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Introduction: the Euclidean case

|. Introduction: the Euclidean case

Consider second order elliptic operators in divergence form:
L = —div(AV)

where A: R" — M,(C) is measurable, bounded and uniformly elliptic,
j.e. , for some § > 0,

[(A(x)€, )] 6§ Hélml  a.e. x €R, forall ¢,neC,

IN

Re (A(x)€,&) > 6[¢f ae xe€R", forall £ eC"

What can be said about the elliptic and parabolic regularity theory for L
?
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Introduction: the Euclidean case

By elliptic regularity , we mean regularity of the solutions of
Lu=f
assuming some regularity on f.

By parabolic regularity, we mean regularity of the solutions of

ou
a+LU—f.

This parabolic regularity is related to the properties of the semigroup
et
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Introduction: the Euclidean case

If Ais real-valued :
e elliptic regularity is due to De Giorgi (1957) and Morrey (1966),
e parabolic regularity is due to Nash (1958),

e Harnack inequalities are due to Moser (1961),

t

the link with Gaussian estimates for the kernel of e~t is due to

Aronson (1967), Fabes and Stroock (1986).
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Introduction: the Euclidean case

L generates a holomorphic contraction semigroup on L2(R"). If K, is the
Schwartz kernel of et say that L has the Gaussian property iff there
exist C, x> 0 such that

C Ix —y|?
Ke(x, )] < Sep(-p200)
H 2
C h X —
Keey) — Kebeoy + )] < S () e (-2,
\ 2t xy] :
H 2
C h X —
Kelx 4 hy) - Kebeoy)| < S (1) e (s =Y
A\ x—yl :

forall t > 0, all x,y, h € R” such that 2 |h| < tz + |x — y|.
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Introduction: the Euclidean case

When A=1d, ie. L = —A,

1 Cx =y

Ke(x,y) = Wexp

for all t > 0, for all x,y € R".
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Introduction: the Euclidean case

(G) always holds when A is real-valued .
When A is complex-valued , (G) is true when n =1 or n = 2 (Auscher,
Mclntosh, Tchamitchian, 1998).

When n > 5, et may not be L>°(R")-bounded (Auscher, Coulhon,
Tchamitchian, 1996) and therefore (G) does not hold.

(G) holds when A is complex-valued and the coefficients are Holder
continuous (Auscher, Mclntosh, Tchamitchian, 1998), or when A is an
L>° perturbation of a real-valued matrix.
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Introduction: the Euclidean case

A reformulation of (G): (G) is equivalent to

ce—/4

—tL
H: HL2_}LOO Ct—n/4—n/2 (1)

VANRVAN

—tLH _
[2—Cn
and the analogous estimates for L*.

Indeed, the first line in (1) yield the upper bound for K; without the
Gaussian term, and this term follows from a semigroup perturbation
technique due to Davies.

Then, the Hoélder regularity follows from the second line in (1).
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Introduction: the Euclidean case

The link between elliptic and parabolic regularity for L: if Q C R" is
open, a weak solution of Lu =0 in Q is a function u € H(Q) such that

/QA(X)VU(X) -Vo(x)dx =0

for all ¢ € D(Q).

A gradient estimate due to Morrey: if A is complex-valued, there exists
C = C(n,0) >0 and a = a(n, ) such that, for all weak solution u of
Lu=0in Q and all ball B C Q with radius r such that 2B C Q,

/B Vu(x)P dx < Cr [l -

If & > n— 2, a consequence is that v is Holder continuous. This is true
when A is real-valued.
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Introduction: the Euclidean case

The quantities [ |Vu(x)|? dx are called the Dirichlet integrals. Their
growth is relevant in the study of elliptic and parabolic regularity.

Say that L satisfies the Dirichlet property iff there exist C > 0 and
w € (0,1) such that, for all ball B(xo, r) C Q, all weak solution of Lu=0
in B(xo, r) and all p € (0, r),

n—2+42
/ Vu()P ax < € (2) ”/ Vu()dx. (D)
B(xo,p) r B(xo,r)

When A is real-valued, this property always holds.

(Auscher, Tchamitchian, 1998) If n > 2, then

L satisfies (G) < L and L* satisfy (D).
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Approximation by a discrete operator

. Approximation by a discrete operator

Let Q C R? be a polygonal open set and assume that

Q= U Tia
is a triangulation of €, which means that:
e each T; is a triangle,
e if i #j, T; and T; have disjoint interiors,
e for all i, any edge of T; is also an edge of T; for some j # i.

Denote by h > 0 the supremum of all the diameters of the T;'s.

Assume that the eccentricities of the T;'s are uniformly bounded.
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Approximation by a discrete operator

Associate a graph ', to this triangulation. The vertices of [, are the
vertices of the triangles, the edges of [, are the edges of the triangles.

Consider a uniformly elliptic operator L = —div(AV) on Q under
Dirichlet boundary condition. L is the maximal accretive operator
associated with the sesquilinear form

B(u,v) = /QA(X)VU(X) -Vv(x)dx, u,v € Hy(RQ).

We want to discretize L by the Galerkin method.
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Approximation by a discrete operator

For each x € Ty, let ¢ : Q — R be the function such that

o @x(y) - 6xy;
e the restriction of ¢, to each triangle T; is affine.

Note that
D o=l

x€ly

Define a space of test functions by

V=<K fe H&(Q)v f= Z )\XSDX; Z |>‘X|2 < 400

x€ely xely

and look at the restriction of B to Vj, x V.
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Approximation by a discrete operator

Let
u= Zuxgox and v = Z Vxpx € Vp.
xel xel
One has
Baw) = Y uy / Velz) - Vi (2)dz
xe€lp yely
DD oty
x€lp yely
where

Gy = /QA(Z)chX(z) -V, (z)dz
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Approximation by a discrete operator

e ¢, = 0if x and y are not neighbours,

E Gy = 0.
yrx

e forall x €y,

e forall y € Ty,

E Gy = 0.
X~y

As a consequence,

B.7) = 5 3 el — ) — %),

X~y
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Approximation by a discrete operator

Now, if u: Ty, — C and v : I, — C are such that

U= Z Uxpx € Vh and v ;= Z Vxpx € Vha
xely x€lp

it is therefore natural to define
1 .
Bp(u,v) = 3 Z Gy (Ux — uy ) (v — vy ).
X~y

One has , ,
IV ~ S s — a2

X~y
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Approximation by a discrete operator

Ellipticity properties of Bj:

By(u,v)| = ‘ / A(2)Vi(z) - VV(z)dz‘
Q
< 6TV 20 HVVHILZ(Q) 1
< C <Z |ux — “y|2> <Z [vae — Vy|2>
X~y X~y
and
Bo(u,u) — / A(2)Vi(z) - Vi(z)dz
Q
> ||Vl g
> CZ|U><— ”y|2~
x~y
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Approximation by a discrete operator

If Ly, is the maximal accretive operator associated to By, Ly has to be an
approximation of L when h — 0.
Questions:

e What can be said about the elliptic and/or the parabolic regularity
properties of Lj ?

e Can one give estimates independent of h for the semigroup
generated by Ly ?

In the sequel, we investigate these issues in an “abstract” context.
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Elliptic and parabolic regularity on graphs

[1l. Elliptic and parabolic regularity on graphs

Let I' be a graph (set of vertices) endowed with nonnegative weights h,,,
x,y €rl.

Say that x ~ y (x and y are neighbours ) iff hy, # 0.
Assume that there exist C > 0 such that, for all x ~ y and x ~ z,

C—lg:ﬂgc.

Define also

hy == max h,,.
yrx
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Elliptic and parabolic regularity on graphs

If x,y €T, a path joining x to y is a finite sequence
X0 =X~X1...~VXN=Y

with x; ~ x;1 for each i. The length of the path is Z,{V:Bl hyixisn -

Assume that I is connected , i.e. for all x,y €T, there exists a path
joining x and y. The distance d(x, y) is the infimum of the lengths of all
paths joining x and y.

Assume also that there exists N > 1 such that, for all x € ', x has at
most N neighbours.
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Elliptic and parabolic regularity on graphs

Let f : I — R be a function. For all x € I, the gradient of f at x is
defined by

1

V()= o (Z ) - f(x)|2> .

yrox

Consider a nonnegative symmetric measure p,, for all x,y €I, such that

Hyxy >0 & x ~y. Set
m(x) = Zuxy.

y~x

For1 < p <+,

11l ory = <Z ()17 m(X)) p

xerlr

and
||f||wl,p(r) = ||f||Ln(r) + ||Vf||,_p(|—) :
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Elliptic and parabolic regularity on graphs

Definition of the operator L: given coefficients c,, € C for all x ~ y,
such that there exists C > 0 with

|Coy| < C forall x ~ y,

define

(1) = 3 Y WMV,

h
x€el y~x e

for u,v € W12(T). One has

1B(u, v)| < ClIVull oy IV VIl 2y
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Elliptic and parabolic regularity on graphs

Assume that , for some ¢ > 0,
B(u,u) > c||Vul|fory for all ue W2(T).

This does not imply that each ¢, is bounded from below by c.

Define L as the maximal accretive operator on L?(I') such that
(Lu,v) 2y = B(u, v)
for all u € D(L) and all v € L?(T). One has

[{Lu, V)]
(Lu, u)

c HVUHLZ(F) HVVHLZ(I') J

<
2
> c|[Vullizr -
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Elliptic and parabolic regularity on graphs

Forall x e I and all r > 0, let B(x,r) :={y €T, d(y,x) < r} and
V(x,r) = m(B(x,r)).

If B is a ball, set
0B ={x € B; Jy ~ x with y ¢ B}.

and 5
B=B\0B.

Let B = B(xo, R) be a ball and u € W'2(B). Say that u is harmonic in

B iff
DD ey — X) e )h:yV(X)“Xy =0

xeByeB

for all v € W'2(B) supported in B.
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Elliptic and parabolic regularity on graphs

The elliptic regularity property for L is formulated in the following way:

Say that L satisfies the De Giorgi property iff there exist C, x> 0 such
that, for any ball B = B(xg, R) C T, any p € (0, R) and any harmonic
function v in B,

V X0, P p 2(#71)
< Vla.p) (*) IV ull 260, - (be)

2
||VU||L2(B(Xo,p))— V(xo,R) \R
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Elliptic and parabolic regularity on graphs

An assumption about the volume of the balls: there exist C, D > 0 such
that, for all x € [ and all r > 0,

C P <v(x,r)<crP. (Vb)

This means that (', d, m) is an Ahlfors-regular space.

We also assume an L?-Poincaré inequality on balls: there exists C > 0
such that, for all ball B with radius r and all f € W'2(B),

IF — falfamy < CPIIVF T2 (P)
where )
fg = V(B) Z f(x)m(x).
xEB
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Elliptic and parabolic regularity on graphs

A formulation of the parabolic regularity for L: say that L satisfies the
parabolic regularity property iff, for some C,n > 0,

Ct=P/4

7tL||L2—>L°°
Ct_—D/4—n/2

(PR)

INIA

le™
He_ ’L2*>'Cn

and the analogous estimates for L*.
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Elliptic and parabolic regularity on graphs

One has:

(R, 2008) Assume that I satisfies (Vp) and (P). Let L be a second order
uniformly elliptic operator as before. Then, we have the following
equivalence:

1. L and L* satisfy the De Giorgi property,
2. L satisfies the parabolic regularity property.
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Elliptic and parabolic regularity on graphs

The “Gaussian” estimates for K;: if L satisfies the parabolic regularity
property, one has

C d
Keleo)] < g o0 (070

Xy

if t < C'hy,d(x,y), and

dz(X,y)>

C
Kieo) < o o0 (-0

if t > C'hg,d(x,y). Moreover

Kieoy) ~ Kelx. 2 < 57
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Elliptic and parabolic regularity on graphs

A particular case: if
e hy =1forall x~y,
® Gy = Cyx,
® ¢y >6>0forall x ~y,

Under these assumptions, it was proved by Delmotte (1999) that L
satisfies the parabolic regularity property.

In general, the assumption
Gy >0>0forall x ~y

is not satisfied (Galerkin method).
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Elliptic and parabolic regularity on graphs

If D=2, then L and L* satisfy the De Giorgi property (T. Rey, PhD,
2004). As a consequence, L has the parabolic regularity property.
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Estimates for the square root of L

IV. Estimates for the square root of L

From now on, we always assume that
e hy =1forall x~y,
* Gy = Oy,
e cy,>0>0forall x~y.
We also assume the doubling property for the volume of balls:

V(x,2r) < CV(x,r). (D)

One has
o], -t

We want to give an LP version of this comparison.
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Estimates for the square root of L

A general fact: if
IvFl, < G |12 .
P

for all f and for some p € (1,+c0), then

|L2f]| < el
q

where % + % = 1. The converse is unclear (and probably false).
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Estimates for the square root of L

Theorem

(R, 2000) Assume that (D) and (P) hold. Then, for all p € (1,2],

1971, < G|
p
and, for all g € [2,+0o0],

HL1/2qu < G IVl -

The Riesz transform VL=/2 js [P-bounded for 1 < p < 2.
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Estimates for the square root of L

We characterize the LP-boundedness of VL~1/2 for p > 2 in terms of
reverse Holder inequalities for the gradient of harmonic functions.

Theorem

(Badr, R, 2007) Assume that (D) and (P) hold. Then, there exists
po € (2, +00] such that, for all g € (2, po), the following two conditions
are equivalent:

1. VL=/2 js LP-bounded for all p € (2, q),

2. for all p € (2,q), there exists C, > 0 such that, for all ball B C T,
all function u harmonic in 32B,

(NI

(V(IB) > |V“(X)|Pm(><)> ‘< G <V(116B) > |V“(X)|2m(x)>

x€eB x€16B
(RHp)

v

This extends a result of Shen when L = —div(AV) in R".
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Estimates for the square root of L

It is easy to see (Gehring's type argument) that there exists € > 0 such
that (RH,) holds for all p € (2,24 ¢). As a consequence:

Theorem

(Badr, R, 2007) Assume that (D) and (P) hold. Then there exists € > 0
such that, for all p € (2 —¢,2 + ¢€),

HL1/2fH ~ VA,
P
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