a diagram d with k trivalent vertices to ι_k(d) will factor through STU and AS, and that the induced map ι will satisfy ι ∘ η = Id and therefore provide the wanted inverse since η is surjective. Now, let us succeed!

Let k ≥ 1, assume that ι_{k−1} is defined on D_{n,k−1}(M) and that ι_{k−1} maps all the relations AS and STU that involve only elements of D_{n,k−1}(M) to zero. We want to extend ι_{k−1} on D_{n,k}(M) to a linear map ι_k that maps all the relations AS and STU that involve only elements of D_{n,k}(M) to zero.

Let d be a diagram with k trivalent vertices, and let e be an edge of d that contains one univalent vertex and one trivalent vertex. Set ι (d, e) =

= ι_{k−1} −

It suffices to prove that ι(d, e) is independent of our chosen edge e to conclude the proof by defining the linear map ι_k that will obviously satisfy the wanted properties by

ι_k(d) = ι(d, e)

Assume that there are two different edges e and f of d that connect a trivalent vertex to a univalent vertex. We prove that ι(d, e) = ι(d, f). If e and f are disjoint, then the fact that ι_{k−1} satifies STU allows us to express both ι(d, e) and ι(d, f) as the same combination of 4 diagrams with (k − 2) vertices, and we are done. Thus, we assume that e and f are two different edges that share a trivalent vertex t. If there exists another trivalent vertex that is connected to M by an edge g, then ι(d, e) = ι(d, g) = ι(d, f) and we are done. Thus, we furthermore assume that t is the unique trivalent vertex that is connected to M by an edge. So, either t is the unique trivalent

vertex, and its component is necessarily like 1 2 3 and the fact that ι(d, e) = ι(d, f) is a consequence of

(4T), or the component of t is of the form te f where the circle represents a dashed diagram with only one pictured entry. Thus, ι(d, e) = ι_{k−1} ( − )

Now, this is zero because the expansion of as a sum of chord diagrams commutes with any vertex in A_n(M), according to Lemma 3.4. Similarly, ι(d, f) = 0. Thus, ι(d, e) = ι(d, f) in this last case and we are done. ⋄ Notation 3.6 Because of the canonical isomorphism of Proposition 3.3, A_n(M) will denote both A_n(M) and A^t_n(M) from now on.

4 The ”Kontsevich, Bott, Taubes, Bar-Natan, Altschuler, Freidel, D. Thurston” universal link invariant Z.

4.1 Introduction to configuration space integrals: The Gauss integrals.

In 1833, Carl Friedrich Gauss defined the first example of a configuration space integral for an oriented twocomponent link. Let us formulate his definition in a modern language. Consider a smooth (C^∞) embedding

L : S^1_1 ⊔ S^1_2 → R^3

of the disjoint union of two circles S^1 = {z ∈ C s.t. |z| = 1} into R^3. With an element (z_1, z_2) of S^1_1 × S^1_2 that will be called a configuration, we associate the oriented direction

Ψ((z_1, z_2)) = 1 ‖ −−−−−−−→ L(z_1)L(z_2) ‖

−−−−−−−→ L(z_1)L(z_2) ∈ S^2

of the vector

−−−−−−−→ L(z_1)L(z_2). Thus, we have associated a map

Ψ : S^1_1 × S^1_2 −→ S^2

from a compact oriented 2-manifold to another one with our embedding. This map has an integral degree deg(Ψ) that can be defined in several equivalent ways. For example, it is the differential degree deg(Ψ, y) of any regular value y of Ψ, that is the sum of the ±1 signs of the Jacobians of Ψ at the points of the preimage of y [Mi, §5]. Thus, deg(Ψ) can easily be computed from a regular diagram of our two-component link as the differential degree of a unit vector −→v pointing to the reader or as the differential degree of (−−→v ).

deg(Ψ) = deg(Ψ, −→v ) = ♯_{2 1} − ♯_{1 2} = deg(Ψ, −−→v ) = ♯_{1 2} − ♯_{2 1}.

It can also be defined as the following configuration space integral

deg(Ψ) = ∫ S^1×S^1

Ψ^∗(ω)

where ω is the homogeneous volume form on S^2 such that ∫ S^2 ω = 1. Of course, this integral degree is an isotopy

invariant of L. and the reader has recognized is nothing but the linking number of the two components of L.

We can again follow Gauss and associate the following similar Gauss integral I(K; θ) to a C^∞ embedding K : S^1 → R^3. (The meaning of θ will be specified later.) Here, we consider the configuration space C(K; θ) = S^1×]0, 2π[, and the map Ψ : C(K; θ) −→ S^2

that maps (z_1, η) to the oriented direction of

−−−−−−−−−−→ K(z_1)K(z_1e^{iη}), and we set

I(K; θ) = ∫ C(K;θ)

Ψ^∗(ω).

Let us compute I(K; θ) in some cases. First notice that Ψ may be extended to the closed annulus

C(K; θ) = S^1 × [0, 2π]

by the tangent map K^′ of K along S^1 × {0} and by (−K^′) along S^1 × {2π}. Then by definition, I(K; θ) is the algebraic area (the integral of the differential degree with respect to the measure associated with ω) of the image of the annulus in S^2. Now, assume that K is contained in a horizontal plane except in a neighborhood of crossings where it entirely lies in vertical planes. Such a knot embedding will be called almost horizontal. In that case, the image of the annulus boundary has the shape of the following bold line in S^2.

In particular, for each hemisphere, the differential degree of a regular value of Ψ does not depend on the choice of the regular value in the hemisphere. Assume that the orthogonal projection onto the horizontal plane is regular. Then I(K; θ) is the average of the differential degrees of the North Pole and the South Pole, and it can be computed from the horizontal projection as the writhe of the projection

I(K; θ) = ♯ − ♯ .

This number can be changed without changing the isotopy class of the knot by local modifications where becomes or . In particular, I(K; θ) can reach any integral value on a given isotopy class of knots, and since it varies continuously on such a class, it can reach any real value on any given isotopy class of knots. Thus, this Gauss integral is NOT an isotopy invariant.

However, we can follow Guadagnini, Martellini, Mintchev [GMM] and Bar-Natan [Ba2] and associate configuration space integrals to any embedding L of an oriented one-manifold M and to any uni-trivalent diagram Γ without simple loop like on M.

4.2 The Chern–Simons series

Let M be an oriented one-manifold and let L : M −→ R^3

denote a C^∞ embedding from M to R^3. Let Γ be a Jacobi diagram on M. Let U = U(Γ) denote the set of univalent vertices of Γ, and let T = T (Γ) denote the set of trivalent vertices of Γ. A configuration of Γ is an embedding c : U ∪ T → R^3

whose restriction c_{|U} to U may be written as L ∘ j for some injection

j : U → M

in the given isotopy class [i] of embeddings of U into the interior of M. Denote the set of these configurations by C(L; Γ), C(L; Γ) = { c : U ∪ T → R^3 ; ∃j ∈ [i], c_{|U} = L ∘ j } . In C(L; Γ), the univalent vertices move along L(M) while the trivalent vertices move in the ambient space, and C(L; Γ) is naturally an open submanifold of M^U × (R^3)^T .

Denote the set of (dashed) edges of Γ by E = E(Γ), and fix an orientation for these edges. Define the map Ψ : C(L; Γ)−→ ( S^2

)_E whose projection to the S^2 factor indexed by an edge from a vertex v_1 to a vertex v_2 is the direction of

−−−−−−→ c(v_1)c(v_2). This map Ψ is again a map between two orientable manifolds that have the same dimension, namely the number of dashed half-edges of Γ, and we can write the configuration space integral:

I(L; Γ) = ∫ C(L;Γ)

Ψ^∗( E⋀ ω). Bott and Taubes have proved that this integral is convergent [BT]. See also Subsections 5.1, 5.2 below.

Thus, this integral is well-defined up to sign. In fact, the orientation of the trivalent vertices of Γ provides I(L; Γ) with a well-defined sign. Indeed, since S^2 is equipped with its standard orientation, it is enough to orient C(L; Γ) ⊂ M^U × (R^3)^T in order to define this sign. This will be done by providing the set of the natural coordinates of M^U ×(R^3)^T with some order up to an even permutation. This set is in one-to-one correspondence with the set of (dashed) half-edges of Γ, and the vertex-orientation of the trivalent vertices provides a natural preferred such one-to-one correspondence up to some (even!) cyclic permutations of three half-edges meeting at a trivalent vertex. Fix an order on E, then the set of half-edges becomes ordered by (origin of the first edge, endpoint of the first edge, origin of the second edge, . . . , endpoint of the last edge), and this order orients C(L; Γ). The property of this sign is that the product I(L; Γ)[Γ] ∈ A(M) depends neither on our various choices nor on the vertex orientation of Γ. Check it as an exercise!

Now, the perturbative series expansion of the Chern–Simons theory for one-manifold embeddings in R^3 is the following sum running over all the Jacobi diagrams Γ without vertex orientation^2:

Z_{CS}(L) = ∑ Γ I(L; Γ) ♯AutΓ

[Γ] ∈ A(M)

where ♯AutΓ is the number of automorphisms of Γ as a uni-trivalent graph with a given isotopy class of injections of U into M, but without vertex-orientation for the trivalent vertices.

More precisely, let Γ be a diagram on M, let V (Γ) be the set of its vertices, let U(Γ) be the set of its univalent vertices, and let E(Γ) be the set of its edges. Define the set H(Γ) of its half-edges as

H(Γ) = {h = (v(h), e(h)) ∈ V (Γ) × E(Γ); v(h) ∈ e(h)}.

Let i denote an injection of U(Γ) into M in the isotopy class that defines Γ. An automorphism of Γ is a permutation σ of H(Γ) such that v(h) = v(h^′) =⇒ v(σ(h)) = v(σ(h^′)), e(h) = e(h^′) =⇒ e(σ(h)) = e(σ(h^′)), and i is isotopic to i ∘ σ where σ denotes the permutation of U(Γ) induced by σ.

Remark 4.1 Note that if two vertices of Γ are related by several edges, then I(L; Γ) = 0. Therefore, we can forget about these graphs with multiple edges. Assume that Γ is a diagram without multiple edges. Any configuration c : U ∪ T → R^3 uniquely extends to an immersion i(c) : Γ −→ R^3 that is linear along the edges of Γ. For any c, there are exactly ♯Aut(Γ) configurations d of Γ with respect to L(M) such that i(c)(Γ) = i(d)(Γ). In other words, with the factor^1_♯Aut_Γ , the image of an immersed unitrivalent graph contributes exactly once to the expression of Z_{CS}(L).

Let θ denote the Jacobi diagram θ = on S^1. When L is a knot K, the degree one part of Z_{CS}(K) is^{I(K;θ)}_2 [θ] and therefore Z_{CS} is not invariant under isotopy. However, the evaluation Z^0_{CS} at representatives of knots with null Gauss integral is an isotopy invariant that is a universal Vassiliev invariant of knots. (All the real-valued finite type knot invariants factor through it.) This is the content of the following theorem, due independently to Altschuler and Freidel [AF], and to D. Thurston [Th], after the work of many people including Guadagnini, Martellini and Mintchev [GMM], Bar-Natan [Ba2], Axelrod and Singer [AS1, AS2], Kontsevich [Ko2], Bott and Taubes [BT]...

Theorem 4.2 (Altschuler–Freidel, D. Thurston, 1995) If L = K_1 ∪ . . . ∪ K_k is a link, then Z_{CS}(L) only depends on the isotopy class of L and on the Gauss integrals I(K_i; θ) of its components. In particular, the evaluation Z^0_{CS} (L) ∈ ∏ n∈N A_n(⊔^k_{i=1}S^1_i )

at representatives of L whose components have zero Gauss integrals is an isotopy invariant of L. Furthermore, Z^0_{CS} is a universal Vassiliev invariant of links in the following sense. When L is a singular link with n double points, the degree k part Z^0_{CS,k}(L) vanishes for k < n, while Z^0_{CS,n}(L) is nothing but the chord diagram of L.

This theorem implies the fundamental theorem 2.26 of Vasiliev invariants. The main ideas involved in its proof are sketched in the next chapter.

2This sum runs over equivalence classes of Jacobi diagrams, where two diagrams are equivalent if and only if they coincide except possibly for their vertex orientation.

5 More on configuration spaces.

In this section, we describe the main ideas involved in the proof of Theorem 4.2, and we sketch the proof of this theorem. First, we need to understand the compactifications of configuration spaces of [FM]. We shall present them with the Poirier point of view [Po].

5.1 Compactifications of configuration spaces

Definition 5.1 A homothety with ratio in ]0, +∞[ will be called a dilation.

Let X = {ξ_1, ξ_2, . . . , ξ_p} be a finite set of cardinality p ≥ 2, let k denote a positive integer. Let C_0(X; R^k) (resp. C(X; R^k)) denote the set of injections (resp. of non-constant maps) f from X to R^k, up to translations and dilations. C_0(X; R^k) is the quotient of

{(x_1 = f(ξ_1), x_2 = f(ξ_2), . . . , x_p = f(ξ_p)) ∈ (R^k)^p; x_i ≠ x_j if i ≠ j}

by the translations which identify (x_1, x_2, . . . , x_p) to (x_1 + T, x_2 + T, . . . , x_p + T ) for all T ∈ R^k and by the dilations which identify (x_1, x_2, . . . , x_p) to (λx_1, λx_2, . . . , λx_p) for all λ > 0.

Examples 5.2 1. For example, C_0(X; R) has p! connected components corresponding to the possible orders of the set X. Each of its components can be identified with the interior {(x_2, x_3, . . . , x_{p−1}) ∈ R^{p−2}; 0 < x_2 < x_3 < · · · < x_{p−1} < 1} of a (p − 2) simplex.

2. As another example, C({1, 2}; R^k) = C_0({1, 2}; R^k) is homeomorphic to the sphere S^{k−1}.

In general, the choice of a point ξ ∈ X provides a homeomorphism

ϕ_ξ : C(X, R^k) −→ S^{kp−k−1} f → ( x →^{f (x)−f (ξ)} ‖ ∑_p

i=1(f (ξ_i)−f (ξ))‖ )

where S^{kp−k−1} is the unit sphere of ( R^k

)_{p−1} . These homeomorphisms equip C(X, R^k) with an analytic (C^ω) structure and make clear that C(X, R^k) is compact. There is a natural embedding

i : C_0(X; R^k) → ∏ A⊆X;♯A≥2 C(A; R k) c_X → (c_{X|A})_{A⊆X;♯A≥2}

where c_{X|A} denotes the restriction of c_X to A. Define the compactification C(X; k) of C_0(X; R^k) as

C(X; k) = i(C_0(X; R^k)) ⊆ ∏ A⊆X;♯A≥2

C(A; R^k)

In words, in C(X; k), some points of X are allowed to collide with each other, or to become infinitely closer to each other than they are to other points, but the compactification provides us with the magnifying glasses C(A; R^k) that allow us to see the infinitely small configurations at the scales of the collisions.

Observe that the elements (c_A)_{A⊆X;♯A≥2} of C(X; k) satisfy the following condition (⋆). (⋆) : If B ⊂ A, then the restriction c_{A|B} of c_A to B is either constant or equal to c_B . Indeed, the above condition holds for elements of i(C_0(X; R^k)), and it can be rewritten as the following condition that is obviously closed. For any two sets A and B such that B ⊂ A, if x ∈ B, the two vectors of (R^k)^{B\{x}}, (c_{A|B} (y) − c_{A|B}(x))_{y∈B\{x}} and (c_B (y) − c_B (x))_{y∈B\{x}}, are colinear, and their scalar product is non negative.

Proposition 5.3 The set C(X; k) has a natural structure of an analytic manifold with corners^3 and

C(X; k) = {(c_A) ∈ ∏ A⊆X;♯A≥2

C(A; R^k); (c_A) satisfies (⋆)}.

3Every point c of C(X; k) has a neighborhood diffeomorphic to [0, ∞[^r×R^{n−r} , and the transition maps are analytic.

Proof: Set C̃(X; k) = {(c_A) ∈ ∏ A⊆X;♯A≥2

C(A; R^k); (c_A) satisfies (⋆)}.

We have already proved that C(X; k) ⊆ C̃(X; k). In order to prove the reversed inclusion, we first study the structure of C̃(X; k). Let c^0 = (c^0_A)_{A⊆X;♯A≥2} ∈ C̃(X; k).

Given this point c^0, we construct the rooted tree τ(c^0), with oriented edges, whose vertices are some subsets of X with cardinality greater than 1, in the following way. The root-vertex is X. The edges starting at a vertex A ⊆ X are in one-to-one correspondence with the maximal subsets B of A with ♯B ≥ 2, such that c^0_{A|B} is constant. The edge corresponding to a subset B goes from A to B. Note that the tree structure can be recovered from the set of vertices. Therefore, we identify the tree τ^0 = τ(c^0) with its set of vertices and τ^0 is a set of subsets of X. For any strict subset A of X, Â denotes the smallest element of τ^0 that strictly contains A.

Now, we construct a chart of C̃(X; k) near c^0.

Let B ∈ τ^0. Let C_τ 0 (B; R^k) be the subspace of C(B; R^k) made of maps from B to R^k such that two elements of B have the same image in R^k if and only if they belong to a common endpoint (subset of X) of an edge starting at B. ( Note that C_τ 0 (B; R^k) is naturally homeomorphic to C_0(B_τ 0 ; R^k) where B_τ 0 is the set obtained from B by identifying two elements of B that belong to a common strict subset of B in τ^0.) Let V ⊆ ∏ B∈τ^0 Cτ^0 (B; R

k) be an open neighborhood of (c^0_B )_{B∈τ} 0 in ∏ B∈τ^0 Cτ^0 (B; R

k). Let ε > 0. When V and ε are small enough, we define the map

F : [0, ε[^{τ 0\{X}}×V −→ ∏ D⊆X;♯D≥2 C(D; R k) P = ( (λ_B )_{B∈τ} 0_{\{X}}, (c_B )_{B∈τ} 0 ) → (F (P )_D )_{D⊆X;♯D≥2}

where F (P )_D will be equal to F (P )_{D̂|D} if D /∈ τ^0, and if A ∈ τ_0, F (P )_A is represented by the map

F̃ (P )_A : A −→ R^k

that maps an element (x ∈ A) to the vector that admits the following recursive definition. Let

^{x} = B_1 ⊂ B_2 ⊂ . . . ⊂ B_m ⊂ B_{m+1} = A

be the sequence of vertices of τ^0 such that B_1 = ^{x} and B_{r+1} = B̂_r. Fix a point ξ(B) in any subset B ∈ τ^0 so that if B^′ ∈ τ^0 and if ξ(B) ∈ B^′ ⊂ B, then ξ(B^′) = ξ(B) (the ξ(B) depend on τ^0 that is fixed). Then F̃ (P )_{B1} (x) = ϕ_{ξ(B1 )}(c_{B1} )(x) and

F̃ (P )_{Bk+1} (x) = ϕ_{ξ(Bk+1 )}(c_{Bk+1} )(x) + λ_{Bk} F̃ (P )_{Bk} (x).

In particular, the small parameter λ_B ∈ [0, ε[ is the ratio of the scale of the representative F̃ (P )_{B̂|B} in B̂ by the scale of F̃ (P )_B in B.

Let O(τ^0) be the following open subset of ∏ A⊆X;♯A≥2 C(A; R k), O(τ^0) = {(f_A)_{A⊆X;♯A≥2}; ∀A ⊆ X, ∀x, y ∈ A, c^0_A(x) ≠ c^0_A(y) ⇒ f_A(x) ≠ f_A(y)}.

Since F ( P_0 = ((0)_{B∈τ} 0_{\{X}}, (c^0_B )_{B∈τ} 0 ) ) = c^0 ∈ O(τ^0), when V and ε are small enough, the image of F is in O(τ^0). In particular, F (P )_D is never constant and F is well-defined. Furthermore, the image of F is in C̃(X; k). Assume the following lemma that will be proved later.

Lemma 5.4 There is an open neighborhood O of c^0 in O(τ^0), and an analytic map G from O to R^{τ 0\{X}} × V , such that the restriction of G to O ∩ C̃(X; k) is an inverse for F : [0, ε[^{τ 0\{X}}×V −→ O ∩ C̃(X; k).

Thus, F is a homeomorphism onto its image that is an open subset of C̃(X; k). Also notice that the tree (or its vertices set) corresponding to a point in the image of F ((λ_B )_{B∈τ} 0_{\{X}}, (c_B )_{B∈τ} 0 ) is obtained from τ^0 by removing the subsets B such that λ_B > 0. The points of i ( C_0(X; R^k) ) are the points whose tree is reduced to its root X. In particular, the point c^0 we started with is in the closure of F (]0, ε[^{B∈τ 0\{X}}×V ) ⊆ i(C_0(X; R^k)). This finishes proving that C(X; k) ⊆ C̃(X; k). Furthermore, since F and G are analytic, the above local homeomorphisms equip C(X; k) with the structure of a C^ω manifold with corners. ⋄

Proof of Lemma 5.4: Let f = (f_A)_{A⊆X;♯A≥2} ∈ O(τ^0). Define G(f) = ( (μ_B (f))_{B∈τ} 0_{\{X}}, (d_B (f))_{B∈τ} 0 ) ∈ R^{τ 0\{X}} × ∏ B∈τ^0 Cτ^0 (B; R

k) as follows. Assume that any f_B is represented by f_B = ϕ_{ξ(B)}(f_B ). Define d̃_B (f) by d̃_B (f)(x) = { f_B(x) if ^{x} = B f_B(ξ(B^′)) if x ∈ B^′ and B̂^′ = B

and d_B (f) = ϕ_{ξ(B)}(d̃_B (f)). For B ∈ τ^0, choose ξ^′(B) ≠ ξ(B) ∈ B such that c^0(ξ^′(B)) ≠ c^0(ξ(B)), and either ^ {ξ^′(B)} = B or there exists a B^′ such that B̂^′ = B and ξ^′(B) = ξ(B^′). Note that when f_B = ϕ_{ξ(B)}(F̃ (P )_B ), then d_B = d_B (f) = ϕ_{ξ(B)}(c_B ),

f_B =

‖ f_B (ξ^′(B)) ‖ ‖ F̃ (P )_B (ξ^′(B)) ‖

F̃ (P )_B = ‖ f^B (ξ^′(B)) ‖ ‖ d_B (ξ^′(B)) ‖

F̃ (P )_B ,

F̃ (P )_{B̂} (ξ^′(B)) − F̃ (P )_{B̂} (ξ(B)) = λ_BF̃ (P )_B (ξ^′(B)) = λ_B d_B (ξ^′(B)),

λ_B =

< F̃ (P )_{B̂} (ξ^′(B)) − F̃ (P )_{B̂} (ξ(B)), d_B (ξ^′(B)) > ‖ d_B (ξ^′(B)) ‖^2 = ‖ d_{B̂} (ξ^′(B̂)) ‖ ‖ f_{B̂} (ξ^′(B̂)) ‖

< f_{B̂}(ξ^′(B)) − f_{B̂}(ξ(B)), d_B (ξ^′(B)) > ‖ d_B (ξ^′(B)) ‖^2 . Therefore, we define

μ_B (f) =

‖ d_{B̂} (ξ^′(B̂)) ‖ ‖ f_{B̂} (ξ^′(B̂)) ‖

< f_{B̂} (ξ^′(B)) − f_{B̂} (ξ(B)), d_B (ξ^′(B)) > ‖ d_B (ξ^′(B)) ‖^2 . Now, it is clear that G is analytic, and that G ∘ F = Identity on

O = G^{−1}(] − ε, ε[^{τ 0\{X}}×V ).

Then it is enough to see that the restriction of F ∘ G to O ∩ C̃(X; k) is well-defined (∀B, μ_B ≥ 0), and is the identity. This is left as an exercise for the reader. ⋄

The space C(X; k) is also equipped with a partition by the associated trees of the above proposition proof. Note that the part F (τ) corresponding to a given tree τ is a submanifold of dimension ( dim(C_0(X; R^k)) − (♯τ − 1) ) that is homeomorphic to ∏ B∈τ C_τ (B; R^k). In particular, the boundary of C(X; k) has a partition into open faces, corresponding to trees τ with ♯τ > 1, of codimension (♯τ − 1).

Example 5.5 Let us again consider the case where k = 1. Let us fix one order on X and let us study the corresponding component C_<(X; 1) of C(X; 1). Here the trees that provide non-empty faces are those which are made of subsets containing consecutive elements, and all the faces are homeomorphic to open balls. When X = {1, 2, 3}, C_<(X; 1) is an interval whose endpoints correspond to the two trees {X, {1, 2}} and {X, {2, 3}}. For X = {1, 2, . . . , p}, we find a Stasheff polyhedron that is a polyhedron whose maximal codimension faces are points that can be described as non-associative words as in the following definition.

Definition 5.6 A non-associative word or n.a. word w in the letter · is an element of the free non-associative monoid generated by ·. The length of such a w is the number of letters of w. Equivalently, we can define a non-associative word by saying that each such word has an integral length ℓ(w) ∈ N, the only word of length 0 is the empty word, the only word of length 1 is ·, the product w^′w^{′′} of two n.a. words w^′ and w^{′′} is a n.a. word of length (ℓ(w^′) + ℓ(w^{′′})), and every word w of length ℓ(w) ≥ 2 can be decomposed in a unique way as the product w^′w^{′′} of two n.a. words w^′ and w^{′′} of nonzero length.

Example 5.7 The unique n.a. word of length 2 is (··). The two n.a. words of length 3 are ((··)·) and (·(··)). There are five n.a. words of length 4 drawn in the following picture of C_<({1, 2, 3, 4}; 1). A n.a. word corresponds to the binary tree of subsets of points between matching parentheses.

In particular, C_<({1, 2, 3, 4}; 1) is the following well-known pentagon, where the edges are labeled by the element of the corresponding τ \ {{1, 2, 3, 4}}.

((··)(··))

(·(·(··)))

(((··)·)·))

(·((··)·))

((·(··))·)

{3, 4}

{1, 2}

{2, 3, 4}

{1, 2, 3}

{2, 3}

As another example, the reader can recognize that C({1, 2, 3}; 2) is diffeomorphic to the product by S^1 of the complement of two disjoint open discs in the unit two-dimensional disk (or to the exterior of a 3-component Hopf link in S^3, made of three Hopf fibers).

5.2 Back to configuration space integrals for links

We can use these compactifications in order to study the configuration space integrals defined in Section 4.2 as in [Po]. Indeed, there is a natural embedding

i : C(L; Γ) → M^U × (S^3 = R^3 ∪ ∞)^T × C(U ∪ T ; 3).

Define the compactification C(L; Γ) of C(L; Γ) as the closure of i(C(L; Γ)) in this compact space. As before, the compactification can be provided with a structure of a C^∞ manifold with corners, with a stratification that will again be given by trees recording the different relative collapses of points.^4 Furthermore, since Ψ is defined on C(U ∪ T ; 3) as the projection on ∏ E C(E; 3) where an edge E is seen as the pair of its endpoints ordered by the orientation, Ψ extends to C(L; Γ). This extension is smooth, and we have

I(L; Γ) = ∫ C(L;Γ)

Ψ^∗( E⋀ ω). In particular, this shows the convergence of the integrals of Section 4.2. The variation of I(L; Γ) under a C^∞ isotopy L : M × I −→ R^3 (m, t) → L^t(M)

is computed with the help of the Stokes theorem. Since Ψ^∗(

⋀_E ω) is a closed form defined on ∪_{t∈I} C(L^t; Γ), the variation (I(L_1; Γ) − I(L_0; Γ)) is given by the sum over the codimension one faces F (τ)(L; Γ) of the

V (F (τ)(L; Γ)) = ∫ ∪_{t∈I} F (τ )(L^t;Γ)

Ψ^∗( E⋀ ω). 4There are two main differences with the already studied case, due to the one-manifold embedding L. First, the univalent vertices vary along L, and when they approach each other, their direction that makes sense in the compactification approaches the direction of the tangent vector to L at the point where they meet. Second, there is a preferred observation scale namely the scale of the ambient space where the embedding lies.

The Altschuler-Freidel proof and the Thurston proof that Z^0_{CS} provides a link invariant now rely on a careful analysis of the codimension one faces, and of the variations that they induce. See [AF, Th, Po]. This analysis was successfully started by Bott and Taubes [BT]. It shows that the faces that indeed contribute in the link case, where M =

∐_k i=1 S^1_i , are of four possible forms.

1. Two trivalent vertices joined by an edge collide with each other.

2. Two univalent vertices consecutive on M collide with each other.

3. A univalent vertex and a trivalent vertex that are joined by an edge collide with each other.

4. The anomalous faces where some connected component of the dashed graph Γ collapses at one point.

The STU and IHX relation make the first three kinds of variations cancel. Let us see roughly how it works for the first kind of faces. Such a face is homeomorphic to the product of the sphere S^2 by the configuration space of the graph obtained from Γ by identifying the two colliding points (which become a four-valent vertex), where S^2 is the configuration space of the two endpoints of the infinitely small edge. Let Γ_1, Γ_2 and Γ_3 be three graphs related by an IHX relation so that [Γ_1] + [Γ_2] + [Γ_3] = 0. Let τ_i be the tree made of U ∪ T and the visible edge of Γ_i. Then V (F (τ_i)(L; Γ_i)) is independent of i. Therefore,

V (F (τ_1)(L; Γ_1))[Γ_1] + V (F (τ_2)(L; Γ_2))[Γ_2] + V (F (τ_3)(L; Γ_3))[Γ_3] = 0.

Thus, the sum^5 of these variations plugged into the Chern-Simons series is zero. The STU relation makes the variations of the second kind and the third kind of faces cancel each other in a similar way.

For the anomalous faces, we do not have such a cancellation. But, we are about to see that we have a formula like ∂ ∂t (Z_{CS} (L^t)) =

(_k ∑ i=1 ∂ ∂t I(K^t_i ; θ) 2 α♯_i ) Z_{CS} (L^t). (5.8)

where α is the anomaly that is the constant of A(R) that is defined below, and ♯_i denotes the A(R)-module structure on A(

∐_k i=1 S^1_i ) by insertion on the i^{th} component. See Subsection 3.3.

5.3 The anomaly

Let us define the anomaly. Let v ∈ S^2. Let D_v denote the linear map

D_v : R −→ R^3 1 → v.

Let Γ be a Jacobi-diagram on R. Define C(D_v ; Γ) and Ψ as in Section 4.2. Let Ĉ(D_v ; Γ) be the quotient of C(D_v ; Γ) by the translations parallel to D_v and by the dilations. Then Ψ factors through Ĉ(D_v; Γ) that has two dimensions less. Now, allow v to run through S^2 and define Ĉ(Γ) as the total space of the fibration over S^2 where the fiber over v is Ĉ(D_v ; Γ). The map Ψ becomes a map between two smooth oriented manifolds of the same dimension. Indeed, Ĉ(Γ) carries a natural smooth structure and can be oriented as follows. Orient C(D_v; Γ) as before, orient Ĉ(D_v; Γ) so that C(D_v ; Γ) is locally homeomorphic to the oriented product (translation vector (0, 0, z) of the oriented line, ratio of homothety λ ∈]0, ∞[) ×Ĉ(D_v ; Γ) and orient Ĉ(Γ) with the (base(= S^2) ⊕ fiber) convention^6. Then we can again define

I(Γ) = ∫ Ĉ(Γ)

Ψ^∗( E⋀ ω). 5To make this sketchy proof work and to avoid thinking of the (1/♯AutΓ) factor, use Remark 4.1. 6This can be summarized by saying that the S^2-coordinates replace (z, λ).

Now, the anomaly is the following sum running over all connected Jacobi diagrams on the oriented lines (again without vertex-orientation and without small loop): α = ∑ I(Γ) ♯AutΓ

[Γ] ∈ A(R)

Its degree one part is α_1 = [ ] . Then Formula 5.8 expresses the following facts. Let Γ be a connected dashed graph on the circle S^1_j . The set U = {u_1, u_2, . . . , u_k} of its univalent vertices is cyclically ordered, and the anomalous faces for Γ correspond to the different total orders (which are visible at the scale of the collision) inducing the given cyclic order. Assume that u_1 < u_2 < · · · < u_k = u_0 is one of them. Denote the Jacobi diagram on R obtained by cutting the circle between u_{i−1} and u_i by Γ_i.

The anomalous face where Γ collapses with the total order induced by Γ_i fibers over [0, 1] × S^1. The fibration maps a limit configuration c ∈ F (τ)(L^t; Γ) to (t, z), where the collapse occurs at K^t_j (z). The fiber over (t, z) is Ĉ(D_{(Ktj )′(z)}; Γ). In particular, the contribution of the collapse that orders U like Γ_i to the variation (I(K1_j ; Γ) − I(K^0_j ; Γ)) during a knot isotopy ((z, t) → K^t_j (z)) is proportional to the area covered by the unit derivative of K_j on S^2 during the isotopy, that is^{I(K1j ;θ)−I(K0j ;θ)}_2 . More precisely, it is

I(K^1_j ; θ) − I(K^0_j ; θ) 2 I(Γ_i).

Therefore, the contribution to the variation^{(I(K1j ;Γ)−I(K0j ;Γ))}_♯Aut_{(Γ)} of the anomalous faces is k∑ i=1 I(K^1_j ; θ) − I(K^0_j ; θ) 2♯Aut(Γ)

I(Γ_i).

The group of automorphisms of Γ_i is isomorphic to the subgroup Aut_0(Γ) of Aut(Γ) made of the automorphisms of Γ that fix U pointwise. The quotient Aut^{(Γ)}Aut_{0 (Γ)} is a subgroup of the cyclic group of the permutations of U that preserve the cyclic order of U, of order^k_p , for some integer p that divides into k; and Γ_i is isomorphic to Γ_{i+p}, for any integer i ≤ (k − p). Thus, the contribution to the variation^{(I(K1j ;Γ)−I(K0j ;Γ))}_♯Aut_{(Γ)} of the anomalous faces is p∑ i=1 I(K^1_j ; θ) − I(K^0_j ; θ) 2♯Aut(Γ_i)

I(Γ_i).

In general, one must multiply the infinitesimal variation due to the collapse of one connected component of the dashed graph by the contributions of the other connected components of the dashed graphs, and it is better to use Remark 4.1 to avoid thinking of the number of automorphisms.

The integration of Formula 5.8 shows the Altschuler and Freidel formula:

Z_{CS}(L) = exp(

I(K_1; θ) 2 α)♯_1 exp(

I(K_2; θ) 2 α)♯_2 . . . exp(

I(K_k; θ) 2 α)♯_k Z^0_{CS}(L)

with respect to the structures defined in Subsection 3.3.

5.4 Universality of Z^0_{CS} .

In order to prove that Z^0_{CS} is a universal Vassiliev invariant, it is enough to compute its projection Z^0_{CS,k}(L) onto A_k(S^1) when L is a singular link, that is a singular immersion of M with n double points, and when k ≤ n.

To do this, fix n disjoint balls B(c) of radius 2 in R^3 associated to the double points c of L, fix an almost planar representative of L that intersects each ball B(c) as a pair of orthogonal linear horizontal arcs α(c) and

β(c) crossing at the center of B(c) like c α(c) β(c)

. The desingularisation of L associated to a map f will be

obtained from this embedding by moving α(c) to one of the two following positions depending on the value f(c) of the desingularisation f at c.

β(c) α(c) f(c) = + η β(c) α(c) f(c) = − η

The obtained embeddings L_0(f, η) depend on the small parameter η that is the diameter of the ball where α(c) has changed. But each of them will have integral Gauss integrals. Assume that the Gauss integrals of the positive desingularisation (where f(c) = + for all c) of L vanish.

For every double point c that is a self-crossing of a component of L, cancel the Gauss integral modification of L_0(f, η) if f(c) = − by a modification of α(c) in B(c) where

η η 1 α(c)

becomes η η 1 α(c) .

Let L(f, η) denote the obtained almost planar representative of the desingularisation f of L. For any uni-trivalent diagram Γ on M, set I(L(η); Γ) = ∑ f :{1,2...,n}−→{+,−}

(−1)^{♯f −1(−)}I(L(f, η); Γ).

It is enough to prove that for any given ε > 0, and for any uni-trivalent diagram Γ without isolated chord on M of degree ≤ n, there exists η such that: If Γ ≠ D(L), then |I(L(η); Γ)| < ε, and, If Γ = D(L), then |I(L(η); Γ) − ♯Aut(Γ)| < ε.

Fix a double point c of L and a uni-trivalent diagram Γ on M. The configurations of Γ that map no univalent vertices of Γ to α(c) will contribute in the same way to the integral I(L(f, η); Γ) corresponding to a desingularisation f and to the integral I(L(f^c, η); Γ) corresponding to a desingularisation f^c obtained from f by changing f(c) into (−f(c)). Therefore, they will not contribute at all to I(L(η); Γ). Thus, we shall only consider configurations with at least one univalent vertex u(c) on each α(c).

Similarly, the contributions to I(L(η); Γ) of the configurations where the given neighborhood of a given double point c does not contain any other vertex u_2(c) in B(c) related by an edge to u(c) approach 0 when η approaches 0. Thus, we are left with the diagrams with at least 2 vertices u(c) and u_2(c) in every B(c), and with at most 2n vertices. They are diagrams with exactly two vertices in each ball B(c). If some vertex u_2(c) is trivalent, then considering the value of (u_2(c) − u(c)) rather than the R^3-position parameter of u_2(c), we can conclude that I(L(η); Γ) approaches 0 when η approaches 0. Thus, we are left with the case where all the u_2(c) are univalent and therefore Γ must be a chord diagram with one chord between u(c) and u_2(c) for every double point c. Since we only consider diagrams without isolated chords, u_2(c) must be on β(c). Thus, we are left with the chord diagrams with one chord between α(c) and β(c) for every double point c, that is by definition the chord diagram of the singular link L.

The number of embeddings (up to isotopy within the neighborhoods of the double points) of the vertices of this chord diagram Γ that respect the pairing of the chords is the number of automorphisms of Γ, and the contribution to I(L(η); Γ) of each isotopy class of such embeddings is the product over the double points of the following algebraic areas. For each double point c, the algebraic area is the difference between the algebraic area covered by the directions of the segments from a point of α(c) to a point of β(c) in the positive η-desingularisation of c minus the algebraic area covered by the directions of the segments from a point of α(c) to a point of β(c) in the negative η-desingularisation of c. It is not hard to see that this algebraic area approaches one when η goes to zero... and to conclude this sketch of proof. ⋄

5.5 Rationality of Z^0_{CS}

As it has been first noticed by Dylan Thurston in [Th], Z^0_{CS} is rational. This means that for any integer n, and for any link L, the degree n part (L) of Z^0_{CS}(L) is in A^Q_n (

∐_k i=1 S^1_i ) that is the quotient of the rational vector space generated by the diagrams on

∐_k

i=1 S^1_i by the ST U relation. Indeed, if L is almost horizontal, Z^0_{CS,n}(L) may be interpreted as the following differential degree.

Let e_n = 3n − 2 be a number of edges greater or equal than the number of edges of degree n diagrams that might contribute with a non zero integral to the Chern-Simons series. We wish to interpret Z^0_{CS,n}(L) as the differential degree of a map to ( S^2

)_{en} . We first modify the configuration space C(L; Γ) of a degree n diagram Γ whose set of edges is E(Γ) by Ĉ(L; Γ) = C(L; Γ) × (S^2)^{en−♯E(Γ)} .

Next, in order to be able to map it to ( S^2

)_{en}

, we label Γ, that is we orient the edges of Γ and we define a bijection from E(Γ) ∪ {1, 2, . . . , e_n − ♯E(Γ)} to {1, 2, . . . , e_n}. This bijection transforms the map

Ψ × Identity( ( S^2

)_{en−♯E(Γ)}

) : Ĉ(L; Γ) −→ ( S^2

)_{E(Γ)} × ( S^2

)_{en−♯E(Γ)}

into a map Ψ̂ : Ĉ(L; Γ) −→ (S^2)^{en}

whose oriented image is independent of a possible labelling of the vertices. For a given degree n diagram Γ, there are^{2♯E(Γ) en !}

♯Aut(Γ) labeled diagrams. Now,

Z^0_{CS,n}(L) = ∑ Γ labeled diagram of degree n 1 2^{♯E(Γ)}e_n! ∫ Ĉ(L;Γ)

Ψ̂^∗(^{en} ⋀ ω)[Γ]

Define the differential degree deg(Ψ, x) of Ψ over the formal union

∪_Γ labeled diagram of degree n 1 2^{♯E(Γ)}e_n!

[Γ]Ĉ(L; Γ)

as follows for a regular^7 point x ∈ (S^2)^{en} :

deg(Ψ, x) = ∑ Γ labeled diagram of degree n 1 2^{♯E(Γ)}e_n!

deg(Ψ_{|Ĉ(L;Γ)}, x)[Γ]

where deg(Ψ_{|Ĉ(L;Γ)}, x) is a usual differential degree. Then D. Thurston proved that deg(Ψ, x) does not vary across the images of the codimension one faces of the Ĉ(L; Γ). See also [Po]. In other words, the above weighted union

7Here, regular means regular with respect to all the Ψ_{|Ĉ(L;Γ)}.

of configuration spaces behaves as a closed 2e_n-dimensional manifold from the point of view of the differential degree theory. In particular, ω can be replaced by any volume form of S^2 with total volume 1. Computing Z^0_{CS,n} as the degree of a generic point of ( S^2

)_{en} shows that Z^0_{CS,n} belongs to the lattice of A^Q_n (

∐_k i=1 S^1_i ) generated by the^{(en−♯E(Γ))!}

2^{♯E(Γ)} e_n! [Γ], where the Γ’s are the degree n graphs that may produce a nonzero integral.

This interpretation is more convenient for computational purposes.

6 Diagrams and Lie algebras. Questions and problems.

In this chapter, we are going to show how a Lie algebra equipped with a non-degenerate symmetric invariant bilinear form and some representation induces a linear form on A_n(S^1). In particular, such a datum allows one to deduce numerical knot invariants from the Chern-Simons series by composition.

First of all, we recall the needed background about Lie algebras.

6.1 Lie algebras

Definition 6.1 A (finite-dimensional) Lie algebra over R is a finite-dimensional vector space g over R equipped with a Lie bracket that is a bilinear map denoted by [., .] : g × g → g that satisfies:

the antisymmetry relation:

∀x ∈ g, [x, x] = 0 (=⇒ ∀(x, y) ∈ g^2, [x, y] = −[y, x]) and the Jacobi relation:

∀(x, y, z) ∈ g^3, [x, [y, z]] + [y, [z, x]] + [z, [x, y]] = 0.

Examples 6.2 1. The vector space of the endomorphisms of R^N , gl_N = gl(R^N ), equipped with the bracket [., .] : gl_N × gl_N → gl_N (x, y) → xy − yx is a Lie algebra.

2. The vector space of the trace zero endomorphisms of R^N , sl_N = sl(R^N ), equipped with the restriction of the above Lie bracket is a Lie subalgebra of gl_N .

Definition 6.3 A (finite-dimensional) representation of such a Lie algebra g into a (finite-dimensional) Rvector space E is a Lie algebra morphism ρ from g to gl(E), where a Lie algebra morphism is a R-linear map that preserves the Lie bracket (ρ([x, y]) = [ρ(x), ρ(y)]^{def}= ρ(x)ρ(y) − ρ(y)ρ(x)).

Examples 6.4 1. The inclusion i_N of sl_N into gl_N is called the standard representation of sl_N into the vector space R^N .

2. For any Lie algebra g, the morphism ad : g −→ gl(g) x → (ad(x) : y → ad(x)(y) = [x, y]) is a representation of g (thanks to the Jacobi identity) that is called the adjoint representation of g. Definition 6.5 A bilinear form β : g × g −→ R is said to be ad-invariant or invariant if it satisfies ∀(x, y, z) ∈ g^3, β([x, z], y) + β(x, [y, z]) = 0.

Example 6.6 When a Lie algebra is equipped with a representation (E, ρ), the associated bilinear form β(ρ) : g × g −→ R (x, y) → trace(ρ(x)ρ(y)) is a symmetric invariant bilinear form on g.

Definition 6.7 Let β : g × g −→ R be a non-degenerate symmetric bilinear invariant form on a Lie algebra g. Then β induces the natural isomorphism β̂ : g −→ g^∗ that maps x to (β̂(x) : y → β(x, y)). The Casimir element Ω_β of β is the inverse of β̂ viewed as an element of g ⊗ g with the help of the following canonical identifications. g ⊗ g ∼= (g^∗)^∗ ⊗ g ∼= Hom(g^∗, g)

Exercise 6.8 Under the hypotheses of the above definition, let (e_i)_{i=1,...,n} and (e^′_i)_{i=1,...,n} be two dual bases of g with respect to β that are two bases such that β(e_i, e^′_j ) is the Kronecker symbol δ_{ij} . Show that

Ω_β = n∑ i=1 e_i ⊗ e^′_i

Note that this shows that the right-hand side of the above equality is independent of the choice of the two dual bases.

Proposition 6.9 Let (e_i)_{i=1,...,N} be a basis of R^N , let (e^∗_i )_{i=1,...,n} denote its dual basis, and let e_{ij} be the element e^∗_j ⊗ e_i of gl_N ∼= (R^N )^∗ ⊗ R^N . The form β_N of sl_N is non-degenerate,

Ω_{βN} = ∑ (i,j)∈{1,...,N }2

i≠j

e_{ij} ⊗ e_{ji} + N∑ i=1 e_{ii} − 1 N N∑ j=1 e_{jj} ⊗ e_{ii} − 1 N N∑ j=1 e_{jj}

and Ω_{βN} = ∑ (i,j)∈{1,...,N}^2

e_{ij} ⊗ e_{ji} − 1 N (_N ∑ i=1 e_{ii} ) ⊗ (_N ∑ i=1 e_{ii} )

Proof: Let β be the form induced by the standard representation on gl_N that is (x, y) → trace(xy). The form β is non-degenerate on gl_N because the basis (e_{ij} )_{(i,j)∈{1,...,n}}2 of gl_N is dual to the basis (e_{ji}). Furthermore, β (∑_N i=1 e_{ii},

∑_N i=1 e_{ii} ) = N ≠ 0. Thus, since sl_N is the orthogonal of (∑_N i=1 e_{ii} ) in gl_N , β_N that is the restriction of the symmetric form β to sl_N is non-degenerate. It is easy to check that the two proposed expressions of Ω_{βN} are equal. The first one makes clear that our candidate belongs to sl_N ⊗ sl_N . Now, it is enough to evaluate the second expression of our candidate viewed as an element of Hom(gl^∗_N , gl_N ) at the β̂(e_{ji}), j ≠ i and at the β̂(e_{ii} − e_{jj} ) that are mapped to e_{ji} and (e_{ii} − e_{jj} ), respectively, as they must be. ⋄

6.2 More spaces of diagrams

We need to introduce more kinds of diagrams. Namely, we need to consider diagrams with free univalent vertices labeled by a finite set A.

Definition 6.10 Let M be an oriented one-manifold and let A be a finite set. A diagram Γ with support M ∪A is a finite uni-trivalent graph Γ such that every connected component of Γ has at least one univalent vertex, equipped with:

1. a partition of the set U of univalent vertices of Γ also called legs of Γ into two (possibly empty) subsets U_M and U_A,

2. a bijection f from U_A to A,

3. an isotopy class of injections i of U_M into the interior of M,

4. an orientation of every trivalent vertex, that is a cyclic order on the set of the three half-edges which meet at this vertex.

Such a diagram Γ is again represented by a planar immersion of Γ ∪ M where the univalent vertices of U_M are located at their images under i, the one-manifold M is represented by solid lines, whereas the diagram Γ is dashed. The vertices are represented by big points. The local orientation of a trivalent vertex is again represented by the counterclockwise order of the three half-edges that meet at it.

Let D_n(M, A) denote the real vector space generated by the degree n diagrams on M ∪ A, and let A_n(M, A) denote the quotient of D_n(M, A) by the relations AS, STU and IHX.

6.3 Linear forms on spaces of diagrams

Notation 6.11 Let g be a finite-dimensional Lie algebra equipped with a finite-dimensional representation (E, ρ) and a non-degenerate bilinear symmetric invariant form β. For any oriented compact one-manifold M, the set of the boundary points of M where the corresponding components start as in is denoted by ∂M^− whereas ∂M \ ∂M^− is denoted by ∂M^+. When A is a finite set decomposed as the disjoint union of two subsets denoted by A^+ and A^−, and when M is an oriented compact one-manifold define

T (g, ρ, β)(M, A^− ∐ A^+) =

∂M^−⨂

E^∗ ⊗

∂M^+⨂ E ⊗ A^−⨂

g^∗ ⊗

A^+⨂ g T (g, ρ, β)(M, A^− ∐ A^+) is the tensor product of ♯∂M^− copies of E^∗ indexed by the elements of ∂M^−, ♯∂M^+ copies of E indexed by the elements of ∂M^+, and copies of g^∗ and g indexed by the elements of A. In particular, when the boundary of M is empty T (g, ρ, β)(M, ∅) = R. Set 1. T (g, ρ, β) ( ∈ A([0, 1]) ) = Identity ∈ gl(E) ∼= E^∗ ⊗ E = T (g, ρ, β)([0, 1]) 2. T (g, ρ, β) ( x ∈ A([0, 1], {x}^−) ) = ρ ∈ Hom(g, gl(E)) ∼= g^∗ ⊗ E^∗ ⊗ E = T (g, ρ, β)([0, 1], {x}^−) 3. T (g, ρ, β) ( x y ∈ A({x, y}^+) ) = Ω_β ∈ g ⊗ g = T (g, ρ, β)({x, y}^+) 4. T (g, ρ, β) ( x y z ∈ A({x, y, z}^−) ) = β̂ ∘ [., .] ∈ Bil(g_x × g_y, g^∗_z ) ∼= (g_x ⊗ g_y)^∗ ⊗ g^∗_z ∼= g^∗_x ⊗ g^∗_y ⊗ g^∗_z

Note that T (g, ρ, β) ( x y ) is symmetric with respect to the permutation of the two factors. Also note

that T (g, ρ, β) ( x y z ) can be canonically identified with the trilinear form

g_x × g_y × g_z −→ R

(a, b, c) → β([a, b], c) In particular, it is antisymmetric with respect to any transposition of two factors g^∗. Therefore, the above definitions make sense.

For any R-vector space E, recall the natural linear contraction map from E^∗ ⊗ E to R that maps f ⊗ e to f(e).

Theorem 6.12 (Bar-Natan) Let g be a finite-dimensional Lie algebra equipped with a finite-dimensional representation (E, ρ) and a non-degenerate bilinear symmetric invariant form β. Then there exists a unique family of linear maps T (g, ρ, β) : A_n(M, A^− ∐ A^+) −→ T (g, ρ, β)(M, A^− ∐ A^+)

for any n ∈ N, for any oriented compact one-manifold M, and for any finite set A^− ∐ A^+ such that:

1. T (g, ρ, β) takes the above values at the four diagrams above.

2. For any (M, A^− ∐ A^+) as above, and for any x^− ∈ ∂M^−, and x^+ ∈ ∂M^+, the following diagram commutes:

A_n(M, A^− ∐ A^+)

T (g, ρ, β) T (g, ρ, β)(M, A^− ∐ A^+)

π_∗

Contraction of the factors of x^+ and x^−

T (g, ρ, β) A_n(M/(x^+ ∼ x^−), A^− ∐ A^+) T (g, ρ, β)(M/(x^+ ∼ x^−), A^− ∐ A^+)

where M/(x^+ ∼ x^−) denotes the compact oriented one-manifold obtained from M by identifying x^+ and x^−, π : M −→ M/(x^+ ∼ x^−) is the associated quotient map, and π_∗ is the induced map on diagram spaces.

3. For any (M, A^− ∐ A^+) as above, and for any a^− ∈ A^−, and a^+ ∈ A^+, the following diagram commutes:

A_n(M, A^− ∐ A^+)

T (g, ρ, β) T (g, ρ, β)(M, A^− ∐ A^+) ι Contraction of the factors of a^+ and a^−

T (g, ρ, β) A_{n−1}(M, (A^− \ {a^−}) ∐ (A^+ \ {a^−})) T (g, ρ, β)(M, (A^− \ {a^−}) ∐ (A^+ \ {a^−}))

where the map ι consists in identifying the two univalent vertices labeled by a^+ and a^−.

Proof: We first define T = T (g, ρ, β) in a consistent way for diagrams, and next, we show that it factors

through the relations AS, IHX, and STU. Except for the diagrams that have components like x y where x (by symmetry) belongs to the set labeled by −, any diagram can be decomposed into finitely many pieces like the

four pieces where T has already been defined. The decomposition is unique when the number of is required to be minimal. Then the behaviour of T under gluings compels us to define T at any diagram as the tensor obtained by contracting the elementary tensors associated to the elementary pieces of such a decomposition, by the contractions corresponding to the gluings. To complete the definition, set

T (g, ρ, β) ( x y ∈ A({x, y}^−) ) = β ∈ g^∗ ⊗ g^∗ and T (g, ρ, β) ( x y ∈ A({x}^− ∐ {y}^+) ) = (Identity : g → g) ∈ g^∗ ⊗ g

Now, T is defined at any diagram.

Note that when U, V and W are three R-vector spaces, if f ∈ Hom(U, V ) ∼= U^∗ ⊗ V and g ∈ Hom(V, W ) ∼= V^∗ ⊗ W , then the contraction of V ⊗ V^∗ maps (f ⊗ g) ∈ U^∗ ⊗ V ⊗ V^∗ ⊗ W to g ∘ f. In particular, inserting trivial

pieces like in the decomposition of a diagram does not change the resulting tensor, and the behaviour under the identification of boundary points is the desired one for diagrams that do not contain exceptional

components like x y . For the other ones, it is enough to notice that a contraction of g^∗ ⊗ g maps the tensor product of the two symmetric tensors ( Ω_β = β̂^{−1} ) ⊗ ( β ∼= β̂ ) to (Identity : g → g) ∈ g^∗ ⊗ g that is mapped to the Identity map of g^∗ by the permutation of the factors. In fact, this just amounts to say that g and g^∗ are always identified via β̂.

Now, T is consistently defined for diagrams. The antisymmetry relation for trivalent vertices comes from the

total antisymmetry of T ( x y z ) .

Let us show that T factors through STU. To do that, we view the values of T at the three local parts of STU x y , x y and x y

that are tensors in g^∗_x ⊗ g^∗_y ⊗ E^∗ ⊗ E as three bilinear maps from g_x × g_y to gl(E), that map (a, b) ∈ g_x × g_y to ρ([b, a]), ρ(b) ∘ ρ(a) and ρ(a) ∘ ρ(b), respectively.

Thus, T factors through STU because the representation ρ represents. By AS, the relation IHX can be redrawn as

IHX : = −

and treated as a particular case of STU using the adjoint representation instead of ρ. Thus, T factors through IHX because the adjoint representation represents, and that is because of the Jacobi identity. ⋄

Remark 6.13 We could slightly generalize the maps T by colouring every component of the plain one-manifold with a different representation of g. Everything works similarly. Here gluings must respect colours.

Examples 6.14 Let us fix N ∈ N \ {0, 1}, and let us compute some examples when g = sl_N , E = R^N , ρ is the standard representation that is the inclusion i_N of sl_N into gl_N , and β = β_N is the associated invariant form. Set T_N = T (sl_N , i_N , β_N ).

1. Note that the contraction from gl(E) ∼= E^∗ ⊗ E to R is nothing but the trace of endomorphisms. In particular, T_N ( ) = trace(Identity of R^N ) = N 2. Consider the following diagram Γ_{11} ∈ A(↑) with only one chord.

Γ_{11} = ( E^∗ E )

Let us compute T_N (Γ_{11}) viewed as an endomorphism of E. It is computed from the Casimir

Ω_{βN} = ∑ (i,j)∈{1,...,N}^2

e_{ij} ⊗ e_{ji} − 1 N (_N ∑ i=1 e_{ii} ) ⊗ (_N ∑ i=1 e_{ii} )

as T_N (Γ_{11}) = ∑ (i,j)∈{1,...,N}^2

e_{ji} ∘ e_{ij} − 1 N (_N ∑ i=1 e_{ii} ) ∘ (_N ∑ i=1 e_{ii} )

T_N (Γ_{11}) = ( N − 1 N ) (Identity = N∑ i=1 e_{ii})

Thus, T_N (Γ_{11}) is nothing but the multiplication by the number

N^2 − 1 N 3. Now, consider the following diagram Γ_{12} ∈ A(↑↑) with only one horizontal chord between the two strands.

Γ_{12} = ( E^∗_1 E^∗_2

E_1 E_2 )

Let us compute T_N (Γ_{12}) viewed as an endomorphism of (E_1 = E) ⊗ (E_2 = E). It is computed from the Casimir Ω_{βN} as T_N (Γ_{12})(e_k ⊗ e_l) = ∑ (i,j)∈{1,...,N}^2

e_{ij} (e_k) ⊗ e_{ji}(e_l) − 1 N (e_k ⊗ e_l)

Thus, T_N (Γ_{12})(e_k ⊗ e_l) = e_l ⊗ e_k − 1 N (e_k ⊗ e_l)

and, in general, T_N (Γ_{12}) = τ − 1 N Identity

where τ : E ⊗ E −→ E ⊗ E is the transposition of the two factors that maps (x ⊗ y) to (y ⊗ x). This can be written as

T_N ( ) = T_N ( ) − 1 N T_N ( )

and allows for a simple recursive computation of the evaluation of T_N at chord diagrams on disjoint union of circles by induction on the number of chords starting with

T_N ( 1 ∈ A( k∐ S^1) ) = N^k.

4. Let ∧^2(E) be the subspace of E ⊗ E generated by the antisymmetric elements of the form (x ⊗ y − y ⊗ x), and let S^2(E) be the subspace of E ⊗ E generated by the symmetric elements of the form (x ⊗ y + y ⊗ x). Since x ⊗ y =^1_2 ((x ⊗ y − y ⊗ x) + (x ⊗ y + y ⊗ x)), E ⊗ E = ∧^2(E) + S^2(E). Furthermore, the restriction of T_N (Γ_{12}) to S^2(E) is the multiplication by (1 −^1_N ) whereas the restriction of T_N (Γ_{12}) to ∧^2(E) is the multiplication by (−1 −^1_N ). In particular, E ⊗ E = ∧^2(E) ⊕ S^2(E), and this decomposes E ⊗ E into the two eigenspaces associated to the eigenvalues (1 −^1_N ) and (−1 −^1_N ). Let Γ^n_{12} denote the chord diagram with n horizontal chords between the two strands in A(↑↑). Then T_N (Γ^n_{12}) = (1 −^1_N )^np_S2_{(E)} + (−1 −^1_N )^np_∧2_{(E)}, and

T_N (Γ^n_{12})(x ⊗ y) =

(N − 1)^n + (−N − 1)^n 2N^n

(x ⊗ y) +

(N − 1)^n − (−N − 1)^n 2N^n

(y ⊗ x)

Remark 6.15 We can construct an injection Δ from A_n(S^1) into A_n(S^1) as in [Kri] in order to be able to deduce linear forms on A_n(S^1) from the above linear forms by composition.

We first contruct the linear map δ̃ : D_n(S^1) −→ A_{n−1}(S^1) that maps a chord diagram D with n chords to the sum (over these n chords) of the n diagrams obtained by deleting one chord from D. This map factors through A_n(S^1). Let δ : A_n(S^1) −→ A_{n−1}(S^1) be the induced map. Then for any (d, d^′) ∈ A(S^1)^2, with the algebra structure of Subsection 3.3, δ(dd^′) = δ(d)d^′ + dδ(d^′).

Now, define the linear map Δ̃ : A(S^1) −→ A(S^1) that maps an element d of A_n(S^1) to

Δ̃(d) =^n ∑ k=0 (−1)^k k! θ^kδ^k(d) ∈ A_n(S^1).

Note that Δ̃ is a morphism of algebras that maps θ to 0. Therefore Δ̃ factors through A_n(S^1). Let Δ be the induced map and let P : A(S^1) −→ A(S^1) be the canonical projection. Since P ∘ Δ is the identity, Δ is an injection.

6.4 Questions

Question 1: Do real-valued finite type invariants distinguish knots?

Note that this question is equivalent to the following one. Does the Chern-Simons series distinguish knots? The answer to this question is unknown. Nevertheless, very interesting results obtained by Habiro [Hab] and Stanford [St] present modifications on knots that do not change their invariants of degree less than any given integer n and such that any two knots with the same Vassiliev invariants of degree less than n can be obtained from one another by a sequence of these explicit modifications. Question 2: Relate the Chern-Simons series to other invariants.

There is another famous universal Vassiliev link invariant -that is a possibly different map Z that satisfies the conclusions of Theorem 2.26- that is called the Kontsevich integral and will be denoted by Z_K (see [Ba, C-D, Les]). The HOMFLY polynomial that is a generalization of the Jones polynomial for links discovered shortly after independently by Hoste, Ocneanu, Millet, Freyd, Lickorish, Yetter, Przytycki and Traczyk. can be expressed as a function of Z_K as P = T^N ∘ Z_K where

T^N ( ∑ n∈N d_n ∈ A(M) ) = ∑ n∈N λ^nT_N (d_n)

with the notation of Subsection 6.3. See [Les]. The Homfly polynomial belongs to R[N][[λ]]. The specialization of P at N = 2 is equal to the Jones polynomial. Setting N = 0 and performing the change of variables t^{1/2} = exp(λ/2) yields the famous Alexander-Conway polynomial discovered by Alexander in the beginning of the twentieth century. Le and Murakami [LM2] proved that all quantum invariants for knots can be obtained as the composition by Z_K of a linear map constructed as in Subsection 6.3.

Is is conjectured but still unproved that the Kontsevich integral coincides with the Chern-Simons series. Sylvain Poirier proved that if the anomaly vanishes in degree greater than 6, then these two universal invariants coincide. In [Les2], using results of Poirier, I give the form of an isomorphism of A that transforms one invariant into the other.

Let β = (β_n)_{n∈N} be an element of A(∅, {1, 2}) that is symmetric with respect to the exchange of 1 and 2. (In fact, according to [Vo, Corollary 4.2], all two-leg elements are symmetric with respect to this symmetry modulo the standard AS and IHX relations. This is reproved as Lemma 7.18 below.) If Γ is a chord diagram, then Ψ(β)(Γ) is defined by replacing each chord by β. By Lemma 7.16, Ψ(β) is a well-defined morphism of topological vector spaces from A(M) to A(M) for any one-manifold M, and Ψ(β) is an isomorphism as soon as β_1 ≠ 0.

Theorem 6.16 ([Les2]) There exists an element β = (β_n)_{n∈N} of A(∅, {1, 2}) such that

• the anomaly α reads

α = Ψ(β) ( ) , • for any (zero-framed) link L, the Chern-Simons series Z^0_{CS} (L) is equal to Ψ(β)(Z_K (L)).

Of course, the following question is still open. Question 3: Compute the anomaly.

After the articles of Axelrod, Singer [AS1, AS2], Bott and Cattaneo [BC1, BC2, Cat], Greg Kuperberg and Dylan Thurston have constructed a universal finite type invariant for 3-dimensional homology spheres as a series of configuration space integrals similar to Z^0_{CS}, in [KT]. Their construction yields two natural questions: Question 4: Find a surgery formula for the Kuperberg-Thurston invariant in terms of the above Chern–Simons series.

Question 5: Compare the Kuperberg–Thurston invariant to the LMO invariant constructed in [LMO].

7 Complements.

7.1 Complements to Chapter 1

Remark 7.1 Definition 1.2 of isotopic embeddings is equivalent to the following one: A link isotopy is a C^∞ map h : k∐ S^1 × I −→ R^3

such that h_t = h(., t) is an embedding for all t ∈ [0, 1]. Two embeddings f and g as above are said to be isotopic if there is an isotopy h such that h_0 = f and h_1 = g.

The non-obvious implication of the equivalence comes from the isotopy extension theorem [Hi, Theorem 1.3, p.180].

Exercise 7.2 (**) Prove that for any C^∞ embedding f : S^1 −→ R^3, there exists a continuous map h : S^1 × I −→ R^3 such that h_t = h(., t) is a C^∞ embedding for all t ∈ [0, 1], h_0 is a representative of the trivial knot, and h_1 = f. (Hint : Put the complicated part of f in a box, and shrink it.)

Sketch of proof of Proposition 1.5: In fact, it could be justified with the help of [Hi] that when the space of representatives of a given link is equipped with a suitable topology, the representatives whose projection is regular form a dense open subspace of this space. The reader can also complete the following sketch of proof. A PL or piecewise linear link representative is an embedding of a finite family of polygons whose restrictions to the polygon edges are linear. Such a PL representative can be smoothed by replacing a neighbborhood of a vertex like by in the same plane. It is a representative of our given link if the smooth representatives obtained by smoothing close enough to the vertices are representatives of our link. A planar linear projection of such a PL representative is regular if there are only finitely many multiple points which are only double points without vertices in their inverse image. Observe that an orthogonal projection of a generic PL representative is regular if the direction of the kernel of the projection avoids :

I. the vector planes parallel to the planes containing one edge and one vertex outside that edge. II. the directions of the lines that meet the interiors of 3 distinct edges.

Fix a triple of pairwise non coplanar edges. Then for every point in the third edge there is at most one line intersecting this point and the two other edges. One can even see that the set of directions of lines intersecting these three edges is a dimension one compact submanifold of the projective plane RP^2 parametrized by subintervals of this third edge. Thus, the set of allowed oriented directions for the kernel of the projection is the complement of a finite number of one-dimensional submanifolds of the sphere S^2. Therefore it is an open dense subset in S^2 according to a weak version of the Morse-Sard theorem [Hi, Proposition 1.2, p.69] or [Mi, p.16]. Note that changing the direction of the projection amounts to composing the embedding by a rotation of SO(3). Now, it is easy to smooth the projection, and to get a smooth representative whose projection is regular. ⋄

Lack of proof of the Reidemeister theorem 1.7: It could be proved by studying the topology of the space of representatives of a given link, that a generic path between two representatives whose projections are regular in this space (i.e. a generic isotopy) only meets a finite number of times three walls made of singular representatives. The first wall that leads to the first Reidemeister move is made of the representatives that have one vertical tangent vector (and nothing else prevent their projections from being regular). The second wall that leads to the second move is made of embeddings whose projections have one non-transverse double point while the third wall (that leads to RIII) is made of embeddings whose projections have one triple point. ⋄

Remark 7.3 The unproved Reidemeister theorem is not needed in Chapters 2 to 6 of the course. Nevertheless, the following exercise can help understanding a proof idea of the Reidemeister theorem.

Exercise 7.4 (**) Say that a PL representative of a link is generic if its only pairs of coplanar edges are the pairs of edges that share one vertex. Consider a generic piecewise linear link representative. Prove that for any pair (ρ, σ) ∈ SO(3)^2 such that π ∘ ρ ∘ f and π ∘ σ ∘ f are regular, (smoothings of) π ∘ ρ ∘ f and π ∘ σ ∘ f are related by a finite sequence of Reidemeister moves.

Elementary proof of Proposition 1.10: Number the components of the link from 1 to m. Choose an open arc of every component K_i of the link whose projection does not meet any crossing, and choose two distinct points b_i and a_i on this oriented arc so that a_i follows b_i on this arc. Then change the crossings in your link diagram if necessary so that: 1. If i < j, K_i crosses K_j under K_j .

2. When we follow the component K_i from a_i to b_i, we meet the lowest preimage of the crossing before meeting the corresponding highest preimage.

After these (possible) modifications, we get a diagram of a (usually different) link that is represented by an embedding whose first two coordinates can be read on the projection and whose third coordinate is given by a real-valued height function h that can be chosen so that h(a_i) = 2i, h(b_i) = 2i + 1, and h is strictly increasing from a_i to b_i and strictly decreasing from b_i to a_i. (This is consistent with the above assumptions on the crossings.) Then the obtained link is a disjoint union of components (separated by horizontal planes) that have at most two points at each height and that can therefore not be knotted. ⋄

Definition 7.5 The disjoint union K_1 ∐ K_2 of two knots K_1 and K_2 is represented by two representatives of the knots sitting in two disjoint balls of the ambient space. The disjoint union of two regular projections of K_1 and K_2 -where the two projections lie in disjoint disks of the plane R^2- is a regular projection of K_1 ∐ K_2. The local change in such a projection of K_1 ∐ K_2:

K_1

K_2 becomes K_1♯K_2 K_1♯K_2

transforms K_1 ∐ K_2 into the connected sum K_1♯K_2 of K_1 and K_2. The connected sum of knots is a commutative well-defined operation. (Prove it as an exercise!) A knot is said to be prime if it cannot be written as a connected sum of two non-trivial knots. Modulo commutativity, every knot can be expressed in a unique way as the connected sum of a finite number of prime knots. (See [Li, Theorem 2.12]. ) Let K be a knot represented by an embedding f from S^1 into R^3. The reverse −K of K is the knot represented by the embedding f ∘ conj where conj is the complex conjugation acting on the unit circle S^1 of the complex plane. The mirror image K of K is the knot represented by the embedding σ ∘ f where σ is the reflection of R^3 such that σ(x, y, z) = (x, y, −z). If K is presented by a diagram D, K is presented by the mirror image D of D that is obtained from D by changing all its crossings.

Examples 7.6 The two trefoil knots are mirror images of each other. The figure-eight knot is its own mirror image. (You have surely proved it when solving Exercise 1.8!) There are knots which are not equivalent to their reverses, like the eight-crossing knot 8_{17} in [Li, Table 1.1, p.5]. Here is a picture of the connected sum of the figure-eight knot and the right-handed trefoil knot.

The connected sum of the figure-eight knot and the right-handed trefoil knot

A table of prime knots with at most 9 crossings is given in [Ro]. In this table, knots are not distinguished from their reverses and their mirror images. According to Thistlethwaithe, with the same conventions, the table of prime knots with 15 crossings contains 253293 items [Li, Table 1.2, p.6].

Remark 7.7 Every knot bounds an oriented^8 embedded surface in R^3. See [Ro, p.120] or [Li, Theorem 2.2]. Such a surface is called a Seifert surface of the knot. The linking number of two knots could be defined as the algebraic intersection number of a knot with a Seifert surface of the other one... and there are lots of other definitions like the original Gauss definition that is given in Chapter 3.

8Boundaries are always oriented with the ”outward normal first” convention.

Examples 7.8 There are numerical knot invariants that are easy to define but difficult to compute like:

• the minimal number of crossings m(L) in a projection, • the unknotting number of a knot that is the minimal number of crossing changes to be performed in R^3 to unknot the knot (i.e. to make it equivalent to the trivial knot),

• the genus of a knot that is the minimal genus of an oriented embedded surface bounded by the knot.

An invariant is said to be complete if it is injective. The knot itself is a complete invariant. There are invariants coming from algebraic topology like the fundamental group of the complement of the link. A tubular neighborhood of a knot is a solid torus S^1 × D^2 embedded in R^3 such that its core S^1 × {0} is (a representative of) the knot. (See [Hi, Theorem 5.2, p.110] for the existence of tubular neighborhoods.) A meridian of a knot is the boundary of a small disk that intersects the knot once transversally and positively. A longitude of the knot is a curve on the boundary of a tubular neighborhood of the knot that is parallel to the knot. Up to isotopy of the pair (knot, longitude), the longitudes of a knot are classified by their linking number with the knot. The preferred longitude of a knot is the one such that its linking number with the knot is zero. According to a theorem of Waldhausen [Wa], the fundamental group equipped with two elements that represent the oriented meridian of the knot and the preferred longitude is a complete invariant of the knot. (See also [He, Chapter 13]). According to a more recent difficult theorem of Gordon and Luecke [GL], the knot complement, that is the compact 3-manifold that is the closure of the complement of a knot tubular neighborhood (viewed up to orientation-preserving homeomorphism), determines the knot up to orientation. Nevertheless, these meaningful invariants are hard to manipulate.

Exercise 7.9 The segments of a link diagram are the connected components of the link diagram that are segments between two undercrossings where the diagram is broken. An admissible 3-colouring of a link diagram is a function from the set of segments of a diagram to the three-element set {Blue, Red, Yellow} such that, for any crossing, the image of the set of (usually three) segments that meet at the crossing contains either one or three elements (exactly). Prove that the number of admissible 3-colourings is a link invariant. Use this invariant number to distinguish the trefoil knots from the figure-eight knot, and the Borromean link from the trivial 3-component link. (In fact the admissible 3-colourings of a link are in one-to-one correspondence with the representations of the fundamental group of the link complement to the group of permutations of 3 elements that map the link meridians to transpositions.)

The following additional properties of the Jones polynomial are not hard to check.

Proposition 7.10 The Jones polynomial V satisfies the additional properties:

3. For any link L, V (L)(t) = V (L)(t^{−1}).

4. For any two links L_1 and L_2,

V (L_1 ∐ L_2) = −(t^{1/2} + t^{−1/2})V (L_1)V (L_2).

5. For any two knots K_1 and K_2, V (K_1♯K_2) = V (K_1)V (K_2).

7.2 An application of the Jones polynomial to alternating knots

Definition 7.11 A link diagram is said to be alternating if the over-crossings and the under-crossings alternate as one travels along the link components. In this subsection 7.2, a connected link diagram is a diagram whose underlying knot projection is connected. In a connected link diagram, a crossing is said to be separating if one of the two transformations of the link diagram ” becomes ” or ” becomes ” makes the diagram disconnected, or, equivalently, if the transformation ” becomes makes the diagram disconnected.

The Jones polynomial allowed Kauffman and Murasugi to prove the following theorem in 1988, independently. This answered a Tait conjecture of 1898.

Theorem 7.12 (Kauffman-Murasugi, 1988) When a knot K has a connected alternating diagram without separating crossing with c crossings, then c is the minimal number of crossings m(K) of K.

This theorem is a direct consequence of Proposition 7.14 about the properties of the breadth of the Jones polynomial.

Definition 7.13 The breadth B(P ) of a Laurent polynomial P is the difference between the maximal degree and the minimal degree occuring in the polynomial.

Proposition 7.14 When a link L has a connected diagram with c crossings, then B(V (L)) ≤ c. When a link L has a connected alternating diagram without separating crossing with c crossings, then B(V (L)) = c.

The proof of this proposition will also yield the following obstruction for a link to have a connected alternating diagram without separating crossing.

Proposition 7.15 When a link L has a connected alternating diagram without separating crossing, the coefficients of the terms of extremal degrees in its Jones polynomial V (L) are ±1. Furthermore, the product of these two coefficients is (−1)^{B(V (L))}.

In particular, this obstruction shows that the eight-crossing knot 8_{21} has no connected alternating diagram without separating crossing. See [Li, Table 1.1, p.5; Table 3.1, p.27].

Proof of Propositions 7.14 and 7.15: Let L be a link, and let D be one of its diagrams with c crossings. Observe that B(V (L)) =

B(< D >) 4 We will refer to the construction of the Kauffman bracket at the beginning of Subsection 1.3. Let C(D) denote the set of crossings of D. Let f^L : C(D) −→ {L, R} be the constant map that maps every crossing to L, and let f^R : C(D) −→ {L, R} be the constant map that maps every crossing to R. Set n_L = n(D_f L ) and n_R = n(D_f R ). We shall prove:

(i) B(< D >) ≤ 2c + 2n_L + 2n_R − 4 (ii) The above inequality is an equality when D is a connected alternating diagram without separating crossing.

(iii) If D is a connected alternating diagram, then n_L + n_R − 2 = c. (iv) If D is a connected diagram, then n_L + n_R − 2 ≤ c.

It is clear that these four properties imply Proposition 7.14. Let us prove these properties. A map f from C(D) to {L, R} gives rise to the term A^{(♯f −1 (L)−♯f −1(R))}δ^{(n(Df )−1)} in < D >. This summand is a polynomial in A and A^{−1}

whose highest degree term is (−1)^{(n(Df )−1)}A^{h(f )} with

h(f) = ♯f^{−1}(L) − ♯f^{−1}(R) + 2(n(D_f ) − 1)

and whose lowest degree term is (−1)^{(n(Df )−1)}A^{ℓ(f )} with

ℓ(f) = ♯f^{−1}(L) − ♯f^{−1}(R) − 2(n(D_f ) − 1).

Observe that h(f^L) = c + 2n_L − 2 and that ℓ(f^R) = −c − 2n_R + 2.

Therefore, in order to prove (i), it is enough to show that for any map f from C(D) to {L, R}, we have

h(f) ≤ h(f^L) and ℓ(f) ≥ ℓ(f^R)

Notice that if f and g are two maps from C(D) to {L, R} that coincide at every crossing but one, then n(D_f ) = n(D_g ) ± 1. This property allows us to prove h(f) ≤ h(f^L) for all f by induction on ♯f^{−1}(R). Indeed, changing a value L of a map f into the value R removes 2 from (♯f^{−1}(L) − ♯f^{−1}(R)) whereas 2(n(D_f ) − 1) cannot increase by more than 2 by the above property. Thus, for all f, h(f) ≤ h(f^L). Similarly, ℓ(f) ≥ ℓ(f^R) and (i) is proved.

We prove (ii) and Proposition 7.15 for a connected alternating diagram D without separating crossing with c crossings. In view of the above arguments (and by definition of the Jones polynomial for Proposition 7.15), it is enough to prove that for any non constant map f from C(D) to {L, R}, we have

h(f) < h(f^L) and ℓ(f) > ℓ(f^R).

We consider the underlying projection of D in the one-point compactification of the plane R^2 that is the sphere S^2. The faces of the diagram D will be the connected components of S^2 \ D. Since D is connected, these components have only one boundary component. Therefore they are topological disks. The alternating nature of D allows us to push each connected component of D_f L or D_f R inside one face as the following picture shows:

D_f L D_f R

This pushing defines a one-to-one correspondence between the faces of D and the connected components of D_f L ∐ D_f R . Choose a crossing x of D. Since x is not separating, the two parts of D_f L near x bound distinct faces of D, and thus they belong to different components of D_f L . Therefore, changing the value of f^L at x into R, changes D_f L into a diagram D_f such that n(D_f ) = n_L − 1, where f maps (C(D) \ x) to L and x to R. Thus, h(f) < h(f^L) for all the maps f such that ♯f^{−1}(R) = 1, and for all the maps such that ♯f^{−1}(R) > 0 by induction on ♯f^{−1}(R). Similarly, ℓ(f) > ℓ(f^R) for all the maps f different from f^R. Thus (ii) and the first part of Proposition 7.15 are proved. The second part of 7.15 is a consequence of the above arguments and (iii) below.

(iii) is obtained by computing the Euler characteristic of the sphere as the number (n_L + n_R) of faces of D plus the number (c) of crossings of D minus the number (2c) of edges of the projection -that contain exactly two crossings which are at their extremities-. (It could also be proved by induction on c.)

We prove (iv). Let D be a connected diagram with c crossings. We want to prove :

n_L + n_R − 2 ≤ c

by induction on c. This is true for the only connected diagram without crossing that is the diagram of the unknot. Let D be a connected diagram with c ≥ 1 crossings. Let x be one of its crossings, and let D^′ be the diagram obtained from D by removing x in the left-handed way.

If D^′ is connected, then n(D_f L ) = n(D^′_{f ′L} ) while D^′_{f ′R} is equal to D_f where f maps C(D) \ x to R and x to L, thus n(D_f R ) = n(D^′_{f ′R} ) ± 1. Therefore, the inequality that is true for the diagram D^′ that has (c − 1) crossings, by induction hypothesis, implies that the inequality holds for D.

If D^′ is not connected, then the diagram D^′ obtained from the mirror image D of D by removing x in the left-handed way is connected, the inequality holds for D by the above argument, therefore it is true for D. ⋄ 7.3 Complements to Chapter 2

Diagrammatic proof of Lemma 2.17: Though the first assertion is very easy, we prove it because its proof is the beginning of the proof of the second assertion. Let d be an n-chord diagram on S^1. Put 4n cutting points, numbered from 1 to 4n along S^1, on the support S^1 of d, one near each extremity of the 2n intervals separated by the vertices, so that 2i − 1 and 2i are on the same interval. Next embed the neighborhoods of the n double points, bounded by the 4n cutting points, into n fixed disjoint disks in R^2 = R^2 × {0} so that the cutting points lie on the boundaries of these disks. Choose n disjoint 3-dimensional balls that intersect R^2 along these n disks. Let C be the closure of the complement of these n fixed balls in R^3.

Then, in order to construct our first representative K^0 of d, it is enough to notice that we have enough room to embed the remaining 2n intervals of S^1 (the [2i − 1, 2i]) into C. Next, the proof could be ”concluded” as follows: Let K be another representative of d. After an isotopy, we may assume that K intersects our n balls like K^0 does. Then, since π_1(C) is trivial, there is a boundary-fixing homotopy in C that maps the remaining 2n intervals for K to the remaining 2n intervals for K^0. Such a homotopy may be approximated by a finite sequence of (isotopies and) crossing changes, and we are done. However, we will again give a planar elementary proof.

We may demand that the orthogonal projection π of K^0 is regular and that the projections of the intervals ]2i−1, 2i[ are embeddings that avoid the fixed neighborhoods of the double points, and that the interval ]2i−1, 2i[ is under ]2j − 1, 2j[ if i < j. The projections of these three steps are represented in the following example:

12345678 −→ 1 2 3 4 5 6 7 8 −→ 1 2 3 4 5 6 7 8 Let K be another representative of d. After an isotopy, we may assume that K intersects our n balls like K^0 does and that the projection of K is regular and avoids the fixed neighborhoods of the double points. After some crossing changes, we may assume that ]1, 2[ is above the other ]2i − 1, 2i[, we may unknot it as in the proof of Proposition 1.10 and we may assume that its projection coincides with the restriction of the projection of K^0. Do the same for ]3, 4[: put it above everything else, unknot it, and make its projection coincide with the corresponding one for K^0, then for ]5, 6[, ..., and finish with ]4n − 1, 4n[. ⋄ 7.4 Complements to Subsection 6.4

Let β be an element of A(∅, {1, 2}). Let Γ be a diagram with support M as in Definition 3.1. We define Ψ(β)(Γ) to be the element of A(M) obtained by inserting β d times on each degree d component of Γ (where a component of Γ is a connected component of the dashed graph).

Lemma 7.16 Ψ(β)(Γ) does not depend on the choice of the insertion loci.

Proof: It is enough to prove that moving β from an edge of Γ to another one does not change the resulting element of A(M), when the two edges share some vertex v. Since this move amounts to slide v through β, it suffices to prove that sliding a vertex from some leg of a two leg-diagram to the other one does not change the diagram modulo AS, IHX and STU, this is a direct consequence of Lemma 3.4 when the piece of diagram inside D is β. ⋄

It is now easy to check that Ψ(β) is compatible with the relations IHX, STU and AS. This allows us to define continuous vector space endomorphisms Ψ(β) of the A(M) such that, for any diagram Γ:

Ψ(β([Γ])) = Ψ(β)(Γ).

Say that (d_n)_{n∈N} ∈ A(M) is of filtration at least d if d_k = 0 for any k < d. Ψ(β) satisfies the following properties:

Lemma 7.17 1. Ψ(β) is compatible with the products of Subsection 3.3. (Ψ(β(xy)) = Ψ(β(x))Ψ(β(y)).)

2. If β_1 ≠ 0, Ψ(β) is an isomorphism of topological vector spaces such that Ψ(β) and Ψ(β)^{−1} map elements of filtration at least d to elements of filtration at least d.

Proof: The first property is obvious. For the second one, first note that β_1 = b_1 for some non zero number b_1. Thus, for x =

∑_∞ i=d x_i, Ψ(β)(x) − (b^d_1x_d) is of filtration at least d + 1. This shows that Ψ(β) is injective and allows us to construct a preimage for any element by induction on the degree, proving that Ψ is onto. ⋄

Lemma 7.18 (Vogel) Elements of A(∅, {1, 2}) are symmetric with respect to the exchange of 1 and 2.

Proof: Since a chord is obviously symmetric, we can restrict ourselves to a two-leg diagram with at least one trivalent vertex and whose two univalent vertices are respectively numbered by 1 and 2. We draw it as

1 2 where the dashed trivalent part inside the thick topological circle is not represented. Applying Lemma 3.4 where the annulus is a neighborhood of the thick topological circle that contains the pictured trivalent vertex shows that this diagram is equivalent to

1 2 This yields the relations

1 2 = 1 2 = 1 2 = 2 1 = 2 1 ⋄

References Basic references

[AM] M. F. Atiyah; I.G. Macdonald, Introduction to commutative algebra. Addison-Wesley Publishing Co., Reading, Mass.-London-Don Mills, Ont. (1969).

[Gr] M. J. Greenberg, Lectures on algebraic topology. W. A. Benjamin, Inc., New York-Amsterdam (1967).

[GP] V. Guillemin; A. Pollack, Differential topology. Prentice-Hall, Inc., Englewood Cliffs, N.J. (1974). [Liv] C. Livingston, Knot theory. Carus Mathematical Monographs 24, Mathematical Association of America, Washington, DC, (1993).

[Mi] J. Milnor, Topology from the differentiable viewpoint. The University Press of Virginia (1965, 1969). [Sp] M. Spivak, Calculus on manifolds. W. A. Benjamin, Inc., New York-Amsterdam (1965).

Complementary references

[BT] R. Bott and L. Tu, Differential forms in algebraic topology. Graduate Texts in Mathematics, 82.

Springer-Verlag, New York-Berlin, 1982. xiv+331 pp. ISBN: 0-387-90613-4.

[He] Hempel, 3-manifolds, Annals of Mathematics Studies 86, Princeton University Press (1976). [Hi] M. Hirsch, Differential topology, GTM, Springer-Verlag (1976). [Li] W.B.R. Lickorish, An introduction to knot theory, GTM, Springer-Verlag (1997). [Ro] D. Rolfsen, Knots and links, Publish or Perish, Berkeley (1976).

Finite type references

[AF] D. Altschuler and L. Freidel, Vassiliev knot invariants and Chern-Simons perturbation theory to all orders, Comm. Math. Phys. 187 no. 2 (1997) 261-287 [AS1] S. Axelrod and I. M. Singer, Chern-Simons perturbation theory, Proceedings of the XXth International Conference on Differential Geometric Methods in Theoretical Physics, Vol. 1, 2 (New York, 1991), World Sci. Publishing, River Edge, NJ (1992) 3-45 [AS2] S. Axelrod and I. M. Singer, Chern-Simons perturbation theory. II, J. Differential Geom. 39, no.

1 (1994) 173-213 [Ba] D. Bar-Natan, On the Vassiliev knot invariants. Topology 34, No. 2, (1995), 423-472 [Ba2] D. Bar-Natan, Perturbative Chern-Simons Theory, Journal of Knot Theory and its Ramifications 4-4 (1995) 503-548 [BC1] R. Bott and A. S. Cattaneo, Integral invariants of 3-manifolds. J. Differential Geom. 48, no. 1 (1998) 91-133 [BC2] R. Bott and A. S. Cattaneo, Integral invariants of 3-manifolds. II. J. Differential Geom. 53 no. 1 (1999) 1-13

[BT] R. Bott and C. Taubes, On the self-linking of knots, Jour. Math. Phys. 35 (10) (1994) 5247-5287 [Cat] A. S. Cattaneo, Configuration space integrals and invariants for 3-manifolds and knots. Lowdimensional topology (Funchal, 1998), Contemp. Math., 233, Amer. Math. Soc., Providence, RI, (1999) 153-165.

[C-D] S. Chmutov, S. Duzhin, The Kontsevich integral. Acta Appl. Math. 66 (2001), no. 2, 155–190. [FM] W. Fulton and R. MacPherson, A compactification of configuration spaces. Ann. of Math. (2) 139, no. 1 (1994) 183-225 [GGP] S. Garoufalidis, M. Goussarov, M. Polyak, Calculus of clovers and finite type invariants of 3-manifolds. Geometry and Topology, Vol. 5 (2001) Paper no. 3, pages 75–108.

[GMM] E. Guadagnini, M. Martellini and M. Mintchev, Chern-Simons field theory and link invariants, Nucl.Phys B330 (1990) 575-607 [H-M] N. Habegger, G. Masbaum, The Kontsevich integral and Milnor’s invariants. Topology 39 (2000), no. 6, 1253–1289.

[Hab] K. Habiro, Claspers and finite type invariants of links. Geometry and Topology 4 (2000), 1-83. [Ko1] M. Kontsevich, Jacobi diagrams and low-dimensional topology, First European Congress of Mathematics II 97-121, Birkhäuser Basel 1994.

[Ko2] M. Kontsevich, Vassiliev’s knot invariants, Adv. in Sov. Math 16(2) (1993) 137-150. [Kri] A. Kricker, Alexander-Conway limits of many Vassiliev weight systems. J. Knot Theory Ramifications 6 (1997), no. 5, 687-714.

[KT] G. Kuperberg and D. P. Thurston, Perturbative 3-manifold invariants by cut-and-paste topology, preprint, math.GT/9912167 [La] J. M. F. Labastida, Chern-Simons gauge theory: ten years after. Trends in theoretical physics, II (Buenos Aires, 1998), AIP Conf. Proc., 484, Amer. Inst. Phys., Woodbury, NY, (1999) 1-40 [Le1] T. T. Q. Le, An invariant of integral homology 3-spheres which is universal for all finite type invariants, Buchstaber, V. M. (ed.) et al., Solitons, geometry, and topology: on the crossroad. Providence, RI: American Mathematical Society, (ISBN 0-8218-0666-1/hbk). Transl., Ser. 2, Am. Math. Soc. 179 (33), 75-100 (1997).

[Les] C. Lescop, Introduction to the Kontsevich Integral of Framed Tangles, June 1999, Summer School in Grenoble, http://www-fourier.ujf-grenoble.fr/l̃escop/.

[Les2] C. Lescop, About the uniqueness of the Kontsevich Integral. Journal of Knot Theory and its Ramifications. 11, 5, (2002) 759-780.

[LM1] T. T. Q. Le, J. Murakami, Representation of the Category of Tangles by Kontsevich’s Iterated Integral. Commun. Math. Phys. 168, 535-562 (1995).

[LM2] T. T. Q. Le, J. Murakami, The universal Vassiliev-Kontsevich invariant for framed oriented links, Compositio Mathematica 102, 41-64 (1996).

[LMO] T. T. Q. Le, J. Murakami, T. Ohtsuki, On a universal perturbative invariant of 3-manifolds, Topology 37 no. 3 (1998) 539-574 [O] T. Ohtsuki, Finite type invariants of integral homology 3-spheres. Journal of Knot Theory and its Ramifications 5, (1996) 101–115.

[Po] S. Poirier, The configuration space integral for links and tangles in R^3, Algebraic and Geometric Topology Volume 2 (2002), paper no. 40, pages 1001–1050 http://www.maths.warwick.ac.uk/agt/AGTVol2/agt-2-40.abs.html [Po2] S. Poirier, A note on the configuration space integral, in preparation [PV] M. Polyak and O. Viro, On the Casson knot invariant, Knots in Hellas ’98, 3 (Delphi). J. Knot Theory Ramifications 10, no. 5 (2001) 711-738 [St] T. Stanford, Vassiliev invariants and knots modulo pure braid subgroups. math.GT/9805092. [Th] D. Thurston Integral Expressions for the Vassiliev Knot Invariants math.QA/9901110 [Vo] P. Vogel, Algebraic structures on modules of diagrams, preprint 1997, http://www.math.jussieu.fr/~vogel/.

More references may be found in Dror Bar-Natan’s bibliography on Vassiliev invariants at http://www.ma.huji.ac.il/~drorbn.

Other references

[GL] C. McA. Gordon, J. Luecke, Knots are determined by their complements. Bull. Amer. Math. Soc.

(N.S.) 20 (1989), no. 1, 83–87.

[Re] K. Reidemeister, Elementare Begründung der Knotentheorie . Abh. math. Semin. Hamburg Univ.

Bd. 5, (1926).

[Wa] F. Waldhausen, On irreducible 3-manifolds which are sufficiently large. Ann. of Math. (2) 87 (1968) 56–88.