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GENERALIZED ARBA IN MINKOWSKIAN SPACES

Valentin BOJU and Louis FUNAR

It ie only a one way to talk about the length of a curve in =a
Banach space, while the concept of ares (especliglly the one gi-
ven by geometrlie methods) is s subjeot not exhausted even in
Fuclidean space. See [47, [11] .

For I | a norm on R? we denote by K the cloased unit ball and
by S the unit sphere asgociated to | | ; K is » symmeiric
oonvex body and the norm § | ie related to K by IXi =

= inf {t7 05 Xe K],

Let J'{w be the olass of all hypersurfaces Il in Rn having area
denoted by a(M) with respect to the lLebesgue measurs on
pur purpose is to give an intrinsic definition for area a(l,K)
of s hypersurfaoe MeM with respect to an arbitrsry fixed
norm § || ob P, we have a (M,K) = a(M) in the Huclidean case.
We shall call a (¥,X) the K-areg of .

First for s polyhedral hypersurface T having T, as (n-1} di-
mensional faces we mel

(1) a(m,K) =%, _, >~ &%
’ n-l S R
where K(Ti) ig the centrel section of K, psralll with Ti , and

1s the volume of pnit bsll in Fuclidean fin'l.

1

We1

for a 0 - hypersurface I having volume form deo , We

denote by ny M — @& +the function defined by
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n(x) = 3(1((TXF.I))

where T .M is the (n-1) - plane tanzent to . Then we define

(2) alink) = W, _ g g\ng ]

We remark that formulas (1) and (2) agree for I a polyhedral

hypersurface. In fact,

a(,K) = 2 _a(ily, K)

i

for every decomposition I = \JM1 into smooth pieces iiy such
that a (Mi N Mj) =0 fori+#3j.

We say that two smooth hypersurfaces MD and M; are E - neigh-
bours ( €<IR}) if there axists an application ¢ : k" x [o,L=R"
(called ambisnt f[sotopy), having the following properties:
AI]_) @(*40) = ileh H

AT,) ®(*,1) is a bijection of M and M;

o
AIB) the laength of P(v, s [o,l]--ﬂn is less than £
AT, 1 -d, P(xt)<e ¥ xely, t e [o,1].

Ths concept of & - neighbours can be extended to the
caga of plecewise smooth hypersurfaces by imposing for the am-
bient isotopy ¢ to be of class C'1 in a neighbourhood of
(F.IOU Iﬂl) x [u,l] and AI4) to work for almost all points(x,t) €
M0 3§ xe[o,l] i
The space ?{ of gll piacewise smooth compact hypersurfaces
in R™ 15 endowed with the topology having as a base the sets
{t | w and @ are &~ neighbours }

*

for MD E—’Jf, Ee[ﬂ+ . Of course, this topology 1is agsociatad

to a metric 8 .
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TiFOREN. If P, -—= P in H then
a(Pn, K) —— a(P,K) .

Sketch of proof. We shall show only tha fact that given two

smooth hypersurfaces Hl and Hp that are & - nsighbours then
|aHy, K) - a(IIE,K)]—f Ce

for C a regl number depsndinz on Hl, K. Accordinz to (1) and

(2) (eventually cutting Hj into small placas) we have to provs

that
(3) lgsl'f" -S%;Ul|<Ce.
1 2
Hy H,
From hypothesis
(4) | n, (%) - nztw(,:,1))]<(%&_

If N1 . is the unit normal at iy in x, if defined, then the
?

condition ﬁ14) impliss
(5)<N1.x’ NE’ v (x,1) > < E.

Becauss the ni's are continuotSand a ( x*NK) is also conti-

n-1

nuons (as a function 8" = R*), then (3) holds. From (Alj),

(Alq), and (5) we obtain
(6) \gacq_ga«z\<cze
H Hy

14
(H1 are compact hypersurfaces). Bacause ni(x} > 03 > o0 ths
inequalities (4) and (6) give (3). The theorem will follow
becausa Pn and P are & - neighbours where ¢ g 0.

We observe that a convex hypersurface is glmost smooth, and
two &- neighbours convex hypersurfaces are oce-nsighbours

for a suitable constant ¢ depanding only of the geomstry of
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the hypersurfaces. Consequently:
COROLLARY. If a sequence of convex hyparsurfaces P, is simply

convergent to a convex hypersurface P than

a(Pn. K) — a (P, K).
Upon a theorem of Busemann, characterizing the isometriss of g
finite dimensional Bansch space, it follows that the K~area
80 defined a(M, K) is invariant under the motions of the Minko-
wekl spsce. This enables us to say that the messurs introduced
above is natural.
Wa mention that for higher ordar meassurss over hypersurfaces a
gimilar result still holds by giving a structure of metric spaca
(A, 31,) which is compatible with the continuity of them.
ThHis process 1s an analogus of the contruction of Sobolev spaces
80 we nams the spaces ( j{ ’ 5} ) Sobolev spaces associstad to a
given meagsure. This will ba treated in s further paper.
We see that the function e (K N x') satisfies for a symmetrioe
convex body K the conditions imposed in Minkowski's problem
[6. 8, 9, 10] 80 there axists a convex symmatric body K™
having the element of area given locally by a(Kn x%)de ,

where dY¥ 4ig the ares form on s%t

Then the standard Cauchy formula [2, T» 12] enables us to

write
4
(7) a(MK) = VV;_,‘ gK* a(rrx M,K)dtfl{!

whera pry M 1is the projection of i onto tha tangent plane

at x to K. If we take the maximal cross-section D(M.K) =

L]

sup a(per,K), and the minimal cross-seotion W(M,K) =

i

inf a(pryM,K) then is straight forwsrd;
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@ A k) < atx) ¢ 2 pir).
Wi 4 W

n-1
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