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On the cohomology of weighted complete intersections

By

Louis FUNAR

The weighted projective space P(ag, 4, ..., a,) is defined as the quotient of C P* by the
following action of G =Zja, Z@Zja, Z® --- D Zfa,Z:

(kl)’kl,"’akn)(z(}szl)-- Z)_(Canzoa Z1s- aé’an n)

where {; = exp (2 wi/l).

It is known that the integral homology groups of P(a,,q,,..., a,) are torsion free (see
[6, 3]} so they are isomorphic to the homology groups of C P". An entirely elementary
computation was carried out for n =2 in [4].

Let now (¥, 0) be an isolated singularity of complete intersection in C"*** ! defined by
the weighted homogeneous polynomials f =(f},f3,..., f;). We suppose that f; has
degree d; with respect to the weights w(z d=a,j=0,1,...,n+ k There are two spaces
naturally associated to the singularity (¥ 0}, namely the link K = ¥V n $2@+R*1 and the
quasi-smooth weighted complete intersection Y, defined by the polynomials f; in
Plag,ay,...,a,,;). Notice that K is a smooth compact oriented (2n + 1)-dimensional
manifold which is (n — 1}-connected (see [5]). The middle Betti numbers of K have been
computed in terms of the a;’s and the d;s by Dimca ([2]). The aim of this note is to give
a brief insight into the cohomology of Y,,. All the cohomology groups considered below
have integer coefficients. We say that (ay,a,, ..., G, 4+, is m-prime if the greatest com-
mon divisor of any m of the a;’s equals one.

Proposition 1. Suppose that (ay,a,, ..., G, 44+ 1) is m-prime. Then the velative cohomol-
ogy groups vanish:

H'(P{ag,ay, ..., @ueh Y} =0 for isn—m+1.

Proof. Consider F(z) = fi(zf°, 27, ..., 22v¥) and set Z , for the complete intersec-
tion defined by the polynomials F, in CP*** Remark that the G-action on CP"*%
leaves Z, invariant and we have Z_/G=7,. Let now P=Z/p°ZQZp L& -
@ Z/p***Z < G be a p-subgroup of G. Therefore p™ divides a; foralli=0,1,...,n+ k.
Then the P-invariant subsets are

(CPn+k)P {txl 2= 0}
and
(Z::O)Pz Z,nia;z; =0},
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Since Z , is a complete intersection (Z )" is also a complete intersection, eventually using
only part of the original equations F.. Next the number of non-zero «;’s cannot exceed
(m —1) because (aq,a,,...,a,5,;) is m-prime. Then Lefschetz’s theorem for complete
intersections implies :

L(CPPTYIZ ) =0 for jSn—m+1.

But this holds for all primes p and all maximal p-subgroups P so {rom [1] we derive our
claim. [J

Corollary 2. For a prime number p write a, = p"i ¢; with r; maximal. Cheose a permutation
o of {0,1,2, ..., n+ k} such that

Fey 2V 2 - ZVomen 2 oy =0,
and set:
bi(py= Tl p= and b;=T1b:(p).
O0sjsi P
If lag.ay, ..., a,.p) is m-prime then the set of numbers

Rij=bbib,,; with 0iji+j<(n—m+1)/2
is a topological invariant of the isolated singularity (V,0).

Proof. The Z-cohomology algebra of P{ay.ay, ..., a,.,) is determined in [6]: if g; is
the generator of H* P(ag, ay, ..., a,.,) then g, u g; = R;;g; ;. But in low rank the coho-
mology algebra of ¥, is induced from that of P(ag,a,, ..., a,.,) (according to Proposi-
tion 1) and we are done. [J '

Set now
F=(F_ F, .. .,F),
= d d d
F=(F =zt — 20 Fo— 28500

and
J7=(f1 “zﬂikﬂafz _zﬂ%%-k+lﬂ"-’fl-¢ mzﬁ;f!-k+1)-

The link of the singularity defined by F will be denoted by K. Let Z be the fibre of F
over 1 (the global Milnor fibre) and Z its projective closure. Observe that Z _ is in fact
Z —Z. In fact P(ag,@y,..., 8,45 1) is the compactification of ©****! whose locus at
infinity is precisely P{ag,a,,..., a,.)- If ¥ is the global Milnor fibre of f and Y is the
quasi-smooth weighted intersection in P(ag,a,,..., @,+;, 1) associated to [ then ¥ may
be identified with ¥— Y,. Otherwise we can look at the S'-action on (S2+¥+3
Sz(n +k)y+ 1) given by

p— a an
0 2=(0%24,0" 21, s @™ 2 O Zpips1)-

Then (K, K)/S* = (Y, ¥,.). Then Y, is called strongly smooth ([2]) if the S*-action on K is
semi-free.
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Proposition 3. Assutne that Y, is strongly smooth. Then H«(K) is !orsién free and the
Milnor lattice of f is equivalent to the cup product

YR, Ky< H'? (K,K) S H"P (R Ky =Z.
Moreover if k=1 then this may be expressed also as the cup product
Hrn+k(s2(n+k)+ l,K) % Hn+k(82(n+k)+1 K) - H2(n+k) (SZ(n+k)+ 1’K) .

Proof. From the Smith-Gysin sequence associated to the §l_action on K we derive

that H(K) is torsion free and:

H(Ye)= H;(CP) for j#m H(Yo) = H,,(K)@H,,(CP").
Now Y,, is strongly smooth if and only if ¥ is strongly smooth. The long exact sequence
of the pair (K, K) gives us:

HI(K,K)=0 for k#n+ in+2,2n+22n+3,

H? K, K) = H* (K, K)=Z.
But Y has the homotopy type of a bouquet of (1 + 1)-spheres (see [7)) so using the
Lefschetz's duality we find:

Hi(YY,)=0 forj# n+1.
Now from the Smith-Gysin sequence associated to the St.action on (K, K) we obtain:

0= H*(TY,) =ker(H#"" (VY -~ H" KK,

0 FE (T Y,) = coker (2 (L Y,) » BT A KD),

o2 (R, K) = B (E Vo)

HHLY) ~ H" (K, K).
Using the functoriality of Lefschetz duality the first part of our claim follows. If k equals
one then K —Kisa non-ramified Z/d, Z-covering of S2+i+1 _ K and the Alexander
duality gives the second claim. O
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