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PRODUCTS O BIJECTIONS
by Louis FUINAR and Dan CALISTRATIL
1. Introduction and stotement of results
The aim of this paper is to give some necessary or sufficient
conditions for a mup from a group (B,%) in itself being the product
of two bijections. The product of the mappings L,g:3-B is deflined
by (fxg) (x) = £(x)» g(x). The case when the group is (R, +) [s
assigned to M. i¥dulescu and S. Ridulescu (see [1}) and treated by
J.Ceder ([l]) 3 also appeared formulated by L.Funar [2] as an| open
problem.
The main results of Ceder are concerned in

THEORER 1 Every map f:R—R cun be written as a sum of thrge
bijections of R in itself,
THEOREL 2 If the map f: R—R is constent or has an uncountfble
range, then £ can be written as the sum of two bijections.
It has been not settled the cpose when T is not constant and its
range is at mogst countable, ililler [4] extends theorem 2, by groving
the following:
THEOREM 3 For every map f :R —R there exist a finite set AKR
and the bijections g, h: R—R such that f(x)=g(x)+h(x), ¥xek\ A.
Closely related are the problems when the bijections are constrained
to be isoworphisms for some additional struﬁtures, by examplei
homeemorphisms of R .We mention here the result of Ceder [1] a;d
Ho{}]:
THEOREM 4  The continuous mapping f£: R —R is the sum of two |
homeomorphisms of R iff f has finite total variection on each flinite
interval,
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Qur mein result is an improvement of theorems 1,2,3 abd
stated. Below (B,r) is a fixed group.
THEOREM 5, (i) If B is infinite and f : B —B has infinite
range then f ig the product of two bijections,
. (ii) If B is not finitely generated, f(B) = {a
ak} and £~ (a ) are infinite \Jge:{l,...,k} then £ is the pr

of bijections

(i1i) If B is & torsion free abelian group, f{8)-
{ai,aq} and f is the product of two bijections, then £~ (a ﬁ

infinite ¥Yie{l, 2}

(iv) If B is an abelian group £ (B) mi&o,al,...

card f"l(ai) = ¥y, for ie;{l,..,,k:}, then f is the product of| t

bijections iff af{i agz .,_aiﬁ - azw..,wﬁ

As a corollary we shall obtain :

THEOREM 6 If B is infinite, f :B—B, then f is the sum of |three
bijections.
We denote below card A or JA| the cardinal of A, rg £ the ranpe
and dom f the definition set of the map £ . Qur proof followls the
lines developed in [4'].

2. Preliminary lemmas |
For the proof of the above theorems we need some prerequisite%.
Lemma 1 1f G is a supgroup of B, f:B~=B is a map such that|
rg << G ,card rg f = card G » and for eversx Ee=rg T, f"lkx}(\G‘#ﬁ
then there exist two bijections h,g : G —~G such that I\G = hﬁvg.
Froof. Let k = carg rg f » Y be the least ordinal of cardinal| k and
consider a well ordering of G =~txx, dﬁ<y}. Set F; for the géaph
of the map ¥ « Then we have an order reiation defined by f g;fl
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ire 1., Q-lf -For X< G set ‘P(X) for the least ordinal & with
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Denote by r}’ the fagily of maps (h,g) having the following f

properties : . . 4
l. dom h = dom g<= G, rg f,rg g < C

2, f]dom h =htg

3 et o= \Fg]é | Y (dom h) |

4, \f(dom h) < ¥(rg b), Y(rg g)

5. h, g are injective

=

We start with .,\_qh = = (l) .The family%’/ has ‘an obrious indu

sed

< Lo
ordering. If K ={(h>\,gz)} is a totally ordered sequence incjoused

in % then \jh = %\JPhh , Fg = \5\) r\ghdefine a majorant feor K which

lies in ?; By Zorn's lemma X has a maximal element say (h,g).

Let

% =¥ (dom h}. If o =f then (h,g) will answer our question, else

~® <Y .Then there exists z€ G\rg h such that z"'l-;rr f(yo{) # rg
In fact A = {z“l ¥ f(yot) i 2 €G\rg h} has all elements distine
(Al =[6\rg h| but |rg h| < lyP(dom b )\ =\x|< (Y| hence we
have A Crg g because (A > |rg g\. Consider the extensions /}\1!.' i
hog vy [g=lpu e, Ty=T U, s7hxe)), Now ir
;1-% £(t) ¢ rg g.
Indeed set B = JLJTS * £(t) jt€C\dom b} then \B|= |{£(t) 5 te

~dom h | .We have \{f(t); te G}l =|rg £\ =1¢| because

Yy ¢ reg ' we can choose t «G\dom & such that v

£ (x) NG F Sb ¥xerg f. It fellows that |B|=|%\ dom hi> |

hence the desired element % could be chosen in B\rg év

Now put r‘h* = r‘ﬁa u(t,yo{) » I—é,ﬁ = réx U(t,y;i»ef(t)), The

arguments nold in the case yoégé rg g and a pair (h 2" E )k

obtained, Now (n*™* ,g** )2 th,g) and lies in % contradicting

assumption of maximality of (h,g) in T

Lemma 2, Let G be an infinite subgroup of B,f :B —B with T

such that : card f”i(a)gcard G implies f—l(a)c;(}. Then there

the bijections h,g : B\ ¢ —R\ € for which f’B\G =h # g.

Proof. Betine the equivalence reletion x~vy  Aff x yfy*i
i . -1 . -1 ]

set Foz {a & B lf (a) % GE ,Haz f (a)\G for a @:FO._
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If F_=¢ then B =G and the result is trivial valid. For P #¢

Tollows from hypothese that%'ﬂak is a partition of B\G p

aGFO

card Ha > card G,

Let {Kak acs . & partition of B\G in reunions of cosets with
c

respect to @ (i.e, sets ~invariant), and card Ky = card B,. Thi

it
nd

is possible because card H, Y card G. Now consider X : B\ G —B[\ ¢

e bijection witn the property that TT(Ka) = Hy %/aeaFo. Then
is surficient to prove the lemms ror fiaf'B\G 0N e Obgerve thal

f1°1 (a) = K, so rg f, < B\ G, Set h{x) = ax*x for xek,

g{x) = x'l. Then f,= h%g and h
a

lemma is proved.

it

g 1s a bijection onto Ka’ g0 fhe

LEMMA 3 Let £ : B—B, F = rg £, There exists an subgroup Gi«=B

which satsfies:
1. <G and card & (card F +
2. V¥zxer, 7N x)n6 =¢

3, ¥xeF with card f"l(x).gcard G we have fwl(x)ééG.

froor.  Let G  be the group generated by FLJ{Xa, ae;Fi}where |
x <£l(a). Then set X = kj £ 1(a) and G be the group|
& o card £ a)< cacd G, |
a=F :

generated by X2UG, . Then card X card G, +H geard P+ }{0 ai

3

card G{card P+ ‘77'0. Also for a &P, f”l(a)ﬁGzaxa and the grouj
satisfies the requirements of lemma 3.

3, Proof of theorems and comments

If card ? > %o and G is the group given by lemma 3 then accoy
to lemmas 1 and 2 f is the product of two bijections., If F is
finite, card B }fﬁg then £* defined by £* (x) = £(x) % x has an
infinite range, so £ is the product of there bijections, which
proves theorem 6 and theorem 5 (i). Lot now G be the countable

subgroup of B given by lemma 3 and H another subgroup of B such

ding
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that G<H ,card H/G » card F .(this is poesible since B is nolt

finitely generated). We consider the partition v{a"‘g acp OF H in

G~cosets, and a bijection W : H-—H such that\ﬁf(Ka): f”l(a)r\ H.

Then set h(x) = ax xofor €K, glx) = x4 which satisties £y

= h¥g . From lemma 2 applied to the subgroup H ,theorem 5 (115
follows. In the casee (i1i) we suppose f = hsg , fml(ag) 2%?1"..
70} »8(2) = 47 . Then h(zy)s ayxt; and hix) = a, »g(x)™t lror

Xz seeesz } . If we set T = {tl,...,tn} then it follows thht
a:iaeav *T = T so Tﬁrx = ]7ﬂ -1 % + This gives (azlﬁa27n= €
- - XeT X¢ a 8T '

1

e being the null element of B and since B ig torsion free 8 =8,,
a contradiction,
Therefore the assertion of theorem 5 (iii) is velid. In the lgst
case we put Ay = f"l(ai) y Oy = g(Ai) « Observe that the tamily
of subsets {azlﬁ Ci} i €{p,i,...,k}- is a partition of B, hence

we can define a map € B\\CO setting %(x) = a % &f;xx for

J
erCj s 1<j<x . Then T is injective, so it is a bijection gince
C. are finite for 1{j<k . Therefore :_1 ﬁq\,t(x) sequiva-
J X&B\L x& B\C, :

lent to ay1+"’*yh= 3{1..,a§ -Conversely let consider the seils

i-1 1 ! ¥ -y
\? [ z = a, I—T ar & 8’7 ,for \<foy3"§ 1<j<k gnd
1{sgk

:;B\\\J)Cj - Then we can give the bijections hﬁgi: A‘““"ci

because card A; = cerd C, ,such that gy (x) = h, (x)“l a;
The maps g(xz) = gi(x) for x<€h, ,h(x) = h,(x) for Te Ay |

setisfy the requirements of the theorem 5 (iv), |
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