AN INTRODUCTION TO GALOIS COHOMOLOGY
AND ITS APPLICATIONS

GREGORY BERHUY

CONTENTS
1. Introduction 1
2. Cohomology sets 6
3. Hilbert’s 90" theorem 9
4. Exact sequences in cohomology 12
5. (The) matrix (case) reloaded 16
6. Functors 19
7. Functorial group actions 21
8. Twisted forms 22
9. The Galois descent condition 23
10. Stabilizers 24
11. Galois descent lemma 25
12. The conjugacy problem again 29
13. The case of infinite Galois extensions 33

1. INTRODUCTION

A recurrent problem arising in mathematics is to decide if two given
mathematical structures defined over a field k are isomorphic. Quite
often, it is easier to deal with this problem after scalar extension to a
bigger field €2 containing k, for example an algebraic closure of k, or a
finite Galois extension. In the case where the two structures happen
to be isomorphic over 2, this leads to the natural descent problem: if
two k-structures are isomorphic over €2, are they isomorphic over k7 Of
course, the answer is no in general. For example, consider the following
matrices M, My € My(R) :

0 —2 0 2
M0_<1 0 >’M_(—1 0)'

It is easy to see that they are conjugate by an element of GLy(C), since
they have same eigenvalues +iv/2, and therefore are both similar to
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(z'\/i 0

0 —iv3 ) . In fact we have

, , -1
¢t 0 ¢t 0
(0 —i)M(O —i) = Mo,
so M and M, are even conjugate by an element of SLy(C).

A classical result in linear algebra says that M and M, are already
conjugate by an element of GLo(R), but this is quite obvious here since
the equality above rewrites

-1
10 10
(o 5)u(o %) =

However, they are not conjugate by an element of SLy(R). Indeed, it
is easy to check that a matrix P € GLy(R) such that PM = MyP has

the form
p_ ( a 2c > .
c —a

Since det(P) = —(a?*+2¢*) < 0, P cannot belong to SLy(R). Therefore,
M and M, are conjugate by an element of SLy(C) but not by an element

Hence, the descent problem for conjugacy classes of matrices has a posi-
tive answer when we conjugate by elements of the general linear group,
but has a negative one when we conjugate by elements of the special
linear group. So, how could we explain the difference between these
two cases? This is where Galois cohomology comes into play, and we
would like now to give an insight of how this could be used to measure
the obstruction to descent problems on the previous example. If k is a
field, let us denote by G(k) the group GLa(k) or SLo(k) indifferently.

Assume that QM Q™! = M, for some Q € G(C). The idea is to measure
how far is ) to have real coefficients, so it is natural to consider the
difference Q@_l, where @ is the matrix obtained from Q by letting the
complex conjugation act coefficientwise. Indeed, we will have @ € G(R)
if and only Q = @, that is if and only if Q@_l = I,. Of course, if
Qa_l = I, then M and M, are conjugate by an element of G(R),
but this is not the only case when this happens to be true. Indeed,
if we assume that PMP~' = M, for some P € G(R), then we easily
get that QP! € G(C) commutes with M,. Therefore, there exists
C € Zg(My)(C) ={C € G(C) | CMy = MyC} such that Q = CP. We
then easily have Q = C' P = C'P, and therefore

Q@_l — CC " for some C € Za(My)(C).
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Conversely, if the equality above holds then P = C~1(QQ is an element
of G(R) satisfying PMP~! = M, . Indeed, we have

P=C'Q=c"'Q=P
so P € G(R), and
PMP™' =Cc'QMQ™'C = C™'M,C = M,C~'C = M,.

Thus, M and M, will be congugate by an element of G(R) if and only
if

QQ ' =CC " for some C € Zg(My)(C).
Notice also for later use that Q@_l € G(C) commutes with My, as

we may check by applying complex conjugation on both sides of the
equality QM Q! = M,.

0 —

therefore Q@_l = —1,. Easy computations show that we have

If we go back to our previous example, we have () = ( ! O. ), and

z

Za(Mp)(C) ={C e G(C) | C = < y _jzl > for some z, 2’ € C}.

Therefore, we will have C' € Zg(My)(C) and CC ' = QQ ' = —1, if
and only if

C = ( o _Z.Quw > for some u,v € R, (u,v) # (0,0).

Notice that the determinant of the matrix above is —(u® 4+ 2v?) < 0.
Thus, if G(C) = GLy(C), one may take v = 1 and v = 0, but if
G(C) = SLy(C), the equation cC = —1I, = Q@_l has no solution
in Zg(Mp)(C). This explains a bit more conceptually the difference
between the two descent problems. In some sense, if QMQ~! = M,
for some @ € G(C), the matrix QQ " measures how far is M to be
conjugate to My over R.

Of course, all the results above remain valid if M and M, are square ma-
trices of size n, and if G(k) = GL,(k), SL,(k), O, (k) or even Sp,, (k).
If we have a closer look to the previous computations, we see that the
reason why all this works is that C/R is a Galois extension, whose
Galois group is generated by complex conjugation.

Let us consider now a more general problem: let ©/k be a finite Galois
extension, and let M, My € M,,(k) two matrices such that

QMQ ™ = M, for some Q € G(9).
Does there exists P € G(k) such that PM P~ = M, ?

Since Q/k is a finite Galois extension, then for all z € Q, we have x € k
if and only if o(z) = « for all o € Gal(Q2/k). If now Q € G(Q2), then
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let us denote by o-Q € G(2) the matrix obtained from @ by letting o
act coefficientwise. Then we have

QeCGk) <= o0-Q=Q forall o€ Gal(Q/k)
< Q(o-Q) ' =1 for all ¢ € Gal(Q/k).
As before, applying o € Gal(2/k) to the equality QM Q™ = My, we
see that Q(0-Q)™! € Zg(My)(©). We therefore get a map

a® : Gal(Q/k) — Za(My)(Q),0 — a2 = Q(c-Q) .

Arguing as at the beginning of this introduction, one can show that M
and M, will be conjugate by an element of G(k) if and only if there
exists C' € Zg(My)(€2) such that a? = o, that is if and only if there
exists C' € Zg(My)(Q2) such that

Q(o-Q) !t =C(o-C) ! for all o € Gal(Q/k).

To summarize, to any matrix M € M, (k) which is conjugate to M
by an element of G(f2), we may associate a map a® : Gal(Q2/k) —
Za(My)(S2), which measures how far is M to be conjugate to M, by an
element of G(k).

This has a kind of a converse: for any map
a:Gal(Q/k) = Za(My)(2),0 — a,

such that o = a@ for some Q € G(Q), one may associate a matrix
of M, (k) which is conjugate to M, by an element of G(k) by setting
M, = Q' MyQ. To see that M, is indeed an element of M, (k), notice
first that we have

0"(0102) = (O"Cl)(O"CQ) for all Cl, Cy e G(Q),O’ € Gal(Q/kz)
Thus, for all o € Gal(Q2/k), we have

oM, = (0-:Q) ' My(c-Q)
= Q'Q(0-Q) ' My(c-Q)
= Q'MyQ(c-Q)(0-Q)
= Q'MyQ
= Mom

the third equality coming from the fact that a, = Q(c-Q)™! lies in
Za(Mp)(S2).

Not all the maps a : Gal(2/k) — Zg(My)(2),0 — «a, may be writ-
ten a® for some Q € G(Q). In fact, easy computations show that a
necessary condition for this to hold is that « is a cocycle, that is

Qyr = Qg 0-a; for all 0,7 € Gal(Q/k).

This condition is not sufficient in general. However, it happens to be
the case if G(©2) = GL, () or SL,(€2) (this will follow from Hilbert
90).
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Notice that until now we picked a matrix @@ € G(2) which conju-
gates M into My, but this matrix ) is certainly not unique. We
could therefore wonder what happens if we take another matrix @)’ €
G(§2) which conjugates M into M. Computations show that we have
Q' Q7' € Zg(My)(Q). Therefore, there exists C € Zg(My)(S2) such
that Q' = C'Q, and we easily get that

a? = Caf(c-C)7! for all o € Gal(Q/k).
Two cocycles «, o : Gal(Q/k) — Zg(My)(£2) such that
o, = Cay(o-C)7! for all o € Gal(Q/k)

for some C' € Zg(My)(§2) will be called cohomologous. Being coho-
mologous is an equivalence relation on the set of cocycles, and the set
of equivalence classes is denoted by H'(Gal(Q/k), Zg(Mo)(Q)). If a is
a cocycle, we will denote by [a] the corresponding equivalence class.
Therefore, to any matrix M € M, (k) which is conjugate to My by an
element of G(£2), one may associate a well-defined cohomology class
(@], where Q € G(Q) is any matrix satisfying QMQ~! = M,.

It is important to notice that the class [a?] does not characterize
M completely. Indeed, for every P € G(k), it is easy to check that

a@P™" = oQ. In particular, the cohomology classes associated to the
matrices M and PM P~ are equal, for all P € G(k).

Conversely, if & = a? and o = a? are cohomologous, it is not too
difficult to see that P = Q71C~1Q’ € G(k), and that the corresponding
matrices M, and M, satisfy PM, P~ = M,

Thus the previous considerations then show that, in the case where
every cocycle a : Gal(2/k) — Zg(My)(Q),0 — «a, may be written
a = a@ for some Q € G(Q), the set H(Gal(Q/k), Zg(Mp)(£2)) is in
one-to-one correspondence with the set of G(k)-conjugacy classes of
matrices M € M, (k) which are conjugate to My by an element of
G(9Q).

Many situations can be dealt with in a similar way. For example,
reasoning as above and using Hilbert 90, one can show that the set of
isomorphism classes of quadratic forms ¢ which are isomorphic to the
quadratic form z2+- - -+x2 over Q is in one-to-one correspondence with
H'(Gal(Q/k), 0,(9)).The case of k-algebras is a little bit more subtle,
but one can show that the set of isomorphism classes of k-algebras
which are isomorphic to a given k-algebra A over () is in one-to-one
correspondence with H*(Gal(Q/k), Autg_ae(A @ Q)).

Quite often, algebraic structures can be well understood over a separa-
ble closure kg of k. In the best cases, they even become isomorphic over
ks, and Galois cohomology may be of great interest in this situation.
However, to avoid technicalities we will assume that €2/k is finite, and
come back to the infinite case at the very end.
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2. COHOMOLOGY SETS

Definition 2.1. Let G be a finite group. A set A is called a G-set if
G acts on A on the left. A group A is called a G-group if G acts on
A by group morphisms, i.e.

o-(a1as) = (0-a1)(0 - ag) for o € G,ay,ay € A.

A G-group which is commutative is called a G-module.

A morphism of G-sets (resp. G-groups, G-modules) is a map (resp. a

group morphism) f: A — A’ satisfying the following property:
flo-a)= o-f(a) for all 0 € G and all a € A.

Examples 2.2.
(1) Let Q/k be a Galois extension of group Gg. Then the map

GoxQ—Q (0,2)— og-x=0(x)

endows {2 with the a structure of a Go-module.

(2) Let Q/k be a Galois extension of group Go. Then Gg acts
naturally on GL,(Q2) as follows: for 0 € Gg and M = (my;) €
GL,(Q), set

o-M = (o(my;)).
Clearly, this is an action by group automorphisms. The same
is true for other matrix groups such as SL,(£2) or O, ().

At this point, we may define the 0""-cohomology set H°(Gq, A).

Definition 2.3. For any G-set A, we set
H(G, A) = AC.

If A is a G-group, this is a subgroup of A. The set H°(G, A) is called
the 0" cohomology set of G with coefficients in A.

We will not really use this notation except once or twice, preferring
writing A® instead of H°(G, A). We now come to the main object of
these lectures:

Definition 2.4. Let A be a G-group. A 1-cocycle with values in A
isamap o : G — A, 0 — a, such that

Qgr = g, 0y for o,7 € G.

We denote by Z!(G, A) the set of all 1-cocycles of G with values in A.
The constant map a, = 1 is an element of Z!(G, A), which is called
the trivial 1-cocycle. Notice also that for any 1-cocycle «, we have
] = 1.

Remark 2.5. If G acts trivially on A, a 1-cocycle is just a morphism
a:G— A
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In order to define the cohomology set H'(G, A), we need now an ap-
propriate notion of cohomologous cocycles, which coincide with the one
defined in the introduction in a particular case. This will be provided
by the following lemma:

Lemma 2.6. Let A be a G-group and let o : G — A be a 1-cocycle.
Then for all a € A, the map

o :G—=Ao—an,oa

1s again a 1-cocycle.
This leads to the following definition:

Definition 2.7. Two 1-cocycles a, o are said to be cohomologous if
there exists a € A satisfying

o, =ac,o-a" ! forall o € G.
It is denoted by a ~ /.

Remark 2.8. The symbol ‘o-a~!” may seem ambiguous at first sight,
since it could denote (o-a)~! as well as o-(a™'). However, these two
elements are equal in our setting, since GG acts on A by group automor-
phisms; we will keep this notation throughout.

Definition 2.9. Let A be a G-group. The relation ‘~’ is easily checked
to be an equivalence relation on Z'(G, A). We denote by H'(G, A) the
quotient set

HY G, A) =ZG,A)/ ~.
It is called the first cohomology set of G with coefficients in A.

The set H'(G, A) is not a group in general. However, it has a distin-
guished element, which is the class of the trivial cocycle. Therefore,
H'(G, A) is a pointed set in the following sense:

Definition 2.10. A pointed set is a pair (F,x), where E is a non-
empty set and x € E. The element z is called the base point. A map
of pointed sets f : (E,z) — (F,y) is a set-theoretic map such that
f(z) = y. We will often forget to specify the base point when it is clear
from the context. The kernel of a map f : (E,z) — (F,y) of pointed
sets is the preimage of y.

Example 2.11. The set H'(G, A) is a pointed set, and any abstract
group GG may be considered as a pointed set, whose base point is the
neutral element.

Remark 2.12. If A is a G-module, the set Z'(G, A) is an abelian
group for the pointwise multiplication of functions. This operation is
compatible with the equivalence relation, hence it induces an abelian
group structure on H'(G, A).

We now look to the behaviour of these sets when G or A vary.
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Definition 2.13. Let GG, G’ be two finite groups. Let A be a G-group
and A" be a G'-group. Moreover, let ¢ : G' — G and f: A — A’ be
two group morphisms.

We say that f and ¢ are compatible if
flp(d")-a)=0"- f(a) for o’ € G',a € A.

Notice that it follows from the very definition that if a is fixed by G,
then f(a) is fixed by G’. Hence f induces by restriction a map of
pointed sets

£ HYG, A) — H (G, A)).

The following proposition shows that this is also true for H*.

Proposition 2.14. Let G,G', A, A’ as above, and let ¢ : G — G
and f : A — A" be two compatible group morphisms. For any cocycle
a€ ZY G, A), the map

B : G/ — A/, U/ —> f(qu(U/))
1S a cocycle.

Moreover, the assignment o € Z'(G, A) — B € ZYG', A’) induces a
map of pointed sets (resp. a group morphism if A and A" are abelian)

f.o: H(G,A) — HY(G', A").
Proof. By definition, we have 3, = f(ay(s)). Hence, for all o', 7" € G,

we have By = f(p(or)e(r)), since ¢ is a group morphism. Since « is
a l-cocycle, we get
Borrt = [(ap(or) 9(07) ) = floipen) f(0(0") - ap(rn)-
By compatibility, we get that
Borrr = [(Qp(or) 0"+ [(Qp(rr)) = Bora”- By
Hence § is a 1-cocycle.

Now we have to show that if o and o' are cohomologous, then the
corresponding 3 and (3’ are also cohomologous, so assume that

o, = acy o-a” ! for all 0 € G,

for some a € A. Applying this relation to o = ¢(¢’) and taking f on
both sides gives

ﬁé’ - f(a'ago(a/)‘p(o_/)'a_l)'
Since f is a group morphism which is compatible with ¢, we get
Bor = f(a) f(apen) o' fla)™ = f(a)Byr o’ f(a) ™.

Hence § and " are cohomologous. Finally, it is clear from the definition
that f, maps the trivial class onto the trivial class. U
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Example 2.15. Assume that G = G’ and ¢ = Idg. Then a compatible
map f: A — A’ is just a morphism of G-groups, and the map f, just
sends the cohomology class of a to the cohomology class of f o a.
Moreover, if g : A — A” is a morphism of G-sets (or G-groups, etc),
we have (g o f). = g« o f..

In the sequel, f, will always denote the map induced by Idg and f. We
now provide one example of computation of a Galois cohomology set.

3. HILBERT’S 90" THEOREM

To prove the so-called Hilbert’s 90" theorem, we will need some preli-
minary results on semi-linear actions.

Definition 3.1. Let ©2/k be a Galois extension of Galois group Gg,
and let U be a (right) vector space over 2 with an action * of G on
U. We will denote by ‘-’ the standard linear action of Gg on €2. We say
that Gq acts by semi-linear automorphisms on U if we have for all
u,u' € U X € Q)

ox(u+u) = oxu+o*xu

o * (uM) = (oxu)(o-)N).

Examples 3.2.

(1) Let V' be a k-vector space, and let U = V ®; Q. The action of
Go on U defined on elementary tensors by

ox (V@A) =v®(c-\)forallveV,AeQ

is an action by semi-linear automorphisms.

(2) Let U = Q", and let Gg act in an obvious way on each coor-
dinate. We obtain that way an action by semi-linear automor-
phisms. Morever, U% = k™, and we have a canonical isomor-
phism of 2-vector spaces

U% @, Q — U, u® N\ — ul.

Notice that this isomorphism is also an isomorphism of Gg-
modules.

The following lemma generalizes the previous example.

Lemma 3.3. [Galois descent of vector spaces| Let U be a vector space
over Q. If G acts on U by semi-linear automorphisms, then U% =
{ueU|oxu=u foraloe Gy} is a k-vector space and the map

F:U% @50 = Uu®\— ul

s an isomorphism of Q-vector spaces.
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Proof. 1t is clear that UY is a k-vector space, and that f is )-linear.
We first prove the surjectivity of f. Let uw € U, let A,...,\, be a
k-basis of €2 and let o1 = Idg, 09, ..., 0, be the elements of Gn. Let

U; = ZU]' * (U)\Z)
J
For all k =1,...,n, we have
o) kU = Z(ngj)(U)\i>-
J

Hence the action of oy on Z 0, * (u);) just permutes the terms of the

j
sum, so u; € U9,

Since o4,...,0, are precisely the n k-automorphisms of €2, they are
linearly independent over €2 in Endg(£2) (this is Dedekind’s Lemma).
Hence the matrix M = (0;-\;); ; lies in GL,,(2). By definition of u;, we

have u; = Z(Uk xu)(op-A;). Now if M~ = (mj;), from the equation
k
MM = 1I,, we get
(Zmllj(ak')‘j) =0 forall k=1,...n,
J

by comparing first rows. Hence we have
Zujm'lj = Z Z(ak xu)(op-Aj)mi; = Z(ak %)y = 01 % U = u,
J ik k

the last equality coming from the fact that oy = Idg. Therefore, we

have
U= Zujmllj = f(Z u; @ myy),
J J

which proves the surjectivity of f. To prove its injectivity, it is enough
to prove the following:

Claim: Any vectors uq,...,u, € U9 which k-linearly independent
remain {2-linearly independent in U.

Indeed, assume that the claim is proved, and let x € ker(f). One may
write

T=U QU+ ...+ U Q Uy,

for some gy, ..., 1y € Q and some uq,...,u, € U% which are linearly
independent. By assumption, f(z) =0 = ujp; + ... + u,p,.. Now the
claim implies that uy = ... = u, = 0, and thus x = 0, proving the

injectivity of f.

It remains to prove the claim. We are going to do it by a way of
contradiction. Assume that we have k-linearly independent vectors
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U, ..., ur € U% for which there exists pi1,..., 1, € €, not all them
being zero, such that
urphy + ..o+ uppt = 0.

We may assume that r is minimal, » > 1 and p; = 1. By assumption,
the p;’s are not all in k, so we may also assume that ps ¢ k. Choose
o € Gq such that o-ps # . We have

0 * (Zuiﬂi) = Z(U *u;) (0 p) = Zui(d-m) =0

and therefore we get Z w;(o-p; — p;) = 0, a non-trivial relation with
i>2
fewer terms. This is a contradiction, and this concludes the proof. [J

Remark 3.4. If we endow U% ®,, Q) with the natural semi-linear action
as in Example 3.2 (1), we claim that the isomorphism f above is an
isomorphism of Go-modules, that is f is equivariant with respect to the
two semi-linear actions.

To check this, it is enough to do it on elementary tensors. Now for all
uweU% \eQand o € Gg, we have

flox(u@A)) =u(o-A) = (0xu)(o-A) =0 *(ul) =0 f(u® A),
hence the claim.

We are now ready for our first example.

Proposition 3.5 (Hilbert 90). For every Galois extension Q/k, we
have H*(Gq, GL,(Q)) = 1.

Proof. Let a € Z'(Gg, GL,(2)). We twist the natural action of G, on
U = Q" in an action by semi-linear automorphisms:

oxu=a,(o-u) forallu e U,o € Gg.

We then get an isomorphism f : U% ®;, Q = U from the previous
lemma. In particular, we have

dimy, (U9?) = dimg (U9 @4 ) = dimg(U) = n.
Let vy, ..., v, be a k-basis of U9 (which is also an 2-basis of U), and let

P € GL,(€2) be the matrix whose columns are vy, ..., v,. Then for all
o € Gq, the matrix o-P is the matrix whose columns are ovy,..., o-v,.
Now vy, ...,v, € U%, and therefore we have

v, =0%v;=as(o) foralli=1,... n.

Written in terms of matrices, this reads
P = a,(0-P) for all o € Gg.

It readily follows that « is cohomologous to the trivial cocycle, and this
concludes the proof. O
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Remark 3.6. Assume that Q/k is a finite cyclic extension of degree
n, and let v be a generator of Gq. If a € Z1(Gq, Q%) is a 1-cocycle, we
have

Wy = a1y, = ... = Noyla,).

Since 4" = 1, we get Nq/r(oy) = 1. Conversely, any element x € 2~
of norm 1 determines completely a cocycle with values in 2% by the
formula

Qym = H Viw foral0<m<n-—1.

0<i<m—1
Now let x € 2 satisfying N i(2) = 1, and let « be the corresponding
cocycle. By Hilbert 90, we know that a is cohomologous to the trivial

o(2)

cocycle, so there exists z € Q* such that a, = —= for all ¢ € Gq.

v(2)

Applying this equality to o = 7, we get x = ——=, which is the classical
z
version of Hilbert 90.

4. EXACT SEQUENCES IN COHOMOLOGY

Definition 4.1. Let f : A — B be a map of pointed sets. Recall that
the kernel of f is the preimage of the base point of B.
A sequence of pointed sets

A-l.p ¢
is called exact at B if imf = ker g.
A sequence of pointed sets
Ag—m A1 — - = A1 2 A= Ay — -+
is called exact if it is exact at A; for all 4 > 1.

An exact sequence of groups (resp. of G-groups, resp. of G-modules)
is an exact sequence of pointed sets such that all the maps involved are
group morphisms (resp. morphisms of G-groups, resp. of G-modules).

For example, the sequence
B—2-C—1

is exact if and only if g is surjective, and the sequence

1—A-1-B

is exact if and only if f has trivial kernel. This does not imply that f
is injective, unless A and B are groups and f is a group morphism.

Assume that we have an exact sequence

f

1 A B—2.¢C 1
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of pointed G-sets. The goal of the next paragraphs is to derive some
exact sequences in cohomology, under some reasonable conditions on
A, B and C. We will keep this notation throughout.

Assume that A and B are G-groups, that f is a group morphism (hence
f is injective), and that g induces a bijection of G-sets B/ f(A) ~ C,
where B/ f(A) is the set of right cosets modulo f(A). In other words,
g is surjective and for all b,' € B we have

g(b) = g(b') < b =bf(a) for some a € A.

For instance, these conditions are satisfied in the following cases:
(1) Ais a G-subgroup of B, C' = B/A, f is the inclusion and g is
the natural projection.
(2) C'is a G-group and g is a group morphism (this will be the case
in the next subsection).

As pointed out previously in Example 2.15, f and ¢ induce maps on
fixed points by restriction, namely f, : AY — B¢ and g, : B¢ — C¢.
Our next goal is to define a map of pointed sets

6. C% = HY(G, A).
Let ¢ € CY, and let b € B any preimage of ¢ under g, i.e. g(b) = c. By
assumption, we have ¢ = o-c for all ¢ € G. Therefore, we have

glo-b) = o-g(b) = o-c=c=g(b).
By assumption on g, there exists a unique element a, € A such that
flay)=b"tob.

Lemma 4.2. The map o : G — A, 0 — «, is a 1-cocycle, and its class
in H'(G, A) does not depend on the choice of b € B.

Proof. Let us prove that « is a cocycle. By definition of «, for all
0,7 € G, we have

Flags) = b lorb=b"" o (00 b) = (o) o (b7 ).
Hence we have

f(am') = f(acr) U'f(aT) = f(aa>f<a'a7) = f(OéUO"OéT).
By injectivity of f, we get a,r = a0-a;.
Let us prove now that the cohomology class of o does not depends on
the choice of b. Let I/ € B be another preimage of ¢ under g. We then
have g(V') = ¢ = g(b), so b = bf(a™') = bf(a)~" for some a € A by
assumption on g, and let o’ be the corresponding 1-cocycle. We then
have

flay) = fa)p™ o (bf(a™")) = fla)f(as) o fla)™ = flaay o-a™),
so by injectivity of f, this implies that o and o’ are cohomologous.
This concludes the proof. U
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We then have constructed a map of pointed sets
60 C% = HY (G, A),c [a],
where the cocycle « is defined by the relations
flay)=b""o-bforalloed,
for an arbitrary preimage b € B of c.

Definition 4.3. The map 6° : C¢ — HY(G, A) is called the 0" con-
necting map.

Proposition 4.4. The sequence of G-sets

1 AG Je BCG 9= CG 50 Hl(G,A)LHI(G,B)
18 exact.

Proof. The fact that the sequence
1— A% - BY » C¢
is exact is left to the reader.
Exactness at CY: clearly if ¢ = g(b) for some b € B, then its image
under 6° is the trivial class. Conversely, assume that §°(c) is trivial,

i.e. ap, = ac-a~! for some a € A. Let b € B be a preimage of ¢ under
g. We then have

flac-a™')=b"1o-b,
so f(a)o-f(a)™t = b~to-b. Hence bf(a) € B, and we have g(bf(a)) =
g(b) = ¢ by assumption on g. Hence ker(6°) = im(g.), which is what
we wanted to prove.

Exactness at H'(G, A): Let ¢ € C% and let b € B satisfying ¢ = g(b).
Then by definition of f, and 6°(c), f.(6°(c)) is the class of the 1-cocycle
G — B,o + b~! ob, which is cohomologous to the trivial cocycle. Now
if [a] € HY(G, A) satisfies f.([a]) =1, then f(a,) =b"'0c-b for some b
in B. Therefore, we have

o-g(b) = g(o-b) = g(bf(a,)) = g(b) for all o € G.

Hence ¢ = g(b) lies in C¢. Thus b € B is a preimage of ¢ € C¢ under
g and [a] = 0°(c) by definition of 6°. This concludes the proof. 0O

Example 4.5. We have an exact sequence of Gg-groups
1 ——SL,(Q) —= GL,(Q) — Q* —1,

where the last map is the determinant. Hence we have an exact se-
quence in cohomology

GL, (k) —— k* 2o HY(Go, SL,(Q)) —— H'(Ga, GL,(Q))
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where the first map is the determinant. By Hilbert 90, we get an exact
sequence

GLo (k) — k%~ H'Y(Ga, SLa(Q) — 1.

Since the determinant map is surjective, and since the sequence above

is exact at k>, it follows that the 0** connecting map is trivial, hence
we get H'(Gq, SL,(Q)) = 1.

Before continuing, we need to define an action of B in C¢. Let 3 € B¢
and ¢ € C%. Let b € B be a preimage of ¢ under g, and set

B-c=g(pb) € C.
Let us check that it does not depends on the choice of b. If ¥’ € B is
another preimage of ¢ under g, then o’ = bf(a) for some a € A, hence
g(Bb) = g(Bbf(a)) = g(5b) by assumption on g. Hence § - ¢ does not
depend the choice of b.

We now show that 3-c € C%. For o € G, we have

o-(f-¢c) = a-g(Bb) = g(o-(Bb)) = g((o-F)(a-b)).
Since 3 € BY, we get o-(8-¢) = g(B(o-b)) for all 0 € G. Now
g(o-b) = a-g(b) = 0-c = csince ¢ € C% so o-b is also a preimage
of ¢. Since - ¢ does not depend on the choice of a preimage of ¢, we
conclude that o-(3-c) = B-cforall 0 € G, so B-c € CC.
It is then clear that the map
BY x C% = 0% (B,¢) — B-c

gives rise to an action of B¢ on C%. The next result identifies the
corresponding orbit set.

Corollary 4.6. There is a natural bijection between the orbit set of the
group BY in C% and ker(H'(G, A) — H'(G, B)).

More precisely, the bijection sends the orbit of c € C% onto §°(c).

Proof. Let us denote by C%/B¢ the orbit set of B in C“. By the
previous proposition, we have ker(H'(G,A) — H'(G, B)) = im(&°).
Hence we have to construct a bijection between C%/B¢ and im(4°).
Let ¢, € C lying in the same orbit, that is ¢ = 3-¢ for some 8 € BY.
Then ¢ = g(pb), for some preimage b € B of ¢, and (b is a preimage
of ¢. Since we have (8b)to-(8b) = b1 (o-B)(c-b) =b"lo-b, it
turns out that §°(c’) = §°(c). Therefore, the map

¢ : C%/BY — im(6°), BY - ¢ — §°(c)

is a well-defined surjective map. It remains to prove its injectivity. Let
¢, € CY such that §°(¢') = 0°(c), and let @ and o’ be the cocycles
representing 0°(c) and 6°(c’) respectively. By assumption, there exists
a € A such that o/ = aa,0-a ' forallec € G. If b (resp.V) is a
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preimage of ¢ (resp.c’) in B, applying f to this last equality implies
that

Vot = f(a)b™ (o-b)(o - f(a)) ™"

It easily turns out that ¥'f(a)b~! € BY so V/f(a) = Bb, for some
B € BY. Hence ¢ = g(b') = g(b'f(a)) = g(Bb) = B-c. Therefore, ¢ and
d lie in the same orbit, showing that ¢ is injective. This concludes the
proof. O

We now assume that we have an exact sequence of G-groups

f

1 A B—2.¢C 1

so A can be identified with a normal subgroup of B.
Proposition 4.7. The sequence

1— A® - BY - C° - H'(G,A) - H(G,B) — H'(G,0)
18 ezact.

Proof. By Proposition 4.4, only the exactness at H'(G, B) needs a
proof. If [8] = f.([a]) for some [a] € H'(G, A), the we have

9-(18]) = g.(f.(la])) = (g 0 f):([a]) =

since g o f is trivial by assumption. Hence im(f,) C ker(g*)

Conversely, let [3] € H'(G, B) such that g.([]) = 1. Then there exists
c € C such that g(8,) =cto-cforall o € G.

Write ¢ = g(b). We then have g(3,) = g(b™ o), s0 8, = b~ (d) f(a,),
for some a, € A. Since f(A) is normal in B, (0:b) f(a,)( b))t € f(A),
50 B, = b~ f(a,) o-b for some a, € A, and thus

bBy0-bt = f(a,) for all o € G.

The fact that the map G — B,oc — bB,0-b"! is a l-cocycle and
the injectivity of f imply easily that « is a cocycle. Moreover, by
construction of «, we have [§] = f.(|a]) € im(g.). This concludes the
proof. O

We would like now to go back to the general Galois descent problem:
if two k-structures are isomorphic over €2, are they isomorphic over k?
First we need an appropriate setting in order for all these words to
make sense. We therefore starting by examining carefully our solution
to the conjugacy problem for matrices.

5. (THE) MATRIX (CASE) RELOADED

In this paragraph, we would like to extract the essential arguments of
our solution to the conjugacy problem, and rewrite them in a more con-
cise and formal way, in order to find a general way to attack the general
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Galois descent problem. Let us first reformulate the result we obtai-
ned. In fact, we have proved in the introduction that the set of G(k)-
conjugacy classes of matrices M € M, (2) which are G(2)-conjugate
to a given matrix M, € M, (k) is in one-to-one correspondence with
the set of cohomology classes [a] € H'(Gq, Za(My)(Q2)), which may be
written [a] = [a“] for some C' € G(2), where a“ is the cocycle

o : Go — Zg(Mo)(Q),0 +— C(o-C)7".
This set of cohomology classes is nothing but the kernel of the map

HY(Ga, Za(Mo)() — H' (G, G(2))
induced by the inclusion Zg(Mp)(Q2) C G(Q).
This observation will allow us to give a more conceptual (and less
miraculous) explanation of our result. Notice first that the congugacy
class of a matrix may be reinterpreted as an orbit under the action of
G = GL, of SL,, by conjugation. This action will be denoted by * in
the sequel. The next crucial observation is then the following one: if
My € M,,(k), we may rewrite Zg(My)(S2) as

Za(Mo)(©) = {C € G(Q) | Cx My = Mo}

In other words, Zg(My)(€2) is nothing but the stabilizer of My (viewed
as an element of M,,(£2)) with respect to the action of G(€2) on M,,(2).

The second important point is that the action of Gg on G(§2) restricts
to an action on Zg(My)(€2). To see this, recall that the action of Gg
on a matrix S = (s;;) € M,,(Q2) is given by

0-S = (0(s45)).
In particular, the following properties hold:
(i) M (@)% = My, (k)
(1) For all S € M,(2),C € G(2) and ¢ € Gq, we have
o-(CxS)=(0-C)*(c-5).

We have in fact an even more general property. If + : K — L is a
morphism of field extensions of k and S € M,,(K), set

LS = (L(sif))-
We then have

(27") For all morphism of extensions ¢ : K — L, S € M, (K) and C €
G(K), we have
L-(C*xS)=(-C)*(t-9).
If now C' € Zg(My)(Q2) and o € G(2), we have
(O'C) * MO = (O'C) * (U'Mo)
by (i), since My € M,,(k). Using (i7), we then get
(O'C) *MO = O'(C*Mo) = O"MO = Mo,
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the second equality coming from the fact that C' € Zg(My)(€2). Hence
the action of G on G(£2) restricts to an action on Zg(My)(2) as clai-
med. Now it follows from elementary group theory that we have a
bijection
G(Q)/Za(Mo)(2) = G(2) * M.
Equivalently, we have an exact sequence
1= Zag(My)(Q) = G(Q) = G(Q) x My — 1,

which may be easily seen to be an exact sequence of pointed Gg-sets
satisfying the conditions explained in § 4, the base point of G(Q2) x M,
being Mj.

The apparition of ker[H'(Gq, Zg(My)(Q)) — H'(Gqo, G(Q))] is not a
real surprise then, in view of Corollary 4.6. The same corollary says

that this kernel is in one-to-one correspondence with the orbit set of
G(Q)9% in (G(Q) * My)9.

Let us now check that this orbit set is precisely the set of G(k)-
conjugacy classes of matrices which become G(2)-conjugate to M.
Notice that since G = GL,, or SL,,, we have

(iti) G(Q)% = G (k).

Moreover, by definition of the action of G(£2) on M,,(2), G(Q)*M, is the
set of matrices of M,,(€2) which are G(2)-conjugate to My. Therefore
by (i), (G(Q) * My)9 is the set of matrices of M,,(k) which are G(Q)-
conjugate to M.

Notice now that the action G(Q)9 = G(k) on (G(Q) x My)9® defined
before Corollary 4.6 is simply the restriction of the action of G(k) on
M., (k) by conjugation. Indeed, if M € M, (k) has the form M = Q= M,
for some @ € G(Q2), and if P € G(k), @ is a preimage of M under the
map G(Q2) — G(2) * My, and therefore we have

P-M=(PQ)xMy=Px(QxMy)=PxM.

Thus the orbit set of G(£2)9% in (G(£2) * My)9 is nothing but the set
of G(k)-conjugacy classes of matrices M € M, (k) which become G(2)-
conjugate to M.

Therefore, we have proved that our solution the conjugacy problem for
matrices was nothing but an application of Corollary 4.6, and we have
identified three important properties which make this actually work.
Notice that (i) and (zii) may seem redundant a priori, but this is only
due to our specific example. In more abstract situations, both conditi-
ons may be of different nature. For example, one may replace matrices
by quadratic forms of dimension n and study the Galois descent pro-
blem for isomorphism classes of quadratic forms. In this case, we see
that properties (¢) and (éi7) do not concern the same objects.
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Our next goal is now to reformulate this new approach in a more ab-
stract context, and derive a solution for general Galois descent pro-
blems. In particular, we will need to find appropriate substitutes for
Za(My)(2) and properties (i) — (éi7). Of course, Galois descent pro-
blems only makes sense if the algebraic objects may be ‘defined over
an arbitrary field’, and if we have a notion of ‘scalar extension’ of our
objects. For example, to each field extension K/k of a field k, we
can consider the set M, (K') of matrices with coefficients in K, and if
K — L is a morphism of extensions of k, one can associate a map
M, (K) = M, (L), M = (m;;) — (¢(m;;)). which is in fact the canoni-
cal inclusion. Another example may be obtained by considering the set
Alg, (K) of K-algebras of dimension n over K. In this case, the map
Alg,(K) — Alg, (L) associated to a morphism K — L is given by
the tensor product ®x L. In both cases, scalar extension maps satisfy
some natural properties: the scalar extension map from K to itself is
the identity map, and extending scalars from K to L, then from L to
M is the same as extending scalars from K to M.

We now formalize this situation by introducing the concept of a functor.

6. FUNCTORS

Definition 6.1. Let k be a field. A functor defined over £ is a rule F
which associates to every field extension K /k a set (a group, a ring...)
F(K), and to any morphism of field extensions ¢ : K — K’ a map
(group morphism, ring morphism) F(¢) : F(K) — F(K’) such that
the following properties hold:

(1) For all K/k, F(Idg) = Idp)

(2) For all ¢y : K1 — Kb, s : Ky — K3, we have

F(pa2 0 1) = F(p2) o F(p1).

The maps F(p) has to be understood as ‘scalar extension maps’. If
¢ : K — L is a morphism of extensions, for all z € F(K) we will
denote by x, the element F(¢)(x) if there is no ambiguity in the choice
of the map .

Examples 6.2.
(1) The rules

K — M, (K),K - GL,(K), K — SL,(K)
are functors. If + : K — L is a morphism of extensions, the induced
map is just
(mij) = (L(myg)).-
(2) If A is a k-algebra, the rule
ha: K — Homy_y,(A, K)

is a functor.
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Therefore, the algebraic objects we are going to work with are points
of a functor F. What we need now is an action of G on F(Q) for every
Galois extension §2/k, playing the role of the action of Gg on matrices.

Notice that if F is a functor, then for any Galois extension §2/k and
every o € Gg, we have an induced bijection

F(o) : F(Q2) — F(Q).
For z € F(Q) and o € Gq, we set
o-x =F(o)(x).

Lemma 6.3. The map

Goa xF(Q) = F(Q),(0,2) = o-x =F(o)(x)
gives rise to an action of Go on F(Q).
If Q/k and Q' /k are two Galois extensions such that Q C Q' , we have

o - wq = (0|, ) for allz € F(Q),0" € Go.

Moreover, if F is a group-valued functor, the action above is an action
by group automorphisms, that is

o-(zy) = (o-x)(o-y) for all 0 € Gg,z,y € F(Q).
Proof. Since F is a functor, we have F(Idg) = Idp(q). Therefore,
Idg - 2 =z for all z € F(Q).
Now let 0,7 € Gg. Since F is a functor, we have
F(ocoT)=F(0) o F(7),

and thus (c o7)-x = o-(7 - x) for all x € F(Q2). This proves the first
part of the lemma.

Let Q/k and Q'/k be two Galois extensions such that  C ', and let
F(i) : F(2) — F(') be the map induced by the inclusion ¢ : Q C V.
For all ¢’ € Gg, the diagram

Q&.Q
Q/LQ/

is commutative. Therefore, it induces a commutative diagram
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In other words, for all x € F(Q2), we have
F(1) o F(o],)(x) = F(0') o F (1) (),
that is
(o - 2hor = ' .

Finally, if F is a group-valued functor, F (o) is a group morphism and
the last part follows. This concludes the proof. O

Example 6.4. If F = M,,, GL,, or SL,,, this action of ¢ is nothing but
o-(mi;) = (o(my)).

In particular, functors give a cheap way to produce Gg-sets and Gg-

groups.

Now that the decor is set and the actors are in place, we are ready look
at general Galois descent problems.

7. FUNCTORIAL GROUP ACTIONS

To setup the Galois descent problem for conjugacy classes of matrices,
we needed an action of some subfunctor of GL,, on matrices. As we
have seen in a previous paragraph, this action has some nice functorial
properties. This leads to the following definition:

Definition 7.1. Let G be a group-valued functor, and let F any func-
tor. We say that G acts on F if the following conditions hold:

(1) For every field extension K/k, the group G(K) acts on the set
F(K). This action will be denoted by .

(2) For every morphism ¢ : K — L of field extensions, the following
diagram is commutative:

G(K) x F(K) — F(K)
l(G(L%F(L)) lF(L)
G(L) x F(L) — F(L)
(

that is F(¢)(g x a) = G(¢)(g) * F(¢)(a) for all « € F(K),g €
G(K).
In other words, for every field extension K/k, we have a group action
of G(K) on F(K) which is functorial in K.

Notice that the last condition rewrites
(9xa)p =grxar, for all a € F(K),g € G(K)

for a given field extension L/K if we use the short notation introduced
at the beginning of the previous paragraph.

Examples 7.2.



22 GREGORY BERHUY

(1) Let G = GL,,SL,, O,, Sp,,, - .- and let F be the functor defi-
ned by F(K) = K™ for every field extension K/k. Then G acts
by left multiplication on F.

(2) If G = GL,,SL,,, 0,,,Sp,,,, - .. and F = M,,, then G acts on F

by conjugation.
Remark 7.3. Let Q/k be Galois extension. Recall from Lemma 6.3
that, given a functor F, we have a natural action of G on F(€2) defined
b

' Ga x F(Q) = F(Q),(0,a) — o-a=F(o)(a).

If G is a group-scheme acting on F, we have by definition

F(o)(g*a) = G(o)(g) * F(o)(a) for all a € F(Q),0 € Gq,
which rewrites as

o-(g*xa)=(0-g) % (0-a) for all a € F(2),0 € Gq.

We would like to continue by giving a reformulation of the general
Galois descent problem. For, we need to introduce the concept of a
twisted form.

8. TWISTED FORMS

Let G be a group-valued functor acting on a functor F. This action
of G allows us to define an equivalence relation on the set F(K) for
every field extension K /k by identifying two elements which are in the
same G(K)-orbit. For example, in the case of matrices, two matrices
of M,,(K) will be equivalent if and only if they are G(K)-conjugate.
More precisely, we have the following definition:

Definition 8.1. Let G be a group-scheme defined over £k acting on F.
For every field extension K/k we define an equivalence relation ~ on
F(K) as follows: two elements b,0’ € F(K) are equivalent over K if
there exists ¢ € G(K) such that b = g * b'. We will denote by [b] the
corresponding equivalence class.

We may now formulate a general descent problem.

Galois descent problem: let F be a functor, and let G' be a group-
valued functor acting on F. Finally, let 2/k be a Galois extension and
let a,a’ € F(k). Assume that ag ~q ag. Do we have a ~p a’ 7

Notice that the answer to this question only depends on the G(k)-
equivalence class of a and a’. We now give a special name to elements
of F which become equivalent to a fixed element a € F(k).

Definition 8.2. Let a € F(k), and let Q/k be a Galois extension. An
element ' € F(k) is called a twisted form of a if ag, ~q agq.

Clearly, if @’ € F(k) is a twisted form of a and o’ ~, a”, then a” is also
a twisted form of a, so the equivalence relation ~, restricts to the set
of twisted forms of a.
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We denote by F,(2/k) the set of k-equivalence classes of twisted forms
of a, that is

F.(Q/k) = {[d] | d € F(k),d}y ~q an}.

Notice that F,(€2/k) always contains the class of a, so it is natural to
consider F,(€2/k) as a pointed set, where the base point is [a].

Example 8.3. As pointed out before, if F = M,,, then G C GL,
acts on F by conjugation, and two matrices M, M" € M, (k) are then
equivalent if and only if they are conjugate by an element of G(k).
Moreover, if My € M,,(k), then F, (©2/k) is the set of G(k)-conjugacy
classes of matrices M € M, (k) which are G(€2)-conjugate to M,.

Using the notation introduced previously, the Galois descent problem
may be reinterpreted in terms of twisted forms. Given a € F(k) and a
Galois extension €2/k, do we have F,(Q/k) = {[a]} ?

We would like to describe F,(€2/k) in terms of Galois cohomology of a
suitable group-valued functor associated to a, under some reasonable
conditions on F and G. To do this, we will continue to try to generalize
the approach described in § 5.

9. THE GALOIS DESCENT CONDITION

One of the crucial property we used to solve the conjugacy problem is
the equality
Mn(Q)gQ = Mn(k>7

where we let Gg act on S € M, (Q2) coefficientwise. This action is
nothing but the action of Go induced by the functorial properties of
M,,, as described in Lemma 6.3. Now let us go back to our more general
setting. For every Galois extension 2/k, we have an action of G on
the set F(Q) given by

o-a =F(o)(a) for 0 € Gy and a € F(Q).

The second part of Lemma 6.3, applied to the Galois extensions k/k
and Q/k, then yields

o-aq = agq for all o € Gg,a € F(k).

However, contrary to the case of matrices, an element of F(€2) on which
Gq acts trivially does not necessarily comes from an element of F(k).

Example 9.1. Let us consider the functor F defined as follows: for a
field extension K /k, set

0} KK <1
F(K):{ }0,}1} it {K:k}zz

the map induced by a morphism K — K’ being the inclusion of sets.
In particular, for every Galois extension Q/k, the Galois group Gg, acts
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trivially on F(§2). However, if [Q2 : k] > 1, the element 1 € F(Q2) does
not come from an element of F(k).

These considerations lead to the following definition:

Definition 9.2. We say that a functor F satisfies the Galois descent
condition if for every Galois extension §2/k the map F(k) — F(Q) is
injective and induces a bijection

F(k) ~ F(Q)%.
Example 9.3. The functor M,, satisfies the Galois descent condition.

Notice that this condition was also needed on the group-scheme G in
the final argument.

10. STABILIZERS

It follows from the considerations of the previous paragraph that it
is reasonable to consider Galois descent problems for elements of a
functor satisfying the Galois descent condition. Now that we have set
a suitable framework for the general Galois descent problem, we need
an appropriate substitute for the set Zg(Mp)(€2). As noticed before,
denoting by * the action of G C GL, on matrices by conjugation, the
subgroup Zg(My)(€2) may be reinterpreted as the stabilizer of My with
respect to the action of G(2) on M,,(2), that is

Za(Mo)(2) = Stabg(Mo)(€2) = {C € G(Q) | €'« My = My}

Since in our general setting we have a group-scheme acting on F, it
seems sensible to introduce the following definition:

Definition 10.1. Let G be a group-valued functor acting on F. For
a € F(k), and every field extension K/k, we set

Stabg(a)(K) ={g € G(K) | g*ax = ax} for all K/k.
If K — K’ is a morphism of field extensions, the map G(K) — G(K")
restricts to a map Stabg(a)(K) — Stabg(a)(K’). Indeed, for every
g € Stabg(a)(K), we have
grr *agr = (g * ax)g = (ag )k = Q.
We then get a functor Stabg(a), called the stabilizer of a.
Example 10.2. If F = M,, and M, € M,,(k), then
Stabg (M) (K) = Zg(Mo)(K) for all K/k.
Remark 10.3. Let Q/k be a Galois extension. By definition, the map
Stabg(a)(o) : Stabg(a)(€2) — Stabg(a)(€2) is obtained by restriction

of the map G(2) — G(2). Hence, the natural action of Go on G(Q2)
restricts to an action on Stabg(a)(€2).

We then obtain a Galois cohomology set H'(Gq, Stabg(a)(2)) for any
Galois extension §2/k.
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11. GALOIS DESCENT LEMMA
We are now ready to state and prove the Galois descent lemma:

Theorem 11.1 (Galois Descent Lemma). Let F be a functor, let G
be a group-valued functor acting on ¥, and let a € F(k). Assume that
F and G satisfy the Galois descent condition. Then for every Galois
extension 2/ k, we have a bijection of pointed sets

F.(Q/k) = ker|[H(Gq, Stabg(a)(Q)) — H'(Ga, G(Q))].
In particular, if H(Go, G(Q)) = 1, we have a bijection
F.(Q/k) = H'(Gq, Stabg(a)(Q)).
The bijection works as follows:
(1) If [@'] € Fo(Q2/k) is the equivalence class of a twisted form

a € F(k) of a, pick g € G(Q) such that g x ag, = ag. The
corresponding cohomology class in the kernel of the map

Hl (QQ, Stabg(a)(Q)) — Hl (QQ, G(Q))
s the class of the cocycle
a: Gg — Stabg(a)(Q),ae — ag =go-g~!

(2) If [a] € ker[H'(Gq, Stabg(a)(Q2))) — HY(Ga, G(Q))], pick g €
G(Q) such that ay = go-g~* for all o € Gg; the corresponding
class in F,(Q/k) is the equivalence class of the unique element
a' € F(k) satisfying any = g~ * aq.

Remark 11.2. Saying that we have a bijection of pointed sets means
that it preserves the base points. Hence the class of [a] corresponds to
the class of the trivial cocycle.

Proof. The key ingredient of the proof is Corollary 4.6. By Remark
10.3, the action of Gg on G(2) restricts to an action on Stabg(a)(2).
Moreover, we have an exact sequence

1 — Stabg(a)(©2) = G(2) — G(Q) xaqg — 1

which satisfies the conditions of § 4. By Corollary 4.6, the kernel of
H'(Gq, Stabg(a)(Q2)) — HY(Gq, G(R)) is in one-to-one correspondence
with the orbit set of G(Q)% in (G(Q) * aq)9®. Notice that G(Q) * aq
is simply the set of elements of F(€2) which are equivalent to ag. Since
F satisfies the Galois descent condition, it implies that (G(Q) * ag)9®
is equal to the set

{ag | ' € F(k),aq ~q aq}.

In other words, (G(2) x a)9 is the image of the set of twisted forms of
a under the map F(k) — F(£2). Now since G is Galois functor, G(2)%
is the image of G(k) under the map G(k) — G(Q2).
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Now we claim that if go € G(Q)9 and ay, € (G(Q) * a)92, then we
have gq-ag = (g*a’)q, where ‘-’ denotes here the action defined before
Corollary 4.6.

Indeed, since @’ is a twisted form of a, we may write a, = ¢ * aq

for some ¢ € G(£2). Then ¢ is a preimage of ag under the map
G(Q2) = G(9) * ag and thus

ga-ag = (9ag') * aa

= gax* (9 *aq)

= ga*aq

= (gxd)a.
We then get the G(Q)9 orbit of ap, in (G(Q) * ag)9 is the image of
G(k) * @’ under the map F(k) — F(2). Hence the map F(k) — F()
induces a bijection between F,(Q/k) and the orbit set of G()9 in
(G(2) * ag)92. This proves the first part.

Let us now make the bijection a bit more explicit. If [a'] € F,(Q/k),
the corresponding orbit of G()92 in (G(Q) * aq)9® is the orbit of
ag. By a definition of a twisted form, we may write g * ag = aq
for some g € G(Q). Thus g~! is a preimage of af, under the map
G(2) = G(Q) * aq. By Corollary 4.6, the corresponding cohomology
class is 0°(g1), that is the cohomology class represented by the cocycle

a: Go — Stabg(a)(Q), 0+ go-g .

Conversely, if [a] € ker[H(Gq, Stabg(a)(Q2)) — H'(Go, G(Q))], then
there exists g € G(2) such that

ay, =go-g ! forall o € Gq.

In other words, we have [a] = 6°(¢g!), and the corresponding element
in F,(Q/k) is represented by the unique element a’ € F(Q) satisfying
ag =g ! *aq. O

We now give several examples of use of Galois descent.
Example 11.3. Let F be the functor defined by
F(K) = { regular quadratic forms of dimension n over K},
the induced map being
F(K)—F(L),q— qr.

Then GL,(K) acts on F(K) by (f,q) — go f~!, and this action is func-
torial. The corresponding equivalence relation is the usual ‘isometry
relation’. Moreover, the stabilizer of the unit form

K" =k, (w1, .. 2p) > 2t . 2
is O,,.

It is not difficult to see that all the conditions of the Galois descent
lemma are satisfied. Hence, we have a bijection between the set of
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isometry classes of quadratic forms of dimension n which becomes iso-
metric to the unit form over Q and H'(Gq, 0,,(9)).

Example 11.4. Let A be a finite dimensional k-vector space. For any
field extension K /k, let F(K) be the set of K-algebras with underlying
K-vector space A, = A®, K. If t : K — L is a morphism of field
extensions of k, we define the induced map by

F(1):F(K) > F(L),A— A, = A, L.

We then obtain a functor F. Now let f € GL(Af), and let A be a K-
algebra. We will write x -4 y for the product of two elements x,y € A.
The map

A X A = A, (,y) = f(f (@) a f ()

endows A, with a structure of a K-algebra, that we will denote by
f - A. Straightforward computations show that this induces an action
of GL(A) on F. Notice that by definition, we have

f(x) rafly)=f(x-ay) foralz,ye A,

so that f is an isomorphism of K-algebras from A onto f - A. It easily
follows that two K-algebras A and B are equivalent if and only if there
are isomorphic as K-algebras.

Now fix a K-algebra A € F(k). Then Stabgr,a)(A) is nothing but the
functor Aut,,(A) defined by

Alltalg(A) (K) = AutK_alg(A Rk K)

It is easy to check that F and GL(A) satisfy the conditions of the
Galois descent lemma. Hence for any k-algebra A, the pointed set
H*(Gq, Aut,,(A)(Q2)) classifies the isomorphism classes of k-algebras
which become isomorphic to A over ). Moreover, the class of the trivial
cocycle corresponds to the isomorphism class of A.

Remark 11.5. Let A be a k-algebra and let €2/k be a Galois extension.
If B is a k-algebra such that there exists an isomorphism f : Bo — Agq
of Q2-algebras, the corresponding cohomology class is represented by
the cocycle

a:Go — Autq(Ag),c— fo o f 1.
Indeed, since f is a 2-algebra isomorphism, we have
wopey = F(FTH@) aq FTH(y) = 2y y for all 2,y € Ag,

and therefore f - Bg = Ag. The description of the bijection in the
Galois descent lemma then yields the result.

Conversely, the k-algebra corresponding to a cohomology class [a] €
H'(Gq, Autg_.,(Aq)) is the isomorphism class of

B={a€ Ag | a,(0-a) =a for all o € G},
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where the k-algebra structure is given by restriction of the algebra
structure on Aq.

To see this, notice first that the isomorphism of {2-vectors spaces
given by Lemma 3.3 is in fact an isomorphism of (2-algebras, so that

f - Bq = Ag. In view of the Galois descent lemma, it is therefore
enough to show that we have

ay=foo-f!forall o€ Gq.
Since the elements of B®y, 1 span Aq as an Q-vector space (this simply
comes from the fact that f is an isomorphism), it is enough to check

this equality on the elements of the form z ® 1,2 € B. Now for all
x € B and o € Gg, we have

a((o-fllz®1) = as(o-(fle™" - (z®1))))
i aoga-(f)(x@)l)))

which is the result we were looking for.
Let us now consider the case of G-algebras.

Definition 11.6. Let k£ be a field and let G be an abstract group. A
G-algebra over £ is a k-algebra on which G acts faithfully by k-algebra
automorphisms. Two G-algebras over k are isomorphic if there exists
an isomorphism of k-algebras which commutes with the actions of G.
It will be denoted by ~¢.

Example 11.7. Let A be a finite dimensional k-vector space and let
G be an abstract finite group. For any field extension K/k, let F(K)
be the set of G-algebras over K with underlying vector space A.

If + : K — L is a morphism of field extensions of k, we define the
induced map by

F(.):F(K)—F(L),A— Ap,
where the structure of G-algebra on Ay, is given on elementary tensors
by
g-(a®@XN)=(g-a)@Xforallge G,ae A\ € L.
Now let f € GL(A ®; K), and let A be a G-algebra over K. Consider
the K-algebra f - A as defined above. The map

endows f - A with a structure of a G-algebra over K.

We then get an action of GL(A) on F. Moreover, two G-algebras over
K are equivalent if and only if they are isomorphic as G-algebras. Once
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again, all the conditions of the Galois descent lemma are fulfilled, and
we get that for any G-algebra A and every Galois extension 2/k, the
pointed set

H'(Ga, Autg_ay(A)(Q))

classifies the G-isomorphism classes of G-algebras over k£ which become
G-isomorphic to A over 2. Moreover, the class of the trivial cocycle
corresponds to the G-isomorphism class of A.

12. THE CONJUGACY PROBLEM AGAIN

Let G C GL, be a group-valued functor defined by polynomial equati-
ons. By Galois descent, the G(k)-conjugacy classes over k of matrices
M which are G(2)-conjugate to M, are in one-to-one correspondence
with ker[H'(Gq, Zg(Mo)(Q2)) — H'(Ga, G(Q))]. Moreover, the G(k)-

conjugacy class of M, corresponds to the trivial cocycle.

Therefore, the conjugacy problem has a positive answer for all matrices
M if and only if the map H'(Gq, Zg(Mo)(Q)) — H'(Gq,G(R2)) has
trivial kernel. In particular, if H'(Gq, G(2)) = 1, the total obstruction
to this problem is measured by H'(Gq, Zq(My)(R)).

Before examining the case of G = SL,, we need to generalize a bit
Hilbert 90:

Proposition 12.1. Let L = Ly X --- X L,, where Ly, ..., L, are finite
field extensions of k. Then for every Galois extension Q/k, we have

H(Ga, (L ®, Q)*) = 1.

Proof. Assume first that » = 1, that is L is a field. Set A = L ®j €.
We will use Galois descent for vector spaces, as for the proof of Hilbert
90. Let o : Gg — A* be a cocycle. We twist the action of Go on A by
setting

o*xx=qa,o0-x for all 0 € Gg,x € A.

The action above is semi-linear and then we have an isomorphism of
()-vector spaces

[V QS5 Av v A=0(1®N),
where V ={x € A|oxxz =z for all x € Go}.

It is easy to check that V is an L-vector space and that f is an iso-
morphism of A-modules (left as an exercice for the reader). Since
Ve~ A=L®;Q, we have

and thus

= =1.
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Hence V =e-L, for some e € V. Now e®1 is an A-basis of V ®;€2, so f
is just multiplication by f(e®1) € A. Since f is bijective, f(e®1) € A*.
Now f(e® 1) =e € V, and therefore

e=o0cxe=uaq,0-e for all o € Gq.
This implies that o = ec-e~! for all ¢ € G, meaning that « is trivial.

Let us go back to the general case. If L = Ly x --- X L,, then we have
an isomorphism of Go-modules,

(L ®r Q)" ~ (L ®N2)" x -+ x (L, ® Q)~.
We then have
HY(Ga, L @1 Q) ~ H (Gq, (L1 @1, Q)*) x --- x HY(Gq, (L, @1 Q)),
and we use the previous case. O

If F is a finite dimensional algebra over a field F', we denote by Ng,p(x)
the determinant of left multiplication by z (considered as an endomor-
phism of the F-vector space F).

Example 12.2. Let E =k",n > 1. If 2 = (xy,...,2,), then we have
NE/’C('ZE) = :L‘l .. .l‘n’

since the representative matrix of ¢, in the canonical basis of E is
simply the diagonal matrix whose diagonal entries are x1,...,x,.

Definition 12.3. If L/k is a finite dimensional commutative k-algebra,
we denote by GS?L the functor defined by

Gy (K) = {o € (L& K)* | Niggryi(n) = 1},
for every field extension K/k.

We now compute H'(Gq, GSL)L(Q)) in a special case.

Lemma 12.4. Let L be a finite dimensional commutative k-algebra,
and let Q/k be a finite Galois extension. Assume that L ®j Q2 ~ Q" for
somen > 1. Then we have

H(Ga, G, () = k* /Ny (LX)

Proof. The idea of course is to fit GSL)L(Q) into an exact sequence of
Gao-modules. We first prove that the norm map

NL@kQ/Q : (L X Q)X — O~

is surjective. For, let ¢ : L ®, Q@ = Q" be an isomorphism of Q-
algebras. We claim that we have Nypg,o(x) = Nan/i(@(x)) for all z €
L ®; Q. Indeed, if e = (ey,...,e,) is a Q-basis of L ®j 2, then ¢(e) =
(pler), ..., p(en)) is a Q-basis of 2", and we have easily

Mat(€y(z), p(e)) = Mat(l,, e).
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The desired equality then follows immediately. Now for A € Q. set
zy = o Y((\1,...,1)). The equality above and Example 12.2 then
yield

Nrgyo/a(ra) = Nonja((A, 1,...,1)) = A
Therefore Nig,q/q is surjective and we have an exact sequence of Go-
modules

1— G () — (Lo Q) —=Q ——1,

where the last map is given by the norm Nygo/q. It is known that the
condition on L implies in particuliar that L is the direct product of
finitely many finite field extensions of k. Applying Galois cohomology
and using Proposition 12.1 yield the exact sequence

(L&, 1)* = & = H'(Go, G, () — 1,
the first map being Npg,0/0. Now it is obvious from the properties of
the determinant that we have

Nigeao(r @ 1) = Npjp(x) for all z € L.
The exactness of the sequence above then gives the desired result. [

Remark 12.5. The isomorphim above works as follows:

If @ € k*/Np(L*), pick 2 € L ®; Q such that a = Nig,0/0(2)
(this is possible since Npg,q /Q 18 surjective). Then the corresponding
cohomology class is represented by the cocycle

a:Go — G&?L(Q),U =2 oz

Conversely, if [a] € H'(Gq, GE?L(Q)), pick z € (L ®; 2)* such that

lg.z for all o € Gq.

Oy = 2
Then a = Nig,0/(2) lies in fact in k*, and @ € k* /N (L*) is the
class corresponding to [a].

Now let us go back to the conjugacy problem of matrices.

Assume that M, = C, € M, (k) is a companion matrix of some mo-
nic polynomial x € k[X] of degree n > 1. In this case, it is known
that every matrix commuting with M, is a polynomial in M, so
Za(My)(Q2) = Q[My] N G(Q). Moreover, the minimal polynomial and
the characteristic polynomial are both equal to x. Set L = k[X]/(x),
so that we have an isomorphism of k-algebras

L — k[My), P — P(Mj),
which induces in turn a Galois equivariant isomorphism of {2-algebras
fi L@ QS Q[M], X @\ AM.
In particular, f induces an isomorphism of Go-modules
(L @k Q)" ~ Q[M]™.
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Notice now that if C' € GL,(Q2) commutes with M, then C~! also
commutes with My. Therefore, we have the equalities

ZaL, (M) (Q2) = Q[My] N GL,(Q2) = Q[M,]™,
so f induces an isomorphism of Go-modules
([M@kgnx ﬁfZGLn<Aﬂﬂ(Q).

By Proposition 12.1, we then get H'(Gqo, Zgr,(Mo)(R2)) = 1, as ex-
pected.

Now let us identify Zgy,, (My)(2).

Claim: We have det(f(z)) = Nig,o/a(z) for all z € L @4 €.

To see this, set a = X € L. Thene= (1® 1,a®1,...,a" ' ®1)is a

n—1 n—1
Q-basis of L ®; Q. Let x = Zai@))\i € L®,Q, and let P = Z)\iXi.
i=0 1=0

Clearly, we have ¢, = P({,51). Now the matrix of £,g; in the basis e
is easily seen to be C = M,, and so the matrix of ¢, in the basis e is
P(M,) = f(x). Therefore det(¢,) = det(f(z)), and we are done.

We then get Zgy,, (M) () ~ GS)L(Q) as a Galois module.

Assume now that x is separable (i.e. x has only simple roots in an
algebraic closure of k) and that /k is a Galois extension containing
all the roots of y. In this case, we have L ®; 2 ~ Q" and by the
previous lemma, we have

H'(Gq, Zst, (Mo)(Q)) = k™ /Ni(L*),

which is not trivial in general.
For example, assume that char(k) # 2, let d € k*,d ¢ k*2. Set My =

(2 é)andM:(_Od _01)

Then M, is the companion matrix of x = X2 — d and thus L = k(+/d).
The field Q = k(i,v/d) (where i is a square root of —1) contains all the
roots of x and Q/k is Galois, with Galois group isomorphic to Z/27Z or
(Z/27)? (depending on the fact that —d is whether or not a square in
k*).

Moreover, we have QM Q™! = My € My(Q), with Q = ( 6 —Oz ), SO
M and M, are conjugate by an element of SLo(£2).

However, they are not conjugate by an element of SLy(k) in general.
To see this, let us compute the class in k* /N, (L*) corresponding
to the conjugacy class of M. Notice first that Qo-Q~! is the identity
matrix Iy if 0(i) =i and is -I5 otherwise. In other words, we have

a¥ = (il,) ‘o (ily) for all o € Gq.
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Via the isomorphism H'(Go, G\, () =~ H"(Ga, Zsw, (Mp)(?)) indu-
ced by f., the cohomology class [a(?)] correspond to the cohomology
class of the cocycle

BQ:Go =GV Q)0 1oi) o 1@

Now Niga/e(l ®i) = (1®i)*> = —1, and thus the conjugacy class of
M corresponds to the class of —1 in k*/Ny(L*). In particular, M
and M, are conjugate over k if and only if —1 € Ny, (L*). Therefore,
to produce counterexamples, one may take for k any subfield of R and
d < 0, as we did in the introduction.

13. THE CASE OF INFINITE GALOIS EXTENSIONS

In this ultimate paragraph, we would like to indicate quickly how to
generalize all this machinery to arbitrary Galois extensions, even in-
finite ones. I will be extremely vague here, since it can become very
quickly quite technical.

Let us come back to the conjugacy problem of matrices one last time,
but assuming that €2/k is completely arbitrary, possibly of infinite de-
gree. The main idea is that the problem locally boils down to the
previous case. Let us fix My € M, (k) and let us consider a specific
matrix M € M, (k) such that

QMQ ™ = M, for some Q € SL, ().

If L/k is any finite Galois subextension of Q/k with Galois group G,
containing all the entries of @, then @) € SL,(L) and the equality
above may be read in M,,(L). Therefore, for this particular matrix M,
the descent problem may be solved by examining the corresponding
element [a'M] € HY(Gy, Zs1, (Mo)(L)). Now if we take another finite
Galois subextension L'/k such that M € M, (L") and @ € SL(L'), we
obtain an obstruction [aF)] € HY(Gr/, Zst., (Mo)(L')). But the fact
that M is conjugate or not to My by an element of SL,, (k) is an intrisic
property of M and of the field k£, and should certainly not depend on
the chosen Galois extension L/k. Therefore, we need to find a way to
patch these local obstructions together.

There are two ways to proceed. First of all, notice that if L;/k and
Lo /k are two finite Galois extensions such that L; C Ly, then the maps

Gr, = G,y 02— (02),, and Zsy,,(Mo)(L1) = Zst, (Mo)(L2)
are compatible, so we have a well-defined map

infr, 1, : H'(Gr,, Zsv, (Mo)(L1)) = H'(Gr,, ZsL, (Mo)(La)),
which sends [a] to the class of the cocycle

ng — ZSLH(MO)(L2)7 02 — a(UQ)‘Ll .
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If we examine the classes [o®)] and [a*)] above, one can check that
they are both equal to [a)] when we ”push them to LL”. More
precisely, we have

infr oo ([@tM]) = [@"] = inf po ([0)),

so we have a whole collection of cohomology classes which coincide
when seen ”high enough”. The idea is then to force all of these classes
to be equal by factoring by an appropriate equivalence relation. Of
course, there is no particular reason to limit ourselves to Zg(M,). If G
is a group-valued functor, we may consider the disjoint union

[1#' G ar)),

where L/k runs over all finite Galois subextensions of 2. We now
put the following equivalence relation on this set: we say that [a] €

HY(Gr,G(L)) and [o/] € HY (G, G(L')) are equivalent if there exists a
finite Galois extension L”,L” D L, L"” D L’ such that
infy v ([a]) = infr o0 ([']).
We denote the quotient set by
H;,4(Go, G(2)).

We then see that our collection of classes [«!)] define the same element
in this set. However, this might be a bit difficult to handle in the
applications, so we propose now an alternative.

First of all, we introduce a topology on Gg. The Krull topology is the
topology generated by the subsets

0Gal(Q/K),0 € Go, K C Q,[K : k] < 400.
We now consider a group-valued functor G such that:

(1) For all finite Galois subextension L/k, the map G(L) — G(Q) is

injective and induces a group isomorphism
G(L) ~ G(Q)5/D)
(2) For all g € G(R2), the subgroup {c € Go | 0-g = g} is open.

These two conditions say that an element g € G(Q) ‘comes from’ an
element of G(L) for some finite Galois subextension L/k of 2/k, and
that the action of Gg is in fact the same as the action of Gy on g¢
when viewed as an element of G(L). One can show that any functor
G defined by a finite set of polynomial equations with coefficients in £
satisfy these assumptions. For example, this is exactly what happens
in the case of matrices.

We may then define a cohomology set HL ,(Go, G(€2)) as in the finite
case, but we ask for continuous cocycles, where G is endowed with
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the Krull topology and G(f2) is endowed with the discrete topology.
The nice thing is that we have

Hclont(gQ7 G(Q)) = Hzlnd(ggv G(Q>>
Therefore, we have achieved what we wanted, that is finding a way to
patch a family of cohomology classes together. Moreover, as long as
(1) and (2) are satisfied, all the previous results generalize to arbitrary
Galois extensions.

As a final remark, we should point out that we could define the pointed
set H'(Gq, G(Q)) dropping the continuity condition, but the equality
above does not hold anymore, and therefore one cannot always do
patching, so this definition is not really suitable.
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