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Abstract

The central extension of the mapping class groups of punctured surfaces of finite type that arises in
quantum Teichmiiller theory is 12 times the Meyer class plus the Euler classes of the punctures. This is
analogous to the result obtained in [12] for the Thompson groups.
© 2013 Elsevier Inc. All rights reserved.
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0. Introduction

The quantum theory of Teichmiiller spaces of punctured surfaces of finite type, originally
constructed in [6,16] and subsequently generalized to higher rank Lie groups and cluster alge-
bras in [10,11], leads to one-parameter families of projective unitary representations of Ptolemy
modular groupoids associated to ideal triangulations of punctured surfaces. We will call such
representations (quantum) dilogarithmic representations, since the main ingredient in the theory
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is Faddeev’s quantum dilogarithm function first introduced in the context of quantum integrable
systems by L.D. Faddeev in [7].

These representations are infinite dimensional so that a priori it is not clear if they come from
suitable (2 + 1)-dimensional topological quantum field theories (TQFT). Nonetheless, it is ex-
pected that in the singular limit, when the deformation parameter tends to a root of unity,' the
“renormalized” theory corresponds to a finite dimensional TQFT first defined in [15,17] by using
the cyclic representations of the Borel Hopf sub-algebra BU, (s/(2)), and subsequently developed
and generalized in [3]. One can get the same finite dimensional representations of Ptolemy mod-
ular groupoids directly from compact representations of quantum Teichmiiller theory at roots of
unity [5,1,16].

Projective representations of a group are well known to be equivalent to representations of
central extensions of the same group by means of the following procedure. To a group G,
a C-vector space V and a group homomorphism % : G — PGL(V) ~ GL(V)/C*, where C*
is identified with a (normal) subgroup of GL(V) through the embedding z — zidy, one can
associate a central extension G of G by a subgroup A of C* together with a representation
h : G — GL(V) such that the following diagram is commutative and has exact rows:

| —C*—GL(V) ——=PGL(V) ——1

i

~

1 A G G 1

One such extension is the pull-back G of the central extension GL(V) — PGL(V) under the
homomorphism G — PGL(V), which is canonically defined. However it is possible to find also
smaller extensions associated to proper subgroups A C C*. The central extension G associated
to the smallest possible subgroup A C C* for which there exists a linear representation as in the
diagram above resolving the projective representation of G will be called the minimal reduction
of G.

In this light, quantum Teichmiiller theory gives rise to representations of certain central exten-
sions of the surface mapping class groups which are the vertex groups of the Ptolemy modular
groupoids. The main goal of this paper is to identify the isomorphism classes of those central
extensions. Namely, by using the quantization approach of [16], we extend the analysis of the
particular case of a once punctured genus three surface performed in [ 18] to arbitrary punctured
surfaces of finite type.

Let a group G with a given presentation be identified as the quotient group F /R, where F is
a free group and R, the normal subgroup generated by the relations. Then, a central extension of
G can be obtained from a homomorphism % : F — GL(V) with the property 4(R) C C* so that
it induces a homomorphism 4 : G — PGL(V). In this case, the homomorphism h will be called
an almost linear representation of G, in order to distinguish it from a projective representation.

In quantum Teichmiiller theory, central extensions of surface mapping class groups appear
through almost linear representations. Specifically, let Fg,r be the mapping class group of a sur-
face 22,’, of genus g with r boundary components and s punctures. These are mapping classes of
homeomorphisms which fix the boundary point-wise and fix the set of punctures (not necessarily

' One should distinguish between two different limits, depending on whether % tends to a positive or a negative

rational number. In the case when this limit is a positive rational number, the limit of the representation is non-singular
and so it stays infinite dimensional.
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point-wise). Denoting I;f = F;’O, the projective representations of I, éf for 2g —242s)s >0,
constructed in [16,18], are almost linear representations corresponding to certain central exten-
sions I';. By considering embeddings X; . C 2;,!0, the central extensions I'y can be used to
define central extensions for the mapping class groups I'y . for s > 1. According to [23], any
embedding X, h o» for which X} \ X, » contains no disk, punctured disk or cylinder com-
ponents, mduces an embeddmg of the correspondmg mapping class groups. Using this fact, we
can define the central extension F J . as the pull-back of the central extension F’ by the injective
homomorphism I“’ — F’ 1nduced by an embedding of the corresponding surfaces. A priori,
it is not clear whether such definition depends on a particular choice of the embedding, but our
main result below shows that this is indeed the case.

Central extensions by an Abelian group A of a given group G are known to be classified, up to
isomorphism, by elements of the 2-cohomology group H2(G; A). In the case of surface mapping
class groups Féf, ,» the latter was first computed by Harer in [14] for g > 5 and further completed
by Korkmaz and Stipsicz in [20] for g > 4 (see also [19] for a survey). Specifically, we have

HX(Iy,) =2, ifg>4,

where the generators are given by (one fourth of) the Meyer signature class x (it is the only
generator for the groups H2(I'y) = H*(I',1) ~ Z, see [22,14,20] for its definition) and s Euler
classes e; associated with s punctures. In the case when g = 3, the group H 2(1"3‘i ,) still contains
the subgroup Z**! generated by the above mentioned classes, but it is not known whether there
are other (2-torsion) classes. When g = 2 we will show that H 2(I“;lr) contains the subgroup
Z/10Z & Z*, whose torsion part is generated by x and whose free part is generated by the
Euler classes. The Universal Coefficients Theorem permits then to compute H>(G; A) for every
Abelian group A.

Denote as above by Fs ¢ the canonical central extension of I'y . by C* which is obtained as the
pull-back of the canomcal central extension GL(H) — PGL(H) under the quantum projective
representation associated to a semi-symmetric 7' in the Hilbert space H (see the next section).
Quantum representations depend on some parameter { € C*. Our main result is the following
theorem.

Theorem 0.1. The central extension I'y s ¢ can be reduced to a minimal central extenston F S, of

I}, by a cyclic Abelian A C C*, where A is the subgroup of C* generated by ¢ °. Moreover its
cohomology class is

N
oy, = 12x +X;ei € HZ(FgS,; A)
i=

ifg>2ands > 4. Here x and e; are one fourth of the Meyer signature class and respectively
the i-th Euler class with A coefficients.

There is a geometric interpretation of this extension.

—_—
Corollary 0.2. Let us consider the extension I'y g of class 12 . Then there is an exact sequence:

1—>AS*1—>Fg,r+S—>FS — 1.

In some sense the quantum representations of punctured mapping class groups can be lifted to
the mapping class groups of surfaces with boundary obtained by blowing up the punctures.
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Corollary 0.3. The cohomology class of the central extension 1:5 LIS

=12 + Ze, e H*(I},: C¥)
if g 23 and s > 4. The same formula holds also when g = 2 but the class y vanishes in
H*(T?$ Ly, ; C*). Here x and e; are one fourth of the Meyer signature class and respectively the
i-th Euler class with C* coefficients.

Remark 0.1. The central extension arising from SU(2)-TQFT with p;-structures was computed
in [13,21] for I, and it equals 12 . It can be shown that their computations extend to the case of
punctured surfaces and the associated class for I'y , is 12x + 3 _i_ e;. Our result shows that this
extension coincides with the central extension arising from quantum Teichmiiller theory. This is
the counterpart for finite type surfaces and their mapping class groups of the result obtained in
[12] for the Ptolemy—Thompson group.

The organization of the paper is as follows. In Section I, we review the quantization of the
Teichmiiller space of a punctured surface and define the associated quantum representations of
the decorated Ptolemy groupoid which correspond to linear representations of a central extension
of the decorated Ptolemy groupoid. Then, in Section 2, we prove Theorem 0.1 by finding the
pull-back of this central extension to the mapping class group of the surface. The key idea is to
use a Grothendieck type principle. Namely, one can identify a central extension of the mapping
class group of some surface, if one understands its restrictions to the mapping class groups of
sub-surfaces of bounded topological types. The core of the proof consists in computing explicitly
the lifts to the central extension of the decorated Ptolemy groupoid of the relations known to hold
in the mapping class groups. When properly interpreted, these lifts yield the class of the mapping
class group extension.

1. Quantum Teichmiiller theory
1.1. The groupoid of decorated ideal triangulations

Let ¥ = 2‘ be an oriented closed surface of genus g with r boundary components and
> 1 punctures When r > 0 we choose a set of points on each boundary, which will be called
boundary punctures. When we need to single out the s punctures lying in the interior we will call
them interior punctures. In this paper we will only consider the situation when each boundary
component has exactly one boundary puncture, so that there is a total of s 4+ r punctures among
which r are boundary punctures. The triangulations of X3 . whose vertices are the s +r punctures
will be called ideal triangulations. Then X is large if and only if Ns > 0, where N =4g —4 +
2s + 3r is the number of triangles in an ideal triangulation.

Definition 1.1. A decorated ideal triangulation of X is an ideal triangulation t up to isotopy fix-
ing the boundary, where all triangles are provided with a marked corner, and a bijective ordering
map

T:{l,...,N}>j—>71;€T(7)

is fixed. Here T (7) is the set of all triangles of .
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Pi

Fig. 1. The transformation p; .

VAN

Fig. 2. The transformation w; ;.

< P

Graphically, the marked corner of a triangle is indicated by an asterisk and the corresponding
number is put inside the triangle. The set of all decorated ideal triangulations of X is denoted
Ay.

Recall that if a group G freely acts on a set X, then there is an associated groupoid defined
as follows. The objects are the G-orbits in X, while morphisms are G-orbits in X x X with
respect to the diagonal action. Denote by [x] the object represented by an element x € X and by
[x, y] the morphism represented by a pair of elements (x,y) € X x X. Two morphisms [x, y]
and [u, v], are composable if and only if [y] = [u] and their composition is [x, y][u, v] = [x, gv],
where g € G is the unique element sending u to y. The inverse and the identity morphisms are
given respectively by [x, y]~! = [y, x] and id[x] = [x, x]. In what follows, products of the form
[x1, x2][x2, x3] - - - [Xn—1, X ] Will be shortened as [x1, X2, X3, ..., Xn—1, Xn]-

The mapping class group I'y . of X acts freely on A 5. In this case, we let G denote the corre-
sponding groupoid, called the groupoid of decorated ideal triangulations, or decorated Ptolemy
groupoid. This groupoid first considered in [16] is an enhanced version of the usual Ptolemy
groupoid introduced and studied by Penner in [24] (see also [25]), which arises in the Fock—
Goncharov quantization [9-11] of the Teichmiiller space. There is a presentation for Gy with
three types of generators and four types of relations.

The generators are of the form [z, t?], [1, p;T], and [7, w; jT], where 77 is obtained from
by replacing the ordering map 7 by the map 7 o o, where o € Sy is a permutation of the set
{1,..., N}, pit is obtained from t by changing the marked corner of triangle 7; as in Fig. 1, and
w;, ;T is obtained from 7 by applying the flip transformation in the quadrilateral composed of
triangles 7; and 7; as in Fig. 2.

There are two sets of relations satisfied by these generators. The first set is as follows:

[t. r“,(ro‘)ﬂ]z[r, r"‘ﬁ], a, B €Sy, (1)
[T, piT, pipiT, pipipiT] =1d[c], 2
[T, wij T, wikw;; T, WjrwiEw;T] = [T, W T, W;jWjT], 3)
[1. wij T, piwijT, wjipiwjtl = 1.7, p; 1D, pip;r ], “4)

where the first two relations are evident, while the other two are shown graphically in Figs. 3, 4.
The following commutation relations fulfill the second set of relations:

[7.0it, (D)7 =[1. 77, P17 ] (5)

[7. 0T, (507 ] = [1. 77, 05-1316-1T7 (6)

[r. p;T. pip;T] = [T, piT, pjpit], 0
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Fig. 3. The Pentagon relation (3).
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Fig. 4. The Inversion relation (4).
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[, piT, wjkpit]l = [T, wjk T, piwjkt], i ¢1{j,k}, (8)
[t, wijT, opwijt] =7, 0T, wjjout], {i, j)N{k, 1} =0. )

Consider now an embedding of X7 . into ¥}, sending all punctures (both interior and bound-
ary) to punctures. Of course boundary punctures are sent into interior punctures unless the
respective boundary circle is also a boundary of the larger surface.

Lemma 1.1. Assume that each component of X} \ int(¥ ;’r) is large. Then there is a natural
embedding of ggg_r into gff, .

Proof. Let 7., be a fixed decorated triangulation of E;l’v \int(ZJg,,). If t is a decorated trian-
gulation of X% o, We denote by 7 U 7y the result of gluing the two triangulations along their
corresponding boundary circles with the induced decoration. The isotopy class of the resulting
triangulation is unique up to the action of Dehn twists along boundary components of X7 .. This
induces an injective map between the set of objects of the two group01ds Then, the map Wthh
associates to the class [71, t2] of decorated triangulations of ¥ g’, the class [T] U Texr, T2 U Toxr]
is well-defined. Since the restriction of a homeomorphism of E}’,,U preserving the isotopy class
of the decorated triangulation 7, to E,tw \int(X7; ;) is isotopic to identity by Alexander’s trick,
the map defined above is injective. O
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Remark 1.1. When r > 0 the construction of the decorated Ptolemy groupoid G 55, depends on
the choice of the set of boundary punctures, which might have more than r elements in general.

1.2. Hilbert spaces of square integrable functions associated to triangulations

In what follows, we work with Hilbert spaces
H=L*R), HE" = L*(R").

Any two self-adjoint operators p and g, acting in H and satisfying the Heisenberg commutation
relation

pq — gp = (27i) ' idy, (10)

can be realized as differentiation and multiplication operators. Such “coordinate” realization in
Dirac’s bra—ket notation has the form

0

(xlp=—— = {xl, {(xlg=x{x|. (In

Formally, the set of “vectors” {|x)}.cr forms a generalized basis of H with the following orthog-
onality and completeness properties:

(xly) =8(x —y), /Ix)dX(XI=idH~

For any 1 <i < m we shall use the following notation

(i:EndHs2a»a =19 - ®1Qa®1®---®1<cEndH®".

i—1 times

Besides that, if u € End H®* for some 1 < k < m and {it,ip,...,ig} C{1,2,..., m}, then we
shall write

Uiir..ip = iy ® Liy K- ® tik(u)-

The symmetric group S, naturally acts in H®":

Po(x1® - ®Xi Q@+ Qxp) =X5-1(1) @ @ Xo-1(jy @+ ®Xp—1(y), 0 ESp. (12)
1.3. Semi-symmetric T -matrices

We define now the algebraic structure needed for constructing representations of the decorated
Ptolemy groupoid Gx.

Definition 1.2. A semi-symmetric T-matrix consists of two operators A € End(H) and T €
End(H®?) satisfying the equations:

AP =1, (13)
T2 T3123 = To3T12, (14)
T12A1 T2 = CA1A2 P12y, (15)

where ¢ € C* and the permutation operator P(2) is defined by Eq. (12), for o denoting the
transposition (12).
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Examples of semi-symmetric 7 -matrices could be obtained as follows. Fix some self-conju-
gate operators p, q satisfying the Heisenberg commutation relation (10). Choose a parameter b
satisfying the condition:

(1—1b])Imb =0,

and define then two unitary operators by the following formulas:
A= e 3BT TP’ ¢ End(3), (16)
T = ™%, (q1 +p2 — G2) € End(H®?). a7

They satisfy the defining relations for a semi-symmetric 7 -matrix, where

=i o= (b+b7). (18)
and ¢}, is Faddeev’s quantum dilogarithm defined on {z € C; |Im(z)| < |Im(cp)|} by means of
1 [ exp(=2izv)d
exp(—2izx)dx
= —= . 19
(@) CXP( 4 / sinh(xb) sinh(x /b)x) (19)

Faddeev’s quantum dilogarithm is closely related to the double gamma and double sine functions
[2,26] and was used by Baxter [4] and Faddeev (see [7,8]). Its main feature is the following
functional equation (see [7,8]):

eo(@)en(P) = op(P)ob (P + @) pp(q)
whenever pg — gp = 1.

2mi
Remark that the operator A is characterized (up to a normalization factor) by the equations:

AGA"'=p—q,  ApAT'=—q.

Note that Egs. (13)—(15) correspond to relations (2)—(4).
Let us introduce now some notation which will be useful in the sequel. For any operator
a € EndH we set:

a; = AkakAlzl , ap = A,:lakAk. (20)
It is evident that

a]izalizak, aléza]z, a]gza];,
where the last two equations follow from Eq. (13). In particular, we have

P; = =k, d; = Pk — ks (21)
P; =k — Pk, gy = —Pk- (22)
Besides that, it will be also useful to use the notation
—1
P(kl‘..mlG) = AkP(kl...m)v P(kl,..mlz) = Ak P(kl...m)v (23)
where (kI ...m) is the cyclic permutation

*kl..m):k>l— - > m—k.
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Eq. (15) in this notation takes a rather compact form
T12T21 = é-P(IZI)' (24

Remark 1.2. Notice that the Pentagon relation (14) can be applied whenever any of the indices
k € {1, 2} arising among subscripts is replaced everywhere by either k or else k.

Remark 1.3. A T-matrix has the following symmetry property: 712 = T5;. This can be obtained
using twice relation (24):

Tio =TTy T, =¢P, d=13lcp (25)

rlep. T,
i Ty =Tq5 ¢Pisiy =T

(121) 21) i

1.4. The quantum Teichmiiller space

The quantization of the Teichmiiller space of a punctured surface X' with boundary induced
by a semi-symmetric 7-matrix is defined by means of a quantum functor:

F:Gsx — End(H®N).
Its meaning is that we have an operator-valued function:
F:Ax x Ay — End(’H®N),

satisfying the following equations:

F(r,7) =idyen, F(r, 7 )F(<", 7")F(«",r) e C\ {0}, Vr,7/.7" €Ay, (26)
F(f(x). f(<")) =F(r.7'), VfeMs, 27
F(r, pit) = A, (%)
F(r,w;, jt) =T, 29)
F(t.t°)=P,, Vo €Sy, (30)

where operator P, is defined by Eq. (12). Consistency of these equations is ensured by the
consistency of Eqs. (13)—(15) with relations (2)—(4).
A particular case of Eq. (26) corresponds to 7”7 = t:

F(r, r’)F(r’, r) e C\ {0} 3D

As an example, we can calculate the operator F(7, »; (t)) Denoting 7’ = =w; (‘C) and using
Eq. (31), as well as definition (29), we obtain

-1 -

F(r, o) () =Flon, (7). 7) = (F( () =T, (32)
where ~ means equality up to a numerical multiplicative factor.

The operations ~ and ~ at the indices level have the following geometric interpretation. If the

distinguished corners of the decorated ideal triangulation are precisely those from Fig. 2 then

the quantum functor assigns to the flip on that edge the endomorphism TJI Now, changing the

distinguished corner in the triangle labeled i amounts of changing i into iori (and similarly
for j) in the expression of the quantum functor endomorphism. These rules will be intensively
used when we compute the expressions of Dehn twists in terms of the generators of the decorated
Ptolemy groupoid in the next section.
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The quantum functor induces a unitary projective representation of the mapping class group
I'; of X' as follows:

Iy s fF(t, f(r)) € End(H®").

Indeed, we have the following relation (up to a non-zero scalar):

F(r, f(r))F(t, h(r)) = F(r, f(t))F(f(r), f(h(r))) o~ F(r, fh(r)).

The main question addressed in this present paper is to identify the central extension of the
mapping class group corresponding to this projective representation. Observe that the projective
factor lies in the subgroup of C* generated by ¢.

In [16,18] one considered only punctured surfaces without boundary. However, the construc-
tion extends without essential modifications to the case when X' is a surface with boundary X7 .
when s > 1 and each boundary component contains one boundary puncture. In this case we
could define directly the central extension 1:;‘7 , by using the decorated Ptolemy groupoid of the
punctured surface with boundary, without reference to a larger surface without boundary.

2. Presentation of I"gj r
2.1. Generating set for the relations

We start with a number of notations and definitions. Our setup consists of an embedding
Z‘g’r C E}tz,O sending punctures into punctures. We assume that each component of E}’,,O \
int(E[f,, ) 1s large, namely it admits ideal triangulations whose vertices are those punctures of
Z‘;Z o Which are not interior punctures of Z‘S , (hence boundary punctures of X S , being allowed).
In particular, if we discard the boundary punctures of X7 . the complement E;l o \int(Xy ) con-
tains no disk, punctured disk or cylinder components. Accordmg to [23] the surface embeddmg
induces an embedding between the corresponding mapping class groups Iy , < Fh’o. The pull-

back of the central extension F’ to I” is a central extension F‘ . Our main concern is to study
this central extension. The central extensmn obtained by the present construction is isomorphic
to the central extension obtained by the direct quantization of the Teichmiiller space associated
to X7, . following the procedure of Section 1.4. This follows from the fact that the map between
the mapping class groups I, . < Fé’o is covered by an injective map between the decorated
Ptolemy groupoids according to Lemma 1.1.

Since the restriction of the Euler class corresponding to the (s + 1)-th puncture to I, . van-

ishes, it is enough to consider t = s below. Our strategy is to compute explicit lifts to Ifgfj ~ofa
set of relations arising in a group presentation of ng’ by expressing (lifts of) the generators as
elements of the decorated Ptolemy groupoid of the larger punctured surface X} .- The indepen-
dence on the particular embedding of the subsurface X, ., under the assumptions of the main
theorem is a consequence of the so-called Grothendieck principle. In the form proved by Gervais
in [13] it states that all relations in I“ are determined by an explicit set of relations among map-
ping classes supported on small subsurfaces namely Yo 4, X1 2 and Xy 3, where X, , = 20
We express then these relations in terms of elements of the decorated Ptolemy groupoids of the
surfaces ZJO 4 Z‘ 12 and 20 3 respectively. According to Lemma 1.1 these relations also hold in
Gxs 55 provided that s > 4.

If a is a simple closed curve on Eg,,r we denote by D, € ng’r the right Dehn twist along a.
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Definition 2.1. A chain relation C on the surface X; . is given by an embedding Xy » C X7 .
and the standard chain relation on this 2-holed torus, namely
4
(DaDpD.)” = DeDf

where a, b, ¢, d, e, f are the following curves of the embedded 2-holed torus:

Definition 2.2. A lantern relation L on the surface X; . is given by an embedding X4 C X ,
and the standard lantern relation on this 4-holed sphere, namely

Day, Days Day D;O‘ D;‘Da—z1 D;}‘ =1 (33)

where ao, a1, az, az, aiz, a13, ax3 are the following curves of the embedded 4-holed sphere:

Definition 2.3. Consider an embedding 2&3 cXx g, ,- such that the boundary components ay, az,
as of 25’3 are non-separating curves. Let then a1>, a3, a3 be embedded curves on 26’3 so that
aji bounds a pair of pants X3 C 25)3 along with a; and a, for all 1 < j # k < 3. Then the
puncture relation P (supported at the puncture of Z‘& 3) on the surface ¥ ‘g"r is:

Dayy Dayy Days D;IID;;D;}[ =1. (34)

Remark 2.1. The puncture relation is, in fact, a consequence of the lantern relation and the fact
that the Dehn twist along a small loop encircling a puncture is trivial.

The first step in proving Theorem 0.1 is to find an explicit presentation for the central exten-
sion I'; .. Specifically, by using Gervais’ presentation [13], we have the following description.

Proposition 2.1. Suppose that g > 2 and s > 4. Then the group fg , has the following presenta-
tion.

1. Generators:
(a) With each non-separating simple closed curve a in Eg,' , is associated a generator Dy;
(b) One (central) element z.
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2. Relations:
(a) Centrality:
2D = Daz (39)

s

for any non-separating simple closed curve a on X; .;

(b) Braid type O-relations:
5a 5[, = 5b5a 36)

for each pair of disjoint non-separating simple closed curves a and b;
(¢) Braid type 1-relations:

Dy DyD, = DyD, Dy, (37)
for each pair of non-separating simple closed curves a and b which intersect trans-
versely at one point,

(d) One lantern relation on a 4-holed sphere subsurface with non-separating boundary
curves:

F)aoﬁal 5025a3 :5a1250135023' (33)
(e) One chain relation on a 2-holed torus subsurface with non-separating boundary curves:
(5al~)b50)4 =Z121~)e5f- 39)

(f) Puncture relations:

5ﬂlzm56”3(1')56123(1') = Z5a1(i)5a2(i)5ag(i) (40)
for each puncture p; of Xy ., i €{1,2,...,s}.
(g) Scalar equation:

N=1 1)

where N is the order of ¢ %, in the case where { € C* is a root of unity.
2.2. Proof of Proposition 2.1

Lemma 2.1. For any lifts 5a of the Dehn twists D, we have 5,1 5;, = 5;, 5a, for any two disjoint
simple closed curves a and b, and thus the braid-type O-relations (b) are satisfied.

Proof. The commutativity relations are satisfied for particular lifts coming from a semi-
symmetric 7-matrix. If we change the lifts by multiplying each lift by some central element
the commutativity is still valid. Thus, the commutativity holds for any lifts. O

Lemma 2.2. There are lifts ~5a of the Dehn twists D,, for each non-separating simple closed
curve a such that we have D, 5b5a = 5b5a 5;, for any simple closed curves a, b with one
intersection point, and thus the braid type 1-relations (c) are satisfied. Moreover, the choice of
lifts of all Dy, with x non-separating, satisfying these requirements is uniquely defined by fixing
the lift D, of one particular Dehn twist.
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Proof. Consider an arbitrary lift of one braid type 1-relation (to be called the fundamental one),
which has the form D Db Da =2z DbD Db Change then the lift Db into z Db With the new
lift the relation above becomes D Db Da = DbD Db

Choose now an arbitrary braid type 1-relation of Iy ., say DxDyDy = DyD. D). There ex-
ists a 1-holed torus X'y ; C X, . containing x, y, namely a neighborhood of x U y. Let T be the
similar torus containing a, b. Since a, b and x, y are non-separating there exists a homeomor-
phism ¢ : Z’g,,r — Z’g,,r such that ¢(a) = x and ¢(b) = y. We have then

Dy=¢Dyp™',  Dy=¢Dpp".

Let us consider now an arbitrary lift ¢ of ¢, which is well-defined only up to a central element,
and set

Dy :(ZDaa_l’ Dy =§5Db5_1-

These lifts are well-defined since they do not depend on the choice of ¢ (the central elements
coming from ¢ and @~ mutually cancel). Moreover, we have then

5.5, B, = B, BB,
and so the braid type 1-relations (c) are all satisfied.

For the second part of the lemma observe that the choice of D, fixes the choice of Dy. If x
is a non-separating simple closed curve on 22, ,» then there exists another non-separating curve
y which intersects it in one point. Thus, by the argument which was used above to prove the
existence of the lifts the choice of Dy is unique. O

Lemma 2.3. One can choose the lifts of Dehn twists in F S . so that all braid type relations are
satisfied and the lift of the lantern relation (d) is trivial, namely

5(40 Dal 5“2 Da3 - DaIZ D“lS D“23
for the non-separating curves on an embedded X 4 C X g’r
Proof. An arbitrary lift of that lantern relatlon is of the form Dao Da1 Da2 Da3 =D, . Dq i Da23
In this case, we change the lift Dao into z7* Dy, and adjust the lifts of all other Dehn twists along

non-separating curves the way that all braid type 1-relations are satisfied. Then, the required form
of the lantern relation is satisfied. O

We say that the lifts of the Dehn twists are normalized if all braid type relations and one
lantern relation are lifted in a trivial way.

Lemma 2.4. Assume that s > 4. Then a normalized Dehn twist in quantum Teichmiiller theory is
conjugated to the inverse T-matrix times ¢~ i.e.

Dy =F(t, Dyt) = %U,T;' UL

o

As the computations involved in the proof are rather laborious we postpone it after the proof
of Lemma 2.6.
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=

N — 5 6

Fig. 5. Torus with two holes and two punctures.

We will suppose henceforth that the lifts of Dehn twists are normalized.

Lemma 2.5. Let a, b, ¢, e, f be the five curves appearing in the chain relation (D,DyD¢)* =
D.Dy on an embedded 2-holed torus sitting inside Z‘g’,. If s > 2, then the lifts of Dehn twists in

f‘g , satisfy the relation
(5a 5b50)4 = §7725€5f'

Proof. If s > 2 and g > 2, then there is an embedding 222 1 C Z‘g’,.

We consider a surface S homeomorphic to ¥ 12,2, i.e. a torus with two holes and two punctures
drawn in the left picture of Fig. 5 where the opposite sides of the rectangle are identified. Notice
that the two punctures are located on the two boundary components. The central picture of Fig. 5
specifies five simple closed curves a, b, c, e, f in S, the Dehn twists along which enter the chain
relation.

We also choose a particular decorated ideal triangulation 7 of S given by the right picture of
Fig. 5, where the ideal arcs are drawn in black and the positions of the numbers in ideal triangles
correspond to the marked corners. Notice that our choice is manifestly symmetric with respect
to the exchange of the left and the right halves of the rectangle accompanied with relabeling
(1,2,3) < (4,5, 6). This symmetry will be useful for reducing the amount of calculations in
deriving the quantum realizations of the Dehn twists.

The basic procedure in deriving the quantum realization of the Dehn twist D, along a given
simple closed curve « is to use a specific decorated ideal triangulation where the contour «
intersects only two ideal arcs, so that the annular neighborhood of « is given by only two ideal
triangles. With respect to such (decorated) ideal triangulation the quantum operator realizing D,
is given by a single T -operator. Let us work out this procedure in the case of the curves «a, b, c,
e, f. ~

For any simple closed curve «, we denote Fy = D, I ~ F(Dyz, 7). To derive the operator
representing the Dehn twist D,, we apply the following change of triangulation:

T3

=
e
=
=
e
=

3 6 3 6

where the operator above the arrow realizes the corresponding element of the groupoid of deco-
rated ideal triangulations within the quantum Teichmiiller theory. Thus,
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¢ 7OF = Ad(T33)(T}3)
=T53T 3T,

=T;3T5,

where in the last equality, we have applied once the Pentagon relation, and we use the notation
T = T~!. Here, we use the normalization where the braid-type and the lantern relations are
satisfied without projective factors. By the above mentioned left-right symmetry (1,2,3) <
(4,5, 6), we immediately get the quantum realization of the Dehn twist D,:

4_6'_:6 =TyeTy5

To calculate the quantum realization of D}, we use a two-step chain of transformations of 7:

Thus, we have the following sequence of equalities:
¢ ~OFy = Ad(Tea Tt Te3) (T3a)
= TeaTu1 Te3 T34 T3 Tu1 Toa
= TeaTu1 Toa T34 T Toa
= To1 Ta1 T34 Tu1 Tes
= T61T34131 Tea4,

where in each step the underlined fragment is transformed by using the Pentagon relation.
To calculate the realization of D,, we consider the following sequence of ideal triangula-
tions:

Thus, we have

¢ OF, = Ad(T34 T4 Te3 TisTs0)(Tsg)
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= T3aT14 T3 Tys Ty T T i
= T34T14T63 T3 T T ng Te3T14Ts4

= D3T3 T3 53 155 53 Te3 15 T34

Te3T14Ts4

=T34T5 @TM
Ty

T35 T5aT5iTas

T3 153155,

T T

62435
= T34T53 Ty Tss
=T33 15, T35 T45
= T53T54 553

T3

Ty

T

T

where, as before, in each step the underlined fragment is transformed by applying the Pentagon
relation. We use throughout these computations the fact that 7;; and Ty; commute if {i, j} N
{k,1} = (. Again, using the symmetry (1, 2, 3) <> (4, 5, 6), we also have

—6F T, T T T T T T
¢ Ff - T56T51T53T52T51T56T54'

In order to check the Chain relation, we first calculate the following product:
¢ Ry = Tpa Ty Tor T34 T3 Toa T3 T

= T46T4ST61T34T64§P(31§)T12

=Ty T45T61 T34T64T§§P(31§)’

where we have applied the Inversion relation to the underlined fragment. Next, we calculate

5_36('_:6'_:17'_:%)2 = §2T46T4§T61 T34T64T§2P(31§) 46T4§MT64T§§P(31§)

= Ty Tys To1 TaTeoa Ty Ty Ty Tes Tia Toa Tis Py 1

P

(646) P

— 37T " T 2T, - Avog?
= T46T45T6]T34T T::T AT, T, T 3331

35165143116746712

23 T T T T T AT ATen . A
= Ty Ty Tes T Ta1 T35 Ty T34 T3 Ty Ty T P (646) P 33)11)
ST T T T T . T AT . A
= Tas Ty T, T32T24P(616) P(343) T46T12P(646) P(33)<11)

=¢ T65T46T51T23T24T31T62P(16341)’

where each equality is obtained by transforming the underlined fragment by applying the Pen-
tagon relation (twice in the forth and once in the fifth equalities), the Inversion relation (once
in the third and twice in the fifth equalities), and the extended symmetric group action (in the
second, the third, and the sixth equalities). Finally, taking the square of the obtained identity, we
have

Ty
Ty

Tz,

Ti4T

3
T3, I3 T T35 T
T3, T Ts5 T57 Ty
T35 T3, T Ti3 T Ty
T Te Ts3 15

Tes Pugaany Tes Tag 51
T T35 T51 Ty Tsp P(13i) P(462L)
Tis TéiﬁTiﬁTﬁP(lai)P(%ZL)
T53T55Th6T15 Py

T§éﬁTi6 T5T5 P (464)

2 E N A 10g
§T(FeFpFa)™ =8 T Tes Ty T, T53T5, T35 Tes Py i)

—ror .7
=0 Ty TyTy,

— 07 T T -
=< TS T46T51 T56

[ | P
=¢ T3 Ty Ty,

_ el o o o
=< T56T51T23T24T26
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el o o T T T T T AT T Tou T~ .
= T56 TSl T23 T24 T26 T53 TS] T24 T46 T56 T46 T23 Tl 2 P(464)

el o o o T T T T T T T AT T T .
=¢ T56 T51 T23 T24 T26 T53 TSl T24 T56 T54 T46 T46 T23 T12 (464)

= ¢ T 15 T3 T3, Tsp Tss T3 T3 T3 T35 T3 115

=8¢ T T5 T3 T3 T3 T, Ty T3 T35 Tsg Ty T35 T35 T35 15
= ¢ T T T T Tis Ty Tig Ty T3, Tsg Tsp T3 T35 15
=F/F..

where each equality, except for the last one, is obtained by transforming the underlined fragment
by applying the Pentagon relation (one time in the third, the fifth, the sixth, the seventh, the
tenth, and three times in the ninth equalities), the Inversion relation (in the forth and the eighth
equalities), and the extended symmetric group action (in the second, the forth, and the eighth
equalities), while in the last equality the underlined (respectively the non-underlined) fragment
corresponds to the operator F s (respectively F,). O

Lemma 2.6. Suppose that s > 4. Then the lift of each puncture relation is ¢ 6,

Proof. Observe first that the central element P; which is the lift of the puncture relation at the
puncture p; is independent of the particular subsurface 56’3. If we consider another subsurface,
there exists a homeomorphism ¢ : Sz,, , =S z, . fixing the puncture p; and sending it to the initial
subsurface, because the boundary components are non-separating. The new puncture relation is
then conjugate of P; by ¢ and hence they coincide, as they are elements of the center.

If s > 4 then there is an embedding S(‘)‘,3 C S;,r» such that each boundary component of 58’3
has a puncture on it. Consider first the following decomposition t of the punctured pair of pants
into triangles. The position of the label of each triangle indicates also the marked corner.

oy, €0
2

Py

Then we can express easily the action of each Dehn twist D,; on the triangulation 7 as a
composition of flips. If we set Fq; = F(r, Daj (7)) then we have:

-1 —1 —1
Fa =Ty,  Fa=T,  Fua=T.
Further we use the sequence of transformations below, in order to change the triangulation t
into a triangulation which intersects the curve aj; in only two points.
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Here and in the pictures below we marked by a dot the edges where a flip occurs, in order
to help the reader visualize the sequence of transformations. Then the method outlined above
permits to compute the Dehn twist F,, = F(7, Dy, (7)) as follows:

-1
Fa, = Ad(Ty5 T3, T35 T3 T33) (T )

Let us first simplify the formula for F,,,. We have

Fai, = T3, Ty Ty T Ty T3 T Ty T35 Ty Ty = T3y Ty T Tg T3 T3 T3 137 T4 Ty
=Ty Ty T3 T3 T T3 T3 T3y Ty = T3 T34 T3 T3 151 133154 T4
=T5, T3, T3 T3 Ty T3y Ty = T3y T3 53 T T Ty

where in each step the underlined fragment is transformed by using the Pentagon equation, and
in the last equality it is also combined with the symmetry relation 75, = Tj5.



278 L. Funar, R M. Kashaev / Advances in Mathematics 252 (2014) 260-291

Our triangulation is invariant under the following simultaneous cyclic permutations

v

7:Pi>P+—Pi—>P, 1631 2542, 717,
so that the contours a; and ay; are transformed as follows:
ﬂ:alf—>a2|—)a3|—>al, alzf—>a23|—)a31|—)(112.

Thus, it suffices to know the explicit formula for F,,, in order to write out the other two without
any further calculation:

Fay, =7 (Fay,)
=7 (T3 T3 T3 T35 151 T3)
= T35 151 T3 T35 156 Ts,
and

I_:a31 = 77('_:023)
=1 (T53T51 153 T35 56 Tss)

= T75 T76T75T74 T7§ T72‘ .

Now, we have

FuiFariFani = Ts, Tsa Toy Ton Toi Tos Tos Ton Tos Tox s Toe Tox o6 Tos Tra Toa T

ainTaxsFas Tat 307391 073095 1914093495 96 1751 75 73474
=T, T3 T53 155 1518 Pioss) 131 153 133 TS P33y Tr6 Trs T1a T3 T
= T3, T3 T53 T3 Ti Tt T T3 T T36 T3 T34 T3 T30 P
= T3, T3 T35 71 T3 Ty T T3 T Ta Tss Ta Poiss)
= T3, T3 T53 118 Perayy Tsob Possy Tsa T3 Tsa Poiss)
= 4Ty, T3 Ty T3 Tse T T3 T3 P
= 4T3, T35 T1 T3¢ Py T3 Ta Py
= S%Tii TéﬁET‘W P g3

= T34 T§6T4§MP (747)
= §5T§1T36T4§§P(747) P(747)
= ¢T3 Ty T3
= ¢°F 4, FosFoy
where in the underlined fragments the Pentagon equation is used twice in the forth and once in
the ninth equalities, the Inversion relation is used twice in the second and the fifth, and once in

the seventh and the tenth equalities, while in the third, sixth, eighth, and eleventh equalities the
permutation operators are moved to the right and the powers of ¢, to the left. O

Proof of Lemma 2.4. The idea of the proof is to calculate the lift of the lantern relation. Consider
the following decorated triangulation 7 of the 4-holed disk with 4 punctures:
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The trick used in [16,18] for computing D, is to use a sequence of flips to change the triangula-
tion into one which intersects some curve isotopic to a into two points. Then the Dehn twist along
a can be expressed as the flip of one of the two edges of the latter triangulation intersecting a.
This recipe generalizes to the case where the curve a intersects several edges of the triangulation,
if a is a boundary component with one puncture on it. Specifically, let ey, ..., e; be the edges
issued from the puncture, in counterclockwise order. Then the Dehn twist D, can be expressed
as the result of composing the flips of ey, e, ..., es_1. We illustrate this procedure with the case
of the left Dehn twist Da_31 on the triangulation t above:
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In particular, we find the following expression for the right Dehn twist along a3:

r:a3 = |_:(‘L', Da3f)
= T35 T53T35 Ty (42)

We used above the symmetry property of the 7-matrix 753 = Ty3 (see Remark 1.3, Eq. (25)).
The same recipe for the remaining Dehn twists along boundary components gives us:

Fa, = F(t, Doy 1) = ToaTas T3 T6, (43)
Fa, =F(t, Dyy7) = T3 T3¢ T, (44)
Fag = F (7, DayT) = Tig Ty Tii Ty (45)

In order to compute Fy,, we need to transform the triangulation t into one which intersects a
curve isotopic to ap, into precisely two points. This can be done as follows:
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Therefore we have:

l_:alz = l_:(":s Dalz":)

= Ad(T3:T,;Tus Tas Trs) (Ty,). (46)

The following sequence of transformations

can be used to compute:

l_:a13 = |_:(‘L', Da13f)
= Ad(TQ? Tié Ty5To4 TEQ)(TZG) @7

Eventually use the transformations
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in order to obtain:

o

17131 151 733) (T33)- (48)

The next step is to simplify the expression of the last three Dehn twist, as follows:

I_:g23 = I_:(‘L', Dy, 7) = Ad(T24T§6T§8

Fay, = T35 T3 Tas Tas Trs Ty Trs Tas Tus T,

35014 =Ty T,;TusTr5Tus Tz, Tas Trs Tus T, ; Tz

il =TTy
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T35 T,;T45T75 T &7 T47 T75 T45 T14T3§ = T35 T,;Ts5T7s T T75 Ty7 T14T35

= Ty T3 Tus T Tgs Tar T, Toz = T3 T, Tys Tas Tgs Ty Tar T 5

35114 67165 14435 = 114467135
=131 153145 T35 T35 T%s T35 Ta7 T =131 Tas Ty Tos Tog Tar T

The first equality above corresponds to the commutativity of 7;; and Ty, in the case when the
two sets of indices are disjoint, for each one of the underlined fragments. We further also made
use of the symmetry property from (Remark 1.3, relation (25)) in order to be able to use the
Pentagon relation, as in the last equality above. Specifically, the rightmost reduction consists of
the following steps:

T35 T65 T35 - T53 T65 T35 - T65 T36 T53 T35 - T65 T36 T35 T35 - T65 T36 (49)

Similar simplifications lead to:

Faiy = Tes Tsg Tas Toa Ty Tis T58 T4 Tas T26 Té? = Ty Tsg TasTsg 124 Ty3 Toa T Tus T26 Tf;?

= Tys T Tas Ty Ty T3 Tsg Tas Tsg Ty = € Ty T Tsg T Puasiy Tss Tsg Tas T Ty

45453458
=TT T Tig T42 T48 T54T26Té7 454 — = {Tgs TsgTig ToaTyg TS4T26 T87 P (454)
=TT T ToaTog T26 T54 Té? asi) = § Tz T53 T35 124 T26 TseThg T26 T54 T87 Pysy
=Ty T5g Toa Ty Thg T T54 T87 Pusiys

Fay = ToaTseTsg T3 Ty T Ty5 Tss T45 T31 T41 T1 7 Tss T36T

= TaT5e Tsg Tis Ty Ty T Tsy Tﬂ T45 T41 T17 Tss T36 T4

=TT Tsg T3 Ty T T35T51T T41T17T58T T4

= DoaTse T Ty5 T3 13553 T45 Ty T17 Tss T36 T4

=TTy Ty Ty5 Ty Ty5 Trs Ts T45 T41 T17 Tss T36 T4

= ToaTso T Ti5 T3 T35 T35 T T17 T58 T36 Ty

Putting all these together we obtain:

F“lZ F“ZS F
=0T 3 Te7Tas Ty Ts T36T47T Ty Ty T3 T35 Tys T Tsi T17T58 T36T24T87T58T24

a3

X T46 T3 Ty T54 T87 Pisi

=T, T45TTTT47T1;‘T24TTTTTTTTTTTTTTT

34465 367580 17141135434 51117 364571871467 28186154
X T87 Pysi
=< T14 Ty Tas Ty Tos Tag Tan T i1aTseT5g T17 T4 T3Ty T17 I5i P(s33) T36 Tas TigTog Ty
x Tg3Tg5 P (454)
=< T14 g71asT33 Tes TagTa T L4124 DaTseTsg T41 T35 13333155 T36 T3eT3sThsTgg Tss T74

X Ps35 Pusi)

T45TTTT47TT24TTTTTTTTTTTTT

C 14 67 3476573621 36°58°477357347517367467°85728786785"74
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X Psis) Pusi

f 14157145 T3 Tgs Tsg Tlé 4T P (474) Ty Ts T35 T35 T T36 TigTgsTh3 Tg T85 T74

X Ps35) Pysi)

=¢ 3T T 5T, T17T17T < T T24T24T45T T:.T,; TraTy7 P, Ty TepTocTon Tex T T

14 12 16 167 675" <% 34 ~65736 36124 (474) 36158135134 451136146
x Tgs Ty Tyg Tos Ty P 7% Pas)
=¢ Fa2 T17 T67 T16T24T24T45 To4 T24T 1T24T65 T36T27 P(474)T T T T T T T

x Tgs Ty Tgg Tss T74 P 533 Pusi

=& Faz 67 T16 T TosTusTysTy5 Tos Tor Ty T P 474 Tgg T T3 T T Ty o lig

X TgsTh3Tyg Tss T74 P 533 Pusi

=¢ *F Fa, T24T2sTh5Te Ts6 Ty, Tle TusTy5 T Ts Pg (636) P (474) Ty Tys Ty T T36 Ty

x TgsTh3Tyg Tss T74 P 533 Pusi

=¢ 4Faz Fa, Te; Ts T16T45 Ty3TesT53 Tos T67 T Tes T3 TsThg Ty T85 T

X Pse) Paray Ps15) Pasi

6F
={"Fq, Fal Ty T26 T 6TasTy5Tsg T68 Tei Tsz Ty Tae Thy Ty T86 T43

x Pg (656) P (373) P (636) P @74) P (575) P (454)

6F
=¢"Fa, Fal Ty Tr6Tss Ty3T5 T4 T68 T53 Ty T86 T Ty T86 T43

X Pg (656) P 373) P (636) P @74 P (575) P (454)

7&
={Fa Fal Ty T26Tus Ty5TeTyg T53 Ts: Pg (686) T3Tys T86 T43

x Pg (656) P (373) P (636) P @74) P (575) P (454)

=¢ TF Fa, Fal T67 Tr6Tss Ty5T53T g T53 T57 T2 T67 T68 T43

x P(686) P(656) P(373) P(636) P(474) P(575) P(454)

8
={"Fq, Fal TasTy5TsgT 4 Tsz T3 Tes Pg (676) T68 T43

X Pigse) Pese) P333) Pese) Paziy Pis75) Pasiy

8
=¢"Fa, Fal Fao Té? Téi Ty T 5745 T43 Tss Ty T53 T35 Tes T78 T43

x Pg (676) P (686) P (656) Pg (373) P (636) P 474) P (575) P (454)

8=
={"Fa, Fal Fﬂo T87 T8] T84 T48 TasTy5T g 118 Tsz T35 Tes T78 T43
x P

&16) L 686) Piése) P 373) P636) Piaray Pis75) Pasi

={ 5F Fa, Fal FaoETﬁ T4§ T§3 Ty T65 T78 T43

x Pg (676) P (686) P (656) P (373) P (636) P 474) P (575) P 454y

In the previous lines we used both the Pentagon relation coupled with the symmetry property
several times and the commutativity relations corresponding to the underlined fragments. Some-
times several simplifications are recorded in the same line, as in the first equality above where

the underlined factors Th4 and Th4 commute with Txs 45 54 and therefore cancel each other, so that
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along with the first underlined factor we obtain a subproduct T: 53 T35 T4 and the Pentagon relation
can be applied.

Use now the identity:

-1
T87 T57 T78 - T58T57 T87 T78 ¢ T58 T57 P(787)

and introduce above to find that:

Fai, Faz% Fa13 = C Faz l_:al F aoTas T4% TS% T58 T57 T65 T43
X Pxes P>

(787) (676) P(686) P(656) P(373) P(636) P(474) P(575) P(454)

7 _
= ¢ Fa,FarFa FazT36T37T38T35T45T4%T53T58T57T65T43
X Psss P Poa P Poss Pox Po Poss P

(787 1 (676) T (686) 1 (656) " (373) T (636) ' (474) " (575) " (454)

e B}
= ¢"FarFay FagFas Ty T35 Ty Tas T35 T3 TsTss Tes Ts

X P(Vé ) P(é76) P(686) P(656) P(373) P(636) P(474) P(575) P(454)

_+6F E
= Fa,FaiFa Fas T36 T37 T38 Tas P (335) T TssTes T43

(676) P (686) P (656) Pg 373) P (636) P 474 P (575) P (454)

= 0°F sy P Fas Tg T Tog Tas Tig Ty Ty Tas

X P(535) P(7EV§?) P(676) P(686) P(656) P(373) P(636) P(474) P(575) P(454)

= ¢F 4y Fay FagFas-

"U

XP(g)

Thus the lift of the lantern relation is ¢®. Therefore we have to renormalize each right Dehn twist
by taking Dy = ¢ ~F,, as claimed. O

The following lemma is a simple consequence of a deep result of Gervais from [13]:
Lemma 2.7. Let g > 2 and s > 0. Then the group T, é‘f’r is presented as follows:

1. Generators are all Dehn twists D, along the non-separating simple closed curves a on X3 ..
2. Relations:

(a) Braid type O-relations:
D,Dy =DyD,

for each pair of disjoint non-separating simple closed curves a and b;
(b) Braid type 1-relations:

D,Dy,D, = D,D,Dy,

for each pair of non-separating simple closed curves a and b which intersect trans-
versely in one point;

(c) One lantern relation for a 4-hold sphere embedded in X ;,r so that all boundary curves
are non-separating;

(d) One chain relation for a 2-holed torus embedded in ¥ g,, so that all boundary curves
are non-separating;

(e) A puncture relation for each puncture.
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Proof. According to [13, Theorem B| we have a presentation of Iy s, with the generators above
and all but the puncture relations. Now, the kernel of I s, — I7, . is the free Abelian group
generated by the Dehn twists along the boundary curves to be pinched to punctures. Such a Dehn
twist is expressed (using the lantern relation) by the left hand side of the puncture relation. This
proves the claim. 0O

Proof of Proposition 2.1. According to the normalization coming from the braid relations and
the lantern relations the images of the standard Dehn twist generators of the mapping class group
are products of % and elements 7; j» where i, j are the labels of the triangles (possibly with ~
or *). Thus the projective factors that appear belong to the subgroup A generated by £°. The only
non-trivial lift of a relation from Lemma 2.7 is the chain relation which lifts to ¢~ 7%, Set z for the
element £ ¢ of F‘ . Then the presentation of the central extension FVY is given by the claimed
relations. O

2.3. Cohomological consequences

Recall from [20, Corollary 4.4] that the 2-cohomology classes x and e¢; are defined for any
g =3, s,r >0 and they span a free Abelian subgroup 75+ ¢ H2(F;’,). This inclusion is actu-
ally an isomorphism when g > 4.

We will denote by ng,\r the group defined by the presentation given in Proposition 2.1, for all
values of s, g, r. Thus, according to Proposition 2.1 the extension 1“A is isomorphic to F(gf',, if
s>4and g >2.

Lemma 2.8. If g > 2, then we have ¢~ = 12y € H*(Ig 73 A).

Proof. Consider first the case where ¢ is not a root of unity, so that the group A is isomorphic
to Z. Gervais proved in [13, Theorem 3.6] that 1/':;.7 (namely, where s = 0) is isomorphic to the
so-called pi-central extension of Iy . Further in [13,21] the authors identified the class of the
pi1-central extension of Iy - to the class 12 and thus ¢ = 12x.

Here is a more direct argument. Set I (1) for the subgroup of Ii,\r generated by the lifts 5;
of the Dehn twists and the central element u = z!2. Then Iy (1) is the universal central extension
considered by Harer (see [13,14]) and thus Cry (1) is the generator y of H2(Fg,r) =7

The cohomology class cr, (1) is represented by some explicit 2-cocycle Cr, 1) @ I'g,r X
Iy, — Z which arises as follows. Let S : I, , — I, (1) be a set-wise section. Let also
i :ker(Iy (1) = Iy ) — Z be the group isomorphism defined by i(u) = 1. It is well known
that the 2-cocycle

Cry, (. ) =i(SanS®) 'S ™) ez
represents the cohomology class cr, , (1)-

Let us construct now a 2-cocycle representing the extension Tyy g,r- Consider the set-wise sec-
tiontoS: Iy, — Fg r, Where t : Fg F(1)—> Fg + 1 the obvious inclusion. Let also j : ker(Fg ;=
Iy ) — Z be the isomorphism given by j(z) = 1. Then

Cr, ) = (Lo HaNEe HE@ ™ o HM ™) = j (L (S@NS~'SM ™)) € Z

is a 2-cocycle representing Chy Since j(t(n)) = j(zlz) =12i(u) and S(xy)S(x)_lS(y)_1 be-
longs to the cyclic subgroup of Iy (1) generated by u, it follows that
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Cr, (e y)=12Cr, ()
and thus ¢ = 12, where yx is one fourth of the Meyer signature class, which is a generator of
H*(I'gy) C HX(I)).

When ¢ is a root of unity of order N then the class of the extension fg\r is the image of 12y
in HZ(Fg,r; Z/NZ) by the reduction mod N. O

The next step is to prove a similar statement when the number s of punctures is non-zero.

Definition 2.4. For (m,my, ..., my) € Z° let Fé;‘,,(ml ,my, ..., my) be the central extension of
I'; . by A having the following presentation:

1. Generators are the 5;, where D, are Dehn twist generators of F;’, and the central element

z of the same order as ;’6;
2. Relations are as follows. For each puncture p; the lift of the corresponding puncture relation
reads:
Y~~~ —~— ——
Dayiy Dayiiy Dasiy  Dapa(iy Das (i) Dass iy = 2™
where 5; are lifts of Dehn twists. Furthermore the chain and lantern relations have trivial
lifts.

Proposition 2.2. Suppose that g > 0. Then €Iy, (my.ems) € Al ¢ HZ(FY A) is the vector
mie| +maey + - - - + mges, where e; is the Euler class of the i-th puncture.

Proof. This is folklore. Consider first that ¢ is not a root of unity. Let E; Ll ; denote the sub-
surface of Z‘g,r obtained by removing a one-punctured disk centered at the puncture p; and thus

creating a new boundary component b;. We have then a central extension

7 — 7} —>1'“ —1

g.r+1;i
induced by the inclusion map Eg i X, r- It is well known that its cohomology class is
C frs— =¢€;.
Fg’rjrl;i '
Lemma 2.9. The extension F£ L is isomorphic to F;r(O, ..., 1,0...,0), where 1 is on the

i-th position.

Proof. There is a natural set-wise section S; : r, S — ng ril ;» given by §; (Do) = Dy, for any
Dehn twist D,,. In order to make sense, we mrght suppose that a simple closed curve « disjoint
from the puncture p; is actually disjoint from b; so that it lies within 25 +1 i

Braid, chain and lantern relations are then lifted trivially. A puncture relation at pj is lifted

trivially if j # i. Consider next a puncture relation at p; in X7 ., which is supported on some

subsurface Z’é 3. The three boundary curves of 20 5 lie within 277 and together with b;

r+1 i

bound a 4-holed sphere in X7~ The lantern relation assocrated to this 4-holed sphere on

gr+lz

Z‘; L is then the lift of the puncture relation at p;. The Dehn twist along b; is the generator

z of the central factor ker(]“ il
factor z. O

;= I’gs,,). Thus the lift of a puncture relation at p; is the
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Lemma 2.10. Let Ly, : Z° — 7 denote the linear map Ly(ny, ..., ng) = Zle m;in;, where
m= (my,...,my). Consider the central extension

1> 72" > Tgpps—> Iy, —> 1.

Then the map Ly induces a quotient of Iy s, which is a central extension I'y .(m) of I,

by Z which is isomorphic to I'y .(m1,ma, ..., ms) and gives rise to the following commutative
diagram:
1l ——=7° ———Tg 45 Iy, 1

S

14>Z;>F£’r(m)—>f'£’r—>l

Proof. The class of the central extension cr,,,, belongs to H*(I'y s Z*) = @ H* (I}, 7).
By functoriality we derive that cr, ., = (e1,€2,...,¢€5) € Hz(FgS’r; 7Z5). Then the class cry, @
is the image of cr, ,,, into H 2(ng, ) by the homomorphism of coefficients rings Ly, : Z* — Z.
There is an obvious set-wise section S defined in the same way as the S; from above. Thencr, ,
is the class of the 2-cocycle Ly C, where C is the 2-cocycle associated to S and so

LnC(x,y) =7 (S)~'S(» ™' S(y) = Lm((Si ) 'S, 7' Sixy)),y )

s
szici(xa)’)
i=1

where C; is the 2-cocycle associated to S;. Since the class of C; is ¢; it follows that the class of
LmC is le-=1 miée;.

On the other hand the lifts of relations in Fgf,,(m) are the same as in Fgf’r(ml, ...,myg) and
thus they are isomorphic. In fact the lifts of braid, chain and lantern relations to I’y , 1¢ are trivial.
The lift of a puncture relation at p; is the i-th generator of the central factor Z*, according to
Lemma 2.9. Therefore its image into Iy . (m) is "/, namely the lift of the puncture relation in
ngyr(ml, ...,mg). 0O

When ¢ is a root of unity the extensions by Z above are replaced by extensions by Z/NZ and
all arguments go through without essential modifications.
This proves the proposition. O

Proof of the theorem. Assume first that A is cyclic infinite. Consider the operation ® (which
is a push-out, or a fibered product) on central extensions defined as follows. If f; : G; — G are
the projections homomorphisms of the central extensions G; of G by Z then G| ® G is the
extension f;*G» (or equivalently f;°G1) of G by 7?. The class ¢G,0G, € H 2(G, Z?) is the direct
sum of the classes cg, € H 2(G, Z) under the identification of H2(G, Z?) with the sum of two
copies of H%(G, 7).

Let f denote the surjective homomorphism f : Féf’r — Iy . Consider then the central exten-
sion

1> 7% — f*(I/“;r)@F;r(l, L....h)>TI,— 1



L. Funar, R M. Kashaev / Advances in Mathematics 252 (2014) 260-291 289

Using the map L : Z> — Z given by L(x,y) = x + y we find a quotient of f*(ﬁ;r) ®
r gs’ +(1,1,...,1), which is a central extension by Z isomorphic to I é;" - In fact, there is a com-
mutative diagram:

| ——=722—— f*(T,)®T, S ) —— T, ——1

; I ll

1 Z Iy, ry, 1

The central extension from the lower row is isomorphic to f;\, because the lifts of relations
are the same. Braid and lantern relations lift trivially. Chain relations lift to z' in f *(Fg,\r) and
trivially to Féf’ O T S Q\and thus the image of the lift by L (or 7) is 712, Puncture relations
at p; lift trivially to f*(I ) and to z in the factor I ‘Y (1 1,..., 1), so that its image by L
(or ) is z. As a consequence of this description the class CFv 1s the image by L of the class of

f*(FgJ) ®TIy,(1,1,...,1), namely Cpe(Foy T €3, (L1 1).
On the other hand, by functoriality, the class ) is f*(12x) =12y € HZ(Féf’r), because

the map f* is the standard embedding of H2(Fg,,) = Zy into Hz(Fg’r). Proposition 2.2 proves
the theorem for g > 3.

When g = 2 one does not know the group H 2( ), but for s =0 and r < 1. Nevertheless,
the classes x and e; are still defined. It suffices to prove that:

Lemma 2.11. The subgroup of HZ(FZSJ) generated by x and ey, ...,es is isomorphic to
Z/10Z @ Z°.

Proof. By the universal coefficients theorem we have

1 — H\(I3,) > H*(I3,) — Hom(Hy(Is ). Z) — 1.

From [20, Proposition 1.6] we have H (Fzs’r) = 7Z/10Z. The Meyer class x in genus 2 is one half
of the class of Meyer’s cocycle from [22] and it generates the image of H| (Fzﬁ ) into H Z(sz )

Consider next the extensions Fzsyr(m) for integral vectors m. According to the previous de-
scription lifts of puncture relations are of the form 7. Suppose that there exists an isomorphism
between the extensions I“ ~(m) and I'; (u). Such an isomorphism of extensions should send

Da into z"(“) D, because it has to 1nduce the identity on I“ Since lifts of braid relations are
trivial in both extension groups it follows that n(«x) =n does not depend on the non-separating
curve «. But puncture relations are homogeneous, and so they do not depend on #. This shows
that m = u. In particular the classes e; span a free Z-submodule of H 2(1” ).

Since the class x is of order 10 and both subgroups Z/10Z (generated by x) and Z° (generated
by ey, ..., es) inject into HZ(Fs,r), the claim follows. 0O

Then the arguments used above for g > 3 work as well for g = 2 and the theorem follows.
When ¢ is a root of unity the associated cohomology class is the reduction mod N of the corre-
sponding integral cohomology class. O
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Proof of Corollary 0.2. Consider the extension Iir\ﬁ of class 12y. The corollary claims that
there is an exact sequence:

| S AN AT |
— = Lopps = I, — L

This can be verified by using the explicit presentations of the two groups involved. The kernel
is generated by the products of two opposite Dehn twists on the s blown up boundary compo-
nents. 0O

s A) —> HX(IS

Proof of Corollary 0.3. It suffices to understand the map H?(I" C*) induced

I I
by z — ¢~°. This map is injective, when g > 3.
The Universal Coefficients Theorem states that, for any Abelian group W, the following exact

sequence is exact:

1 — Ext(Ho(Iy ). W) — H'(I; ,; W) — Hom(Hy (T ,). W) — 1.

&
Now Ext(Z, W) = 0, for any Abelian group W. This implies that HY (I g 5 CH = HYT 2 S
C*/A) =0, if g > 3. From the Bockstein exact sequence
H'(Iy,:C*) - H'( g,,c*/A) > H(I},: A) > H*(T} . C*)

we derive the claim.

When g = 2 the Universal Coefficients Theorem shows, as above, that H . 2‘V ;CH =
Hom(H, (I} ,),C*) and H! (I3 ,;C*/A) = Hom(H,(I'; ), C*/A). Thus H' (I;,:C" =
Hom(Z/ 10Z, C*) = Uy, where U 10 is the subgroup of roots of unity of order 10. The last iso-
morphism sends a homomorphism into its value on the generator 1. Next H'!(I 2 S C/A) =
Hom(Z/10Z,C*/A) = Ujo x A/10A. To explain the last isomorphism, each element f e
Hl(l“s’r; C*/A) is determined by its value f(1) = As, for some s € C*. Here s =" € A4,
where a is the generator of A. Fix some 10-th root a'/19 € C* of the generator of A. Then the
isomorphism above associates to f the element (sa_"/lo, slo) € Ujp x A/10A, which is well-
defined and independent of the choice of the representative s in its A-coset. In particular the map
H! (FS ,C*—> HY(I" 2 ,» C*/A) sends Uy onto the factor Ujg of the second group.

Let f be a lift of f to f 1 Z/10Z = Hl(F;r) — C*, for instance f(k) = s*, where k €
Z/10Z. Then F (k1. k) = f (ki) f(k2) f (kik2)™! € A is a 2-cocycle on Hy(I5,) with values
in A. The pull-back in HZ(FZSJ, A) of the class of F by the map Fzs,r — H; (FZS,r) is the element
B(f).Itis well known that H>(Z/10Z, A) = A/10A is generated by the Euler class. Specifically,
the cohomology class of the 2-cocycle F in H*(Z/10Z, A) is the element s'© € A/10A, under
the previous isomorphism.

The Universal Coefficients Theorem shows that

1 = Ext(H\(I3,), A) > H*(I's ,; A) > Hom(Hy (I3 ), A) — 1.

Further Ext(H,(I" g’,), A) = A/10A is generated by the class x (as an A-valued cohomology

class). Using the definition of Ext one identifies the class x with the generator of H 2(Z /10Z; A).
This implies that the image of B is the subgroup generated by x within H2(I} Iy ,; A). Then
Corollary 0.3 follows. 0O
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